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The SM 1n a nutshell
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e SU3). x SUQ2). x U(1)y gauge symmetries.

e Matter is organised in chiral multiplets of the
fundamental representation of the gauge
groups.

e The SU(2) x U(1) symmetry is spontaneously
broken to EM.

e Yukawa interactions are present that lead to
fermion masses and CP violation.

e Neutrino masses can be accommodated in
two distinct ways.

e Anomaly free.

e Renormalisable = valid to “arbitrary” high

scales.
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SU(2)x U(1)y

Experimental evidence, such as charged weak currents couple only with left-handed fermions, the

existence of a massless photon and a neutral Z. .., the electroweak group is chosen to be

SU(Q)L X U(l)y

1 1
¢LE§(1—%)¢ ¢RE§(1+%)¢ Y =YL +Yr
Lp = 1(1 —75) =] €R = 1(1 + ¥5)e
> . o >

e SU(2)r: weak isospin group. Three generators = three gauge bosons: W1, W2 and W?,
with gauge coupling g. The generators for doublets are T* = ¢ /2, where 0% are the 3 Pauli

matrices (when acting on the gauge singlet eg and vy, T* = 0).

e U(1)y: weak hypercharge Y. One gauge boson B with gauge coupling ¢’.

One generator (charge) Y (), whose value depends on the corresponding field.

BUSSTEPP - Oxford, Aug 2018 3 Fabio Maltoni



G&s  UNIVERSITY OF

SU(2)x U(1)y

Following the gauging recipe (for one generation of leptons. Quarks work the same way)

£¢ :iELﬁLL—I—iﬁeRpVeR—FiéRﬁeR

where
DM:@M—@W#T@’-@’@BM T@':‘; or T"=0 i=1,2,3
Ly=Lyi, +Loo+ Lye
L., = iL@Ly+iv.p@ver +i€rder
Lo = gWyLuy" G L+ gWilon Fle= Zo Wl Lot o Lo+ =W Lyt o™ Ly
— %Wﬁm%m%vvgém“m
Lye = gWEZ Der V' ver, — €LY eL] + %/BM [Y(L) (Ver ¥ ver + €LY L)
+Y (Ver) Ver V" Ver + Y (er) Er V" €R}
with
W/j[ = % (W; = sz) ot = % (01 + iaQ)
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SU(2)x U(1)y

/

Lye = % W2 [Der Y ver, — e 7" €] + % B, {Y(L) (Ver Y ver, + €7 er)

+Y (Ver) Ver V" Ver + Y (er) ER V" 61?}
Neither W;’ nor B3, can be interpreted as the photon field A,,, since they couple to neutral fields.
[ ver ) (12 0 ) [ Y(L) )

er 0 —1/2 Y (L)
VeR O Y(VGR)

\ eR \ O) \ Y(eR))

<
I
s
I
<
I
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SU(2)x U(1)y

We perform a rotation of an angle 6y, the Weinberg angle, in the space of the two neutral gauge
fields (W,} and B,,). We use an orthogonal transformation in order to keep the kinetic terms

diagonal in the vector fields

B, = A,cosbty — Z,sinby
ij = A, sinbw + Z,, cos Oy

so that
Lo = PAyH inf / Hy\IfA P~ v "Hy\I!Z
ve =Wy g sinOw Tz + g’ cosbw p UM g cosOw Ty — g sinbw % p
We can identify A,, with the photon field provided
: / Y :
eQ = g sinfy T3 + g' cos Oy B} Q = electromagnetic charge

The weak hypercharges ) appear only through the combination ¢’ ). We use this freedom to fix

Y(L) = —1
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SU(2)x U(1)y

With this choice, the doublet of left-handed leptons gives (eQ = g sinOy T3 + ¢’ cos Oy %)

/

0 = % sin Oy — % cos Oy
/
—e = —g sin Oy — % cos Oy
so that
gsinOy = g cosOy = e
and
Q="T3+ % Gell-Mann—Nishijima formula.

From this formula we have Y (v.gr) =0 and Y (er) = —2.

Notice that the right-handed neutrino has zero charge, zero hypercharge and it is in a SU(2)

singlet: it does not take part in electroweak interactions.
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SU(2)x U(1)y

Lyve = \Ij,y,u [g sin Oy T3 _|_g/ cos Oy %] \IJAM + \I!fy'“ [g cos Oy T3 — g/ sin Oy % \IJZ'u
= eUVQU A, + Uy Q¥ Z,

where Q7 is a diagonal matrix given by

Qz = ‘ (75 — Q sin? Ow )

cos Oy sin Oy

We can proceed, in a similar way, with quarks (see more later)

ur, cr, tr, Up = UR,CR, LR

dr, SL br, d = dg, Sr,br
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SM charge assignments &

SUB) SUR) Uy Q=Ti+%

2
QL = uL o - 3 2 5 3
dL SL bL _%
up = UR CR tr 3 1 ¥ =
dp = dr SR br 3 1 —% _%
Ve v Vr 0
Ly = - - - 1 2 1
€er, ML TL —1
e = eR LR TR 1 1 —2 —1
vl = VeR VLR VrR 1 1 0 0
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Masses

Gauge invariance and renormalizability completely determine the kinetic terms for the gauge

bosons
1 1
EYM — _ZBNVB/U/ - ZW/?I/WGI,LV
B" = 9!BY - 9"B"
we, = oW —0,Wi+ge™ W, , W,

The gauge symmetry does NOT allow any mass terms for W= and Z.

Mass terms for gauge bosons

1
L = 5 m2 A, A¥

are not invariant under a gauge transformation

AF — U(x) (A“ — ;aﬂ> U '(x)

However, the gauge bosons of weak interactions are massive (short range of weak interactions).
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Actually, the story is bit more subtle than this...

e For U(1) the apparent gauge violation of the mass term is irrelevant.
The basic reason 1s that quantization implies a gauge fixing. This 1s can
be easily seen by taking the limit of the e—0, A—0, v—oo, with
Aw>=M? and ev=m fixed, of the Abelian Higgs model, which then
becomes a free theory of two massive scalars and one massive vector
boson. This vector boson can then be coupled to fermionic matter. This
1s called the Stuckelberg mechanism. However, for SU(N) this does
not work since the selfcoupling of the field g—0.
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Two Subtleties...

Actually, the story is bit more subtle than this...

* One can still realise the gauge symmetry in a non-linear way, as a
gauged non-linear sigma model. In this case one groups the goldstone
bosons 1nto a triplet © whose interactions are described by

-

v- .
L= T(D*3)'D,3

with DHI=9*3+i(gl2)o-WHE—i(g'/2)20’B*  and 2Fexp(io-m/v)

. . . [ O \
For the fermions one writes - _,, 3 ||I. | [frtHe.
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T'he unitarity bound

WL ZL
WL ZL
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[Chanowitz, Gallard.1985]
[Appelquist, Chanowitz,1989]

Inelastic tree-level amplitudes
for longitudinal W and Z and
fermions violate unitarity at a
scale:

AEWSB =V STV

Our effective description
contains information on where
it 1s going to fail.

Only case we know of where

unknown physics has to appear
below 1 TeV.
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Spontaneous Symmetry Breaking

A symmetry is said to be spontaneously broken when the vacuum state is not invariant
exp (100%1%)|0) #10) = Q%0)#0

This condition is equivalent to the existence of some set of fields operators ¢, with non-trivial
transformation property under that symmetry transformation, and non-vanishing vacuum

expectation values

(0]¢%|0) = v # 0
Proof
If the set of fields ¢, transforms non-trivially

Jo¥

Taking the expectation value on the vacuum

1 (0]9x|0) = (0] [Q%, ¢;] |0)# O — Q"(0) #£ 0
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BEH mechanism

We give mass to the gauge bosons through the Brout-Englert-Higgs mechanism: generate mass
terms from the kinetic energy term of a scalar doublet field & that undergoes a broken-symmetry

process.

Introduce a complex scalar doublet: four scalar real fields

¢+
o = | Y(®) =1
¢O
LHiggs = (Duq))T(DM(I)) -V ((I)T(I))
i Y (@
DH = gH— igW,ﬂ% . ig’%B“
V(0T0) = —20'0 + A (0TD)°, A >0

e The reason why Y (®) = 1 is not to break electric-charge conservation.

e Charge assignment for the Higgs doublet through Q = T35 + Y/2. The potential has a minimum

in correspondence of
2

@\2:'“_2:”_
22 2

vﬁggg@g@ﬁh@ﬁgp&%gggmgaﬁon value (VEV)ef the neutral component of the Higgg dowblat,;



BEH mechanism

Expanding ® around the minimum

5 ¢+ _ ¢+ _ iexp[
¢° S+ H@) +ix(z)] | V2

We can rotate away the fields 6*(z) by an SU(2);, gauge transformation

O(x) = ' (x) =U(x)®(x) = % - 2{(:13)

100 () } .

v

where U(z) = exp [—

This gauge choice is called unitary gauge, and is equivalent to absorbing the Goldstone modes
0% (x). Three would-be Goldstone bosons “eaten up” by three vector bosons (W=*, Z) that acquire

mass. This is why we introduced a complex scalar doublet (four elementary fields).

The vacuum state can be chosen to correspond to the vacuum expectation value
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BEH mechanism

We can easily verity that the vacuum state breaks the gauge symmetry.

A state ® is invariant under a symmetry operation exp(igT6,) if

~ ~

exp(igT*0,)P = ®

This means that a state is invariant if (just expand the exponent)

~

T® =0
For the SU(2);,x U(1)y case we have

0 1 0 v/ 2
= /v2 # 0 broken

1 0 v/vV2 0

0 —1 0 —iv/4/2
ogoPy = = [v2 # 0 broken

i 0 v/\@ 0

01Dy
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BEH mechanism

1 0 0 0
0'3(130 = — 750 broken
0 —1 v/v2 —v/v/2
0 0
Yo, = Y(P) = +1 + 0 broken
v/v/2 v/v/2

But, if we examine the effect of the electric charge operator Q = Y /2 + T3 on the (electrically

neutral) vacuum state, we have (Y (®) = 1)

L1 1 Y(®)+1 0 (10 0 0
2 2 0 Y(®) -1 0 0 v/v?2 0

the electric charge symmetry is unbroken!
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T'he Higgs potenual

The scalar potential
V (379) = 2010 + A (270)’

expanded around the vacuum state

1 0
b(z) = —
V2 \ v+ H(z)
becomes
1 A
V = 5(2)«02) H? + \H® + ZH4+const

e the scalar field H gets a mass
m3; = 2 \v° v = ,uz/)\

e there is a term of cubic and quartic self-coupling.
Note: this means that A3 = A4z = A in the SM. To have (independent) deviations of the
trilinear or quadrilinear, one needs to deform the potential with a BSM hypothesis.
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Vector boson masses

g 1 1 0
DFD = (8“‘ — igWi“U— — ig'B“) —
2 2 2\ v+ H(z)
- p S 7 7T ]
_ b 0 S ; WS. Wi — W, 4B 0
V2 \ orH 2v/2 W+ iWwl —WE v+ H
L[ o ' Wh Wy )
- _ E(U + H) g( 1 P2 ) Note: this means that
V2 o+H 2 —gW4 + ¢’ B* the mass and the
- ] . Higgs interactions
1 0 4 . H guWH are uniquely linked.
V2 |\ orH 2 v )\ —u/(gZFg?)/22" /
2
gv 9 B 1 92 _|_g/2 ,02 H
(D*®)' D, ® = -0"HO, H {(7) W’“LWM + 5 ( 1 ) ZHZ 1+ -
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Vector boson couplings

1 1 (g2 & ¢'2) 2 7\ 2
(D"®)' D, & = ~9*HO, H + (g”) WHEW, o+ = ) g | (14 2
2 2 2 4 v
e The W and Z gauge bosons have acquired masses
L 9202 o (92_'_9/2) 22 _ m,
W 4 Z 4 cos? Oy
From the measured value of the Fermi constant G g
@—<i>2L = |~ 24622 GeV
V2 2v/2 Z V2GF |

e the photon stays massless

e HWW and HZZ couplings from 2H /v term (and HHWW and HH ZZ couplings from
H?/v? term)

2

WIw- w4+ 02 guyg WH = gmyWIW™FH +
v 20089W

2mz;; 1 gmy

Lrvy = AW}
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Fermion masses and couplings

A direct mass term is not invariant under SU(2), or U(1)y gauge transformation

mpp = my (YrYL + YLYR)
Generate fermion masses through Yukawa-type interactions terms
EYukawa — _FZJQZL(I)d,Rj _ FZZJ*J%(I)TQ/L]
| 1 v+ H(x)
i A EF o — ¥ T
- Q7 ®.up + hec. . =iop® /2 0

—TY L ded, + hc.
where @', v’ and d’ are quark fields that are generic linear combination of the mass eigenstates u

and d and I',,, I'; and I', are 3 x 3 complex matrices in generation space, spanned by the indices 7
and 7.

. .U
MY =T
V2
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Fermion masses

In the unitary gauge we have

wedi = (@ @) ., 4= d
V2
v+H
A/ | _ri g1 v+ H
decud = (@ &) | =t g
and we obtain
G U+H - U+ H S U+H
Lyukawa = —1 7 dd — T 7 uud —TY 7 e7 er + h.c

= — |MYauy + MY dYd] + MY e eJR+h.c.} <1+ —)
(%

MY = 17W v

S
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Fermion masses

Theorem: For any generic complex squared matrix C', there exist two unitary matrices U, V

such that

D=UTCV

is diagonal with real positive entries

We can now diagonalize the matrix My (f = u,d, e) with the help of two unitary matrices, U g

and U7,

.‘_
(U }j ) MU / — diagonal with real positive entries

For example:

My

(U}f)T M, U}% —

BUSSTEPP - Oxford, Aug 2018

0
0

0 0 )
m. 0O
0 my )

24

(UF) MaUf, =

[

0

\ 0

0 0 )

me 0
0 ™my )
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Fermion masses and couplings

We can make the following change of fermionic fields

fo=(U1), i fhi = (UR), fr;
Lyvuk = —Zf’LZMZJ 'j<1+5>+hc
ukawa - f R v T
Y
_ t : H Note: this means
- 7 ] f J T
— fz fr [(UL) My UR] y IR (1 T v ) the that the mass and
7’L7.]

= / the Yukawa are
= = my(fofr+ frfL) (1+?) linked.
f

e We succeed in producing fermion masses and we got a fermion-antifermion-Higgs coupling

proportional to the fermion mass.

e Notice that the fermionic field redefinition preserves the form of the kinetic terms in the
Lagrangian (v @ = ¢r @Yr + ¥ @101, invariant for left and right field unitary

transformation).

e The Higgs Yukawa couplings are flavor diagonal: no flavor changing Higgs interactions.
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Mixing

The charged current interaction is given by

e
V2 sin Oy

After the mass diagonalization described previously, this term becomes

uy W+ dy +h.c.

e
V2 sin Oy
and we define the Cabibbo-Kobayashi-Maskawa matrix Vo g

i [(U}j)T Ug] ) Wd +hec.

Vo = (U) U
e Vok o is a complex not diagonal matrix and then it mixes the flavors of the different quarks.

e For N flavour families, Vog s depends on (N — 1)? parameters. (N — 1)(N — 2)/2 of them
are complex phases. For N = 3 there is one complex phase and this implies violation of the
CP symmetry (first observed in the K°-K° system in 1964).

e It is a unitary matrix and the values of its entries must be determined from experiments.
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SM is a linearly realised gauge theory which valid up to arbitrary high
scales (if mu<<1 TeV).
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SM is a linearly realised gauge theory which valid up to arbitrary high
scales (if mu<<1 TeV).
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Vacuum stability

The one-loop renormalization group equation (RGE) for A(u) is

d)\(ﬂ) 1 2 3 4 3 2 12\ 2 4 2 3 2 /2 2
— 12\ — — —3h; —3\g° — =\ o6\A
where ,
tv 2 2
my = —— msr = 2\v
! V2 H

This equation must be solved together with the one-loop RGEs for the gauge and Yukawa
couplings, which, in the Standard Model, are given by

dg(p) _ 1 _1_993
dlog 1? 3272 6
dg'(n) _ 1 4_1 13
dlogu2 3272 6 J
dgs 1
9 (M)2 _ . (_793)
dlog 1 321
dht(,UJ) 1 9 3 2 9 2 17 12
= Shy — — — h
dlog 112 S2n2 |27 T \B9 T g9 T 9 ) e

here g, is the strong interaction coupling constant, and the MS scheme is adopted.

Solving this system of coupled equations with the initial condition
miy
202
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Vacuum stability

It can be shown that the requirement that the Higgs potential be bounded from below, even after

the inclusion of radiative corrections, is fulfilled if \(u) stays positive, at least up to a certain

scale &~ A, the maximum energy scale at which the theory can be considered reliable (use

effective action).

1.060

.73

Ap}

.46

800 [ e o

—D.EB

.50

x\mf 150 Ge¥

m, = 174.3 GeV

my=130 Ge¥

mp=118 Ga¥

my (GeV)

mﬂl

108

109 iplZ 1016
i (Gev)

X This limit is extremely sensitive to the top-quark mass.
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The stability lower bound can be relaxed by allowing metastability

| 108 109 '1::12 1016
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The tuture of the Universe

The fate of the Universe depends on 1GeV 1n my

[Degrassi, et al. ‘12]

; 180
200 | . .- .
> -~ Meta=stability .-
> Z 3 LT ST
S 150 £ 175E=
E ' =
S 2
% 100 ¢ S
e | g 170
= I ()
50 =
; g
of 165
115 120 125 130 135
Higgs mass M,, in GeV Higgs mass M, in GeV
M,

y: (M) = 0.93587 4+ 0.00557 173.15 | ... £ 0.002004y,

GeV

It’s the Yukawa that enters in this calculation.
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Naturalness

Apart from the considerations made up to now, the SM must be considered as an effective
low-energy theory: at very high energy new phenomena take place that are not described by the

SM (gravitation is an obvious example) = other scales have to be considered.

Why the weak scale (~ 10? GeV) is much smaller than other relevant scales, such as the Planck
mass (=~ 10'° GeV) or the unification scale (= 101% GeV) (or why the Planck scale is so high with

respect to the weak scale = extra dimensions)?

This is the hierarchy problem.

And this problem is especially difficult to solve in the SM because of the un-naturalness of the

Higgs boson mass.

As we have seen and as the experimental data suggest, the Higgs boson mass is of the same order
of the weak scale. However, it’s not naturally small, in the sense that there is no approximate

symmetry that prevent it from receiving large radiative corrections.

As a consequence, it naturally tends to become as heavy as the heaviest degree of freedom in the

underlying theory (Planck mass, unification scale).
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Naturalness: example

Two scalars interacting through the potential

2 2
_mt oy M7y A 4 e 0 940
V(gp,q))—2g0+2<l>+4!g0 +4!<I> +4g0<I>

which is the most general renormalizable potential, if we require the symmetry under ¢ — —

and ® — — ®. We assume that M? > m?. Let’s check if this hierarchy is conserved at the

quantum level. Compute the one-loop radiative corrections to the pole mass m?

Am? m? o M? M?
2 20 2
Myole = M (1) + 353 <log Tz 1> + 35,3 <log E 1)

where the running mass m?*(u?) obeys the RGE

dm?(p®) 1
dlog u2  32n2

()\m2 + 5M2)

Corrections to m? proportional to M 2 appear at one loop. One can choose ,u2 ~ M? to get rid of

them, but they reappear through the running of m?(u?).
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Naturalness: example

The only way to preserve the hierarchy m? < M? is carefully choosing the coupling constants
Am? =~ §M?
and this requires fixing the renormalized coupling constants with and unnaturally high accuracy

A M 2

5 m?2

This is what is usually called the fine tuning of the parameters.

The same happens if the theory is spontaneously broken (m? < 0, M? > |m?| > 0).

Therefore, without a suitable fine tuning of the parameters, the mass of the scalar Higgs boson
naturally becomes as large as the largest energy scale in the theory. This is related to the fact
that no extra symmetry is recovered when the scalar masses vanish, in contrast to what happens
to fermions, where the chiral symmetry prevents the dependence from powers of higher scales,

and gives a typical logarithmic dependence.
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Naturalness in the SM

The Higgs mass 1s renormalised additively. Using a cutoff the regularization :

o"<~~\
—-><@~—>—— — e — e —-»—-: H }—-»—
3 1 1

2 | 2 2 [ 2 2
S YA | 59~ A | 167T2AA

2 9
Mg = MM go

ST

Putting numbers, one gets:

A 2
(125GeV)? = m3y + [—(2TeV)? + (700 GeV)?* + (500 GeV)?] ( . ()TeV)

BUSSTEPP - Oxford, Aug 2018 35 Fabio Maltoni



Naturalness in the SM

loops

tree

mH?2 ~ (125 GeV)?

top W/Z Higgs

2
(125GeV)? = mp + [—(2TeV)? + (700 GeV)? + (500 GeV)?] (10&\/)

Definition of naturalness: less than 90% cancellation:

A < 3TeV => top partners must be “light”
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Loop effects in the SM

Indirect evidence for the existence of particles not yet

. . Ok a T T T 1 T '/';
detected can be inferred from quantum corrections. At CR | e, | S
R asymmetries / //// v
tree level mW=mZ cos Ow. At one loop: sl | T e e 22t ]
L .| .= .= APV . S //// / .
2 |
m |
my (1= 2) = 28 (14 ) -
my \/_ 2GF
t t N
3 » 15
A 3a cos? Oy mf B P e ————
__ — P indirect (10) E
top 167T Sin4 HW m%/[/ 80_39__ all data (90%) —
80.385— —E
H ; 5
H TN > 8037 : E
——— { \ S 3 E
¢ R " N o < 80.36F 3
' AN NNNNN N, E
80.35;— —g
11 2 80.34 - =
Q m il
L 80.33 F- E
ATnggS _ AR s 2 0 log m T TR R T TR T R T T 7S TR T TR T T
T8Il Uw W m, [GeV]
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Review questions: SM &

1. What are the hypercharge assignments of the fermions in the SM? Can you explain in an elevator ride
the anomaly cancellation mechanism in the SM? And its implications?

2.1t is often said that a mass term for a gauge boson violates the gauge symmetry. What is the usual
argument? Is this really true for an abelian gauge group? Is this true for non-abelian gauge group? Why?

3.Can I write a "SM" for which is SU(2)xU(1) invariant, yet does not contain the Higgs field? If so, how? Is it
unitary?

4.1f a mass term for the fermions is introduced that does not respect the EW gauge symmetry, at which
scale the model will end to be valid?

5. What is the mass of the Goldstones in the SM? What is a shift symmetry? Can you describe the
mysterious analogy of the SM EW sector with QCD at low-energy?

7.List the options that exist to give mass to neutrinos in a renormalizable way and by adding higher-
dimensional operators.

8.Define as a “SM portal” a combination of SM fields which is a gauge singlet and has dimension less than
four. How many of such portals do exist?
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