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Aims

® perspective: the big picture

e concepts: QCD from high-Q? to low-Q?, asymptotic
freedom, 1nfrared safety, factorisation

® tools & techniques: Fixed Order (FO) computations, Parton
showers, Monte Carlo’s (MC)

BUSSTEPP - Oxford, Aug 2018 Fabio Maltoni




Plan

® Intro and QCD fundamentals
® (QQCD 1n the final state : e+ e- collisions

® QCD 1n the mmitial state : p p collisions
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O)CD : the fundamentals

2. From QED to QCD: the importance of color

3. Renormalization group and asymptotic freedom
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Strong interactions

Strong interactions are characterised at moderate energies by a single’
dimensionful scale, As , of few hundreds of MeV:

Oh = 1/1\32 = 10 mb
rh'EAs
R=1/As=1 fm

No hint to the presence of a small parameter! Very hard to understand and
many attempts...

*neglecting quark masses..!!!
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Strong interactions

Nowadays we have a satisfactory model of strong interactions based
on a non-abelian gauge theory, 1.e.. Quantum Chromo Dynamics.

Why 1s QCD a good theory?
1. Hadron spectrum

2. Scaling

3. QCD: a consistent QFT
4. Low energy symmetries
5. MUCH more....
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Hadron spectrum

® Hadrons are made up of spin 1/2 quarks, of different flavors (d,u,s,c,b,[t])

e FEach flavor comes 1n three colors, thus quarks carry a flavor and color
index

nG

® The global SU(3) symmetry acting on color 1s exact:

Z b «<— Mesons
k

Zéijk%%% «<— Baryons

ijk

i = > Uity
k
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Hadron spectrum

Note that physical states are classified in multiplets of the FLAVOR SU(3)r group!

3f®§f:8f@1f
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Hadron spectrum

Note that physical states are classified in multiplets of the FLAVOR SU(3)f group!

3r®3r®3r =105 B8 © 3y D 1a

uuu

s =0 ik p s=0 &~
50 12
=—1
s=—-1 %~ . »+ i
A
q:]_ s = —2
s = —2
C =0
s =-—3
q=—1 q=0

We need an extra quantum number (color) to have the A++ with similar properties
to the X0, All particles in the multiplet have symmetric spin, flavour and spatial

wave-function. Check that nq - ngbar =n x Nc, with n integer.
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Scaling

s=(P+k)?

Q°=—(k—F)
r=Q"/2(P - q)
v=(P-q)/M =FE—FE'
y=(P-q)/(P-k)=1-FE/E

W2 =(P+q)°=M"+

X

do-elastic ( do > 2 2
—\ 59 'Felas ic(q )5(1 —ZIZ') dx
qu dq2 point t

do_inelastic do " ,
dq2 N d—q2 boint . Finelastic(q ] CC) dZU
What should we expect for F(q?,x)?
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cms energy?
momentum transfer?
scaling variable
energy loss

rel. energy loss

recoil mass
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Scaling

Two plausible and one crazy scenarios for the |q?| —oo (Bjorken) limit:

1.Smooth electric charge distribution: (classical picture)

erlastic(qz) ~ innelastic(qz) <<

1.e., external probe penetrates the proton as knife through the butter!

2. Tightly bound point charges inside the proton: (bound quarks)
erlastic(qz) ~| and innelastic(qz) <<|

1.e., quarks get hit as single particles, but momentum is immediately redistributed as they are
tightly bound together (confinement) and cannot fly away.

3. And now the crazy one: (free quarks)

Flelastic(q%) <<| and Fnelastic(q?) ~ |

1.e., there are points (quarks!) inside the protons, however the hit quark behaves as a free
particle that flies away without feeling or caring about confinement!!!
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Scaling

T 72 ;EXP 1
\ P — W2 Gev | ~N —
-\ W st dxdy ()?
10"}
; I Remarkable!!! Pure dimensional analysis!
v 0% The right hand side does not depend on As !
| This 1s the same behaviour one may find in a
Ii \\ renormalizable theory like in QED.
o3l N\ ELASTIC | Other stunning example is again e'e- — hadrons.
. “\_SCAT TERING :
: ’\,\ E This motivated the search for a
: N i weakly-coupled theory at high
o energy!
q? (Gev/c)®
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Asymptotic freedom

Among QFT theories in 4 dimension only the non-Abelian gauge theories are “asymptotically
free”.

It becomes then natural to promote the global color SU(3) symmetry into a local symmetry where
color is a charge.

This also hints to the possibility that the color neutrality of the hadrons could have a dynamical
origin

s 4

Perturbative region

>

QZ

In renormalizable QFT’s scale invariance 1s broken by the renormalization procedure and couplings
depend logarithmically on scales.
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The QCD Lagrangian

4 ) 4 )

1 ~(£) . )
L= _ZF,W/F# T Z wff) (Za - mf)%(f) o wff) (gstijAa)wj(‘f)
f

Gauge
Fields

1%, 1% = i favete — Algebra of SU(N)
1
tr(t“tb) = 55‘”’ — Normalization

Very similar to the QED Lagrangian.. we’ll see in a moment where the
differences come from!
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The symmetries of the QCD Lagrangian

Now we know that strong interacting physical states have very good symmetry properties
like the isospin symmetry: particles in the same multiplets (n,p) or (x*,7",n%) have nearly
the same mass. Are these symmetries accounted for?

Lrp = Z&gf) [(Za_ mf)éij — gst?jAa} ¢§f)
f

’(p(f) — Z Uff/’(p(f,) Isospin transformation acts only f=u,d.
f/

It 1s a ssmple EXERCISE to show that the lagrangian is invariant if my=mg or my, mg—0.
It 1s the second case that 1s more appealing. If the masses are close to zero the QCD
lagrangian is MORE symmetric:

CHIRAL SYMMETRY
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The symmetries of the QCD Lagrangian

»CF — Z { b (Za_ gstaAa) % "éb(f) (%7— gstaAa) J(Qf)} wL — %(1 _ 75)¢

_Zm ({ p D gl ¢(f))} wR:%(H%)w

Do these symmetries have counterpart in the real world?

(f) ibr ff (f )
L ¢ Z Ut -The vector subgroup is realized in nature as the 1sospin

/! -The corresponding U(1) 1s the baryon number conservation
§{ ) _, pi%r Z Uf f’ (f ) -The axial UA.(I) 18 not there due the E}Xial anomaly
I -The remaining axial transformations are spontaneously

broken and the goldstone bosons are the pions.

SUL(N) X SUR(N) X UL(l) X UR(l)

This 1s amazing! Without knowing anything about the dynamics of confinement we correctly

describe 1sospin, the small mass of the pions, the scattering properties of pions, and many other

features.
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Why do we believe QCD 1s

a good theory of strong interactions?

e QCD 1s a non-abelian gauge theory, 1s renormalizable, 1s asymptotically free,
1s a one-parameter theory [Once you measure as (and the quark masses) you
know everything fundamental about (perturbative) QCD].

e [t explains the low energy properties of the hadrons, justifies the observed
spectrum and catch the most important dynamical properties.

e [t explains scaling (and BTW anything else we have seen up to now!!) at high
energies.

e [t leaves EW interaction in place since the SU(3) commutes with SU(2) x
U(1). There 1s no mixing and there are no enhancements of parity violating
effect or flavor changing currents.

ok, then. Are we done?
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Why do many people care about QCD?

At “low” energy:

1. QCD Thermodynamics with app]
cosmology, astrophysics , nuclel.

Te~170MeV
T
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1cation to

early universe

XALICE quark-gluon plasma

X RHIC

crossover

<yy> >0

hadronic fluid

_ n_>0
ng="0 B
vacuum nuclear matter

<yy>~ 0

quark matter

cCrossover

..--""""-.r-__
superfluid/superconducting
phases ?
2 ) =
2SC  <yy=>>0 CFL

neuiron siar cores

I~ 922 MeV
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Why do many people care about QCD?

At “low” energy:

1. QCD Thermodynamics with application to
cosmology, astrophysics , nuclel.

2. Confinement still to be proved 10°$ (millenium)
prize by the Clay Mathematics Institute.

Yang—Mills Existence and Mass Gap. Prove that for any compact simple gauge
group G, a non-trivial quantum Yang—Mills theory erists on R* and has a mass gap

A > 0. FEuristence includes establishing ariomatic properties at least as strong as
those cited in [45, 35].
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Why do many people care about QCD?

At “low” energy:

1. QCD Thermodynamics with application to
cosmology, astrophysics , nuclel.

2. Confinement still to be proved 10°$ (millenium)
prize by the Clay Mathematics Institute.

3. Measurement of quark masses, mixings and CP
violation parameters essential to understand the
Flavor structure of the SM. Requires accurate
predictions of non-perturbative form factors and
matrix elements. Need for lattice simulations,
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Why do many people care about QCD?

proton - (anti)proton cross sections

At high energy: el A AR I R
10° . 10°
. | | 107 Tev: LHC 10’
QCD is a necessary tool to V. Ve ﬁ
. . . 10 e T 10
decode most hints that Nature 1s | . o - -
giving us on the fundamental o d, ot T
1ssues! 40 10° ~ 0,8
: . (E,” > Vs/20) : . 2
s ) . | o ] 10° "
.Measur.ement of s, SIn Ow give 0 gp <8 o S o
information on possible patterns | o, ® o 7 mn%
Of uniﬁcation. | 20 - ﬂldl}ETﬂl > 100 GeV) o' 3
' [
. . . 107 f / 10° 2
Measurements and discoveries =~ 10 == o} . .
at hadron colliders need | Bef B 10*
accurate predictions for QCD | - 107 [ TranMi120 GeV) 10°
, 200 GeV
backgrounds! | 10 ; 500 Gov 10
107

BTW, is this really true? °

Vs (TeV)
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peak shape discriminant
_} _’ P P Pt Pt P P . _’ _} + _
pp—rH—=4 Pp—EEEGqq— jetsHir Pp—H=W*W
CMS Preliminary {s=7TeV,L=5.1fb";{s=8TeV,L=19.61b"
E; 353[ I N Fr T T T T T T T [ T
o 300 Bz - = §350 ATLAS Preliminary o Datn M)
PO . ] | @ tbarsiets &, [ 1s=7TeV, | Ldt=471b' {0 SingleTop
é 25;_ E:{j; Gev | ig;gf “>"300§ H— WW" - evev + 0 jet e f‘lN[:lzes:sGeV] E
w C ; . e 250;‘ =
20 E 200; ]

150F

100F

"160 Py 16°[G 1\53]0 ' 2000 'iho’n”i'ﬂﬂdw?‘;ﬁ":ﬁg,'ﬂm -1 -0.8 -06 -04 -02 0 02 04 %ST%Stput1

‘ y very hard

easy hara Sy
. Background normalization and
Background directly measured Background shapes needed. shapes known very well.
from data. TH needed only for Flexible MC for both signal Interplay with the best
parameter extraction and background tuned and theoretical predictions (via

(Normalization, acceptance,...) validated with data. MC) and data.
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Motivations for QCD predictions

e Accurate and experimental friendly predictions for collider physics range
from being very useful to strictly necessary.

e Confidence on possible excesses, evidences and eventually discoveries
builds upon an intense (and often non-linear) process of description/
prediction of data via MC’s.

e Measurements and exclusions always rely on accurate predictions.

e Predictions for both SM and BSM on the same ground.

no QCD = no PARTY |
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()CD : the fundamentals

1. QCD 1s a good theory for strong interactions: facts

3. Renormalization group and asymptotic freedom
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From QED to QCD
1

L= =S Fu " + 9§ — m)g — eQu v

where FHV — GMA,, — 8VA,LL

B ?
- m e
AVAVAVAVAVAY _ _igu?

B p? + i€
>'vw ey, 0
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From QED to QCD

We want to focus on how gauge invariance is realized in practice.
Let’s start with the computation of a simple process e"e- —yy. There are two diagrams:

Wy
Y Y = Dl + Dg
—h NV —<

WM = ./\/lWe1 €5” = Dy + Dy = 2 (U(Q)¢2¢ s

Gauge 1nvariance requires that:
X7,V *U M
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From QED to QCD

M, ke =Dy +Dy=e (’5(67)?/2

q_ %1 (%1 - %)U(Q) + ?_}(Q)(kl - q)
= —0(q)f2u(q) + 0(q)d2u(q) = 0

o)

Only the sum of the two diagrams 1s gauge invariant. For the amplitude to be gauge
invariant it is enough that one of the polarizations 1s longitudinal. The state of the other
gauge boson is irrelevant.

Let’s try now to generalize what we have done for SU(3). In this case we take the
(anti-)quarks to be in the (anti-)fundamental representation of SU(3), 3 and 3". Then the
current is in a 3 ® 3" =1 ® 8. The singlet is like a photon, so we identify the gluon with
the octet and generalize the QED vertex to :

: _ J
with [ta7 tb] _ Zfabctc ngtw ’)/
So now let’s calculate qq — gg and we obtain 1

g M — (tbta)ile -+ (tatb)ijDQ |
Mg = (tt°)i; My — g* f*"°t5; D
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From QED to QCD

To satisfy gauge invariance we still need:
2 vV 2 2% - v _H 2 2Y
kyea" My = kgey M»" = 0.

But in this case one piece 1s left out

klluMgL — —g?fabctfjﬂi((i)é/zui@)

k1 My = i(—gsf " €5) (—igsti;vi(@)vuui(q))

We indeed see that we interpret as the normal vertex
times a new 3 gluon vertex:

_gsfach,Lq,uz,ug (pl 9 p27p3)
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From QED to QCD

—ig2 D3 = (—igst?j@fi(qwﬂuj(q» X <—> X

p2
>W§i (_gfabcva(_p» k1, ka)el (F1)eb (k)

How do we write down the Lorentz part for this new interaction? We can impose

1. Lorentz invariance : only structure of the type guv pp are allowed

2. fully anti-symmetry : only structure of the type remain gulu2 (kl)u3 are allowed...
3. dimensional analysis : only one power of the momentum.

that uniquely constrain the form of the vertex:

VM1M2M3 (p17p27p3) — VO [(pl _p2),u39,u1,u2 T (pQ _p3),u1g,u2,u3 + (p3 _pl),Lug,LL3,LL1]

With the above expression we obtain a contribution to the gauge variation:
2 rabcyc L ko - €2 _

ki D3 =g~ f*tVo |0(q)6au(q) v

2kq - ko

The first term cancels the gauge variation of D1+ D2 1f VO=1, the
second term 1s zero IFF the other gluon 1s physical!!

(@) F1u(q)

One can derive the form of the four-gluon vertex using the same heuristic method.
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The QCD Lagrangian

4 )

1
— F |+ >
-

Interact.
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o (i — mp)p)

By direct inspection and by using the form non-abelian covariant derivation, we can check that
indeed non-abelian gauge symmetry implies self-interactions. This is not surprising since the gluon
itself 1s charged (In QED the photon 1s not!)

Matter

Interaction

F, = 0,A0 — 0, A% —g "¢ A} A

Fabio Maltoni



How many colors?

I/ 1(25)

|— -‘
) 1 " 1 | 1 1 | | | 1 1 | |

10 2
1 10 10
V8 [GeV]
2 112 272 Ty +
I~ NZ Qi — Qi — o(eTe™ — hadrons)
N\ 2 olete” — utu~)
rp = (g) 7.6eV =2(N./3) q=u,d,s
I'exp=774+£06 eV :37(Nc/3) q:u,d,s,c,b
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T'he Feynman Rules of QCD

a_f
] aﬂ‘ 3
B B e N
P Tl P T1€

(p +ie)
al :}:_ b.j 6“’ i
(P—m-+ie)y

—g I (p—a) ¥ +{q—1) " +(r—p)’e™]

{all momenta incoming)

Aa BA —igz fmcfxm: [gaﬂgﬁ_gaagw] )—( }
—ig" £ [g¥g" g7 g"]
., B [ B} e & e 1]
Cy I I Al R
A
q g 7"
B C
A
—ig {th)ch (?a)ji
bii 0,
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From QED to QCD: physical states

In QED, due to abelian gauge invariance, one can sum over the polarization of the external photons

using:
o xv
E :67; € — —YGuv

o . pol .
[ In fact the longitudinal and time-like component cancel each other, no matter what the choice for

e21s. The production of any number of unphysical photons vanishes.
In QCD this would give a wrong result!!

We can write the sum over the polarization in a convenient form using the vector k=(ko, 0,0,-ko).

Mt _xv | k,uk’/ + k’/k,u
k- k
phys pol
For gluons the situation 1s different, since ki- M ~ &+ k» . So the production of two unphysical
gluons 1s not zero!!
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From QED to QCD: physical states

In the case of non-Abelian theories it 1s therefore important to restrict the sum over polarizations

(and the off-shell propagators) to the physical degrees of freedom.

Alternatively, one has to undertake a formal study of the implications of gauge-fixing in non-
physical gauges. The outcome of this approach 1s the appearance of two color-octet scalar degrees

of freedom that have the peculiar property that behave like fermions.

Ghost couple only to gluons and appear in internal loops and as external states (in place of two
gluons). Since they break the spin-statistics theorem their contribution can be negative, which 1s

what 1s require to cancel the the non-physical dof in the general case.

Adding the ghost contribution gives

*
*
J‘l
L4

: = —
\S

Z-ggfabcta

1

2k1 - ko

v(q)k1u(q)

which exactly cancels the non-physical polarization in a covariant gauge.
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Tr(t*) =0

Tr(t*t") = TR

Z fa,cdfbcd

cd

— (FCFC)ab — CA5ab
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The color algebra

[ta7 tb] _ Z-fabctc

[Fa,Fb] _ Z-fachc

|-loop vertices

* £A0C C OA a
if* (tbt )ij = —-ti

2

(t°t%t")ij = (Cr

Ca

2
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o
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= Cal2 *

= -1/2/Nc *

d

X0000
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The color algebra

i : i
4 a 1 1
Lijlel = 5(5¢z5kj - E%‘%z) g = 1/2 *) C-”NC
< k

Problem: Show that the one-gluon exchange between quark-antiquark pair can be attractive or
repulsive. Calculate the relative strength.

Solution:a g gb pair can be In a singlet state (photon) or in octet (gluon) :3 ® 3 = |® 3

i .
1 1 1
(05x01; — —0i01% )0k = =01;(Ne — —) = Cpdy;
| g >’VV\' : Ne ! 2" Ne¢ >0, attlgactive
i -

BUSSTEPP - Oxford, Aug 2018 Fabio Maltoni
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I/ 1(25)

—
S
L #4]
IIIII| |
N

1025 b I! \ E
- I|L -
}

R AN
10 | / h“f-l-;
B i ﬁh_MJﬂ*‘l N
' . E
- ¥ .

Py
0 . | .
10

Very sharp peaks => small widths (~ 100 KeV) compared to hadronic resonances (100 MeV) =>
very long lived states. QCD is “weak” at scales >> AQCD (asymptotic freedom), non-relativistic
bound states are formed like positronium!

as(1/r)

The QCD-Coulomb attractive potential is like: V(?“) ~ —(Crp
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Color algebra: "t Hooft double line
rr>ﬁWﬁ“ ¥ i-Lnlsia i

= 1 . g C
8 S N G Sy
>y, 2 V5

This formulation leads to a graphical representation of the simplifications occuring in the large Nc
imit, even though it is exactly equivalent to the usual one.

L
TOOOOD = 112 _

In the large Nc limit, a gluon behaves as a quark-antiquark pair. In addrtion it behaves classically, in
the sense that quantum interference, which are effects of order |/Nc? are neglected. Many QCD
algorrthms and codes (such a the parton showers) are based on this picture.
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Example: VBF fusion

B || | || || I || _
(f(-’" ,o" ‘fr - my=120 GeV, p;>20 GeV -
s 0.3 _
L L WBF 1
iz higgs 5 - i
-
o 0.2 _
«ﬁ( N QCD ]
3 \ ]
(=] -
o : il
0.1— |
AYT |
0.0 | 1
-4 -2 0 2 4

ey higos
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Third jet distribution
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Example: VBF fusion

Consider VBF: at LO there 1s no exchange of color between the quark lines:

Also at NLO there 1s no color exchange! With one little exception....
At NNLO exchange is possible but it suppressed by 1/N¢?
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()CD : the fundamentals

1. QCD 1s a good theory for strong interactions: facts

2. From QED to QCD: the importance of color
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Ren. group and asymptotic freedom

Let us consider the process:

eet — hadrons and for a Q?>> Ag?.

At this point (though we will!) we don’t

have an idea how to calculate the details of €
such a process.

So let’s take the most inclusive approach

ever: we just want to count how many

events with hadrons in the final state there +
are wrt to a pair of muons. c

Zeroth Level: et+e- — qq

o(eTe™ — hadrons) 5
Rn = = NV,
0 olete™ — utp™) ;Qf

Very simple exercise. The calculation 1s
exactly the same as for the pu+pu-.
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e
First improvement: e+ e- — qq at NLO

Already a much more difficult calculation! +
There are real and wvirtual contributions. e

There are:

* UV divergences coming from loops

* IR divergences coming from loops and
real diagrams. Ignore the IR for the moment
(they cancel anyway) We need some kind of
trick to regulate the divergences. Like

dimensional regularization or a cutoff M.
At the end the result 1s VERY SIMPLE:

R1:R0(1 : O‘S)

T

No renormalization is needed! Electric charge is left untouched by strong interactions!
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Second improvement: e+ e- — qq at NNLO
Extremely difficult calculation!
Something new happens:

g M2 ag 2
RQZRO <1+7‘|‘ [C"‘ﬂ'bolog@] (?) )

The result 1s explicitly dependent on the
arbitrary cutoff scale. We need to perform
normalization of the coupling and since QCD
1s renormalizable we are guaranteed that this
fixes all the UV problems at this order.
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Ren. group and asymptotic freedom

2 2 2
| ren H o | Cks(,u) | Lt &S(N)
M* 11N, —2n; 70
() @S(M) = ag + by log —a% b() — Uz
pe 127

Comments:

1. Now R: 1s finite but depends on an arbitrary scale p, directly and through os. We had to
introduce p because of the presence of M.

2. Renormalizability guarantees than any physical quantity can be made finite with the SAME
substitution. If a quantity at LO is Aos" then the UV divergence will be N A bo log M? asN*!.

3. R 1s a physical quantity and therefore cannot depend on the arbitrary scale pu!! One can show
that at order by order:

2

d ren ren P ren
ﬂR = 0= R™(as ()QQ) R™ (s (@), 1)

which 1s obviously verified by Eq. (1). Choosing u = Q the logs ...are resummed!
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Ren. group and asymptotic freedom

M? 11N, — 2
Q) as(y) = as + b log ——a} b = ————L >0
4. From (2) one finds that: s "

p— - 2 8 — >
6(0[5’) — M a,LLZ bOOéS = S(’u) bO lOg %

This gives the running of as. Since bo> 0, this expression make sense for all scales u>A.
In general one has:

dag (1)
dlog 1?

= —boag(p) — brag(p) — baag(p) + ...

where all b; are finite (renormalization!). At present we know the bi up to bz (4 loop calculation!!).
biand by are renormalization scheme independent. Note that the expression for as( n) changes
accordingly to the loop order. At two loops we have:

1 _1 b1 log log 2 /A?"
bg logpu?/A*

g — 5
(1) o log 22
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Why is the beta function negative in QCD?

(a) (b)

Roughly speaking, quark loop diagram (a) contributes a negative Nr term in bo, while the
gluon loop, diagram (b) gives a positive contribution proportional to the number of colors N,
which 1s dominant and make the overall beta function negative.

11N, — 2ny

=" >0 = B(ats)<0in QCD
(1 :
bo = 5 <0 = B(xs)>0in QED
Ks 4 4 OXEM
1 Perturbative region
apm () = =0
078 Ko 0
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Why is the beta function negative in QCD?

; -

Roughly speaking, quark loop diagram (a) contr
gluon loop, diagram (b) gives a positive contribut:
which 1s dominant and make the overall beta func

B 11Nc — an R
bo = 127 >0 o
ny

b — T < —

0 o 0
1
apm(p) = e
QED
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Gravity
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T 10 10 0%
m E [GeV]
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Why is the beta function negative in QCD?

QED

charge screening

as a result the charge
INncreases as you get
closer to the center

DIELECTRIC &>
BUSSTEPP - Oxford, Aug 2018 Fabio Maltoni
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Why is the beta function negative in QCD?

charge screening
from quarks

DIAMAGNETIC p<|
(=DIELECTRIC &>, SINCE pe=1)

BUSSTEPP - Oxford, Aug 2018

QC

D

charge anti-screening
from gluons

PARAMAGNETIC p>|

gluons align as little
magnets along the
color lines and make
the field increase at
larger distances.
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Ren. group and asymptotic freedom

1 11N, — 2n;
p— 5 b() —
bo log % 127

It 1s tempting to use 1dentify A with As=300 MeV and see what we get for LEP I

R(My) = R (1 | aS(MZ)) = Ro(1 4 0.046)

-

which 1s in very reasonable agreement with LEP.

This example 1s very sloppy since 1t does not take into account heavy flavor thresholds, higher
order effects, and so on. However it 1s important to stress that had we measured 8% effect at LEP
I we would have extracted A= 5 GeV, a totally unacceptable value...

BUSSTEPP - Oxford, Aug 2018 Fabio Maltoni



Ges  UNIVERSITY OF

FORD

as: Experimental results

i . & Apiane
2§ e v 7 decays 0VLO)
SM review S a DIS jets (NLO)
HPOCD el | | 0 Heavy Quarkonia (NLO) .
HPQCD (c< cometstors) || 031 o e'¢ jets & shapes (res. NNLO) i
Maltmann e oo [T & ® ¢.w. precision fits (N3LO)
PACS-CS (SF scheme) y—c A .
ETM (ghast-gluon vertex) :I-L-H M v PF —> Jets (NLO)
BBGPSmeuH-Ii | v pp — tt (NNLO)
ABM |_._'| -
BBG |—.—:| g E 0.2 - -
JR I f { a0
NNPDF e o €
MMHT e 2 ®
ALEPH etstahopes) | I—e 1
OPALzs  f—rt® 1 ™
JADE(a: | — ! -
Dissertori |—:tH = 0.1 1
owe® N | | 1B = QCDOLS(MZ)—01181+00011
Abbate m e | : g. . \ . L
Gehrm. | o
Hoang o1 I o 1 GeV 100 1000
o ax 'l ey Q [ e ]

. L . electrowea
GFltter | 19 1 1, . . . . predsion fits

hadron
‘"‘“’“*‘“" =l ; _collider_, Many measurements at different scales all leading to ver
g Y

0.11 o.11s 0.12 0.125 0.13 -
consistent results once evolved to the same reference scale,
April 2016 as(Mi) MZ.
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Summary

® We have given evidence of why we think QCD 1is a good theory:
hadron spectrum, scaling, QCD 1s a renormalizable and
asymptotically free QFT, low energy (broken) symmetries.

® We have seen how gauge invariance 1s realized in QCD starting from
QED.

® We have illustrated with an example the use of the renormalization
group and the appearance of asymptotic freedom.
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Scale dependence

2 2 o
Qg s
Rée“(as(u),%) =Ry | 1 75”) | [c+wbolog %} ( 7@)
As we said, at all orders physical quantities do not depend on the choice of the

renormalization scale. At fixed order, however, there 1s a residual dependence due to the
non-cancellation of the higher order logs:

N

T 3 ealial () ~ O (a3 ()

n=1

So possible (related) questions are:
* Is there a systematic procedure to estimate the residual uncertainty in the theoretical prediction?

* Is 1t possible to 1dentify a scale corresponding to our best guess for the theoretical prediction?

BTW: The above argument proves that the more we work the better a prediction becomes!
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Scale dependence

Cross section for e+e- — hadrons:

127
Otot — (qu> 1—|—A

Let’s take our best TH prediction

Ap) = as () (141 + 1.92log (12 /)] <045(M)>

s s

= [—12.8 + 7.821log(u?/s) + 3.671og”(?/s)] (043 M))
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Scale dependence

Take as(M,) = 0.117, Vs = 34 GeV, 5 flavors and let’s plot A(w) as function

of p where p=2r s.
First curve A [;._M?; _— ~—_ :_:

0.03f

0.02f

Second curve A»

Possible choice:

Apms = A(po) where at po dA/dp=0 o o o
and error band pE[1/2,2] Principle of mimimal sensitivity!

Improvement of a factor of two from LO to NLO!
How good 1s our error estimate?
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What happens at os>?

0

0

0

.06

05T

L04r

L0337

0271

.01t

0

Scale dependence
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Scale dependence

What happens at as>?

0.06F

0.05¢}

0.04)

.03

0.02¢

0.01¢

0

N=3 less scale dependent.
Two places where | 1s stationary.
Take the average, then the previous
estimate was sligthly off.

0\C44 |
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Scale dependence

Bottom line

There 1s no theorem that states the right 95% confidence interval for the
uncertainty associated to the scale dependence of a theoretical predictions.

There are however many recipes available, where educated guesses
(meaning physical). For example the so-called BLM choice.

In hadron-hadron collisions things are even more complicated due to the

presence of another scale, the factorization scale, and 1in general also on a
multi-scale processes...
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Plan

1. Intro and QCD fundamentals

{ 2. QCD 1n the final state : e+ e- collisions J

3. QCD in the initial state : p p collisions
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¢+ e- collisions : QCD 1n the final state

2. Towards realistic final states

3. Jets
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New set of questions

The “infrared” behaviour of QCD

1. How can we identify a cross sections for producing quarks and gluons
with a cross section for producing hadrons?

2. Given the fact that free quarks are not observed, why 1s the computed
Born cross section so good?

3. Are there other calculable, 1.e., that do not depend on the non-perturbative
dynamics (like hadronization), quantities besides the total cross section?
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Anatomy of a NLO calculation

paw:
ol By wrom

The KLN theorem states that divergences appear because some of the final state are physically
degenerate but we treated them as different. A final state with a soft gluon 1s nearly degenerate
with a final state with no gluon at all (virtual). ]

d k

P

O' / ‘Mreal|2dq)3_|_/ 2Re (M() vzrt d(I)Q —ﬁmte'
Vv

BUSSTEPP - Oxford, Aug 2018 65 Fabio Maltoni




Anatomy of a NL() calculation

Let’s consider the real gluon emission
corrections to the process e+e- —qq.

The full calculation 1s a little bit tedious, but
since we 1n any case interested in the 1ssues
arising in the infra-red, we already start in that

approximation. ,
A= (p)f/( 1gs) (—igs)b(p)t*

toy(B)E® + a(p)TH ¢
7+ /%F (e Uy
. {U(P)ﬁ/(lfﬂL KT v(p)  a(p)T* (7 + /%)«sﬁf(p)}

2p - k 2p - k

The denominators 2p - k = poko(1 — cosd) give singularities for collinear (cos 0 —1) or soft (ko —0)
emission. By neglecting k in the numerators and using the Dirac equation, the amplitude simplifies
and factorizes over the Born amplitude:

p-€ p-e€ ] ]
Asopt = —ga1" ( Z ) ABorn Aporn = u(p)I"v(p)
p-k p-k
Factorization: Independence of long-wavelength (soft) emission form the hard (short-distance)
process. Soft emission is universal!!
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Anatomy of a NLO calculation

By squaring the amplitude we obtain:

dk - D
REAL 2 Born p-p
— C 2
o= Critol™ [ g i
OfS Born dko 4
=Cp—o0,: dcos @
ForCad / CORY RO (1 —cosd)(1+ cosh)

Two collinear divergences and a soft one. Very often you find the integration over phase space
expressed in terms of x1 and x2, the fraction of energies of the quark and anti-quark:

Tl = 1 — 3325133(1 — COS (923)/2
collinear soft

To = 1 — 5131515‘3(1 — COS (913)/2 QEE 1 I

5131—|—£IZ‘2—|—5133:2 Igzﬁ
0<zx1,29 <1, and x1+x9>1

collinear
So we can now predict the divergent part of the virtual
contribution, while for the finite part an explicit L oxy = Q_ELF
calculation 1s necessary: 1 V'8
dk/ 1
VIRT Born / 0 / / /
o Cr d cosf 20(kn)[0(1—cos8")+0(1+cosb
VIRT — _gBom S T oon? 5 201 —cos ) +5(1-+c0 )]+
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Anatomy of a NLO calculation

Summary:

gREAL | (VIRT _ o o _ 9

Solution: regularize the “intermediate” divergences, by giving a gluon a mass (see later) or going to

d=4-2¢ dimensions.

1 1 —2
1 regulamzafmon (1 — ZL’) ¢ 1
dxr = —log0 dr = — —
/ 1 — o 08 / 11—z 7 o

This gives:

GREAL _ Borny as (2 I § 4 E _ 2
21 \ €2 € 2

2 3
g VIRT _ Borncy as (__ 28 Wz)

2 €2 ¢

. 3 ag
lim (o REAL 4 G VIRT) _ (7, 2 &5 [ Born
e—0 4 T

o)
R = Ry (1 — —S) as presented before
70
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New set of questions

1. How can we i1dentify a cross sections for producing (few) quarks and
gluons with a cross section for producing (many) hadrons?

2. Given the fact that free quarks are not observed, why 1s the computed

Born cross section so good?
Answers:

The Born cross section IS NOT the cross section for producing q gbar, since the coefficients
of the perturbative expansion are infinite! But this 1s not a problem since we don’t observe
q gbar and nothing else. So there 1s no contradiction here.

On the other hand the cross section for producing hadrons 1s finite order by order and its
lowest order approximation IS the Born.

A further insight can be gained by thinking of what happens in QED and what is different
there. For instance soft and collinear divergence are also there. In QED one can prove that
cross section for producing “only two muons™ 1s zero...
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Infrared divergences

A .40 p-€ Dp-€ A Even 1n high-energy, short-distance regime,
solt I p-k k) " long-distance aspects of QCD cannot be
ignored.

This 1s because there are configurations in
phase space for gluons and quarks, 1.e. when
gluons are soft and/or when are pairs of
partons are collinear.

;»/ d%k 1
(2m)® k2(k + p)?(k — D)?

also for soft and collinear or collinear configurations associated to the virtual partons with
the region of integration of the loop momenta.
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Space-time picture of IR singularities

The singularities can be understood in terms of light-cone coordinates. Take p*=(p°, p!, p?, p?) and
define p*=(p’+p*)/\2. Then choose the direction of the + axis as the one of the largest between +
and - . A particle with small virtuality travels for a long time along the x™ direction.

x—

X+

™~

k,—l- ~ \/5/2 large T
k™~ (k" 4+ 2kTk™)\/s/2 smal
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travel a long
distance along the
light-cone

:_/k_ large
/k"l' small
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Infrared divergences

Infrared divergences arise from interactions that happen a long time after the
creation of the quark/antiquark pair.

When distances become comparable to the hadron size of ~1 Fermi, quasi-
free partons of the perturbative calculation are confined/hadronized non-
perturbatively.

We have seen that in total cross sections such divergences cancel. But what
about for other quantities?

Obviously, the only possibility is to try to use the pQCD calculations for
quantities that are not sensitive to the to the long-distance physics.

Can we formulate a critertum that 1s valid in general?

YES! It s called INFRARED SAFETY
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Infrared-safe quantities

DEFINITION: quantities are that are insensitive to soft and collinear
branching.

For these quantities, an extension of the general theorem (KLN) exists
which proves that infrared divergences cancel between real and virtual
or are simply removed by kinematic factors.

Such quantities are determined primarily by hard, short-distance
physics. Long-distance effects give power corrections, suppressed by
the inverse power of a large momentum scale (which must be present in
the first place to justify the use of PT).

Examples:

1. Multiplicity of gluons 1s not IRC safe
2. Energy of hardest particle 1s not IRC safe
3. Energy flow 1nto a cone 1s IRC safe
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pencil-like > spherical
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Event shape variables

Typical Value for:

MName of Definition QUCD
Ohservable calculation

The idea is to give more information than just st T ZZ'ET"'I L an i e
total cross section by defining “shapes” of an Thrust major | k¢ T- Chovere Ty 20 Py 10| a2 | o)
. . . . plane L1 = = :
hadronic event (pencil-like, planar, spherical, e Uk T howee T ad T | 0 0 0 | ol
st minot direction L to Wyand Wi =z s
etC. ') Oblateness 0 =T Tmin 0 <1/3 0 Olad)
5=15(Q+ QEJ: Q,=.2Q, E’:re none
. . Sphericity o up i DY P 0 <3/4 £l | (not infrared
In order to be comparable with theory it MUST Eigemvalues of §%9 == st
be IR-safe, that means that the quantity should Aplanarity [ A= 150, 0 0 <12 lioredsan
. (44 29 . Iﬂi: .EJEE Z pz)IES
not change if one of the parton “branches” px —pi et tomse. | e
+ pJ phere) masses | M= max(M3.M?) 0 <1/3 =12 |resummed)
Mg_ml? M2 | 0 <1/3 0 | olal)
|ES |ﬁ1x_tr| | i
Bi=—2—Br=B: +B_| 0 =1{{2v3) =1/(2N2)
. . Jet broadening 2 L[5 [1&5L11t11}1_ed}
Examples are: Thrust, Spherocity, C- : b @ | 0 <oy <] O
parameters,... o 5 I
Conretmions © |FECGO=3, Z | J _f“ L N o)

m i mi m

AN

Similar quantities exist for hadron collider too,

Asymmetry of

EEC AEEC(y) = EEC(x-y) - EEC(y) 0l a2
but they much less used (so far...) B SN .

Differential Dsy) = Rz': }"i"-!r'] - Roly] (resummed)

2-jet rate Ay Ol ce2)
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(1 = APk - d| + | APk - 4] = [P - w
and

(1 — XN)pk| + | \pk| = |Pk|
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Calculation of event shape variables: Thrust

The values of the different event-shape variables for different topologies are

27 — 1

1 -1T

1 do o a8 zcnﬂ-—gfuIz)l
o dT 27 T(1-1T)
30 [ | I | I | [
' Thrust distribution at LEP h
10 = Vector gluon —
— Scalar i -
- r,-"' —
= |
.
B — _
=
b
- 1 E
gl |
1 I I
"5 B
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O(as?) corrections (NLO) are also
known. Comparison with data provide
test of QCD matrix elements, through
shape distribution and measurement
of as from overall rate. Care must be
taken around T=1 where

(a) hadronization effects become large
and

(b) large higher order terms of the
form asN [log?N-! (1-T)]/(1-T) need to
be resummed.

At lower T multi-jet matrix element
become important.

Fabio Maltoni



) BESED

()CD in the final state

1. Infrared safety

3. Jets
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Towards realistic predictions

10° ¢ l
- herwig—ﬁ——!— 1.0

-

i d = 1.7GeV =ereees i

? : 5 =2.3GoV -

o : §=32GeV ——— -
:Z: 0 i : OPAL 99 —e— |

‘\{, ’ N :

)

10-2 £ ;

10-3 ¢ = -
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More exclusive quantities

Assuming “abelian” gluons one finds that something magic happens at higher orders:

agC 1 [asC ’
02j:aB0m {1 SﬂFlog2y—|— ( SWFlog2y> + ...

_ O_Borne— @ log? y

2!

QSC%

O_Sj _ O_Born

aqC 2

The number of jets is distributed as a Poisson with average (and the full QCD result):

agqC Cr agC'y 1
<nj >= 2+ chat] log2 Y < Nj >QCD= C—AGXP\/ o 1Og2 ;
7T
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More exclusive quantities

Identifying one particle with one jet at resolution scale of As one obtains an estimate
for the average number of particles in an event (multiplicity):

T l T T T | Trog b LI | T T L= | T

<>t

_ - OéSCFl 5 S CFI S P
Ny >= 0g” — = — log — :
P T 5 A2 why 5 A? _
15
< n, > \/ 204 100 2 -
n CD= €X — l0g —
p —Q p 7ho 5 A, 10
1e. the multiplicity grows with the log of the com energy.
5 £ T2y -
Finally the jet mass can also be easily estimated by integrating the Z 2 Topoz |
cross sections over two emispheres 1dentified by the thrust axis: 0 LR ’8':"7" -1;’0
vs/GeV

1 C
<mj >= oo V (q + k)*do +/ (g + k)2d0g} = =
Born | J(1) (11) m

This result gives the correct scaling of the jet mass, mj ~Vas Ej , which is also valid at
hadron colliders (replacing E with pt)!
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Parton showers

® We need to be able to describe an
arbitrarilly number of parton branchings,
1.e. we need to ‘dress’ partons with
radiation

® This effect should be unitary: the inclusive
cross section shouldn’t change when extra
radiation 1s added

® And finally we want to turn partons into
hadrons (hadronization)....
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® (onsider a process for which two particles are separated by a small angle ©.

® In the limit of 6 — 0 the contribution 1s coming from a single parent particle
going on shell: therefore 1ts branching 1s related to time scales which are
very long with respect to the hard subprocess.

® The inclusion of such a branching cannot change the picture set up by the
hard process: the whole emission process must be writable 1n this limit as the
simpler one times a branching probability:.

® The first task of Monte Carlo physics 1s to make this statement quantitative.
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Collinear factorization

> ]

» The process factorizes in the collinear limit This procedure 1t universal!

do o
‘Mn_|_1‘2dq)n_|_1 = ‘./\/l |2d(I) 7d Qi Z;Pa_)bc(Z)

* Notice that what has been roughly called ‘branching probability’ is actually a
singular factor, so one will need to make sense precisely of this definition.

» At the leading contribution to the (n+1)-body cross section the Altarelli-Parisi
splitting kernels are defined as:
z 1 —z

l—z_l_ 2z |’

Py = T[4 (1= 2], Pyoy(2) = Ca [(1 = 2) +

P (2) = O llltzj]  P(2)=Cp [1 - (1Z— 2)2] |
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Collinear factorization

» The process factorizes in the collinear limit This procedure 1t universal!

do o
‘Mn_|_1 2d(I)n_|_1 ‘./\/l |2d(I) 7d Qi Z;Pa_)bc(Z)

e t can be called the ‘evolution variable’ (will become clearer later): it can be the
virtuality m? of particle a or its pt? or E202 ...

o]t represents the hardness of the branching and tends to 0 1n the collinear
limit.
m? ~ z(1 — 2)0*E?
« Indeed in the collinear limit one has;: —— P~ zm”

so that the factorization takes place

for all these detfinitions:
2 2 2 2 2 2
do“ /0 = dm*/m* = dp7/p7
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Collinear factorization

» The process factorizes in the collinear limit This procedure 1t universal!

do o
‘Mn_|_1‘2dq)n_|_1 ‘./\/l |2d(I) 7d Qi Z;Pa_)bc(Z)

e z 1s the “energy variable”: it 1s defined to be the energy fraction taken by
parton b from parton a. It represents the energy sharing between b and ¢ and
tends to 1 in the soft limit (parton ¢ going soft)

« ® 1s the azimuthal angle. It can be chosen to be the angle between the
polarization of a and the plane of the branching.
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2 b d
5,6 = 0 xa,< xb
C c

<06

® Now consider Mn+| as the new core process and use the recipe we used for the first
emission in order to get the dominant contribution to the (n+2)-body cross section: add
a new branching at angle much smaller than the previous one:

do o
2T 27
Ldo’ a ,
- P
Y s om o rdel?)

e This can be done for an arbitrary number of emissions. The recipe to get the leading
collinear singularity 1s thus cast in the form of an iterative sequence of emissions
whose probability does not depend on the past history of the system: a ‘Markov chain’.
No 1interference!!!
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2
0.0 = 0 xL<be<d
C (S

<06

® The dominant contribution comes from the region where the subsequently emitted
partons satisfy the strong ordering requirement: 6 > 0° > 0”...
For the rate for multiple emission we get

Far [t tE gy ke=1) Qe F
et [T H D 0y

2

where Q 1s a typical hard scale and Qo 1s a small infrared cutoff that separates
perturbative from non perturbative regimes.

® Each power of as comes with a logarithm. The logarithm can be easily large, and
therefore 1t can lead to a breakdown of perturbation theory.
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Absence of interterence

The collinear factorization picture gives a branching sequence for a given leg
starting from the hard subprocess all the way down to the non-perturbative
region.

Suppose you want to describe two such histories from two different legs: these
two legs are treated in a completely uncorrelated way. And even within the
same history, subsequent emissions are uncorrelated.

The collinear picture completely misses the possible interference effects
between the various legs. The extreme simplicity comes at the price of
quantum inaccuracy.

Nevertheless, the collinear picture captures the leading contributions: 1t gives
an excellent description of an arbitrary number of (collinear) emissions:

® itisa “resummed computation”

® it bridges the gap between fixed-order perturbation theory and the non-
perturbative hadronization.
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Sudakov form factor

The differential probability for the branching a — bc between scales t and

t+dt knowing that no emission occurred before:

Zdt/dz

do o

2T 21

a—>bc( )

The probability that a parton does NOT split between the scales t and t+dt 1s
given by |-dp(t). Probability that particle a does not emit between scales Q?

and t

a0 =1] 1—2‘“%/

Q@ doa
_E AL 5P
“AD / t/ 27 27

a—>bc(z)

A(Q?,t) is the Sudakov form factor

BUSSTEPP - Oxford, Aug 2018

90

d¢ OKS ) L
27T 27 Pa—pe(2) | =

- /t v dp(t’)_

= exp

Fabio Maltoni



Parton shower algorithm

 The Sudakov form factor 1s the heart of the parton shower. It gives the
probability that a parton does not branch between two scales

 Using this no-emission probability the branching tree of a parton 1s generated.

» Define dPk as the probability for k ordered splittings from leg a at given scales

dPi(t1) = A(Q?% t1) dp(t1)A(t1,Q3),
dP(t1,t2) = A(Q% t1) dp(t) A(tr,t2) dp(ta) Alte, QF)O(t — ta),
dPy(t1,....,tx) = Q Q) Hdp t1)O(ti—1 — 1)

* Qo? is the hadronization scale (~1 GeV) Below this scale we do not trust the
perturbative description for parton splitting anymore.

e This 1s what 1s implemented 1n a parton shower, taking the scales for the
splitting t; randomly (but weighted according to the no-emission probability).
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Unitarity

dPy(t1, ... tr) = AQ%Q5) ][ dp(t)O(ti—1 — 1)

e The parton shower has to be unitary (thelglllm over all branching trees should

be 1). We can explicitly show this by integrating the probability for k
splittings:

1| @
sz/de(tl,...,tk):A(QQ,Q%)E / dp(t)| , Vk=0,1,..

e Summing over all number of emissions

1k

. L
[ ao| =a@t e | [ )| ~1

2 2
Qo i B 0

ZPk = A(Q% Qp) Z %
k=0 k=0

e Hence, the total probability is conserved
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Cancellation of singularities

¢ We have shown that the showers 1s unitary. However, how are the IR
divergences cancelled explicitly? Let’s show this for the first emission:
Consider the contributions from (exactly) 0 and 1 emissions from leg a:

7 AQ%QR) + AQ% Q) Zdzdt oo

O, 2T 2T

Pa—>bc(z)

e Expanding to first order in os gives

do Q¥ g4 dgb as 1, dt do as 1,
— ~ 1 — E a—> c § a—> ¢
/ t’ 27T 2T b dz t 21 27 b (Z)

° Same structure of the two latter terms, with opp051te signs: cancellation of
divergences between the approximate virtual and approximate real
€mission Cross sections.

e The probabilistic interpretation of the shower ensures that infrared
divergences will cancel for each emission.
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Choice of evolution parameter

At déa
A(Q 1) = . = d 5Py b
(@.1) = exp z/ S0P (2

e There 1s a lot of freedom 1n the choice of evolution parameter
t. It can be the virtuality m? of particle a or its pr? or E202 ...
For the collinear limit they are all equivalent

e However, in the soft limit (z — 1) they behave differently

e (an we chose 1t such that we get the correct soft limit?

YES! It should be (proportional to) the angle 0
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Angular ordering

(2 49

p—

O(p-¢,)

ww@gz O(¢-9»)

Radiation inside cones around the orginal partons 1s allowed (and described
by the eikonal approximation), outside the cones it 1s zero (after averaging
over the azimuthal angle)

photon W\Q + photon W\ﬁ
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e Lifetime of the virtual intermediate state:
T <vy/u=E/u? = 1/(ko6?) = 1/(kL0)

* Distance between q and gbar after 1:
d=ot=(¢/0) 1/kL

U2 = (p+k)? = 2E ko (1-cosB)
~EkoO?~Ek,.©O

If the transverse wavelength of the emitted gluon 1s longer than the
separation between q and gbar, the gluon emission i1s suppressed,
because the q gbar system will appear as colour neutral (1.e. dipole-
like emission, suppressed)

Therefore d>1/k. , which implies 6 < .

BUSSTEPP - Oxford, Aug 2018 96 Fabio Maltoni




*Eé UNIVERSITY OF
{®) OXFORD
3

Angular ordering

s The construction can be iterated to the next
emission, with the result that the emission
angles keep getting smaller and smaller.

One can generalize 1t to a generic parton of
color charge Qx splitting into two partons 1
and j, Qx=QitQ;. The result is that inside
the cones 1 and j emit as independent
charges, and outside their angular-ordered
cones the emission 1s coherent and can be
treated as 1f it was directly from color
charge Qx.

Al
K\

% KEY POINT FOR THE MC!

¢ Angular ordering is automatically satistied
in 0 ordered showers! (and easy to account
for in pr ordered showers).
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Cluster model

The structure of the perturbative evolution including angular ordering,
leads naturally to the clustering in phase-space of color-singlet parton
pairs (preconfinement). Long-range correlations are strongly suppressed.
Hadronization will only act locally, on low-mass color singlet clusters.

(1.1} prrrey

0.5 =

I

R
L5 -
(14 [
0.3 -

Colour-singlet _
cluster mass -

0.2 distribution -

1l

1 10
> M GeV
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Parton Shower MC
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: "
A parton shower program associates one of the possible histories (and pre-
histories 1n case of pp collisions) of an hard event in an explicit and fully detailed

way, such that the sum of the probabilities of all possible histories 1s unity.
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()CD in the final state

1. Infrared safety

2. Towards realistic final states
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Jets

. . same event!! .
2-jets 3-jets 4-jets

Jets are 1n the eye of the beholder!
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GavinSalam®

Jet algorithms

A jet definition 1s a fully specified set of rules for projecting information
from hundreds of hadrons, onto a handful of parton-like objects.

N g

LO partons NLO partons parton shower hadron level
Jet l Def" Jet l Def" Jet l Def" Jet l Def"
jet 1 jet 2 jet 1 jet 2 jet 1 jet 2 jet 1 jet 2

VN N

In the projection a lot of information is lost.

Projection to jets must be resilient to QCD effects
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Jet algorithms

® The precise definition of a procedure how to cut be
three-jet (and multi-jet) events 1s called “jet
algorithm”.

e Which jet algorithm to use for a given measurement/
experiment needs to be found out. Different
algorithms have very different behaviors both
experimentally and theoretically. Of course, 1t 1s
important that a complete information 1s given on the
jet algorithm when experimental data are to be
compared with theory predictions!

e Weinberg-Sterman jets (intuitive definition):
“An event 1s 1dentified as a 2-jets 1f one can find 2
cones with opening angle o that contain all but a
small fraction €E of the total energy E”.
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Jets (top-down) at e-e+

Let’s see when the various contributions add up to
the Sterman-Weinberg 2-jet cross section:

% The Born cross section contributes to the 2-jet
cross section, INDEPENDENTLY of € and 0.

¥ The SAME as above for the virtual corrections.

*The real corrections when k%<gE (soft).

*The real corrections when k?>¢E AND 0<9
(collinear).

—0 dcos@

4a C’ dk©
Born + Virtual + Real (a) + Real (b)= gBom _ ;Born ZS - E / /

4 C
— gBom (1 _ ISt log € log 5)
27

As long as 0 and € are not too small, we find that the fraction of 2-jet cross section 1s almost 1!
At high energy most of the events are two-jet events. As the energy increases the jets become

thinner.
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1. Consider e"e- —N partons
2. Consider all pairs 1 and j and

A very simple jet iterative algorithm

calculate

[F
min (pi + p;j)* < Yeut S

(bottom-up)

The result of the algo can be calculated
analytically at NLO:

asCr 2
THEN 035 Born log Y+ ..
replace the two partons 1,j by pi 4
- pi+ p; and decrease N — N-1 PfopAaL T T
[ E =91 GeV . : :
3. IF N=1 THEN stop ELSE goto — 80} T e
S5 [ P '
2’ E 60 | /. e mxA 2-3-4-, 5-jet data
4. N = number of jets in the event £ AR
. =1 —_—l 5.2 N eV
using the “scale” y. 2wl e A Gl Vi
& 20. \.\ ]
I .""--.._,. 3-jet
[ .‘\H‘"'-—-....__
0 4-_if_t! — L .
0.0 0.05 0.10 0.15
y'cut
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Infrared salety and jetalgo’s

E cone iteration — — cone axis
500 > cone

(GeV/c)

rapidity

eTake hardest particle as seed for cone axis
eDraw cone around seed
e Sum the momenta use as new seed direction, iterate until stable

eConvert contents into a “jet” and remove from event
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Infrared salety and jetalgo’s

cone iteration

(GeV/c)
N
()
o
| Il I | II

o
o
CTT T

GavinSalam®

— — cone axis
O cone
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Infrared salety and jetalgo’s

Collinear Safe

S

jet 1 jet 1

n

0g X (—o0) O X (+0)
Infinities cancel

Collinear Unsafe

N

jet 1 jet1 1 !
jet 2

0g X (=) 0 X (+00)
Infinities do not cancel

Invalidates comparison with perturbation theory results
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kr algorithm at hadron colliders

R=T[F
p, [GeV] kt [Fastde]

300éwwwmwwmwwwww“

200{wﬁmwwmwﬁﬁwm

150%wwﬂwwwwwwwwm

di; = min(p?i, ptj) o]

R2 g__ -z

dip = p?i

The algorithm proceeds by searching for the smallest of the dij and the diB.
If 1t 1s a then dij particles 1 and j are recombined™ into a single new particle.
If i1t 1s a diB then 1 1s removed from the list of particles, and called a jet.

This 1s repeated until no particles remain.

kT algorigthm “undoes” the QCD shower

*a 4-momenta recombination scheme is needed (E-scheme)
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Anti-kr algorithm

anti-k , R=1 [FastJet]

Measure (dimensionful): T
2 2005
[/ ) ) 9 100_
max (ps;, p; : ) R ot I
1
dip = —

Objects that are close 1n angle prefer to cluster early, but that clustering tends to occur with a hard
particle (rather than necessarily involving soft particles). This means that jets "grow' in concentric
circles out from a hard core, until they reach a radius R, giving circular jets.

Unlike cone algorithms the "anti-kT' algorithm 1s collinear (and infrared) safe. This has led to be the
default jet algorithm at the LHC.

It’s a handy algorithm but 1t does not provide internal structure information.
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Summary

1. We have studied the problem of infrared divergences in the calculation of
the fully inclusive cross section, with the help of the soft limit.

2. We have introduced the concept of an infrared safe quantity, 1.e., an
observable which 1s both computable at all orders in pQCD and has a well

defined counterpart at the experimental level.

3. We have discussed more exclusive quantities, from shape functions to fully
exclusive quantities and compared them with e+ e- data.

3. We have explained the basic concept 1dea of a parton shower MC.

4. We have introduced the 1dea of jet algorithms (top-down and bottom-up) and
discussed the most recent algorithms.
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Plan

1. Intro and QCD fundamentals

2. QCD 1n the final state : e+ e- collisions

{ 3. QCD in the 1nitial state : p p collisions J
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()CD in the inital state

2. Q? Evolution and PDF’s

3. pp collisions : a glimpse

BUSSTEPP - Oxford, Aug 2018 113 Fabio Maltoni



*Eé UNIVERSITY OF
{8 OXFORD
3

DIS: the parton model

s = (P +k)°
e’ (k) Q2 — —(k - ]f/)2
r=Q%/2(P-q)

v=(P-q)/M=F —E
y=(P-q)/(P-k)=1-E'/E

Q2

1l —=x

W?=(P+q)?° =M+
xr

“deep inelastic” : Q2 >> | GeV?
“scaling limit”": Q% = o0, x fixed

cms energy?
momentum transfer?
scaling variable
energy loss

rel. energy loss

recoll mass

The 1dea 1s that by measuring all the kinematics variables of the outgoing electron
one can study the structure of the proton in terms of the probe characteristics,

Q2.x,y... Very inclusive measurement from the QCD point of view.
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DIS: the parton model

* Divide phase-space factor into a leptonic and a hadronic part:

d k' ~ ME
dd = ddx = dy dx dP
(27)32E" gz 7 AT EEX q q
* Separate also the square of the Feynman amplitude, by defining:
n Z |M|2 Lw/hXW/ P P

*The |epton|c tensor can be calculated explicitly:
1
Y= Sl = REY KR = gk K

* Combine the hadronic part of the amplitude and phase space into “hadronic tensor” and
use Just Lorentz symmetry and gauge invariance to write

:Z/dq)XhX,uu
X
W (0 q) — (—gu,, , qg‘”) Fy (2, 0%)+ ( qﬂ%) (py —q,,p’f) L by, Q?)

q p-q
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DIS: the parton model

e (k)

O_ep—)eX:%:ﬁ/d@iZ’M‘Q

spin

d?o A a®

drd@Q? Q4

Comments:

* Different y dependence can differentiate between Fi and F»
* The first term represents the absorption of a transversely polarized photon,
the second of a longitudinal one.
* Bjorken scaling = Fi and F> obey scaling themselves, 1.e. they do not depend on Q.
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DIS: the parton model

We want to “watch” the scattering from a frame where the physics is clear. Feynman suggested
that what happens can be best understood in a reference frame where the proton moves very
fast and Q>>my, 1s large.

- +
4-vector hadror Breit frame P
, rest frame e .
+ — = \|_ - g Tm;
(p 7p 7pT) Q(mh’mh’ ) \/15(267 Q 70)
+ — - 1 Q2 - —
(q »q QT) —2(_mhx7m—hx70) \/5( QanO)

You can check that a Lorentz transformation acts on a light-cone formulation of the four-

momentum;

w +

(a+,a_,c_i) — (e“a™,
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DIS: the parton model

Now let’s see how the proton looks in this frame, and in the light-cone
space coordinates (suitable for describing relativistic particles).

X~ X+ Lorentz transformation divides out the
interactions. Hadron at rest has separation of
order:

Ax+~Ax- ~1/m,

while 1n the moving hadron has:

Ax+~1/m x Q/m=Q/m2 LARGE

Ax-~1/mxm/Q=1/Q, SMALL
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DIS: the parton model

And now let the virtual photon hit the fast moving hadron-
- . Moving hadron has:
Ax+~Q/m2,

interaction with photon g-~Q 1s

Struck quark
~ localized within

kicked into the x-
direction

Ax+ ~ 1/Q,

thus quarks and gluons are like
partons and effectively free.

In this frame the time scale of a typical parton-parton interaction is much larger than the hard
interaction time.

So we can picture the hadron as an incoherent flux of partons (p+,p-,pL)1 , each carrying a
fraction 0<Z1 = p1+/p+<1 of the total available momentum.
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DIS: the parton model

The space-time picture suggests the possibility of separating short- and long-distance physics
=> factorization! Turned into the language of Feynman diagrams DIS looks like:

d*c [ dE *6 x

BUSSTEPP - Oxford, Aug 2018
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where

1s the probability to find a

, parton with flavor 1 1n an
f i/h (g) hadron h carrying a light-

cone momentum Ep+

d?6 | |
1s the cross section for

dx dQ2 electron-parton scattering
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DIS: the parton model

We can now explain scaling within the parton model:

Let’s take the LO computation we performed for e+e- — qq, cross it (which also mean to be
careful with color), and use it the DIS variables to express the differential cross section in dQ2

\\\ --_://:f-__,, do _ 27'('042 63 [1 + (]_ — y) 2]

vl’l/,/ dQ? Q4

Notice that the outgoing quark 1s on its mass shell:

+

ept +qt =0

d?6 Ao’ 1
dQ2dz — Q(jf 9 [1 + (1 - 9)2] o(x — &)

pT = Q/(xV2)

gt =-Q/V2

This implies that & = & at LO!
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DIS: the parton model

We can now compare with our “inclusive” description of DIS in terms of structure
functions (which, BTW, are physical measurable quantities),

d? Iy 5 1 -y 5
ot =T i -0 + Y (R @) - 2R (0,00 |

with our parton model formulas:

d§ 5 | d?& Ao’ 1
dwsz / Zfz 7 dQQ SaQ) with y — X [1

QQdZE — Q4 + (1 o y)Q} €c21 5(3j o 5)

we find (be careful to distinguish x and &)

Fy(x) = Z/ dfi(§) weid(x — &) = Zegxfi(:v)

1=q,q
* So we find the scaling 1s true: no dependence on Q2.

q and gbar enter together : no way to distinguish them with NC. Charged currents are needed.
* FL(x) = F2(x) - 2 F1(x) vanishes at LO (Callan-Gross relation), which 1s a test that quarks are
spin 1/2 particles! In fact if the quarks where scalars we would have had F1(x) = 0 and F2=FL .
BUSSTEPP - Oxford, Aug 2018
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DIS: the parton model

Probed at scale Q, sea contains all quarks flavours with mq less than Q.
For Q ~1 we expect

()
d(z)

=
B

1
=

UV(1)+
r) = dy(z)+
5(x)

And experimentally one finds

Z /u dx x[q(z) + ()] =~ 0.5 .

Thus quarks carry only about 50% of proton’s momentum. The rest 1s carried by gluons.
Although not directly measured in DIS, gluons participate in other hard scattering
processes such as large-pt and prompt photon production.

1 1
/ dz uy(z) =2, / de dy(x) =1.
Jo Jo

=
H

¥ o]
L
~
S
|
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DIS: the parton model

Q2 =10 GeV?3. Comments:

The sea 1s NOT SU(3) flavor symmetric.

The gluon is huge at small x

There 1s an asymmetry between the ubar
and dbar quarks 1n the sea.

\ | ] Note that there are uncertainty bands!!

0- 11 IIIIIlI
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DIS: the parton model

1.What has QCD to say about the naive parton model?
2.Is the picture unchanged when higher order corrections are included?

3.Is scaling exact?
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Scaling violations

first ep collider

At HERA scaling violations were observed!
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(QCD corrections to the parton model

We got a long way without even invoking QCD. Let’s do it now.

The first diagram to consider 1s the same as in the parton model:

At NLO we find again both real and virtual corrections:

g e 5] T

Xs corrections to the LO process photon-gluon fusion

Our experience so far: have to expect IR divergences!
In order to make the intermediate steps of the calculation finite, we introduce a
regulator, which will be removed at the end.

Dimensional regularization 1s the best choice to perform serious calculations.
However for illustrative purposes other regulators (that cannot be easily used beyond
NLO) are better suited. We’ll use here a small quark/gluon mass.
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(QCD corrections to the parton model

Once we compute the diagrams we indeed find that UV and soft divergences all cancel,
but for a collinear divergence arising when the emitted gluon becomes collinear to the
incoming quark:

A’ - 4
dd0? T2 = F2 E - E—é

i g
:egx 6(1 —x)H P, (x )log 5 - O (x)
] 4 | m: |
26 : N
= F9
2d0? | > IR cutoff
_ _ 5 -
2 s Q g
= e-x |0 P,,(r)log—= x
Z q  in 19(x) log m?2 5 () .
q _ : 4
The presence of large logs 1s a clear sign that we have a ﬁ&i

residual infrared sensitivity that we have to deal with!
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(QCD corrections to the parton model

Important observations:

1. Large logarithms of Q2/m2 or (1/¢ in dim reg) incorporate ALL the RESIDUAL long-
distance physics left after summing over all real and virtual diagram. These terms are of a
collinear nature.

2. The coefficients Pij(x) that multiply the log’s are UNIVERSAL and calculable 1n
perturbative QCD.

They are called SPLITTING FUNCTIONS and their physical meaning is easy to give:

Pij(x) give the probability that a parton j splits collinearly into a parton 1 + something else
carrying a momentum fraction x of the original parton j.

= 000 000 "
%e, AN AN %
Pqq(x) Pgq(x) Pgg(x) Pgg(x)
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(QCD corrections to the parton model

So the natural question 1s: what 1s 1t that 1s going wrong? Do we have IR sensitiveness 1n a
physical observable? Well not yet!!

To obtain the physical cross section we have to convolute our partonic results with the
parton densities, as we have learned from the parton model.

For instance:

@) =2 Y & [+ 52 [ % go@) [Purios 4+ cacd]|

i=q,q § Mg

And now comes the magic: as long as the divergences are universal and do not depend on
the hard scattering functions but only on the partons involved in the splitting, we can
reabsorb the dependence on the IR cutoff (once for all!) into fq,0(x):

) = Faof@) + 95 [ g @R (D10 L 2,

“Renormalized” parton densities: we have factorized the IR collinear physics into a
quantity that we cannot calculate but it 1s universal. So how does the final result looks like?
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(QCD description and factorisation

The structure function is a MEASURABLE object,
therefore, at all orders, it cannot depend on the
choice of scales.

This will lead exactly to the same concepts of

renormalization group Iinvariance that we found
in the UV.

i v

T L s (fir)

1=q,q

The final result depends of course also on s
and therefore to the choice of the
renormalization scale.

qu(fﬂog E +(C3 — qu)(g)}}

f Y

Long distance physics is universally factorized into
the parton distribution functions. These cannot
be calculated in pQCD. They depend on Hr In the
exact way so as to cancel the overall
dependence at all orders.

Short-distance (Wilson coefficient), perturbative
calculable and finite. It depends on the
factorization scale. It also depends on finite terms
which define the factorization scheme.
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(QCD description and factorisation

R@@) s 3 ¢ [ % e {( -5+ o)

qu(g)log ,u_?c +(C3 — qu)(g)}}

Questions:

1. Can we exploit the fact that physical quantities have to be scale
independent to gain information on the pdfs?

2. What exactly have we gained in hiding the large logs in the
redefined pdf’s? Aren’t we just hiding the problem?
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()CD in the inital state

1. DIS: from the parton model to pQCD

3. pp collisions : a glimpse
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Ra(r.Q%) ~ 3 fila.sny) @ Fala,-2)

As a first step 1t 1s very convenient to transform the nasty convolution into a simple
product. This can be done with the help of a Mellin transform:

1
f(N) = / dzz™ 1 f(z) small/large x <>small/large N
0

Let us show that a Mellin transform turns a convolution into a simple product:

/Oldsz_l U;% (y)g(— )} /d:z::cN 1/ dy/ dz6(x — 2y) f(y)g(2)

/ dy / d2(29)Y "1 f(y)g(2) = F(N)g(N)
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Fa(x, Q%) ~ Zfzwf Po(a, 2

ff
Let’s now apply it to F2
dF2(:E7Q2) — 0
dlogpy
we get:
dg(N, py) 7~ B dF3(N, '3)
dlog i1 BN )+ aNo ) dogp;
Q
dlong(N, ,uf) :dlogq(N”uf) A
dlog % d log Hf These are called anomalous

dimensions and are just the

whose solution 1s:

g(N, 1) = q(N, g )" 8l

The pdf “evolves” with the scale!
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The solution for q can be rewritten in terms of t and as
as follows:

t =log Q*/A?

dyg(N) = %ggy /27hyg

Now dgq(1)=0 and dgqq(N) <O for N>I. Thus as t
increases q decreases at large x and increases at small
X. Physically this i1s due to an increase in the phase

space for gluon emission by quarks as t increases,
leading to a loss of momentum.
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In fact the equations are a bit more complicated as quarks and gluons do mix.
It is convenient to introduce two linear combinations, the singlet X and the non-singlet > to
separate the piece that mixes with that that does not:

nf

2(377 QQ) — Z(q@ (CIZ, QQ) + g (377 QQ)) this 1s coupled to the gluon
1=1

C]NS (33, QZ) — (33, Q2) — q; (213, QQ) these evolve independently

The complete evolution equations (in Mellin space) to solve are:

% APS(N.Q?) = SN (N s (1) A (V. )
d (AX(N,Q?) \ ast) [ o, 207, AY(N, Q?)
dt( Ag(N,Q?) >_ o (vgq Ve, ) ( Ag(N,Q?) )
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PDFE’s

10 H

15

increase

02

10 |

- R

— Nl

10

—5_

eGluon singularity at N=1 = i1t grows more at small x.

eAs QQ? increases, pdf’s decrease at large x and increase at small x due to radiation and momentum loss.
*vqq(1)=0 = number of quarks conserved.
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Final strategy for QCD predictions

We now have a strategy to get a reliable result in perturbation theory:

1. Calculate the short distance coefficient in pQCD corresponding to an
observable. All divergences will cancel except those due to the collinear
splitting of initial partons.

2. Re-absorbe such divergences in the pdf’s and introduce a factorization
scale.

3. Extract from experiment the initial condition for the pdf’s at a given
reference scale.

4. Evolve the pdf’s at the scale of the process we are interested it. In so doing
all large logs of the factorization scale over a small scale are resummed.
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()CD in the imitial state

1. DIS: from the parton model to pQCD
2. Q? Evolution and PDF’s
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[.LHC master formula

Q2 Q?
:“F :“R

)

ox = Z/ dridxo fq(x1, :uF)fb(CEZMLLF)X 0ab—>X(ﬂ?1,$2,OéS(MR)
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pp kinematics

We describe the collision in terms of parton
energies >

Ei= x1 Ebeam
E>,= x> Ebeam

ﬁ‘h
e ®

Obviously the partonic c.m.s. frame will be 1n
general boosted. Let us say that the two partons
annihilate into a particle of mass M.

M? = 21298 = x1224E¢
1 1 1
= — 109 —
Y 2 5 i)
M M
r1 = —eY 19 = —e Y

V'S V'S
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— —Jo — — log — RAPIDITY
PSEUDORAPIDITY
with
tan 6 = T
Pz

1. Rapidity transforms additively under a Lorentz boost : y—y’=y+®
2. Rapidity differences are Lorentz invariants : Ay—Ay’

3. Pseudo rapidity has a direct experimental definition but no special properties under the Lorentz boosts.
4. For massless particles rapidity and pseudo rapidity are the same.
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4. Underlying Event

3. Hadronization
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. High-Q* Scattering 2. Parton Shower

= where new physics lies

= process dependent

= first principles description

= 1t can be systematically improvead

3. Hadronization 4. Underlying Event

BUSSTEPP - Oxford, Aug 2018 146 Fabio Maltoni



. High-Q* Scattering

2. Parton Shower

\

@ QCD -

I yniversa

<nown physics”

/ process iIndependent

= first principles description

3. Hadronization
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3. Hadronization AT
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. High-Q* Scattering

= [ow Q2

P

2. Parton Shower

NYSICS

= energy and process dependent

= model dependent

3. Hadronization
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[.HC master formula

Q* Q7

pE’ s

1
Ox — Z/ dxldx2 fa(xlaﬂ%)fb(aj%:u%‘) X 5-ab—>X($17x27aS(:u?%)7 )
a,b 0

Two 1ngredients necessary:
1. Parton Distribution Functions (from exp, but evolution from th).

2. Short distance coefficients as an expansion in as (from th).

~ 2
Oab—X = 00 T+ SO] + QgO9 + . ..

Leading order

Next-to-leading order

Next-to-next-to-leading order
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