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QCD : THE FUNDAMENTALS

s
. QCD is a good theory for strong interactions: facts

2. From QED to QCD:the importance of color

3. Renormalization group and asymptotic freedom
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STRONG INTERACTIONS

Strong interactions are characterized at moderate energies by a single’
dimensionful scale, As , of few hundreds of MeV:
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No hint to the presence of a small parameter! Very hard to understand and
many attempts...

Fabio Maltoni
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STRONG INTERACTIONS

Nowadays we have a satisfactory model of strong
interactions based on a non-abelian gauge theory, le.
Quantum Chromo Dynamics.

Why 1s QCD a good theory?

|. Hadron spectrum
Scaling
QCD: a consistent QFT

Low energy symmetries

S

MUCH more....
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HADRON SPECTRUM

® Hadrons are made up of spin |/2 quarks, of different flavors (d,u,s,c,b,[t])

® [ach flavor comes in three colors, thus quarks carry a flavor and and color
index

nG

® [he global SU(3) symmetry acting on color Is exact:

Z iy «<— Mesons
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Zeiﬂ"f%%% <— Baryons
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HADRON SPECTRUM

Note that physical states are classified in multiplets of the FLAVOR SU(3)fgroup!

3f®§f:8f@1f
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HADRON SPECTRUM

Note that physical states are classified in multiplets of the FLAVOR SU(3)fgroup!
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We need an extra quantum number (color) to have the A*™" with similar

properties to the 2*9, All particles in the multiplet have symmetric spin, flavour
and spatial wave-function. Check that nq - Nngear = N x Ng, with n integer.
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How MANY COLORS?
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SCALING

s=(P+k)* cmsenergy?
Q° = —(k—k")? momentum transfer?
v =Q?/2(P-q) scaling variable
v=(P-q)/M =FE —E" energy loss
y=(P-q)/(P-k)=1—FE'/E relenergy loss

1 —
W? = (P+q)* = M? + ——

Q?  recoil mass
x

dOelastic ( do ) 2 2
— |\ 79 °Felas ic(q )5(1_33) dx
dq2 dq2 point t

dginelastic ( do ) 2 2
— | 75 - Fielastic(@, ) do
dq2 dq2 Soint elastic

What should we expect for F(g?x)?

Pavia Doctoral School - May 2015 |0

Fabio Maltoni



SCALING

Two plausible and one crazy scenarios for the |g?| =0 (Bjorken) limit:

|.Smooth electric charge distribution: (classical picture)

erlastic(qz) ~ innelastic(qz) <<|

.e., external probe penetrates the proton as knife through the butter!

2. Tightly bound point charges inside the proton: (bound quarks)

F2e|astic(q2) ~| and F2ine|astic(q2) <<|

.e., quarks get hit as single particles, but momentum is immediately redistributed as they are
tightly bound together (confinement) and cannot fly away.

3. And now the crazy one: (free quarks)

F2elastic(q2) <<| and innelastic(qz) ~ |

.e., there are points (quarks!) inside the protons, however the hit quark behaves as a free
particle that flies away without feeling or caring about confinement!!!
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SCALING
| I | I I [ T
1 g-10" :
'\ P — W= ]
-\ L W-3 cev d? oAk 1
¢ == W=3.5 GeV ~N —
o'k - dxdy ()?
5 I-:J'E- * - Remarkablelll Pure dimensional analysis!
° - \-\ The right hand side does not depend on As!
i L This is the same behaviour one may find in a
- N\ : renormalizable theory like in QED.
'0‘35 \EL\%ESJEI'TEHING E Other stunning example is again e"e” = hadrons.
: AN .
_ SO This motivated the search for a
o weakly-coupled theory at high energy!
0 I 2 3 4.. 5 & 7
l::|é (GeV/c)®
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ASYMPTOTIC FREEDOM

Among QFT theories in 4 dimension only the non-Abelian gauge theories are “asymptotically free’.

It becomes then natural to promote the global color SU(3) symmetry into a local symmetry where
color is a charge.

This also hints to the possibility that the color neutrality of the hadrons could have a dynamical origin

0(51

Perturbative region

>

QZ

In renormalizable QFT’s scale invariance is broken by the renormalization procedure and couplings
depend logarithmically on scales.
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THE QCD LAGRANGIAN

. 1 a 1; (_ . \ 7. a
L= _ZF,W/F;L T Z %@ (Za - mf)¢§f) o %(f) (gstsza)¢§f)
f

[
-;a

~
-—

oY
JCAL U A &

[t %] = i fabete — Algebra of SU(N)
1
tr(t?t’) = 550,19 — Normalization

Very similar to the QED Lagrangian. we'll see in a moment where the
differences come from!
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THE SYMMETRIES OF THE QCD LAGRANGIAN

Now we know that strong interacting physical states have very good symmetry properties
like the isospin symmetry: particles in the same multiplets (n,p) or (Tt%, 1T, 1Y) have nearly
the same mass. Are these symmetries accounted for?

Lrp = Z&gf) [(Za_ mf)éij — gst?jAa} ¢§f)
f

’(p(f) — Z Uff/’(p(f,) Isospin transformation acts only f=u,d.
f/

It 1s a simple EXERCISE to show that the lagrangian is invariant if my=mqg or my, mqg—0. It is
the second case that iIs more appealing. If the masses are close to zero the QCD lagrangian
is MORE symmetric:

CHIRAL SYMMETRY
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THE SYMMETRIES OF THE QCD LAGRANGIAN

—Zm ({50 + 5w} Vr = 5L+ )

Lp= Z { b (id — gst“Aa) % ¢(f) (1d — gst“ Aa) g)} = %(1 — 5)Y

Do these symmetries have counterpart in the real world?

(f) iPrL fr (f )
L ¢ Z Ut -The vector subgroup Is realized in nature as the isospin

I -The corresponding U(|) is the baryon number conservation
g) _, piPR Z U};f/ g'> -The axial Ua(1) is not there due the axial anomaly
% -The remaining axial transformations are spontaneously broken

and the goldstone bosons are the pions.

SUL(N) X SUR(N) X UL(l) X UR(l)

This is amazing! Without knowing anything about the dynamics of confinement we correctly describe
isospin, the small mass of the pions, the scattering properties of pions, and many other features.
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WHY DO WE BELIEVE QCD IS
A GOOD THEORY OF STRONG INTERACTIONS?

® QCD is a non-abelian gauge theory, is renormalizable, 1s asymptotically free, Is a

one-parameter theory [Once you measure s (and the quark masses) you
know everything fundamental about (perturbative) QCD].

® [t explains the low energy properties of the hadrons, justifies the observed
spectrum and catch the most important dynamical properties.

® [t explains scaling (and BTWV anything else we have seen up to now!!) at high
energles.

® [t [eaves EVV Interaction in place since the SU(3) commutes with SU(2) x U(1).
There I1s no mixing and there are no enhancements of parity violating effect or
flavor changing currents.

ok, then. Are we done!
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MOTIVATIONS FOR QCD PREDICTIONS

e Accurate and experimental friendly predictions for collider
physics range from being very useful to strictly necessary.

e Confidence on possible excesses, evidences and eventually
discoveries builds upon an intense (and often non-linear) process
of description/prediction of data via MC's.

e Measurements and exclusions always rely on accurate
predictions.

* Predictions for both SM and BSM on the same ground.

no QCD = no PARTY'!
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QCD : THE FUNDAMENTALS

. QCD is a good theory for strong interactions: facts

A ——
2. From QED to QCD: the importance of color

3. Renormalization group and asymptotic freedom
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FROM QED 1O QCD

1

L= =S Fu " + 9§ — m)g — eQu v

where F,ul/ — GMA,, — 8VA,LL

(
. — -
P —m + i€
ANV _ "9

p? + i€
>vv» ey, 0
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FROM QED 1O QCD

VWe want to focus on how gauge invariance is realized in practice.
Let's start with the computation of a simple process e"e” =YY. There are two diagrams:

 y -
(WY,
Y Y — Dl + Dg

—h VY —

Hal

1
d — K1

iM= M, e"es’ = Dy + Dy = €? (U(Q)(;/Q d1u(q) + v(q)1

g_l% ¢2U(Q)>

Gauge invariance requires that:

e;"kbM,, = e kM, =0
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FROM QED 1O QCD

Mo k?Hes? = Dy + Dy — 2 (a(%

Only the sum of the two diagrams Is gauge invariant. For the amplitude to be gauge
invariant it is enough that one of the polarizations is longitudinal. The state of the other
gauge boson Is Irrelevant.

Let's try now to generalize what we have done for SU(3). In this case we take the
(anti-)quarks to be in the (anti-)fundamental representation of SU(3), 3 and 3". Then the
current isina 3 ® 3" = | ® 8.The singlet is like a photon, so we identify the gluon with the

octet and generalize the QED vertex to :

) a j
with [ta tb] _ ,L-fabctc —ngtij’)/’u
?
So now Ie.t’s calculate ag = gg and we obtain a
1 a a )
?Mg — (tbt )ile —|— (t tb)ijDQ |

Mg — (tatb)z'jMfy — ngabctngl
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FROM QED 1O QCD

To satisfy gauge invariance we still need:
I v 2 2% - v _H 2 2Y
kyea" My = kgey M»" = 0.

But in this case one piece is left out

k1, MY = —g2 45 0:(q) dhui(q)
k1, My = i(—gsfabcﬁg)(—’igstfj@i(@Vu“i(Q))

We indeed see that we interpret as the normal vertex
times a new 3 gluon vertex:

_gsfabcquuz,ug (pl 9 p27p3)
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FROM QED 1O QCD

—igs D3 = (—igsty;v:(0)7"u;(q)) <_—22> X
ROV b
(=g Vi p(—p, k1, k)€l (ki) eb (k2))

How do we write down the Lorentz part for this new interaction! We can impose
|. Lorentz invariance : only structure of the type guv pp are allowed

2. fully anti-symmetry : only structure of the type remain gyip2 (ki)u3 are allowed...
3. dimensional analysis : only one power of the momentum.

that uniquely constrain the form of the vertex:

VMLUQMS (p17p27p3) — VO [(pl _p2),u39,u1,u2 T (pQ _p3>,u1g,u2,u3 + (p3 _pl),ugg,ug,m]

With the above expression we obtain a contribution to the gauge variation:

ko - €
ki - Dy = g* f*"tVo [0(@)hule) — 5 0(@Hu(g)

The first term cancels the gauge variation of D+ Dy if Vo=1, the
second term is zero |FF the other gluon is physical!

One can derive the form of the four-gluon vertex using the same heuristic method.

Fabio Maltoni
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THE QCD LAGRANGIAN

By direct inspection and by using the form non-abelian covariant derivation, we can check that indeed

non-abelian gauge symmetry implies self-interactions. This is not surprising since the gluon itself is
charged (In QED the photon is not!)

é )

( ™
L= _ZFﬁchéW T Z z%f)(za N mf)%ff) — &Ef)(gst?jﬂa)lby)
/

F, = 0,A0 — 0, A% —g "¢ A} A
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THE FEYNMAN RULES OF QCD
An p B8

a_f
af ]
v 6% [P (1) BE ] L
P T1e P T+l

20 e
(p +ie)
a,1 p k. ah i
= v}
{ﬂ_m+lE)]1

—g I [(p—q) g™ +{q—1)"e"+{r—p)’e"]

{ell momenta incoming)

—ig" 11 [g¥g"-g"e"] )_( )(

. B c ap -pd ay BE
—ig" foor (g% -g"eg™]

-ig" ©°r [¢78"-¢"e"] I
A
q g £5° —what Is this/
B C
A
—ig (tVe (¥
bi e
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FROM QED TO QCD: PHYSICAL STATES

In QED, due to abelian gauge invariance, one can sum over the polarization of the external photons

po kv
E :eiei — —Yuv

pol

using:

| In fact the longrtudinal and time-like component cancel each other, no matter what the choice for €;
is. The production of any number of unphysical photons vanishes.

In QCD this would give a wrong result!!

We can write the sum over the polarization in a convenient form using the vector k=(ko, 0,0,-ko).

n_xv | k,uk’/ + k’/k,u
€. € = —quu —
1 1 H L.k
phys pol
For gluons the situation is different, since kj - ™M ~ & -k . So the production of two unphysical gluons

IS not zero!!

Fabio Maltoni
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FROM QED TO QCD: PHYSICAL STATES

In the case of non-Abelian theories it is therefore important to restrict the sum over polarizations
(and the off-shell propagators) to the physical degrees of freedom.

Alternatively, one has to undertake a formal study of the implications of gauge-fixing in non-physical
gauges. [ he outcome of this approach is the appearance of two color-octet scalar degrees of freedom
that have the peculiar property that behave like fermions.

Ghost couple only to gluons and appear in internal loops and as external states (in place of two
gluons). Since they break the spin-statistics theorem their contribution can be negative, which is what

s require to cancel the the non-physical dof in the general case.

Adding the ghost contribution gives

1
2k - ko

*
*
J'l

L4

-

|l|-
L]
L

v(q)k1u(q)

— Z-ggfabcta

which exactly cancels the non-physical polarization in a covariant gauge.
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THE COLOR ALGEBRA

Tr(t%) =0 WO =0

Tr(t%t) = Tre® WOW = Tg * 50000
Z fa,cdfbcd

cd r, o "
_ (FCFC)ab _ CA5ab ’MH‘%WJ CA 000000
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THE COLOR ALGEBRA

a b b a a b
o 1y
[Fa,Fb]:ifachc 0000 TO000 <0000 70000 0000 TO000

|-loop vertices

C
i fO0C(t°19); = 7At§j A?’«w = Ca/2 ¥ AT

a CA\a
(tbt tb)z’j — (CF 9 )tij éjw =-1/2INc*  kDo00
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THE COLOR ALGEBRA

1 1 ! : ! "
tijthe = 5(57;55/@' - ﬁc%%z) g = 1/2 *) C-”NC
< k <

Problem: Show that the one-gluon exchange between quark-antiquark pair can be attractive or
repulsive. Calculate the relative strength.

Solution:a g gb pair can be in a singlet state (photon) or in octet (gluon) : 3 ® 3= @8

o
]

1

1 1 1
>\/\/\, 5(5%5[3' — ﬁc5¢j5lk)5kz‘ = §5lj(Nc — ﬁc) = Cray;

>(), attractive

1 1
5(5ik5lj - F&ﬁlkﬁ%i = =

AL

<0, repulsive
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QUARKONIUM STATES

[
T l :
I/ | (28 ’
s P(28)
_ e 1
10 | | i
1
i
102 o |'r II'-
FoA
= . .f \H
10 .w,‘r‘.ﬂ h‘-..J..I_F
I 'ﬂr " \.*.._:,:_-..lrﬁm- = pf.-.:..,L----—---l--""""w#
‘I L
- g ) P
"
0" "
1
2

V'8 [GeV]

Very sharp peaks => small widths (~ 100 KeV) compared to hadronic resonances (100 MeV) =>

very long lived states. QCD is “weak” at scales >> AQCD (asymptotic freedom), non-relativistic
bound states are formed like positronium!

The QCD-Coulomb attractive potential is like: /() ~ —Cp as(1/r)
r
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COLOR ALGEBRA: ‘T HOOFT DOUBLE LINE

Mé‘i_q 511

goguoaon .
' 1——
|'| 1
s \/§ J1Ja

.-'|E;|
s
‘:'é 2 g
e : E 13 $11 12
Iy | EJ.;;&B’E-‘&:_I:J* ) - 1 K,Ul,LLQ,UJ?, 531 5]2 533
j'g?'lq P ﬂaa?r"‘ - ,:"'#. Coo B \/§

This formulation leads to a graphical representation of the simplifications occuring in the large Nc
imIt, even though 1t Is exactly equivalent to the usual one.

-
VOO0 = 112 _

In the large Nc limit, a gluon behaves as a quark-antiquark pair. In addition it behaves classically, in
the sense that quantum interference, which are effects of order |/Nc? are neglected. Many QCD

algorithms and codes (such a the parton showers) are based on this picture.

33 Fabio Maltoni
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EXAMPLE: VBF FUSION

1/o0 do /dy.q

| =
A

I}-- == higqgs

=
.{" ,:-jr .ﬁ--:._:l:':l_
R -1
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my=120 GeV, p;>20 GeV

WBF

QCD

0.0

Third jet distribution
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EXAMPLE: VBF FUSION

Consider VBF: at LO there is no exchange of color between the quark lines:

Also at NLO there is no color exchange! With one little exception...
At NNLO exchange is possible but it suppressed by |/Nc?
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QCD : THE FUNDAMENTALS

. QCD is a good theory for strong interactions: facts

2. From QED to QCD:the importance of color
e
3. Renormalization group and asymptotic freedom
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REN. GROUP AND ASYMPTOTIC FREEDOM

.
YZ
e+

Let us consider the process:

eet = hadrons and for a Q% >> As,

At this pont (though we willl) we don't have
an idea how to calculate the detalls of such a
process.

So let's take the most inclusive approach
ever: we Just want to count how many
events with hadrons in the final state there
are wrt to a pair of muons.

Zeroth Level: e+ e- = qq

Ry =

o(etTe™ — hadrons) 5
= N,
O—(e+6_ — M+M—) ;Qf

Very simple exercise. T he calculation is
exactly the same as for the Y+H-.

Pavia Doctoral School - May 2015
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REN. GROUP AND ASYMPTOTIC FREEDOM

Let us consider the process:

eet = hadrons and for a Q% >> As,

At this pont (though we willl) we don't have
an idea how to calculate the detalls of such a e
process.

So let's take the most inclusive approach

ever: we Just want to count how many

events with hadrons in the final state there +
are wrt to a pair of muons.

First improvement: e+ e- = qq at NLO
Already a much more difficult calculation!
There are real and wvirtual contributions.
There are:

* UV divergences coming from loops

* IR divergences coming from loops and real
diagrams. Ignore the IR for the moment (they
cancel anyway) We need some kind of trick v
to regulate the divergences. Like dimensional Rl _ RO (1 | S )
regularization or a cutoff M. At the end the T
result iIs VERY SIMPLE:

No renormalization is needed! Electric charge is left untouched by strong interactions!
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REN. GROUP AND ASYMPTOTIC FREEDOM

Let us consider the process:

eet = hadrons and for a Q% >> As,

At this pont (though we willl) we don't have

an idea how to calculate the detalls of such a e

process. Y, Z
So let's take the most inclusive approach

ever: we Just want to count how many

events with hadrons in the final state there +

are wrt to a pair of muons. c

Second improvement: e+ e- = qq at NNLO

Extremely difficult calculation!
Something new happens:

M? 2
R2:R0(1+%+[c+7ﬂ9010g 2]((15) )
T @

The result 1s explicitly dependent on the
arbitrary cutoff scale. We need to perform
normalization of the coupling and since QCD
Is renormalizable we are guaranteed that this
fixes all the UV problems at this order.

s

2
Oés(,u) = Qg + b() log ?OZ%«
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REN. GROUP AND ASYMPTOTIC FREEDOM

2 5 9 - 2
"\ pren pey Cas(p) pe | as(p)
(1) R2 (as(lu),@) —RQ 1 | - | _C‘I_ﬂ'b()lOg @_ ( -
M? 1IN, — 2n
2) as(p) = as + b log ?&% by = o L >0
Comments:

l. Now Ry s finite but depends on an arbitrary scale M, directly and through O VWe had to
introduce M because of the presence of M.

2. Renormalizability guarantees than any physical quantity can be made finite with the SAME
substitution. If a quantity at LO is AN then the UV divergence will be N A bg log M2 axN* !,

3. R Is a physical quantity and therefore cannot depend on the arbitrary scale pl!' One can show
that at order by order:
d ren remn ILL2 remn
P2 R = 0 = R (s (), 53) = R (as(Q), 1)
N @

which is obviously verified by Eq. (1). Choosing g4 = Q the logs ..are resummed!
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REN. GROUP AND ASYMPTOTIC FREEDOM

2
2) ag(p) = ag + bglog %a% by = 11Ni27T2nf >0
4. From (2) one finds that:
Blas) = w225 _ paz o asl) = ——
s) =1 N — —0pQg bo log %

This gives the running of &s. Since bo > O, this expression make sense for all scale p>A.
In general one has:

das (1)

Tlog 2 = 0005 (1) —biag () = baoig(p) + ..

where all bi are finite (renormalization!). At present we know the bi up to b3 (4 loop calculationl!).
bijand by are renormalization scheme independent. Note that the expression for Os( M) changes
accordingly to the loop order. At two loops we have:

1 _1 b1 log log 112 /A*"
bg logu?/A?

as(j)

B b() log K—z
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WHY IS THE BETA FUNCTION NEGATIVE IN QCD?

(2) (b)

Roughly speaking, quark loop diagram (a) contributes a negative Nf term in bo, while the gluon
loop, diagram (b) gives a positive contribution proportional to the number of colors N, which
is dominant and make the overall beta function negative.

11NC — 2nf :
bo = —— 5~ >0 = B(xs)<0in QCD
_ Ny .
bo = 5 <0 = B(as)>0in QED
s 4 4 XEM
1 Perturbative region
apm(p) = AP
0 108 A?QED 5 —
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WHY IS THE BETA FUNCTION NEGATIVE IN QCD?

; w

Roughly speaking, quark loop diagram (a) contributes ¢

loop, diagram (b) gives a positive contribution proport &
is dominant and make the overall beta function negativ
11N, —2n
by = ¢ I >0 = |
127
ny
bo = — 5= <0 =
ST
(1) = —— :
aEM //L — 2 _IllIIII|IIII|IIII|IIII|IIII|IIll-h-T'T-J-JIIII
bn log —£ T 10 10° 0%
0108 72 m
QED E [GeV]
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WHY IS THE BETA FUNCTION NEGATIVE IN QCD?

QED

charge screening

as a result the charge
INncreases as you get
closer to the center

DIELECTRIC &> |
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WHY IS THE BETA FUNCTION NEGATIVE IN QCD?

QCD

charge screening

charge anti-screening
from quarks

from gluons

gluons align as little
magnets along the
color lines and make
the field increase at
larger distances.

DIAMAGNETIC p<|

L | PARAMAGNETIC > |
(=DIELECTRIC &> 1, SINCE pe=1)

1 2 11
op=—(=1/3+02x3))¢ = -3¢ Su=(-1/3+2)¢" = —¢*
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REN. GROUP AND ASYMPTOTIC FREEDOM

Given

1 11N, — 2n;
— 5 by =
bo log % 127

s (f4)

[t is tempting to use identify A with As=300 MeV and see what we get for LEP |

R(My) = R (1 | O‘S(MZ)> = Ro(1 4 0.046)

T

which is in very reasonable agreement with LEP

This example i1s very sloppy since it does not take into account heavy flavor thresholds, higher order
effects, and so on. However it Is important to stress that had we measured 8% effect at LEP | we
would have extracted A= 5 GeV, a totally unacceptable value...
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As: EXPERIMENTAL RESULTS

T T T ' Takage ' T '
; A};{admnic Jets
Tt + -
» 1 e e rates
e
: : Photo-production
| ===
. 1 Fragmentation
e —
Ly Z width
-—C—
ep event shapeg |
Polarized DIS L
| |
Deep Inelastic Scattefing (DIS)
. Tdecays
Spectroscopy {La:ctic;a}
Y decay E E
[ | [ |
l l | l l |: : l l l | l l
0.1 0.12 0.14
ﬂE{MEJ

Many measurements at different scales all
leading to very consistent results once
evolved to the same reference scale, Mz
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0.1
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eTe Annthilation 0 @
Hadron Collisions o 5
Heavy Quarkonia B =
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SCALE DEPENDENCE

1y~ R (14 9 | o4 mbglog 22| (250 2
7@2 — 44 ! - | 0 gQQ -
As we said, at all orders physical quantities do not depend on the choice of the

renormalization scale. At fixed order, however, there is a residual dependence due to the non-
cancellation of the higher order logs:

2

Ry (as (1)

dlogu Z (1) ~ O (& ()N (1))

n=1
So possible (related) questions are:
*|s there a systematic procedure to estimate the residual uncertainty in the theoretical prediction?

*|s it possible to identify a scale corresponding to our best guess for the theoretical prediction?

BTW: The above argument proves that the more we work the better a prediction becomes!
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CHOOSING THE SCALE IN E+E- —™ HADRONS

Cross section for e+e- = hadrons:

1270
Otot — (qu) 1—|—A

Let's take our best TH prediction

A(p) as () 141+ 1.92log(12 /)] (Ozs(/i)>

T

= [—12.8 4+ 7.821log(u?/s) + 3.67log* (12 /s)] (QS M))
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CHOOSING THE SCALE IN E+E- —™ HADRONS

Take axs(M;) = O.117, Vs = 34 GeV. 5 flavors and let’s plot A(U) as function
of p where H=2P +/s.

First curve Al ﬂ.t]-ﬂ:?i-" : ]

0.03f

0.02f

Second curve &y .

Possible choice:

Apms = A(Mo) where at do dA/dp=0
and error band pe|1/2,2]

Improvement of a factor of two from LO to NLO!
How good Is our error estimate!?

Principle of mimimal sensitivity!
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CHOOSING THE SCALE IN E+E- —™ HADRONS

What happens at &s*?

0.06F

.05}

.04

.03

0.02¢

0.01¢

S ]
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CHOOSING THE SCALE IN E+E- —™ HADRONS

What happens at &s*?

0.06}
0.05f
0.04
0.03}
0.02}

0.01¢

0

N=3 less scale dependent.
Iwo places where U Is stationary.
Take the average, then the previous
estimate was sligthly off.
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CHOOSING THE SCALE IN E+E- —™ HADRONS

Bottom line

There Is no theorem that states the right 95% confidence interval for the
uncertainty associated to the scale dependence of a theoretical predictions.

There are however many recipes avallable, where educated guesses
(meaning physical). For example the so-called BLM choice.

In hadron-hadron collisions things are even more complicated due to the
presence of another scale, the factorization scale, and in general also on a
multi-scale processes...
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SUMMARY

|, We have given evidence of why we think QCD is a good theory: hadron
spectrum, scaling, QCD is a renormalizable and asymptotically free QFT,
low energy (broken) symmetries.

2. We have seen how gauge invariance is realized in QCD starting from
QED.

3. We have lllustrated with an example the use of the renormalization
oroup and the appearance of asymptotic freedom.
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QCD REDUX

PART 1l

FABIO MALTONI

CENTRE FOR COSMOLOGY, PARTICLE PHYSICS AND PHENOMENOLOGY (CP3), BELGIUM
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NEW SET OF QUESTIONS

The “infrared” behaviour of QCD

|. How can we identify a cross sections for producing quarks and gluons with
a cross section for producing hadrons!

2. Given the fact that free quarks are not observed, why Is the computed Born
cross section so good!

3. Are there other calculable, 1.e., that do not depend on the non-perturbative
dynamics (like hadronization), quantities besides the total cross section?
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ANATOMY OF A NLO CALCULATION

The KLN theorem states that divergences appear because some of the final state are physically
degenerate but we treated them as different. A final state with a soft gluon is nearly degenerate with
a final state with no gluon at all (virtual). ddk

]

O' / ‘Mreal|2dq)3_|_/ 2Re (M() vzrt d(I)Q —ﬁmte'
|4
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ANATOMY OF A NLO CALCULATION

b by J Let's consider the real gluon emission
corrections to the process ete- —qq.
V22 v, Z b0 e full calculation s a litde bit tedious
but since we In any case interested In the
k,a issues arising in the infra-red, we already
D, D, i start in that approximation.

A = u(p)d— @gs)p/ ,%F“’U( p)t* + u(p)l* p/ (—igs)gt(p)t
g {u(p)ﬁ/(zﬂ M)THo(p)  a(p)TH(f+ K)o )}
’ 2p - k 2p - k

The denominators 2p -k = poko(1 — cos8)  give singularities for collinear (cos @ = 1) or soft (kg —0)
emission. By neglecting k in the numerators and using the Dirac equation, the amplitude simplifies and
factorizes over the Born amplitude:

p-e Dp-e _ _
Aso — sta _ A orn Aporn = u(p)I'™v
ft g (p % 5 k> B B (p)T*(p)

Factorization: Independence of long-wavelength (soft) emission form the hard (short-distance) process.
Soft emission is universalll

K
(
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ANATOMY OF A NLO CALCULATION

By squaring the amplitude we obtain:
REAL dk p-p
L C 2 Born / 9
Tado = EESSad k0 (2m) (b k) (p - K)
dk? 4
kY (1 —cosf)(1 4+ cosb)

— C’F%JB—Om /dcos@

Two collinear divergences and a soft one. Very often you find the integration over phase space
expressed In terms of x| and xy, the fraction of energies of the quark and anti-quark:

r1 =1—xox3(1 — cosbaz)/2

Lo = 1 — xlxg(l — COS 913)/2 IE collinear soft
_ T3 P
1+ X2 + a3 = 2 n=g
0<x1,229<1, and x1+x2>1
collinear

So we can now predict the divergent part of the virtual o
contribution, while for the finite part an explicit calculation oy = 2E,
IS necessary: 1 Vs

dkl, 1

2 / 1— / 1 /
B 1= cos2g 20 Fo)ld(1—cos¥)+0(1+cos &)+

ag
O_V_IRT BornC —/dCOSH/

qq qq Vot
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ANATOMY OF A NLO CALCULATION

Summary:

O_REAL _I_O_VIRT — 50 — 00 = ?

Solution: regularize the “intermediate” divergences, by giving a gluon a mass (see later) or going to
d=4-2& dimensions.

1 1 —2€
]- regu arlza 101 1 - 1
/ de = —log( "By / d—z) =1

l—= l—x 2€
This gives:
GREAL _ Borny as [ 2 1 3 . 19 2
2r \e2 e 2
g VIRT _ jBorncy as (23 8 & 12
2 €2 ¢
lim ( oREAL O_VIRT) — Cp § Qs 5 Born
e—0 4 T

as
R1 = Ry (1 + ?) as presented before
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NEW SET OF QUESTIONS

|. How can we identify a cross sections for producing (few) quarks
and gluons with a cross section for producing (many) hadrons!

2. Given the fact that free quarks are not observed, why Is the
computed Born cross section so good?

Answers:

The Born cross section IS NOT the cross section for producing g gbar, since the
coefficients of the perturbative expansion are infinitel But this is not a problem
since we don't observe g gbar and nothing else. So there is no contradiction here.

On the other hand the cross section for producing hadrons is finite order by order
and its lowest order approximation IS the Born.

A further insight can be gained by thinking of what happens in QED and what is
different there. For instance soft and collinear divergence are also there. In QED one
can prove that cross section for producing “only two muons’ is zero...
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INFRARED DIVERGENCES

a[ P € D€
Asoft — _gst <— — —> ABorn

-k (p-k Even in high-energy, short-distance regime,

long-distance aspects of QCD cannot be
ignored.

This I1s because there are configurations In
phase space for gluons and quarks, I.e. when
gluons  are soft and/or when are pairs of
partons are collinear.

;»/ d%k 1
(2m)® k2(k + p)?(k — D)?

also for soft and collinear or collinear configurations associated to the virtual partons with
the region of integration of the loop momenta.
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SPACE-TIME PICTURE OF IR SINGULARITIES

The singularities can be understood in terms of light-cone coordinates. Take pH=(pY, p', p%, p?) and
define pt=(p°+p3)/+/2. Then choose the direction of the + axis as the one of the largest between +
and - . A particle with small virtuality travels for a long time along the x™ direction.

P1 X X+

travel a long
distance along the
light-cone

P2

]{—I_ ~ \/5/2 large t o~ /k_ large
k™~ (k' +2kTk™)/s/2 smal T~ 1 /KT smal

SR
2
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INFRARED DIVERGENCES

Infrared divergences arise from interactions that happen a long time after the
creation of the quark/antiquark pair.

When distances become comparable to the hadron size of ~| Fermi, quasi-
free partons of the perturbative calculation are confined/hadronized non-
perturbatively.

We have seen that in total cross sections such divergences cancel. But what
about for other quantities?

Obviously, the only possibility is to try to use the pQCD calculations
for quantities that are not sensitive to the to the long-distance physics.

Can we formulate a criterium that is valid in general!

YES! Itis called INFRARED SAFETY
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INFRARED-SAFE QUANTITIES

DEFINITION: quantities are that are insensitive to soft and collinear
branching.

For these quantities, an extension of the general theorem (KLN) exists
which proves that infrared divergences cancel between real and virtual or
are simply removed by kinematic factors.

Such quantities are determined primarily by hard, short-distance physics.
_ong-distance effects give power corrections, suppressed by the inverse
bower of a large momentum scale (which must be present in the first
blace to justify the use of PT).

Examples:

| Multiplicity of gluons is not IRC safe

2. Energy of hardest particle is not IRC safe
3. Energy flow into a cone is IRC safe
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EVENT SHAPE VARIABLES

pencil-like > spherical
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EVENT SHAPE VARIABLES

Typical Value for:

Name of Definition QCD
Observable calculation

Thrust T= maxlzz|lp%1‘ll|| | >7/3 =172 [1'&?;:;1[121%&}
Thrust major ;l:f:i]]l:}m ever Tpy; and T, in 0 <13 <lA2 Ola)
. . . . \ . T
The idea is to give more Iinformation than Just |pyusminer |5Ke T Powever Tun and Mgy in | 0 <an | ol
) . » 'y direction L to TfTand Mmaj
total cross section by defining “shapes” of an  [Guaenes D_Tm]_Tm o <5 o | ol
hadronic event (pencil-like, planar, spherical, etc..) =15(Q,+Q,): Q<..£Q; are none
Sphericity ipt pﬁ 0 <3/4 =l | (not infrared
Eigenvalues of §oP = # safe)
Zipf
In order to be comparable with theory it MUST  [apianaity [ a= 150, 0 0 <1 et
be IR-safe, that means that the quantity should not M _ (pE - I,
N £ f1h ‘“ hes' NI Jet (Hemis- | (Se: Hemispheres 1 toTip)
change iIf one of the parton “"branches” pkx -pi+ pPj |phere) masses | M2 = maxMz.M?) 0 <3 €12 |resummed)
Mﬁ,_mz M2 | 0 <1/3 0 Ol ee2)
. i 5, |ﬁ] _le S i (]
Examples are: Thrust, Spherocity, C-parameters,... Jet broadening | —af}_ 5 PT=BerB 0 SU@B) VD) resummed)

sz maxiB,.B_ )| 0 g]__.'[;'hl'j} 51_,-{2.\.'3) D[ﬂ:;}

N (resummed)
Ola2)

A

]

Similar quantrties exist for hadron collider too, but  |Enerey-Ener E [
) Rl < mid LoD Wor s B

E: .
they much less used. nd w0«
Asymmetry of oo
EEC AEEC(y) = EEC(n-y) - EEC(y) Ol ce2)
0 w20 w20 w2
Differential Daly) = Ez': }"5}'] - Ryly) (resummed )
2-jet rate ' Ay Ola2)
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IS THE THRUST IR SAFE?

Ziﬁi 7
> i Di

Contribution from a particle with momentum going to zero drops out.

T = maxg

Replacing one particle with two collinear ones does not change the thrust:

(1 — AN)pk - | + |Ap - 4| = |py - 4]
and

(1 — XN)pk| + | \pk| = |Pk|
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CALCULATION OF EVENT SHAPE VARIABLES: THRUST

The values of the different event-shape variables for different topologies are
21— 1
1-1T

1 do ag [2(3T% — 3T + 2)
—— =CFp log
o dT 27 T(1-T)
S R R -
Thrust distribution at LEP
10 — Vector gluon =
— Scalar ]
5 3 _
T
'_E — -]
S E
3l |
1 | I
§5] 6

>_3@TI?§—Tq.

O(as?) corrections (NLO) are also
known. Comparison with data provide
test of QCD matrix elements, through
shape distribution and measurement of
s from overall rate. Care must be
taken around T=1 where

(a) hadronization effects become large
and

(b) large higher order terms of the
form o™ [log?™N-! (1-T)]/(1-T) need to
be resummed.

At lower T multi-jet matrix element
become important.
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INTERMEZZO: HOW DID WE “SEE” THE 3G
VERTEX?

Angular correlations also provide interesting information about the properties of the matrix elements In
QCD. One of these quantities is the so-called Bengtsson-Zerwas angle. It is the angle between planes of
the two lowest and the two highest energy jets.

XBz
e (P1XPy) (P53 X Py) 3 P2
X B Ty X pal Py X Pa| \
p4
40 | | |
\ p

."'.. .-'-.-
."'. ."--
o =
e e
- o
-~ -
-~ —~
-~
-~ i
-~ -
.."' -
- - 7
-~ -~
- -

- — - -

— —— pr
- - e
i ."- -
- -~
e o
.".. ."’l
.".. ."'-
™ o
."-. ."’l
.".. ."-.
- >

."... ."-.-
- : ."’l

."J-
."J-

."'..

0° 20° 40° 60° 80° | S |
X 57 This quantity gives information on the presence

and characteristics of the three-gluon vertex.

Event fraction (%)
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GavinSalam®

JET ALGORITHMS

. . same event!! ,
2-jets 3-jets 4-jets

Jets are In the eye of the beholder!
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GavinSalam®

JET ALGORITHMS

A jet definition is a fully specified set of rules for projecting information from
hundreds of hadrons, onto a handful of parton-like objects.

Y g

LO partons NLO partons parton shower hadron level
Jet l Def" Jet l Def" Jet l Def" Jet l Def"
jet 1 jet 2 jet 1 jet 2 jet 1 jet 2 jet 1 jet 2

VN

In the projection a lot of information Is lost.

Projection to jets must be resilient to QCD effects

Pavia Doctoral School - May 2015 72 Fabio Maltoni



JET ALGORITHMS

® [he precise definition of a procedure how to cut be d
three-jet (and multi-jet) events is called “jet algorithm”. | |

® \Which jet algorithm to use for a given measurement/
experiment needs to be found out. Different algorithms
have very different behaviors both experimentally and
theoretically. Of course, it Is important that a complete
information is given on the jet algorithm when ;
experimental data are to be compared with theory
predictions!

® \Weinberg-Sterman jets (inturtive definrtion):
“An event is identified as a 2-jets if one can find 2 cones
with opening angle ® that contain all but a small fraction
€E of the total energy E".

E1‘|‘E3‘|‘E3< ek
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JETS (TOP-DOWN) AT E-E+

Let's see when the various contributions add up to
the Sterman-Weinberg 2-jet cross section:

¥* The Born cross section contributes to the 2-jet
cross section, INDEPENDENTLY of € and 0.

¥ [ he SAME as above for the virtual corrections.

¥ The real corrections when kU<g€E (soft).

¥*The real corrections when kO>gE AND 0<0
(collinear).

40‘ C dk’ =0 dcos@
Born + Virtual + Real (a) + Real (b) = gBorn _ ;Born 25 E / /

1 —cos?6
4 C
— gbom (1 _ ISt log € log 5)
2T
As long as © and € are not too small, we find that the fraction of 2-jet cross section is almost !

At high energy most of the events are two-jet events. As the energy increases the jets become
thinner.
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A VERY SIMPLE JET ITERATIVE ALGORITHM
(BOTTOM~-UP)

|. Consider e™e =N partons

. . . . The result of the also can be calculated
2. Consider all pairs 1 and | and :

analytically at NLO:

calculate
F 0o = o0 <1 _asCr log® y + )
' J - ° o o
min (pi+ pj)” < yeu s T
replace the two partons i,j by pj / T ;
= pi+ p; and decrease N — T
N- | ' E =91 GeV _,/""’Az_jet Z
— 80 r // 4
3. [F N=1 THEN stop ELSE goto 2. ® -
— : ' i emxA 2-3-4- 5-jet data
4. N = number of jets in the event g o
' ‘ B — QCDO(Q%]: ‘
using the “scale’ v. B oL R T e
In our example ol -
0<x| x2< |-y, x| +x2> | + il S He
XEX2S 1) X1TX2 Y SN —
y<I/3 o Uttt
0.0 0.05 0.10 0.15
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GavinSalam®

INFRARED SAFETY AND JET ALGO’S

cone iteration — — cone axis
O cone

(GeV/c)
N
()
o
| |I I | II

—L

o

=
B B

rapidity

* Take hardest particle as seed for cone axis
* Draw cone around seed
e Sum the momenta use as new seed direction, iterate until stable

* Convert contents into a “jet” and remove from event
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GavinSalam®

INFRARED SAFETY AND JET ALGO’S

cone iteration — — cone axis
O cone

(GeV/c)

100

W
o
o
B L L

rapidity
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GavinSalam®

INFRARED SAFETY AND JET ALGO’S

Collinear Safe

blo1d

jet 1 jet 1

0g X (=) 0g X (+00)
Infinities cancel

Collinear Unsafe

N

jet 1 jet1 |
jet 2

0g X (=0 ) 0g X (+00)
Infinities do not cancel

Invalidates comparison with perturbation theory results
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GavinSalam®

K+ ALGORITHM AT HADRON
COLLIDERS

, R=1 [FastJet
p, [GeV] kt [FastJet]

Measure (dimensionful): R N

R?

e
o, R
TN

dij = miﬂ(p?pr%j)

dip = p%i

The algorithm proceeds by searching for the smallest of the dij and the diB.
f it is a then dij particles | andj are recombined® into a single new particle.

ifitis a AIp then i is removed from the list of particles, and called a jet.
This Is repeated until no particles remain.

kT algorigthm “undoes” the QCD shower ,
gorig
*a 4-momenta recombination scheme is needed (E-scheme)
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GavinSalam®
KT ALGORITHM AT HADRON
COLLIDERS

_._k', R=1 [FastJet]

p, [GeV]

Comments:

As with cone algorithms, arbitrarily soft particles can = 2009
form jets. It is therefore standard to place a pr™™ cutoff 1se3— =~
on the jets one uses for "hard' physics. 1004

A
e o L
M e A

TWO PARAMETERS R, PMN

R in the kT algorithm plays a similar role to R in cone
algorithms: if two particles I and | are within R of each
other,ie, ARij < R then dij < diB, djB and so i and |

will prefer to recombine rather than forming separate
Jets.

For the kT algorithm, the jets have irregular edges, because many of the soft particles cluster together
early in the recombination sequence
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GavinSalam®

ANTI-KT ALGORITHM

P, [GoV] 1 ATk, R et
Measure (dimensionful): g ST
| AR2, w0
1] 5 o

Objects that are close in angle prefer to cluster early, but that clustering tends to occur with a hard
particle (rather than necessarily involving soft particles). This means that jets "grow' In concentric
circles out from a hard core, until they reach a radius R, giving circular jets.

Unlike cone algorithms the “anti-kT" algorithm is collinear (and infrared) safe.

This, (and the fact that it has been implemented efficiently in Fastjet), has led to be the default jet
algorithm at the LHC.

[t's a handy algorithm but it does not provide internal structure information.

Pavia Doctoral School - May 2015 8l Fabio Maltoni



GavinSalam®

WHAT JET ALGO SHOULD I CHOOSE?

't depends on what are you looking (Singlet or colored, resonance decaying to gg, qq, bb) for and
which observable you want to accurately measure : see a sharp peak or measure the position of the
peak..

0.04 = k,R=05 1 [ ks R=1.0 1 [ SISCone, R=1.0,=0.75
i Q}ILOJS = 152 GeV 1 I Q}/io_‘]s = 80 GeV | i Q}ILO.‘IS = 58 GeV
0.03 | . (@)
é |1 | @
S N 8
$ 0.02 | . — H
< ! 1 | @
0.01 /N/JLL . < .
0 " 1 " " " 1 L N I L | L L 1 " N | L L | L 1 1 " L | L
1900 2000 2100 1900 2000 2100 1900 2000 2100
dijet mass [GeV] dijet mass [GeV] dijet mass [GeV] g
0.05 F LB B B - T ] - T T ] Z q
| k,R=1.0 | | kyR=0.5 | | SISCone, R=0.5, {=0.75 |
0.04 | Qfto.12=13.0GeV 1 | Qfpy2=83GeV 1 | Qoq2=74GeV | g | )
£ . ] N v \ ‘
3 0.08 . (@)
< ! ] o
Z 0.02 - )
| _ g q
0.01 | <
O L | L L L 1 " " L | L L | L L " 1 L L L | L - - L | L L " | L L L | L
80 100 120 80 100 120 80 100 120
dijet mass [GeV] dijet mass [GeV] dijet mass [GeV]
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MORE EXCLUSIVE QUANTITIES

Number of particles in the final state!
Number of particles per jet!
Jet mass!?
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SUMMARY

|.We have studied the problem of infrared divergences in the calculation of the
fully inclusive cross section, with the help of the soft [imit.

2.VWe have Introduced the concept of an Infrared Safe quantity, I.e. an observable
which i1s both computable at all orders in pQCD and has a well defined
counterpart at the experimental level.

3. We have discussed more exclusive quantities, from shape functions to fully
exclusive quantities and compared them with e+ e- data. We have introduced
the method of exponentiation.

4. We have introduced the idea of jet algorithms (top-down and bottom-up)
and discussed the most recent algorithms.
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QCD REDUX

PART Il1

FABIO MALTONI

CENTRE FOR COSMOLOGY, PARTICLE PHYSICS AND PHENOMENOLOGY (CP3), BELGIUM

Pavia Doctoral School - May 2015 Fabio Maltoni



QCD IN THE INITIAL STATE

|. DIS and the parton model
2. DIS with pQCD
3. The idea of factorization

4. Q2 Evolution and PDF's

5. pp collisions
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DEEP-INELASTIC SCATTERING:
TOWARDS THE PARTON MODEL

¢ () s=(P+k)® cmsenergy?
: Q° = —(k—k')* momentum transfer?
r=Q?/2(P-q) scaling variable
v=(P-q)/M =FE —E" energyloss

y=(P-q)/(P-k)=1—FE"/E rel.energyloss
l—x

e (k)

W?=(P+q)® =M+ Q° recoil mass

X

“deep inelastic” : Q% >> | GeV?
“scaling limit”": Q% =0, x fixed
The idea is that by measuring all the kinematics variables of the outgoing electron

one can study the structure of the proton In terms of the probe characteristics,
Q2x,y.. Very inclusive measurement from the QCD point of view.
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DEEP-INELASTIC SCATTERING:
TOWARDS THE PARTON MODEL

* Divide phase-space factor into a leptonic and a hadronic part:

d> k'  ME
dP = dd x dy dx dd
2m)32E X T gpz /Y OTEEX q q
* Separate also the square of the Feynman amplitude, by defining:
L IMP = SR : :

*The leptonic tensor can be calculated explicitly:
1
Y= SO = R KR gk K

* Combine the hadronic part of the amplitude and phase space into “hadronic tensor’” and
use Just Lorentz symmetry and gauge invariance to write

— Z/dq)XhX,ul/

X
4.9y p-q p-q\ 1
WMV(paQ) = <_g/u/ — Z )Fl(x Q )+ (pu _quq—2> (pl/ — qu 7 >p.qF2(fEaQ2)
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DEEP-INELASTIC SCATTERING:
TOWARDS THE PARTON MODEL

e (k’)

e (k)

O_ep—mX:%:ﬁ/dq)iz’M’Q

spin

d?o Ta? _
ddeQ — 4Q(j: {[1 + (1 - y)2]F1(ZE, Q2) T 1x—y [FZ(xa Qz) o ZCCFI(ZE7 QQ)} }
Comments:

* Different y dependence can differentiate between | and &,
* The first term represents the absorption of a transversely polarized photon,
the second of a longitudinal one.
* Bjorken scaling = F| and I, obey scaling themselves, I.e. they do not depend on Q.
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DEEP-INELASTIC SCATTERING:
TOWARDS THE PARTON MODEL

We want to “watch” the scattering from a frame where the physics is clear. Feynman suggested
that what happens can be best understood In a reference frame where the proton moves very
fast and Q>>my, s large.

= +
4-vector hadron Breit frame v
1restfra_,me e 5
—+ — - L 6 xmsy G
(p ?p ?pT) \/i(mh’m}“ ) \/§<£U7 Q ) ) 0
@) e L] —=(-@.Q.0)
(aFs a7 Gr)| om0 52,

You can check that a Lorentz transformation acts on a light-cone formulation of the four-
momentum:

(a¥,a",d) — (e“a’, e ¥a~,d) with e“ =Q/(xmp)
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DEEP-INELASTIC SCATTERING:
TOWARDS THE PARTON MODEL

Now let's see how the proton looks in this frame, and in the light-cone
space coordinates (surtable for describing relativistic particles).

X X+ Lorentz transformation divides out the
interactions. Hadron at rest has separation of
order:

AxtT~Ax ~1/m,

while in the moving hadron has:
Axt~1/m x Q/m = Q/m? LARGE

Ax ~1/mxm/Q = 1/Q, SMALL
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DEEP-INELASTIC SCATTERING:
TOWARDS THE PARTON MODEL

And now let the virtual photon hit the fast moving hadron:

Moving hadron has:
Axt~Q/m?,

interaction with photon g~Q Is
localized within

Struck quark 7

kicked Into the x-
direction

Axt ~ /0,

thus quarks and gluons are like
partons and effectively free.

In this frame the time scale of a typical parton-parton interaction is much larger than the hard
interaction time.

So we can picture the hadron as an incoherent flux of partons (p™,p,p™)i , each carrying a fraction
0<€ = pi"/p*<I of the total available momentum.
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DEEP-INELASTIC SCATTERING:
TOWARDS THE PARTON MODEL

The space-time picture suggests the possibility of separating short- and long-distance physics =

factorization! Turned into the language of Feynman diagrams DIS looks like:

d*c [ dE *6 x

where

is the probability to find a
T /,,f | parton with flavor i in an
o ol TR f’a/h(g) hadron h carrying a light-

cone momentum &p+

d*6 |
s the cross section for
dadeZ electron-parton scattering

§p short d|stance

long distance
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DEEP-INELASTIC SCATTERING:
TOWARDS THE PARTON MODEL

We can now explain scaling within the parton model:

Let's take the LO computation we performed for ete- — qq, cross it (which also mean to be
careful with color), and use it the DIS variables to express the differential cross section in dQ?

vl/l/,/ dQ? Q4

Notice that the outgoing quark is on its mass shell:

+

d?6 A’ 1
dQ2dz — Q(j: ) [1 + (1 - 9)2] o(x —§)

pt = Q/(xV2)

gt =-Q/V2

This implies that & = @ at LO!
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DEEP-INELASTIC SCATTERING:
TOWARDS THE PARTON MODEL

We can now compare with our “inclusive”™ description of DIS in terms of structure
functions (which, BTWV, are physical measurable quantities),

d?o o _
dCUdQQ — 4@3 {[1 + (1 - y)z]Fl(xaQQ) T 1Ty [F2($, QQ) o QZCFl(Q?, QQ)}}

with our parton model formulas:

d§ , d*6 dra® 1
dde2 / Zfz Tr dQ2 €>Q2) with = — [1

10%ds = O +(1—y)?|eid(x—¢)

we find (be careful to distinguish x and §)

Fr(x) =22k = Z/ d¢ £ (&) e (:1:—5):26(2]:13]‘};(:6)

1=4q,q
* So we find the scaling is true: no dependence on Q2.

* g and gbar enter together : no way to distinguish them with NC. Charged currents are needed

*F (X)) = Fax) - 2 Fi(x) vanishes at LO (Callan-Gross relation), which is a test that quarks are spin
| /2 particles! In fact if the

Pavia Doctoral School - May 2015
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quarks where scalars we would have had Fi(x) = 0 and F=F_ .
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DEEP-INELASTIC SCATTERING:
TOWARDS THE PARTON MODEL

Probed at scale Q, sea contains all quarks flavours with mq less than Q.
For Q ~1 we expect

w(x) = wyl(x)+u(z) 1 .
dz) = dy(z)+d(x) /u dz uy(z) =2, /U dr dy(z)=1.
@) = 5@

And experimentally one finds

1
Z /u dr z|q(x) + q(x)] ~ 0.5 .

Thus quarks carry only about 50% of proton's momentum. The rest Is carried by gluons.
Although not directly measured in DIS, gluons participate in other hard scattering
processes such as large-pt and prompt photon production.

Pavia Doctoral School - May 2015 Fabio Maltoni



QUARK AND GLUON DISTRIBUTION FUNCTIONS

Comments:

Q2 =10 GeV?-

The sea is NOT SU(3) flavor symmetric.

The gluon is huge at small x

u
There Is an asymmetry between the ubar
| and dbar quarks in the sea.
", Note that there are uncertainty bands!!
-\ | |
o L1 |II||I| 1 IIIIIII 1 llll;.‘--.. b“«.
10* 100 102 107 1
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QUESTIONS:

|. What has QCD to say about the naive parton model!

2. s the picture unchanged when higher order corrections
are included?

3. Is scaling exact!
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SCALING VIOLATIONS

first ep collider

At HERA scaling violations were observed!
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DEEP-INELASTIC SCATTERING IN QCD

We got a long way without even invoking QCD. Let's do it now.

The first diagram to consider is the same as in the parton model:

At NLO we find again both real and virtual corrections:

D ()

Os corrections to the LO process photon-gluon fusion

Our experience so far: have to expect IR divergences!

In order to make the Iintermediate steps of the calculation finite, we introduce a
regulator, which will be removed at the end.

Dimensional regularization is the best choice to perform serious calculations.

However for illustrative purposes other regulators (that cannot be easily used beyond
NI O) are better suited. VVe'll use here a small guark/slyon ma
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DEEP-INELASTIC SCATTERING IN QCD

Once we compute the diagrams we indeed find that UV and soft divergences all cancel,
but for a collinear divergence arising when the emitted gluon becomes collinear to the
iIncoming quark:

d*6 - 1
ddQ? T2 = b2 E - E—é

_ _ ) i,
_ 2 as q
=e,x [6(1 —x) - = P,,(z)log 2 - O (aj
d*6 - \
= F9
dzdQ? ‘ 2 IR cutoff
_ _ 5 .
@7
_ 2 S Q g
= E e; |0 - I P, (x )log—2 CQ(I)
q - - Mq -
W,
The presence of large logs is a clear sign that we have a {
residual infrared sensitivity that we have to deal with!
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DEEP-INELASTIC SCATTERING IN QCD

Important observations:

. Large logarithms of Q%m? or (/€ in dim reg) incorporate ALL the RESIDUAL long-distance
physics left after summing over all real and virtual diagram. This terms are of a collinear nature.

2. The coefficients Pjj(x) that multiply the log's are UNIVERSAL and calculable in perturbative
QCD.

They are called SPLITTING FUNCTIONS and their physical meaning is easy to give:

Pii(x) give the probabllity that a parton j splits collinearly into a parton | + something else carrying
a momentum fraction x of the original parton j.

R N )

Pqq(x) Pga(x) Pag(x) Pga(®)
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DEEP-INELASTIC SCATTERING IN QCD

So the natural question is: what is it that is going wrong! Do we have IR sensitiveness in a
physical observable! Well not yet!!

To obtain the physical cross section we have to convolute our partonic results with the
parton densities, as we have learned from the parton model.

For instance:

XL 2 XL
qu(ﬂfaQQ) =& | 63 {fi,O(x) + or ? i,0(§) {qu(g) log % + O%(g)”

And now comes the magic: as long as the divergences are universal and do not depend on
the hard scattering functions but only on the partons involved in the splitting, we can
reabsorb the dependence on the IR cutoff (once for alll) into fq0(X):

1 d 2
Jaw1g) = Fao@) + 57 | L 0@ Pl 108 420

"Renormalized” parton densities: we have factorized the IR collinear physics into a quantity

hat we cannot calculate but it is universal. So how does the final result looks like!
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DEEP-INELASTIC SCATTERING IN QCD

The structure function is a MEASURABLE object,
therefore, at all orders, it cannot depend on the
choice of scales.

The final result depends of course also on s

F@@) s 3 ¢ [ % e {( -5+ o)

4 r

Long distance physics is universally factorized into
the parton distribution functions. These cannot

Short-distance (Wilson coefficient), perturbative
calculable and finite. It depends on the
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FACTORIZATION

FCICBQ —.CUZ /gzgluf|:( §)+a52(:r)

1=q,q

Questions:

|. Can we exploit the fact that physical quantities have to be scale independent to gain
information on the pdfs?

2.What exactly have we gained in hiding the large logs in the redefined pdf's! Aren't we
just hiding the problem?
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EVOLUTION \"@ racee o?:b s (4 ;?

Fa(,Q%) ~ 3 filwoig) @ Fala, -2

fHf

As a first step 1t is very convenient to transform the nasty convolution into a simple product.
This can be done with the help of a Mellin transform:

1
f(N) — / d:E:CN_lf(x) small/large x <>small/large N
0

Let us show that a Mellin transform turns a convolution into a simple product:

/Oldme_l [/;% ()g(— )} /d:m:N 1/ dy/ dz6(x — zy) f(y)g(2)

/ dy / d2(29)Y "1 f(y)g(2) = F(N)g(N)
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EVO LUTION \"@ ‘”C;ejse incsjse 4 " e

Po(2, Q%) ~ Y filw, 1) @ B, )

fHf
Let's now apply it to

dFy(z, Q%) _ 0
dlog iy
we get: dq(Nj qu) A . dﬁ‘z(]\f’ %)
dlog 117 F2(N75)+Q(N7Mf) d1og 117 =0
dlog F»(N, %) - dlogq(N,pyp) Lo
dlog % d log 3% These are called anomalous

dimensions and are just the

whose solution is: Mellin transform of the

oo L
a(N, 1) = q(N, pg)e® 50

The pdf “evolves” with the scalel
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SCALING VIOLATIONS @

02
A

The solution forV can be rewritten in terms of t and s 1: ' )
as follows: L .
dqq(N)
g (tO) aq
d(N.0) = g(V,t0)
as (1)
where

Now dgq(1)=0 and dqq(N) <O for N>I. Thus as t
increases V decreases at large x and increases at small x.
Physically this is due to an increase in the phase space
for gluon emission by quarks as t increases, leading to a
loss of momentum.
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EVOLUTION \"@ racee o?:b s (4 ;?

In fact the equations are a bit more complicated as quarks and gluons do mix.
[t is convenient to introduce two linear combinations, the singlet 2 and the non-singlet g"> to
separate the piece that mixes with that that does not:

ny

E(:E, QQ) — Z(q’b (ZE, QZ) + 4 (%, QQ)) this is coupled to the gluon
1=1

qNS (CIJ, Q2) = (; (CE, QQ) — gj (LIZ, QQ) these evolve independently

The complete evolution equations (in Mellin space) to solve are:

%AqNS (N, Q%) = O‘;(Tt) Yol (N, as(t)AgV° (N, Q?)
d (AS(N,Q%) \ _ as(t) (v, 2n75, AX(N, Q?)
dt< Ag(N, Q%) >_ 2 (vgq Vog > ( Ag(N, Q%) )
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StefanoForte®
EVOLUTION inche:se o%} incroezase
is-l""l""l""l""_
|
10 H
\

T T T T T T T T T T T T T
B |
5 - \
.
L - -
-5
1 1

= e ——————
P 1 1 ! : L | | !
0 1 : 3 4 0 1 ; 3 4
e i ;! | = '| | |
| |I
10 \ — 10— l\
\ 7 gq \ 7 eg
S 5 —
-5 -5 \ _
-10 ' l 10— ' ' i
1 : 3 4 0 1 ;
and momentum loss.

* As Q? increases, pdf's decrease at large x and increase at small x due to radiation

* Gluon singularity at N=1 = it grows more at small x.

*Yaq(1)=0 = number of quarks conserved.
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EVOLUT]ON \"@ % o mcro%sg Y :%

0@

1.2 T T T i 1 rrrm 1.2

LI R

AL Il‘lllll L | Illllll e rerm
)

2 2" ?-". '. ]
Q% =10 GeV*- X |Q% = 10% GeV? |
§ “:‘, \ .'n
| \\ | g/10
(18\\\ 0.8 '

0.6 A\ u 0.6

0.4 L % 0.4

0.2
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MODERN PDF SETS

NNPDF2.1 NNLO dataset

10°

NMC-pd
NMC
SLAC
BCDMS
HERAI-AV
CHORUS
FLH108
NTVDMN
ZEUS-H2
ZEUSF2C
H1F2C
DYE605
DYES886
CDFWASY
* CDFZRAP
- DOZRAP
X CDFR2KT

¥ X 00 + + ¥ X

I IIIIIIII oy T Ty T Ty T Ty T T T

* DOR2CON

1 llllllll

1 llllllll

1 1 Illllll

1 1 IlllIII

1 L1 1 111l

107

10*

10

102

10

1

There are now several collaborations providing
PDF sets via a common interface (LHAPDF).

Three of them are global fits.

They provide uncertainties (be careful different
procedures for each set!)

Several of them are now at NNLO and include
HQ matched.

CTEQG6.6: GLOBAL, NLO,VFN, several s
MSTWO08: GLOBAL, NNLO,VFN, several o
NNPDF2.1: GLOBAL, NNLO,VFN, several s

Plus other sets: Alekhin, HERAPDF GRV/GJR...
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FINAL STRATEGY FOR QCD PREDICTIONS

VWe now have a strategy to get a reliable result in perturbation theory:
|. Calculate the short distance coefficient in pQCD corresponding to an

observable. All divergences will cancel except those due to the collinear splitting
of Initial partons.

2. Re-absorbe such divergences in the pdf's and introduce a factorization scale.

3. Extract from experiment the initial condition for the pdf's at a given reference
scale.

4. Evolve the pdf’s at the scale of the process we are interested it. In so doing all
large logs of the factorization scale over a small scale are resummed.
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LHC MASTER FORMULA

> UE

HE <

Q* Q°

TS

)

1
Ox = Z/ dx1dxs fa(xlyu%)fb(@,ﬁé%‘) X 5'ab—>X(33173727aS(/ﬁ%)7
a,b 0
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REMARK ON OUR MASTER FORMULA

Q2 Q?
:LLF :“R

ox = Z/ dxidxo fa(ﬂUl MF)fb(CU%MF)X O'a,b—>X(33173727045(:uR) )

® By calculating the short distance coefficient at tree-level we obtain the first
estimate of rates for inclusive final states.

® Fven at LO extra radiation is included: it I1s described by the PDF's in the
initial state and by the definition of a final state parton, which at LO represents
all possible final state evolutions.

® Due to the above approximations a cross section at LO can strongly depend
on the factorization and renormalization scales.

® Predictions can be systematically improved, at NLO and NNLO, by including
higher order corrections in the short distance and in the evolution of the PDF's.
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PP KINEMATICS

g

10

We describe the collision in terms of parton X, , = (M/14 TeV) exp(ty)
energies 10° Q=M M= 10 TeV
> <
F1= x| Ebeam 10
F2= x2 Ebeam
10°
— a— r'..-"' lﬂq
@] ® %
)
Obviously the partonic c.m.s. frame will be in T M= 100 GeV E
general boosted. Let us say that the two partons =4 _.
annihilate into a particle of mass M. 10’ /
2 2 FT/ If: 4
M* = 21295 = 212024 F 10° -
b2 1425 beam M = 10 GeV
1 L1
y = - log — 10"
2 i)
M Y M —y l':lu PR W T N W R TTTT L AT
r1 = ——=€7 T9 = —=¢€ (S U/ S U

V'S
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QCD IN THE INITIAL STATE

|. We have introduced the physics of Deep Inelastic Scattering and the associated kinematics. We
interpreted scaling in the parton model framework, trying to give a description of the physics
involved by choosing a suitable frame.

2. We have shown that the parton model survives to QCD corrections, which affect the scaling
picture only with logarithmic corrections.

3. In order to make prediction in pQCD, we have introduced the idea of factorization, which stands
as a pillar for all interesting applications of pQCD.

4. The idea is to separate short-distance physics from long-distance one.
The first Is calculable in pQCD. The second in non-perturbative and therefore not calculable but
universal. So it can be measured in one experiment and used in another.

5. We have introduced the DGLAP equations that regulate the evolution of the pdf with the scale
and allow the resummation of large logs.
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