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We perform a complete O(a~) calculation of the coupling of the Z boson to three gluons via a 
quark loop, keeping the full quark-mass dependence. This involves the evaluation of the fourth 
rank AVVV polarisation tensor. We give expressions for the helicity amplitudes. The results are 
applied to the decay Z -~ ggg and to the production of the Z at large transverse momen tum at 
hadron colliders. The total Z ~ ggg decay rate is in the range 4 -8  keV for mto p > 40 GeV, of 
which the axial coupling accounts for approximately 15%. The contribution of the gluon fusion 
process gg --* gZ via a quark loop is a 1-3% correction to the tree level Ctq ~ gZ and gq(Fq) ~ Zq(q) 
processes. About  80% of the gg ~ Zg cross section is due to the axial coupling. 

1. Introduction 

In quantum field theory, interactions that are not present at the tree level can be 
generated via loop effects. The classical example of this is the scattering of photons 
by photons. Since the strong and the weak interactions are also described by gauge 
theories effects analogous to photon scattering are possible. Particularly interesting 
is the case where purely "weakly" interacting particles couple to purely "strongly" 
interacting particles. An example of this is the coupling of the Z boson to three 
gluons, which is generated via a quark loop. This coupling is the subject of this 
paper. 

The effects of the Z ~ ggg coupling are present in a number of presently planned 
experiments. At LEP a large number of Z bosons will be produced and one can in 
principle look for the decay Z ~ ggg. This will certainly be very difficult because of 
the large background from Z - ,  ~tqg. Even if the decay Z ~ ggg is not directly 
measurable it is important to know its size because it is a O(a2) correction to the 
ratio o ( e + e - ~  hadrons) /a(e+e ~/~+/~-) at the Z peak, which may be used to 
extract a precise value of a s at the m z scale. 

Another possibility to look for the existence of the Zggg coupling is the produc- 
tion of the Z boson at large PT at hadron machines via the gluon fusion subprocess 
gg ~ Zg. At supercollider energies, one probes the low Feynman x region of the 
structure functions, where the gluon structure function is large. Gluon fusion 
subprocesses are therefore enhanced and a priori it is not clear whether this 
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enhancement is sufficient to compensate for the extra factors of a s compared to the 
~q ~ Zg and gq ~ Zq subprocesses. 

The coupling of the Z boson to the gluons contains two colour structures. One is 
a piece proportional to the structure constants fabc of SU(3) and comes from the 
axial vector coupling of the Z to the quarks (AVVV). When the quarks inside a 
doublet are degenerate the contribution from the axial coupling is zero since the 
" u p "  and "down" type quarks contribute with opposite sign. The other piece is 
proportional to the completely symmetric tensor d abC of SU(3) and comes from the 
vector coupling of the Z to the quarks (VVVV). Because of the different colour 
structures of the vector and axial couplings, there is no interference between them 
and they add incoherently. 

The vector Zggg coupling has been mostly studied in the literature, since, except 
for the colour factor, the treatment is exactly the same as for the four photon 
coupling in QED, which is reviewed in ref. [1]. The results of ref. [1] have been 
applied to the 7*ggg coupling in ref. [2]. Similar calculations as ref. [2], allowing for 
the vector coupling of the Z to the quarks, were performed repeatedly in refs. [3-6]. 
The first three of these papers give a result that is a factor six too large, which was 
corrected in the last paper. Allowing for this factor refs. [3-5] agree with refs. [2, 6]. 
The numerical results of ref. [7] are about a factor three smaller than the others. The 
dependence of the Z decay on the mass of the top quark has been studied in these 

1 papers for m t < ~m z. Due to the different colour structures, these calculations, 
which ignore the axial coupling give a lower bound on the total Zggg coupling. An 
estimate of the contribution of the axial coupling, giving the fabc part of the Zggg 
coupling, has been performed in ref. [8], which considers the contribution of the 
triangle graphs in fig. 1. It was found that the contribution of the axial current was 
comparable to the piece from the vector current. However this calculation is not 
satisfactory, because the triangle graphs are not by themselves gauge invariant. 

In this paper we study the complete O(a3s) coupling of the Z boson to three 
on-shell gluons. This involves the construction of the AVVV polarisation tensor, 
which has not appeared in the literature before. This tensor is described in sect. 2. In 

g 
g 

Z g 

+ Bose permutations. 

Fig. 1. Feynman diagrams contributing to the coupling of the Z boson to three gluons. The triangle 
graph contributes only to the f,h~- colour structure via the "/5~'~ coupling of the Z to the quarks. The box 

graph contributes both to the f~bc and the d ~hc colour structures. 
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sect. 3 we give the contribution of the axial vector current to the helicity amplitudes. 
In sect. 4 we discuss the decay Z + ggg. In sect. 5 we consider the production of Z 
bosons at large P T at the SSC. Sect. 6 contains our conclusions while appendix A 
contains some definitions of integrals appearing in the calculation. In appendix B 
we give the helicity amplitudes coming from the vector current in the same notation 

as sect. 3. 

2. The AVVV polarisation tensor 

The coupling of the Z boson to the quarks is given by gzZ~p(Vq + aqTs)y~p, with 

= ! .  (2.1) v u = l _ 2 s i n  20W; au 4, 

od= - ¼ + ~sin20w; a d =  - ¼ ;  (2.2) 

e 

gz - sin0wCOS 0w (2.3) 

The Zggg coupling is generated by the box and triangle graphs shown in fig. 1. 

F rom charge conjugation it is clear that the vector coupling of the Z boson only 
gives a contribution to the symmetric SU(3) d abe tensor. This contribution is 
entirely due to the box graphs of fig. 1. The axial vector coupling only gives a 
contribution to the anti-symmetric colour tensor fabc. This term is generated both 
by the triangle graphs and the box graphs. The contribution of a (u, d) quark 
doublet  to the axial tensor can be written as 

3 fabc  gsgz 
A ~ p  - (2~r)~---- a ~ -  [auA~O(mu) + adA~P(md)  ] . (2.4) 

We denote the momenta  and Lorentz indices of the gluons by p{', p~, p~. The 
momen tum of the Z boson is denoted by 

We define 

P ~ =  - - P ~ - - P 2 - - P 3 -  

s = 2 p l . p 2 ,  t = 2p2.P3, u = 2p1-p3,  

s 1 = s -  m2z, t 1 = t -  m27, u 1 = u -  m 2. 

Using the fact that the gluons are on-shell allows us to put 

Pf =P~ =P; =Pl 'Pl  =P2"P2 =P3"P3 = 0. 
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After these conditions are put in, the axial vector polarisation tensor A ~ °  is 

transversal: 

p~A ~ °  =- p~A ~ °  = p~A ~ p  = 0. (2.5) 

The transversality of the tensor is strictly true only if one sums over the two 
quarks in the doublet. If one keeps only one quark there is a mass independent 
non-transversal contribution that depends on the renormalisation procedure. This is 
a manifestation of the anomaly. Because this term is independent of the mass it 
cancels when summing over the quarks in a doublet. 

Taking into account momentum conservation and after repeated use of the 
Schouten identity, which says that an anti-symmetric tensor with five indices 
vanishes in four dimensions, and using the methods of ref. [9], we find 

= (Pl "pzAI(pa, P2, P3, mr) +P2"p3Az(Pl, P2, P3, mf))'a~P~P~ 

Pl "P2Pl "P3 

192 . P3 
AI(Pl ,  P2, P3, mr) + P l  "p3A2(pl, P2, P3, rnf))¢~"~P~P~ 

+ A I ( P I ,  P2, P3, mf)c~P~p2p~p~ 
Pl "P3 
P2 "P3 
- - A I ( p l ,  P2, P3, mf)ea"P~P2P~P~ 

+ A z ( P l ,  P2, P3, rnr)'~P~p2p;pf + A3(pl ,  P2, P3, mr)e~"P~P~P~P~ 

--(Pl " p 3 A 2 (  P l ,  P2, P3, m e )  +P2 " p3A3(  p , ,  P2, P3, m r ) )  e'~p'p26~° 

+ Bose permutations. (2.6) 

e~,mp2 and c ~"~p~ are a shorthand notation for ~:a~tabnanb and .~v~,,a respectively. F l Y 2  ~ Y1 
For the Bose permutations, we have to take into account the antisymmetry of f~h, 
in eq. (2.4). The functions A 1, A z, A 3 are given by 

AI(pl, P2,/03,  mf) 

16 [ 2ut(s- ul) 2 u t ( s -  tl) 
US 2 [-- ;~ Bl(U) l? Bl(t) 

+ 2 m  2 
(2S2--12) (2S2--U 2) ) 

SlCl(s) + Cl(t) + q (u )  t 1 Ul 

ut ] 
- m Z ( s t D ( s , t )  + s u D ( s , u ) -  3 u t D ( u , t ) ) -  - - E ( u , t )  , (2.7) 

s 
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A2(pl,  P2, P3, mf) 

241 

(s2+ 2ut) 
= + 16 s-71ut Bl(s ) + 

(ut+4st) (3tt-2s 2) Bl(t)) 

+64m 2 
- -  e l ( t )  2C1 (b/) 1 G ( s )  + _ _  + _ _  

/ SS 1 tt 1 uu 1 

16m2 ( ( u - s )  (t + s) 
+ D(s , t )  

s u t 
- - D ( s , u ) - 2 D ( u , t ) )  

1 1 2 ) 
+8 ~ e ( ~ ,  t) + 7E(~, u) + 7E(u,  t) , (2.8) 

A3(Pl ,  P2, P3, mf) 

(1 1 
= --32 7 B I ( S )  -}- 7(191(t) + st  /,/1 t2 q- BI(H) 

(sl ( ,12) 
+32rnf  2 - ~ C l ( s  )+ Cl(t  ) -  st 2 tt I st 2 2 t ,) G ( u  

SU 1 

+16m 2 -D(S,s t )+ t - - - s  + 7  D ( s , u ) +  + ~  D(u , t )  

( 1 ) 
8 (2ut ~ + t ) E ( s ' u ) + - ~ E ( u ' t )  . (2.9) 

The functions B1, C, C 1, D, E are defined in appendix A. 
We notice that in the limit mf = 0 the functions A a, A2, A 3 go tO a constant. As a 

consequence a light generation does not contribute to the AVVV tensor even if 
there is a large ratio between the masses of the doublet, as is for instance the case 
for the charm and strange quark. Ratios like log(m2/m 2) are always suppressed by 
the charm quark mass. 

3. The AVVV helicity amplitudes 

Using the Zggg polarisation tensor from sect. 2 we can construct the axial vector 
helicity amplitudes. We work in the rest frame of the Pl and P2 system. The 
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momenta are given in this frame by 

p~= (O,O,-p; - p ) ,  

p~= (0,0, p ; - p ) ,  

p~= (qsinO,O, qcosO; q), 

pl '=  (-qsinO,O, -qcosO;  E ) ,  

where E = V~ + m~. The helicity vectors are 

e? = e~ = 

e~-= e~-= 

+ ~ e 4 _ ~  e 3 

e~ +-- e 4 - -  

e 0 = 

(1/v~)(- i , l ,o ;o) ,  

( 1 / ¢ ~ ) ( i , l , o ; o ) ,  

(1 /v~)  (i cos O, 1, - i sin O; 0), 

( 1 /~ - )  ( - i c o s  0, 1,/sin O; 0), 

(1/mz)(-E sin 0,0, - E c o s  0; q).  

(3.1) 

ei -+ is the + polarisation vector of particle i and e 0 is the longitudinal polarisation 
of the Z boson. We define the quantity 

a = ( - m ~ / 2 s t u .  

As in sect. 2 we leave out a factor g3~gzaqf~hc/4(2~r)4 in the definition of the 
helicity amplitudes. 

We find that the axial Zggg helicity amplitudes, Ax, x2x,x,, where 2t i denotes the 
polarisation of particle i, for a single quark of mass mf are: 

A++++(s, t, u) = +16( ( 
c., + us) B,(u) (ut, + ,~) B,(t)l 

',t '? ) 

(, , ) + 32rn~s - - C , (  u ) - - - C , (  t ) 
bl 1 l 1 

+ 8 ~ 2 ( ~ [ D ( s ,  u) - D ( s ,  t)] - ( .  - t ) D ( . ,  ,))  

4 ( . - , )  
+ - - E ( u , , ) ,  

S 
(3.3) 

(3.2) 
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A+ ++(s, t ,u)=A+___(s,u, t )  

= +  l m u(1 t ) 
--BI(S) BI(u ) 

S 1 S 1 b/7 

+ b 16mZsx ( (u-  t)Cl(s ) + tlCl(t ) (u 2 +ux2Ut) C1(/./)) 

(,+4)u 
+8m~ - q o ( s , t )  + 

S 1 

u,1 ) D ( s , u ) -  - - D ( u , t )  
S 1 

4um 2 

sit 
- - - E ( s , ~ ) ,  (3.4) 

A+ + (.,.u)=A+__+(s,u,t) 

= + m  16S (Bl(S) (slux + ut) 

+ 
16m 2 

S 1 

( u~ - 2t 2) 
s 1 C I ( S  ) --  l l C l ( t  ) q- 

u 1 
C l ( b / ) )  

+ m 8m2 (s(s 1 -- 2u)D(s, u) - t t tD(u , t)) 
S 1 

4s ( s t - u  ) 
E(s ,u) ,  

$1t 

(3.5) 

(2s + t) (2s + u) Bl(t)) A+++o(S, t, u)/Zl = -16ut u ~ B I ( u )  + t2 

16mZ (t2sl + 2s2t) c l ( t ) -  (U2Sl + 2S2U) ul 

+ m~8m2 (stslD(s't) + SUSlD(S'U) + ut(3m2- s)D(u, t)) 

8ut 
- - - E ( u , t ) ,  

S 
(3.6) 
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A+_+o(S, t, u)/a =A+_ o(S, u, t) 

= + - -  16us ( ~  1 ( s l s - 2 u t ) )  
BI(S)  -{- B l (U  ) 

S 1 td 2 

16m2 { 
m2zs, ( S2tl q- 2sut)Cl(S)- (tts, - 2stt,)Cl(t ) 

(2su(tt 1+m2ul)-I-tlS1 u2) 
U 1 

c,(u)} 
8m~ [ 

+ ~Ss[stt lD(s,t)  + 
su,(3um 2 - st ], D( s, u ) 

S1 

+ Uttl(SsI+ m2) D(u,t))  

8u2s 
- - - E ( s , u ) ,  (3.7) 

slt 

A+++_=A++_+=A++_ =A++ 0 = 0 .  (3.8) 

The other helicity amplitudes follow from parity, i.e. A = - A  ++++. In order 
to get the complete helicity amplitudes the above formulas have to be summed over 
the different quarks. 

To calculate the complete Zggg coupling, the helicity amplitudes coming from the 
vector coupling of the Z to the quarks, Vx,x2x,x4, are also needed. These amplitudes 
have been described in refs. [1-6] in a different notation. To give a complete set of 
amplitudes, we write the VVVV helicity amplitudes in our notation in appendix B. 

4. The decay Z ~ ggg 

Using the helicity amplitudes, Ax,x2x~x, and Vx,x2x,x,, from sect. 3 and appendix 
B it is now straightforward to calculate the decay rate Z -~ ggg: 

8  tm2,.( 2 2) 
F(Z---, ggg) 3.3!mz(27r)4 f x  Ex4... 65_ EvqVxlx2x3X,q +3 ~qaqAxlx2x3x 4 

3 d3pi (27r)4a4 
× i=ll-I 2Ei(2~r)3 

3)  
p z -  E p j  . 

j = l  

(4.1) 
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The  factors  ~ and  ~ are the colour  factors for the symmetr ic  and  an t i - symmet r ic  

co lour  s t ructures  respectively.  The factor  1 / 3 !  is the ident ical  par t ic le  fac tor  for the 

gluons.  F o r  a S we take ct~(m 2) = 127r/(231og(mZz/A2))= 0.134 for A = 

200 MeV. F o r  the masses of the light quarks  we took m u = m d = m s = m c = 1 GeV, 

m b = 4.6 G e V  and  finally, m z = 92 GeV and sin20w = 0.23. As a l ready  men t ioned  

in refs. [1-6]  there  are no infrared or col l inear  divergences in the in tegra t ion  over 

the g luon m o m e n t a ,  because there is no lower o rder  process  Z --* gg. The  resul t ing 

d e c a y  ra te  as a funct ion of the top mass  is given in fig. 2. The decay rate  is of the 

o rde r  of  a few keV, which cor responds  to a Z ~ g g g / Z  ~ / ~ #  rat io  of  5 - 9  × 10 -5 

A s s u m i n g  a yea r ly  in tegra ted  luminos i ty  of 1038 cm 2 at LEP, one expects  6 - l l  

Z ~ ggg events.  However ,  there are of  the o rder  10 4 m o r e  tree level three je t  events. 

I t  is therefore  clear  that  there is no way to separa te  the Z ~ ggg decay f rom the 

backg round .  This  would  only be possible  if one could dis t inguish gluon je t s  f rom 

q u a r k  j e t s  on  an event by  event basis. 

1° I 

9i 

c n  

! 
N 

I I I 

I 
0.5 

TOTAL 
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i,,,, I I 
0 1.0 1.5 

2mb/l"Iz 2~ . /M z 
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2.0 

Fig. 2. The decay rate of the Z boson into three gluons as a function of the top quark mass. The 
contribution of the axial vector part, the vector part and the total are shown separately. 
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For  the vector piece we expect that as m t --, ¢c the top quark decouples. That this 

is indeed the case can be seen as follows. If m t =  0 there are six massless quarks 
contributing to the amplitude, each weighted by its weak charge; if the top quark 
decouples there are only five quarks contributing. We therefore expect for the vector 
part  

F(mt ~ ~ )  (3vd + 2vu)  z 

Y(m t = 0) (3va + 3vu) z 
- 2 . 0 .  ( 4 . 2 )  

As can be seen from fig. 2, this relation is indeed satisfied. 
For  the axial vector piece the decay rate goes to a constant as m t ~ ~ .  The top 

quark does therefore not decouple from the theory. If one would remove the top 
quark completely, one would be left with a Z boson coupling to a YsT, current which 
is not traceless. Such a theory is anomalous. Therefore the heavy quark, which acts 
as a regulator for this anomalous theory, has to generate an effective pointlike 
interaction in the low-energy effective lagrangian, giving a constant decay rate of the 
Z boson. 

5. Z product ion at large p X 

The production process gg ~ Zg is described by the same amplitudes as the decay 
Z ~ ggg, as given in sect. 3 and appendix B. The only difference is that now u and t 
are negative. In order to study the structure of the amplitudes we show in fig. 3 the 
spin-averaged matrix element squared for fight angle scattering as a function of the 
top mass for a fixed value of £. The graph is normalized to the matrix element 
squared for only five quark flavours. For a light top quark the vector part of the 
matrix element squared is a factor 0.5 smaller than if the top quark is infinitely 
heavy, showing the decoupling of the top quark as discussed in sect. 4. At around 

1 m t ~ 5 m  z the slope of the curves changes due to the possibility that two real top 
quarks combine to make a Z boson. At m t ~ ~f~ there is another change of slope 
due to the possibility of making two real top quarks. After this value the curve 
approaches 1 for m t ~ m. The axial part, on the other hand, does not approach 1 as 
m t ~ m since the top quark does not decouple, as discussed in sect. 4. 

For  the physical production rate in proton collisions one has to fold in the 
integration over the gluon structure functions 

do (pp--> gg----> Z g ) = d x l d x 2 f g ( X l , Q 2 ) f g ( x 2 ,  Q 2 ) d 6 ( ~ ) ,  (5.1) 
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A X I A L  

VECTOR 

t f 
2m t = m z 2m t = "~ "~ = /+mz z 

0 0.5 1.0 1.5 2.0 
2mt/~~ 

Fig. 3. The exact gg ---, Zg matrix elements squared as a function of the top quark mass at g = 4rn z and 
h = ?. Both the contributions of the axial vector part and the vector part are shown. The curves have been 

normalJsed to the case where only five quarks contribute. 

wi th  £ = XlX2S and 

d d ( g )  = ot3(Q2) O~z ( 2 2) 

32~(27r)4 E ~ E/QqV~tl~2)k3~4 + 23 EaqAxlX2X3x4 
X 1 . . .  X 4 q q 

× I-[ d3Pi (27r )484(Pz+P3-Pa-P2)  • 
i = 3 , Z  2 Ei (2"rr) 3 

(5.2) 

In  fig. 4 we show the gg ~ Zg cross sect ion as a funct ion of the top quark  mass  

for  p p  col l is ions at V~-= 40 TeV. We used D u k e - O w e n s  s t ructure  funct ions  [10] 

wi th  A = 0.2 GeV evolved to a scale Q2 = 3sl^ and a s = 12Tr/[23 log(Q2/A2)]. To 

give an idea  of  an observable  cross section, bo th  gluon and Z are required to have 

rap id i ty ,  rY] < 2.5, and  t ransverse m o m e n t u m  PT > 40 GeV.  The s t ructure  visible in 
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Fig. 4. The cross  sect ion for gg ~ Zg  in  pp coll isions at ~ = 40 TeV as a funct ion of the top quark  

mass .  The cuts  JyJ < 2.5 and PT > 40 GeV have been imposed.  The r igh t -hand scale shows the gg ~ Zg  
cross  sect ion normal i sed  to the sum of the q~t ~ Zg  and gq(7:t) ~ Zq(EI) cross sect ions wi th  the same cuts. 

fig. 3 is smeared out by the integration over the gluon structure functions, however, 
1 there is still a marked rise in the cross section at m t - 7m z. The right-hand scale 

shows the gg---, Zg cross section normalised to the sum of the q~ ~ Zg and 
gq(~) ~ Zq(7:l) cross sections with the same cuts. 

It is remarkable that the gg--* Zg cross section is now dominated by the axial 
vector part  of the cross section. In the axial coupling the Z boson is predominantly 
longitudinally polarised and the cross section rises like £/m2z while for the vector 
coupling it is mainly transversely polarised. This is because at high energies, the 
longitudinal polarisation vector of the Z boson is 

p: 
e~ = - -  + O(  m z / E  ) . (5.3) 

m z  

The first term, which gives rise to the £ / m  2 enhancement for the axial piece, 
vanishes for the vector part  due to current conservation. Still, however, the gluon 
fusion cross section is only a small part  of the total. For m t > 40 GeV, the gluon 
initiated process is 1-3% of the sum of the tree level processes. From the above 
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10 3 

102 

i i i 

{ s  = t,O TeV 

PT • 40 lyl < 2.5 1 
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101 
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gq-qZ 

10-1 

q~-Zg 

10-2 VECTOR 
rot=2.5 0 --  
m r : / , 0  

AXIAL 
rnf=40 

10-3 ~ 
100 200 300 

PT [15eV) 

Fig. 5. The transverse momentum distribution for gg ~ Zg, q~l ~ Zg and the sum of qg ~ Zq and 
~ g ~ Z ~  in pp collisions at x/~ = 40 TeV. As in fig. 4, the cuts lYl <2.5 in pT > 40 GeV ha~'e been 

imposed on the final state particles. Curves are shown for m t = 40 GeV and 250 GeV. 

a r g u m e n t ,  a n d  also because  of  the smal ler  g l u on  luminos i ty ,  the gg ~ Zg  process  is 

a n  even  sma l l e r  effect at the L H C .  

T h e  t r ansve r se  m o m e n t u m ,  PT,  a n d  i n v a r i a n t  mass ,  M(Zg) ,  d i s t r i bu t ions  are 

s h o w n  in  figs. 5 a n d  6. As  in  fig. 4, b o t h  f ina l -s ta te  par t ic les  have  lY] < 2.5 a n d  

PT  > 40 GeV.  I t  is seen that  for h igher  values  of P T  or  M(Zg) ,  i.e. large ~, the axial  

vec to r  p a r t  gets  s o m e w h a t  fur ther  e n h a n c e d  over  the vec tor  par t ,  especial ly  for large 

m a s s e s  of  the  top quark .  However  over  the whole  r ange  the tree level processes  

d o m i n a t e .  
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Fig. 6. The invariant mass distribution for gg ~ Zg, q~ --* Zg and the sum of qg ~ Zq and Ctg ~ ZTq in 
pp collisions at ~- = 40 TeV. As in fig. 4, the cuts ]yl < 2.5 and PT > 40 GeV have been imposed on the 

final state particles. Curves are shown for mt= 40 GeV and 250 GeV. 

6. C o n c l u s i o n s  

We have calculated the full polarisat ion tensor for the axial coupling of the Z with 

three gluons via box and triangle quark loops. Full  dependence  of the quark mass 

has been  kept. The tensor may be writ ten in terms of three independent  functions,  

which depend  on complex Spence functions. 

We have applied this result to two physical processes, namely,  Z decay to three 

gluons and  Z product ion at large transverse m o m e n t u m  via gluon fusion. To 

facilitate the calculation of the squared matrix elements, we have given analytic 
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forms for the five independent non-zero helicity amplitudes. Since the vector 
coupling of the Z boson also couples with three gluons, we have given the nine 
independent non-zero helicity amplitudes for completeness. The axial and vector 
couplings have different colour structures and can be added incoherently. 

The Z ~ ggg decay is dominated by the vector coupling. The total width is 
4 -8  keV for rot> 40 GeV of which the axial coupling contributes about 15%. 
Although this corresponds to O(10) events per year at LEP, there is a large 
background from Z ~ q~qg three jet events which, unless it is possible to separate 
gluon jets from quark jets on an event by event basis, make the Z ~ ggg decay 

unobservable. 
Z production at large transverse momentum from the Zggg coupling is dominated 

by the axial coupling. This is because the Z is preferentially produced with a 
longitudinal polarisation by the axial coupling. The axial coupling contributes about 
six times as much as the vector coupling for m t > 40 GeV. However, in this case the 
tree level q~--+ Zg, qg ~ Zq and ~tg ~ Z~t subprocesses are a much more copious 
source of Z bosons at large Pa-- The Zggg coupling contributes at most 3% to the 
total cross section for Z bosons with large transverse momentum. Therefore we 
conclude that the prospects for observing the Zggg coupling through either of these 
processes is rather remote. 

Appendix A 

In this appendix we define the integrals appearing in the calculation. We use the 
notation (p l+p2)2=s,  ( p l + P 3 )  2 u, (p2+P3)  2 t, s l=s -m2z ,  t l = t - m  2 = ~ 2 7  

u 1 = u - m~. There is the two-point function B(s): 

B(s)  = -iqr2 foldxlog(m ~-  i , - s x ( l  - x)) 

- - 2  
= - i ~ r 2 [ l o g ( m Z ) - 2 + ~ l - 4 ( m ~ - i e ) / s l o g ( ~ - ~ _ z ) ] ,  (A.I)  

with 

In the amplitudes only the following combination is present: 

Bl(s ) = B(s) - B(rn2z). (A.3) 

The next integral that appears is the three-point function C(s) with two external 
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massless lines p~ =p2 = 0, (Pa +P2)  2 = S: 

d4q f C ( s ) =  J (qZ-mZ)((q+pl)2-m~)((q+pa + p z ) 2 - m  2) 

i~r2foldX ( = - - l o g  1 - i c - - -  
s x  

with z given by (A.2). 

s ) iTr2[ - z  2 
m~X(1-x) =~s log(~_z)], (A.4) 

The three-point function Cl(S ) with one external massless line, p2 = 0, p2 2 - m 2 
- -  Z ~  

( P l  + P 2 )  2 =  S is given by 

slCa(s ) = sC(s) - mZC(m2 ). (A.5) 

Finally, there is the four-point function with three massless and one massive 
external line 2 2 px=pz=p~=O, pZ=m2: 

d4q )2 m~][(q_p4)2 m~] f -(q2-mZ)[(q+pt)2-m~][(q+Pl +p2 - D(s,t)= 

{[ ] i~2 1 dx - log  1 - i~ x(1 - x) 
st fo x(a - x) + m~u/ts 

t + lo+;~ ~x~l ~,1+ lo+/~ ~,1 x, ]} ~A~, 

This result can be expressed in terms of Spence functions via the relation 

fo x(1-x)+m2u/ts l°g 1-& ~ f 2 x ( 1 - x )  

1 x+ 
= ~l+4mZu/ts [SP(xX_-~-y)-SP(x--~-y)+Sp(yX--~+) 

- S p ( y - @ ) + l ° g ( @ - +  )l°g( l-&--v-~-2xmf x+)] ,  (A.7) 
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where 

x + =  ½(1 _+ 11 + 4m2u/ts), (A.8) 

y =  ½(1 + t l -  4(rnf 2 -  i ( ) /u) .  (A.9) 

As an auxiliary function we define 

E ( S ,  t )  = s C ( s )  -I- t C ( [ )  -1- S i C l ( S )  -}- t l C l ( t  ) - stD(s, t). (A.IO) 

Appendix B 

THE VVVV HELICITY AMPLITUDES 

In this appendix we give the contributions to the different amplitudes coming 
from the vector coupling of the Z in the notation of sect. 3. We leave out the factor 

g3sgzv qdabc/ a( 2 cr ) 4 . 

These amplitudes are also described in refs. [1-6] in a different notation. As in sect. 
3 we denote the vector helicity amplitudes by Valx2x~a4 where ~i is the polarisation 
of particle i: 

v++++(s,t,u)=v+ (s,t,.) 

= +  
8 8ut(s + m~) + __ 

Slt lUl $1 

u(2tut + su) t(2uq + st) 
Bl(U ) -[- , ' - f  B l ( t )  

8m { 
+ 2m2zsC(s)+(m~-2s)[uC(u)+tC(t)]  

SS 1 

mZ(s z + u 2) - 2stq mZ(s2 + t2) - 2suul Cl(U)~t 
+ G ( t )  + 

l I U 1 

+8m 2 { - s , [ D ( s ,  u) + D(s, t)] + (u2ux +t2t'ss, +sut) D(u, t)}  

+16m~[D(s, u) + D(s, t) + D(u, t)] + 
2 

4(u 2 + t ) E(u, t), 
SS 1 

(B.1) 
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V+++_ ( s ,  t ,  lg) = 
gutm~ 8 u ~ ( s + 4 )  + _ _  

SlllU 1 SS 1 

( s -  2 < )  . 

+ 8 m ~  g,7~ c(,)+ 
.(s~ + 2,,,4) 

SIS 1 
c(~) 

, (s ,  + 2 u 4 )  
+ c(t) 

SblS 1 

s 2 
+ ~ C a ( s )  + 

$1ll 
+ - -  + C l ( t  ) 

s I u 

+ + - + - -  G ( u  

Slbl 1 S 1 I S 

+8m~( SU st ut(s-4m~) ) 
t D ( s ,  u) + --O(s, t) + D(u, t) 

u ss 1 

8utm~ 
+16m~(D(s,u)+ D(s,t)+ D(u,t))+ s2--~-1 E(u,t), (B.2) 

v++_+(~, t, .) = - s  + s,,,~ 
~(.~+,~) (~?+,~) (,~+~) 

c(~)+ c(~)+ c(t) 
uts 1 $1t sllg 

g .~  < q ( , ) ]  
+ -c~(~) + ZT~t c~(~) + 

ut  SlU J 

[ s~ sl  ut ] 
+8m~ D(s,u)+ uD(S,t)+ -s-[zD(u,t) 

+ 16ma[D(s, u) + D(s, t) + D(u, t)], (B.3) 

V++__(s, t, u) = -8 + 16m}m2/szC(s) 

2 8mFmz + 1 6 m ~ ( D ( s , u ) + D ( s , t ) + D ( u , t ) ) + - - E ( u , t ) ,  (B.4) 
ss 1 
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V+_++(s,t,u) 

8su 8m~ut 
- + 

slul u l ~ s ~  BI(u) 

[~, ~ (~1+ . ~) 
+8me 2 C(s) + ~ltC(u) + slu C(t) 

(u 2 + t 2) slutq (2t2m 2 -1- /1t"1 Jr- S1SUl) CI(H)] 
+ q ( s )  + - - c , ( , )  + 

lit SIHlg 

8m~ [ u(sls-  m2z ,) (sts 1 - u2m~) 
+ - -  [ DO, u)+ 

S 1 ; U 
D(s, t) + . l l D ( U  , t)] 

4m2z u 
+16m4[D(s,u)+D(s,t)+D(u,t)]+ E(s,u), 

slt 
(B.5) 

v+_+ (., t , . )  

=v+ +(,,u,,) 

= + - -  
SSU gS [( u U(tU+ 2UlS1) ] 

-}- - s1)Bl (S)  + Bi(b/) 
SIH 1 S l t [  U21 

2s 
+8m~ - ~ - C ( s ) +  

u( tm 2 - 2ssl) tm 2 
c(~) + c(t) 

SIIS SS 1 

2s I (m2t(t2+s2)--2s2uul) 
- - - G ( s )  + 

t SlUltS 
tlm~ ] 

Cl(b/) -~- s~l  el(t) 

t S 1 
t(s2 +m2zu) SS1 D(/,/, l)] 

4S(t 2- 2usl) 
+16m4[D(s,u)+D(s, t )+D(u, t )]  + E(s,u) (B.6) 

Slt2 
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v+++o(S,t,.)/a = + 
16sut(u- t) 

SltlUi 

+ m 16ut 

$1 

(2uu, +m2z t) BI(u) (2tt 1 +m2z u) B,(t)] 
u? t? J 

16m~ { 
+ - - .  s ( . -  t ) c ( ~ )  + u t [ c ( . )  - c(,)] 

$1 
'(t12--2S 2) U(U~--2S 2) } 

+ c,(t) c,(.)  
tl U 1 

3ut(u- ] 
+Sm 2 suD(s ,u ) - s tD(s , t )+  t) D(u, , )  

$1 

-4- 
8ut( t -U) E(u, t )  ' 

SIS 
(B.7) 

v++_o(S,t,u)/a 

=+ 16m~ 
( ( t -  u)sC(s) + u t [C(u)  - C(t)] + tqCl( t  ) - u u I C I ( b l ) )  

S 1 

+ 8 m  2 stD(s, t) - suD(s, u) + 
u t ( u -  t) 

(B.S)  

v+ +o(S, t , . ) / a  

= V + _ _ o ( S ,  u, t ) / k  

= + - -  16sut 16su 
-4- - - - - [ u 2 B I ( s )  + ( s l u  I + u t ) B x ( u ) ]  

UlS 1 s in ? 

+ 16m~sl {--ss1C(s) q - u t [ C ( u )  - C(t)] + t t , C l ( t  ) + 
u(U2-ul 2t2) Cl(u)) 

+ 8m~ 
[(u- t)stD(s, t) - (3u + t)suD(s, u) + (2s + u -  t)utD(u, t)] 

S 1 

8su 2 
e(s,u). 

ts I 
+ (B.9) 
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T h e  o t h e r  he l i c i ty  a m p l i t u d e s  fo l low f r o m  par i ty ,  i.e. V _ _ =  V++++. T o  get  the  

c o m p l e t e  a m p l i t u d e s  one  has  to s u m  ove r  the quarks .  

References 

[1] V. Constantini, B. de Tollis and G. Pistoni, Nuovo Cim. A2 (1971) 733 
[2] V.N. Baler, E.A. Kurayev and V.S. Fadin, Sov. J. Phys. 31 (1980) 364 
[3] M.L. Laursen, K.O. Mikaelian and M.A. Samuel, Phys. Rev. D23 (1981) 2795 
[4] M.L. Laursen and M.A. Samuel, Z. Phys. C14 (1982) 325 
[5] M.L. Laursen, K.O. Mikaelian and M.A. Samuel, Phys. Rev. D25 (1982) 710 
[6] M.L. Laursen, M.A. Samuel, G.B. Tupper and A. Sen, Phys. Rev. D27 (1983) 196 
[7] E. Franco, in: Physics at LEP, CERN 86-02, Vol. 1 (1986) p. 195 
[8] S.C. Lee and Wang-Chang Su, Academia Sinica Taipei preprint IP-ASTP-11-87(1987). 
[9] G. Passarino and M. Veltman, Nucl. Phys. B161 (1979) 151 

[10] D.W. Duke and J.F. Owens, Phys. Rev. D30 (1984) 49 


