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1 Introduction

The Standard Model of particle physics is one of the most successful theories
of physics. It describes the behavior of all the known elementary particles and
three out of four fundamental interactions observed in Nature. It is the result of
two theories formulated during the 20th Century. One is the electroweak the-
ory based on the gauge symmetry group SU(2)L × U(1)L, which unifies the
electromagnetic and weak interactions. The other is quantum chromodynam-
ics (QCD), which describes the strong interaction between quarks and gluons,
based on the SU(3)c group.

The SM is a quantum field theory, where all particles are treated as excited
states of fields. In the SM, there are two kinds of fields: the first are the matter
fields, which correspond to particles with half-integer spins, called fermions;
The second corresponding to particles with integer spins, called bosons.

The fermions are divided into two categories: one includes the quarks, which
have color charges and participate in the strong interactions; the other includes
the leptons, which are color neutral and only participate in the electroweak
interactions. In the SM (with massless neutrinos), all fermions are considered
to be Dirac fermions, i.e., there exists an antiparticle with identical mass but
opposite sign of its quantum numbers for every of them.

While the left-handed and right-handed fermions are symmetric under the
strong interaction, they are in different representations under the EW group
SU(2)L×U(1)Y . In particular, they are represented as Dirac chiral fields. The
left-handed components transform as doublets under the weak isospin group
SU(2)L, while the right-handed components transform as singlets. In detail,
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2 1. Introduction

we have the following three doublets for the leptons:

LiL =

(
νe
eL

)
,

(
νµ
µL

)
,

(
ντ
τL

)
, (1.1)

where eL, µL, τL are the three fields corresponding to the left-hand part of three
charged leptons e−, µ−, τ−, and νe, νµ, ντ correspond to the left-handed part
of three neutral leptons (called neutrinos). Note that, if massless, right-handed
neutrinos are singlets and thus decouple in the SM, and we only consider the
right-handed charged leptons

eiR = eR, µR, τR. (1.2)

Similarly we have the left-handed doublets for the quarks:

QL =

(
uL
dL

)
,

(
cL
sL

)
,

(
tL
bL

)
, (1.3)

and right-handed quarks

uiR =uR, cR, tR (1.4)

diR =dR, sR, bR . (1.5)

The kinetic term of fermions in the Lagrangian is given by

Lfermion,kin =
∑

f=L,eR,QL,uR,dR

f̄ i/∂f . (1.6)

In addition to the matter fields, the SM contains gauge fields which are me-
diator for the interactions between all the fermions. For each gauge group,
we have the corresponding spin-1 particles associated to each generator of the
group, i.e. eight gluons Gaµ associated to the SU(3)c group, three weak bo-
son W i

µ associated to the SU(2)L group, and one boson Bµ associated to the
U(1)Y group. The Lagrangian for the kinetic term of the gauge fields is given
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f L eR QL uR dR
Y −1 −2 1

3
4
3 −2

3

Table 1.1: The U(1)Y hypercharge for each fermion type is shown.

by

Lgauge =− 1

4
BµνBµν −

1

4
GµνaG

a
µν −

1

4
Wµν

iW
i

µν , (1.7)

where the field strength are defined as

Bµν =∂µBν − ∂νBµ (1.8)

W i
µν =∂µW

i
ν − ∂νW i

µ + g2εijkW
j
µW

j
ν (1.9)

Gaµν =∂µG
a
ν − ∂νGaµ + g3fabcG

b
µG

c
ν , (1.10)

where g2(g3) are the coupling constants of the SU(2)L(SU(3)c) group, εijk(fabc)
are the structure constants of the SU(2)L(SU(3)c) group, i.e.

[σi, σj ] =εijkσ
k (1.11)

[λa, λb] =fabcλ
c , (1.12)

where σi(i = 1, 2, 3) are the three generators of the SU(2)L group, and λa(a =

1, 2, · · · , 8) are the eight generators of the SU(3)c group.

The gauge interaction of fermions can be obtained by replacing the partial
derivatives with the covariant derivates:

∂µ → Dµ = ∂µ − ig3G
a
µλ

a − ig2W
i
µσ

i − iY g1Bµ , (1.13)

where Y is the weak hypercharge given in Table 1.1. With the covariant
derivates, we could obtain

Lfermion =
∑

f=L,eR,QL,uR,dR

f̄ i /Df . (1.14)



4 1. Introduction

While the above Lagrangian describes the interactions well, it has one serious
problem: all the particles should be massless! This is a consequence of gauge
invariance: adding masses for the gauge bosons would break gauge invari-
ance explicitly; similarly the Dirac mass term for fermions also breaks gauge
invariance.

On the other hand, experiments show that most of particles in the SM are
massive, except the gluons and photons. Instead of explicitly breaking gauge
invariance, a mechanism which breaks gauge invariance only through non-zero
vacuum expectation value was proposed by Brout, Englert, and Higgs (BEH).
The BEH mechanism adds a scalar Φ into the SM. The scalar field is a doublet
under SU(2)L and thus it participates in the EW interaction. Furthermore, it
has a non-trivial potential. The new terms in the Lagrangian are given by

LHiggs =(DΦ)†(DΦ)− V SM . (1.15)

The Higgs potential V SM in the SM is fixed by gauge invariance and renormal-
isability, and it is given by

V SM = −µ2Φ†Φ + λ(Φ†Φ)2. (1.16)

With µ2 > 0, λ > 0, the above Higgs potential achieves its minimum value
when Φ 6= 0. Applying SU(2)L transformations, we can arrange the vacuum
state as

〈Φ〉0 =
1√
2

(
0

v

)
, (1.17)

where v is the vacuum expectation value(VEV) and it satisfies

v2 =
µ2

2λ
. (1.18)

While the Lagrangian is invariant under SU(2)L × U(1)Y , the above vacuum
state is not. To get the physical meaning of the Lagrangian we can parametrise
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the field Φ around its minimum such that

Φ =
1√
2
eiχiσ

i

(
0

v +H

)
. (1.19)

We obtain

V SM = λv4 +
1

2
m2
HH

2 + λH3 +
λ

4
H4, (1.20)

and we have the relations µ2 = m2
H , λ =

m2
H

2v2 . With 〈0|H |0〉 = 0, H is
associated to the Higgs boson. Therefore, the Higgs boson cubic and quartic
self-coupling are fully fixed by the Higgs boson mass mH and vacuum ex-
pectation value v. We could applying a new SU(2)L gauge transformation to
eliminate χi terms, and get

Φ =
1√
2

(
0

v +H

)
. (1.21)

This particular choice is known as the unitary gauge. In this case the Goldstone
bosons χi are combined with the weak gauge bosons to form massive gauge
bosons. In particular, we can define the following combination of the gauge
fields:

W±µ =
1

2
(W 1

µ ∓ iW 2
µ) (1.22)

Aµ = cos θWBµ + sin θWW
3
µ (1.23)

Zµ =− sin θWBµ + cos θWW
3
µ , (1.24)

where θW is the mixing angle determined by the coupling strength: sin θW =√
g2

1/(g
2
1 + g2

2). The fields W±µ , Zµ acquire their masses through their inter-
actions with the Higgs fields, while Aµ remains massless. In fact, now the
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Lagrangian in Eq. (1.15) becomes

LHiggs =
1

2
(∂µH)2 − V SM (1.25)

+
v2

8
(2g2

2W
+
µ W

−,µ + (g2
2 + g2

1)Z2
µ) (1.26)

+
v

4
H(2g2

2W
+
µ W

−,µ + (g2
2 + g2

1)Z2
µ) (1.27)

+
1

8
H2(2g2

2W
+
µ W

−,µ + (g2
2 + g2

1)Z2
µ) (1.28)

where from the second line we can deduce the masses of W±, Z as

mW =
1

2
g2v (1.29)

mZ =
1

2

√
g2

1 + g2
2v. (1.30)

Finally, the Dirac mass term of the fermions can be obtained through their
interaction with the Higgs field

LYukawa =− Q̄LYuΦ̃uR − Q̄LYdΦdR − ¯̀YeΦeR + h.c. , (1.31)

where Φ̃ is the charge conjugate of the Φ field and it is given by Φ̃ = iσ2Φ.
Yu, Yd, YL are the Yukawa parameters of the up-type quarks, down-type quarks,
and charged leptons.

Adding only one scalar doublet as in Eq. (1.15) and adopting the potential
in Eq. (1.20) is the minimal requirement to trigger spontaneous symmetry
breaking. In fact, more scalar fields can be added, or other representations such
as triplet instead of doublet can be adopted. For example, in the SM+singlet
model, a new scalar singlet is added in addition to the scalar doublet, and the
Higgs potential is given by [1]

V Singlet =λ(Φ†Φ− v2

2
)2 +

a1

2
(Φ†Φ− v2

2
)S +

a2

2
(Φ†Φ− v2

2
)S2 (1.32)

+
1

4
(2b2 + a2v

2)S2 +
b3
3
S3 +

b4
4
S4. (1.33)
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After EWSB, it becomes

V Singlet ⊃λ111H3 + · · · (1.34)

λ111 =6s3b3 +
3a1

2
sc2 + 18a2s

2cv + 6c3λv , (1.35)

where s = sin θ, c = cos θ, and θ is the mixing angle between H and S.
Clearly, in such model we have more scalar bosons, and the couplings between
them are different from the SM.

Since the discovery of the Higgs boson, the BEH mechanism gets finally con-
firmed. However, the dynamical origin of the Higgs potential is still unknown.
Meanwhile, the Higgs sector is connected to several problems of the SM. One
is the naturalness problem: there are large mass hierarchy between the fermion
generations:

me � mµ � mτ ;mu � mc � mt;md � ms � mb. (1.36)

In the SM the only mass scale is the VEV, and all fermions acquire masses
through the Yukawa coupling with the Higgs field. However, the top quark
is the only SM particles with a Yukawa coupling of order one; the Yukawa
coupling of all other fermions are much smaller than one. In that sense, the
tiny Yukawa couplings seem “unnatural”.

The Higgs boson also acquires mass from the VEV. However, the mass of the
Higgs boson is not protected by any symmetry, and it receives quadratically
divergent corrections through quantum corrections. As a result, the radiative
corrections to the Higgs mass are proportional to the square of the masses of
other particles, and could be much large than the Higgs mass. In order to
retain a small mass (125GeV), fine-tuning is required to balance the radiative
corrections. This problem is called the hierarchy problem and it motivates
many theorists to introduce new physics beyond the SM.

The discovery of the Higgs boson brings particle physics into a new era. Ex-
amining the properties of the Higgs boson is essential to searching for NP. One
important question is on the exact form of the Higgs potential, as various NP
modifies the Higgs potential. Measuring the Higgs self-couplings is among the
main task of current and future colliders.
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In this thesis, I will focus on measuring the Higgs self-couplings at current and
future colliders, considering both direct measurements and indirect constraints.

Chapter 2 describes the effective field theory framework, which parametrises
the derivations from the SM. Renormalisation of the relevant operators are
carried out, to allow the study of indirect probes of the Higgs self-couplings.

Chapter 3 focuses on hadron colliders. Firstly, I will briefly review the status of
measuring the cubic Higgs self-coupling directly. After that, I will discuss the
indirect constraints of the cubic Higgs self-coupling. Then I will move to the
quartic Higgs self-coupling, considering direct measurements at a future 100
TeV hadron collider. Finally, I will discuss indirect constraints of the quartic
Higgs self-coupling.

Chapter 4 focuses on future e+e− colliders. I will describe the calculation of
single-, double-, and triple-Higgs processes at e+e− collider, including one-
loop corrections when appropriately. Then I will consider various proposals of
future e+e− colliders, and compare their reach on both Higgs cubic and quartic
self-couplings, including both direct measurements and indirect constraints.

Chapter 5 considers the recent proposal of a high energy µ+µ− collider. I will
describe the effects of Higgs boson self-couplings on multi-Higgs processes at
such high energy machine, and then discuss the constraints at various collider
energy.

This work is based on the following publications:

• A. Costantini, F. De Lillo, F. Maltoni, L. Mantani, O. Mattelaer, R. Ruiz
and X. Zhao, “Vector boson fusion at multi-TeV muon colliders,”
[arXiv:2005.10289 [hep-ph]].

• M. Chiesa, F. Maltoni, L. Mantani, B. Mele, F. Piccinini and X. Zhao,
Measuring the quartic Higgs self-coupling at a multi-TeV muon collider,
[arXiv:2003.13628 [hep-ph]].

• S. Borowka, C. Duhr, F. Maltoni, D. Pagani, A. Shivaji, and X. Zhao,
Probing the scalar potential via double Higgs boson production at hadron
colliders, JHEP 1904 (2019) 016
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• F. Maltoni, D. Pagani and X. Zhao, Constraining the Higgs self-couplings
at e+e− colliders, JHEP 1807 (2018), 087

• F. Maltoni, D. Pagani, A. Shivaji and X. Zhao, Trilinear Higgs coupling
determination via single-Higgs differential measurements at the LHC,
Eur. Phys. J. C77 (2017) no. 12, 887

• W. Kilian, S. Sun, Q.S. Yan, X. Zhao and Z. Zhao, New Physics in
multi-Higgs boson final states, JHEP 1706 (2017), 145

During my PhD, I have published other works of research not presented in this
manuscript:

• W. Kilian, S. Sun, Q.S. Yan, X. Zhao and Z. Zhao, Multi-Higgs Produc-
tion and Unitarity in Vector-Boson Fusion at Future Hadron Colliders,
Phys. Rev. D101 (2020) no. 7, 076012

• F. Maltoni, M.K. Mandal and X. Zhao, Top-quark effects in diphoton
production through gluon fusion at next-to-leading order in QCD, Phys.
Rev. D100 (2019) no. 7, 071501

• M.K. Mandal and X. Zhao, Evaluating multi-loop Feynman integrals
numerically through differential equations, JHEP 1903(2019), 190

• Z. Liu and X. Zhao, Bootstrapping solutions of scattering equations,
JHEP 1902 (2019), 071

• G. Li, Z. Li, Y. Liu, Y. Wang and X. Zhao, Probing the Higgs boson-
gluon coupling via the jet energy profile at e+e− colliders, Phys. Rev.
D98 (2018) no. 7, 076010

• Y. Gong, Z. Li, X. Xu, L.L. Yang and X. Zhao, Mixed QCD-EW cor-
rections for Higgs boson production at e+e− colliders, Phys. Rev. D 95
(2017) no. 9, 093003





2 The SMEFT framework

The anomalous coupling approach has been widely used in studying the Higgs
boson self-couplings. In this case, one considers the Lagrangian in the unitary
gauge after EWSB, and modifies the Higgs boson self-couplings directly, i.e.,

L ⊃ λ3vH
3 +

λ4

4
H4 . (2.1)

While providing a very simple way of modifying the Higgs boson self-couplings,
it features several limitations. One problem is that it only works in the unitary
gauge. This brings difficulties when calculating loop corrections as Feynman
gauge is widely adopted for these computations. In the Feynman gauge, un-
physical pseudo-Goldstone bosons appear together with the Higgs boson, cou-
ple with it, and making it unclear, in general, whether the couplings among
them are modified in such an approach.

Instead of the anomalous coupling approach, we consider the EFT approach.
Since new particles beyond the SM have not been found yet, it is legitimate
to assume that new physics scale is larger than the EW scale. At and right
above the EW scale, such new physics can be described by a low-energy linear
EFT called SMEFT, by adding higher dimensional operators into the SM. We
consider the case that the Higgs potential is modified by adding a tower of
higher-dimensional operators:

V NP = V SM +
∞∑

n=3

c2n

Λ2n−4
(Φ†Φ− 1

2
v2)n (2.2)

11



12 2. The SMEFT framework

Note that we put the extra−1
2v

2 terms in the bracket, instead of the “standard”
notation as below

V NP
std = V SM +

∞∑

n=3

c′2n
Λ2n−4

(Φ†Φ)n . (2.3)

The advantage of our convention is that c2n only modifym-Higgs vertex when
m ≥ n, so that the connection between Higgs boson self-couplings and Wilson
coefficients are simple and clear. We’d like to note that both convention are
fully equivalent, at any order of Λ. On the other hand, the appearance of−1

2v
2

term requires special care when considering loop corrections, which we will
discuss later.

We note that the above new physics operators only modify the Higgs boson
self-couplings, without any other effect at the tree level.

After EWSB, we obtain

V NP =
1

2
m2
HH

2 + λ3vH
3 +

λ4

4
H4 +

λ5

v
H5 + · · · (2.4)

the new physics operators modify the Higgs boson self-couplings. In detail,
we have

λ3 =λ+
c6v

2

Λ2
(2.5)

λ4 =λ+
6c6v

2

Λ2
+

4c8v
4

Λ4
(2.6)

λ5 =
3

4

c6v
2

Λ2
+

2c8v
4

Λ4
+
c10v

6

Λ6
(2.7)

· · · = · · · . (2.8)

We note that in the SM λSM
3 = λSM

4 = λ =
m2
H

2v2 , and λi = 0 for i ≥ 5.
Therefore, the ratio of the Higgs cubic(quartic) self-couplings to the SM is
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given by:

κ3 =
λ3

λSM
3

= 1 +
c6v

2

λΛ2
= 1 + c̄6 (2.9)

κ4 =
λ4

λSM
4

= 1 + 6
c6v

2

λΛ2
+ 4

c8v
4

λΛ4
= 1 + 6c̄6 + c̄8 . (2.10)

The above EFT Higgs potential provides a convenient way of defining the
derivation of Higgs boson self-couplings to the SM, while preserving gauge
invariance. Working under Rξ gauge, the Higgs doublet is given by

Φ =
1√
2

(
G+

v +H + iG0

)
. (2.11)

To renormalise it, the Higgs boson field and vacuum expectation value should
be separated into renormalised quantity and counter terms, i.e. H → Z

1/2
H H, v →

v + δv,

Φ =
1√
2

(
G+

v + δv + Z
1
2
HH + iG0

)
. (2.12)

On the other hand, the v entering in the new physics operators (Φ†Φ− 1
2v

2) is
just a free mass scale, which we choose to be equal to the renormalised vacuum
expectation value. As a result, we have

(
Φ†Φ− 1

2
v2

)n
=

1

2

[
(ZHH

2 + 2vHZ
1
2
H(1 +

δv

v
) +R

]n
(2.13)

where R = 2vδv stemming from the fact that the v enters in the l.h.s is not
renormalised.

2.1 One-loop renormalisation in double Higgs production
in EFT

In this section we provide all the ingredients that are necessary for one-loop
renormalisation in double Higgs production with arbitrary c6 and c8 values.
First of all, it is important to note that the only quantities that are renormalised
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and receive a contribution from c6, c8 and c10 are

ZH , mH , T , c6 , (2.14)

where ZH is the Higgs wave function and T is the tadpole contribution, which
we cancel via the δt counterterm so that the physical value of v does not get
shifted. All the other quantities do not receive additional one-loop contribu-
tions on top of the SM ones, including δv, which is completely of SM origin.

Thus, for our calculation the necessary ingredients for the renormalisation of
the virtual corrections are:

δZH = δZSM
H + δZNP

H , (2.15)

δm2
H = (δm2

H)SM + δ(m2
H)NP − 6

c6

Λ2
v3δv , (2.16)

δt = δtSM + δtNP , (2.17)

δc6 = δcNP
6 . (2.18)

All the quantities with “SM” as apex are the SM contributions and can be
found in [2], those with “NP”, which indeed stands for new physics, are the
new contributions from c6, c8 and c10. Besides c6, which is renormalised in the
MS scheme, all the other EW input parameters are assumed to be renormalised
on-shell, with exception of fine structure α, which we renormalise in the Gµ-
scheme. This is relevant for our calculation since in the SM the renormalisation
of v is related to the charge renormalisation, δZe,

δv

v
=
δsW
sW
− δZe +

δm2
W

2m2
W

, (2.19)

where sW = sin θW =

√
1− m2

W

m2
Z

, and δsW /sW is given in Ref. [2].

The appearance of the extra quantity −6 c6
Λ2 v

3δv in eq. (2.16) is due to the
presence of v in the parametrisation of eq. (2.2), which as we said has an im-
pact on the renormalisation procedure. Before giving the explicit formulas for
δZNP

H , δ(m2
H)NP, δtNP and the counterterms for the H3 vertex and H propa-

gator, we briefly discuss this technical aspect.
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= δλH3 (2.23)

Figure 2.1: The counter term for the triple Higgs vertex.

The explicit term v used in the parametrisation of eq. (2.2) is a subtle quantity.
In a tree-level analysis it can be trivially identified with the location of the
minimum of V (Φ), which defines the ground state |0〉 of the Higgs field

| 〈0|Φ |0〉 |2 =
v2

2
. (2.20)

However, strictly speaking, the v appearing in eq. (2.2) is, like Λ, just a mass
parameter that we chose for mapping c′2n into c2n. In principle we could have
chosen a generic mass M 6= v, but we would have not got any advantage. On
the contrary, with M = v, SM relations such as

δλ =
δm2

H

2v2
− m2

Hδv

v3
+

δt

2v3
, (2.21)

δv = δvSM ↔ δvNP = 0 , (2.22)

are preserved (see ref. [3]); they would be different using eq. (2.3). The crucial
point is that at one loop, or even at higher orders, | 〈0|Φ |0〉 | is involved in the
renormalisation, while the term v in eq. (2.2) is not; as said it is just a mass
parameter tuned to v for our purpose. For this reason, relations among the dif-
ferent renormalisation constant of the SM parameters are unaltered, but in the
case of mH and Hn vertexes the definitions of the renormalisation countert-
erms contain additional terms.

This mechanism is at the origin of the aforementioned term in eq. (2.16) as
well as to some additional terms (second line of eq. (2.24)) that appear in the
counterterm for the H3 vertex in Fig. 2.1, where δλH3 reads
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δλH3 = −i6
[c6v

3

Λ2

(
δc6

c6
+

3

2
δZH + 3

δv

v

)
+ λv

(
δλ

λ
+

3

2
δZH +

δv

v

)]

−i6
[4c8v

4δv

Λ4
+ 3

c6

Λ2
v2δv

]
. (2.24)

Similarly, the Feynman rule for the counterterm of the Higgs propagator (see
eq. (A.4) in ref. [2] ) is modified into

H H
= − i

(
δm2

H +m2
HδZH − δZHk2 + 6

c6

Λ2
v3δv

)
, (2.25)

and therefore the additional term entering in eq. (2.16) is exactly canceled.

The only missing information are the NP contributions to the counterterms in
eqs. (2.15)-(2.17), which we thus provide in the following:

δtNP = − 1

16π2

3c6

Λ2
v3A0(m2

H) , (2.26)

δZNP
H =

(
2c6v

2

λΛ2
+
c2

6v
4

λ2Λ4

)
δZSM,λ

H , (2.27)

δ(m2
H)NP =

1

16π2

[ c6

Λ2
v2
(
18A0(m2

H) + 3A0(ξZm
2
Z) + 6A0(ξWm

2
W )

(2.28)

+18m2
HB0(m2

H ,m
2
H ,m

2
H)
)

+

+
v4

Λ4

(
12c8A0(m2

H) + c2
618v2B0(m2

H ,m
2
H ,m

2
H)
) ]
, (2.29)

δc6 =
∆

16π2

[
c6

(
54λ− 9

m2
Z + 2m2

W

v2
+ 6

Ncm
2
t

v2

)

+
c8v

2

Λ2

(
64λ− 6

m2
Z + 2m2

W

v2
+ 4

Ncm
2
t

v2

)
+

45c2
6v

2

Λ2

+
20c10λv

4

Λ4
+

36c6c8v
4

Λ4

]
, (2.30)
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where

δZSM,λ
H = −9λm2

H

16π2
B′0(m2

H ,m
2
H ,m

2
H) , (2.31)

is the contribution from the trilinear Higgs self-coupling to δZH in the SM and
A0 and B0 are the standard scalar loop integrals and ∆ is the UV divergence
∆ ≡ 1/ε− γ + log(4π) in D = 4− 2ε dimensions. As discussed in sec. 4.1.2
terms up to the order (v/Λ)6 have to be in general considered. However, note
that no terms beyond (v/Λ)2 are present in δt, or beyond (v/Λ)4 in δZH and
δm2

H , while c6 is appearing at order (v/Λ)2, so terms up to (v/Λ)6 are in fact
present in δc6.

We want to stress that all these contributions have to be taken into account
in order to obtain gauge invariance for the final finite result of double-Higgs
production at one loop. We kept the explicit dependence on the ξ parame-
ter for a generic Rξ-gauge in order to verify that renormalised amplitudes do
not depend on ξ. With this calculation setup, results are equivalent to those
of a standard calculations based on the parameterisation of eq. (2.3) and c′2n
coefficients renormalised in the MS scheme.





3 The Higgs boson self-couplings at
hadron colliders

Multi-Higgs boson processes feature Higgs boson self-couplings at tree-level,
and thus provide a way of directly measuring Higgs boson self-couplings. In
particular, to measure the Higgs boson cubic self-coupling we need to con-
sider double Higgs production, and to measure the Higgs boson quartic self-
coupling we need to consider triple Higgs production.

Similar to single Higgs production, at hadron colliders there are several dom-
inant production mechanisms for double and triple Higgs production. In Fig.
3.1 we show the cross section for Higgs boson pair production at pp collider.
We can see that among them the dominant production channel is through gluon
fusion, mediated by a heavy quark loop. The LO correction of gg → HH in
the SM was calculated in Ref. [5] and Ref. [6], and full NLO QCD corrections
was calculated in Ref. [7–9]. The NLO matched with shower effects [10–12],
and the NNLO in the large top-mass limit [13–16] and improved with the full
NLO [17] have been calculated. While many phenomenological studies have
been performed [18–37], only an upper bound on cross section of gg → HH

is set experimentally, and only a weak bound κ3 ∈ (−5.0, 12.0) [38] have
been obtained till now. Other production modes, including vector boson fu-
sion, vector boson associated production, and top pair associated production,
are found to be complementary to gluon fusion [39–44]. While it is unclear
on the final precision on κ3 at the LHC with high-luminosity runs, it is com-
monly believable that at a 100 TeV future collider percent precision can be
achieved [4, 45].

19
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Figure 3.1: The cross section for Higgs boson pair production at pp collider is
shown. Figure from Ref. [4].

On the other hand, the prospects of quartic Higgs boson self-coupling are very
uncertain. Due to tiny cross section of gg → HHH , at the LHC it is extremely
challenging [46,47]. Even at future 100TeV pp collider, a considerable amount
of integrated luminosity is required to obtain rather loose bounds [45, 48–50].
Also precise predictions in the SM are available [51–53].

In the following sections, we begin with alternative approach of constraining
the cubic Higgs boson self-coupling through loop corrections to single Higgs
processes, then consider the feasibility of directly constraining the Higgs boson
quartic self-couplings through triple Higgs boson production at future hadron
colliders, and indirect constraints through loop corrections to double Higgs
boson production.

3.1 Single Higgs and κ3

Besides direct measurement, indirect measurements provide competitive and
complementary constraints. In Ref. [54], an indirect method of measuring κ3

via EW radiative corrections to e+e− → ZH process was proposed. The same
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idea has been extended to the LHC [55–58], by studying the κ3-dependent EW
corrections in single Higgs production and decay. The limits on κ3 are found
to be comparable to the one obtained from directly measuring κ3 in double
Higgs production. Moreover, constrains on κ3 through two-loop effects in EW
precision observables are also been studied [59, 60].

Going beyond inclusive cross section, we present an automated public code
which can generate events including κ3 effects at one loop, allowing the study
of differential effects in VBF, VH and tt̄H production and all the relevant
Higgs decays. Using the code, we extend the previous studies to the differen-
tial level, including all relevant single Higgs production and decay channels.
Moreover, we repeat the calculation of NLO EW corrections, to check the ro-
bustness of the strategy.

3.1.1 The calculation framework

For single Higgs processes, the effects of κ3 starts at one-loop level (two-loop
if the LO is loop-induced, such as gg → H and H → γγ). In detail, the
κ3-dependent part of NLO corrections to the single Higgs processes can be
divided into two categories: the first is the kinematic- and process-dependent
part, which is linear in λ3; the second is universal and proportional to λ2

3,
which arises from the wave-function renormalisation.

We have

σNLO =ZBSM
H σLO(1 + C1κ3 + δZSM,λ

H + δEW|κ3=0), (3.1)

where δZSM,λ
H is the SM contribution of the cubic Higgs boson self-coupling

to the Higgs boson wave function renormalisation, and it is given by

δZSM,λ
H =− 9λm2

H

16π2
B′0(m2

H ,m
2
H ,m

2
H)

=− 9

16
√

2π2
(

2π

3
√

3
− 1)Gµm

2
H

≈−1.536× 10−3 ,

(3.2)

whereZBSMH describes the BSM contribution of cubic Higgs boson self-coupling
to the Higgs wave function renormalisation. We choose to resum this contri-
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bution, which is given by

ZBSMH =
1

1− (κ2
3 − 1)δZH

, (3.3)

where δEW|κ3=0 denotes the part of SM NLO EW corrections which does not
depend on the Higgs boson self-coupling. Define the NLO EWK-factor in the
SM:

KEW =
σSM

NLO

σLO
, (3.4)

we have

δEW|κ3=0 = KEW − 1− C1 − δZSM,λ
H , (3.5)

where C1 is the kinematic- and process-dependent part contribution of the
Higgs boson cubic self-coupling, while δZSM,λ

H is a universal quantity. To
compute C1 at the differential level, we employed two independent methods.
In the first one, we parametrise the finite one-loop corrections to the cubic
Higgs self-coupling as form factors which are functions of the external mo-
menta. Those form factors are implemented as effective vertex in a dedicated
UFO model files [61] which is used in MadGraph5 aMC@NLO [62]. The
code is then linked to the LoopTools package [63] for the computation of one-
loop integrals. As a result, parton level events can be generated including
O(κ3) effects, and any further processing and analysis such as parton show-
ering and detector simulation can be performed straightforwardly. Currently
we have implemented the HV V form factor(see Appendix A for the formula),
which allows the computation of processes where the Higgs boson only cou-
ples to vector boson at tree-level, i.e. VBF, V H , and H → 4` processes.

On the other hand, the implementation of form factors for tt̄H and tHj would
be quite complicated, as they will include four-point form factors and even
five-point form factors. Instead, we employ a different strategy which is based
on reweighting. In the second method, one starts by generating LO parton-
level events. These events are then used as input for a code that computes the
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new weights based the matrix elements:

wi =
2Re(M0∗M1

κSM
3

)

|M0|2 , (3.6)

whereM0 refers to the tree-level amplitude andM1
κSM

3
is the SM virtual cor-

rections depending on κ3, excluding the Higgs boson wave-function contribu-
tion. The LO events are reweighted by multiplying the weight of each event i
by the new weight wi. The resulting weighted events are corresponding to the
differential C1.

We use MadGraph5 aMC@NLO to evaluate the required one-loop matrix ele-
ments. For each process, we use diagram filters to select the relevant one-loop
matrix elements featuring the Higgs cubic self-coupling. For VBF and V H ,
we compared the results obtained in both methods and found excellent agree-
ment.

We adopt the following input parameters:

Gµ = 1.1663787× 10−5 GeV−2, mW = 80.385 GeV, (3.7)

mZ = 91.1876 GeV,mH = 125 GeV,mt = 172.5 GeV . (3.8)

We use PDF4LHC2015 sets for the parton distribution function with the fac-
torisation scale and renormalisation scale are set to be µF = µR = 1

2

∑
im(i),

where m(i) are the masses of particles i in the final state. We note that differ-
ent choices of factorisation and renormalisation scale will affect the differential
distribution of the LO cross section and theO(λ) corrections, which represents
uncertainties due to QCD corrections. On the other hand, at the differential
level the effects of different choices of scales factorise out in C1, and thus they
only change the weight of different phasespace region. In the following we
provide the differential distribution for various relevant observables in VBF,
V H , tt̄H , and tHj production channels and in the H → 4` decay channel.

For the VBF channel, we require the EW production of Higgs plus two jets,
which also include V H configuration where the vector boson V decays into
two jets. To eliminate V H contribution, we apply the following kinematic
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Figure 3.2: Representative Feynman diagrams of one-loop corrections to sin-
gle Higgs production and decay which involves Higgs cubic self-couplings.
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Figure 3.3: Effects ofO(κ3) corrections in VBF at 13 TeV LHC are shown for
pT (H) and pT (j1).

cuts [64] on the two final-state jets:

pjt ≥ 20 GeV, |ηj | < 5, |ηj1 − ηj2 | > 3,m(jj) ≥ 130 GeV . (3.9)

In Fig. 3.3, we show the distribution of the transverse momenta of the Higgs
boson and the harder jet. We can see that C1 is almost flat on those distri-
butions. In fact, we have checked that similar effects are observed in other
observables. As already noticed in Refs. [56, 57], the value of C1 is not par-
ticular large. Here we found that C1 = 0.63% at the inclusive level, and it
never exceeds 0.70% at the differential level. Comparing to the cases of V H
and tt̄H , for this channel the Higgs boson is coupled to internal V propagators
only. As a result, no Sommerfeld enhancement is present at threshold. There-
fore, the interest of VBF on indirect determination of κ3 is mainly limited to
the shift of the total rate. Even such shift is modest, it is still relevant, since
VBF is the channel with the second largest cross section and smallest of the
theory uncertainties [64].

In Fig. 3.4, we show the pT (H) and m(HV ) distribution for ZH and WH

production. As discussed in Refs. [56, 57], this channel receives Sommer-
feld enhancement due to the non-relativistic regime, when the final states are
just above the threshold. As a result, the O(κ3) correction is softer than the
LO case for pT (H) and m(V H) distributions. Consequently, C1 grows at
the threshold, despite the LO cross section is rather small. In detail, C1 is
1.19 (1.03)% for ZH(WH) at the inclusive level, it is around 2.3(1.8)% for
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Figure 3.4: Differenial C1 for ZH and WH(W = W+,W−) are shown for
pT (H) and m(HV )(V = W,Z).

m(V H) at the threshold. Therefore, in order to detect anomalous κ3 effects,
dedicated measurements in the threshold region would be desirable.

In Fig. 3.5, we show the differential distribution for tt̄H . Comparing to
other processes, C1 for tt̄H is the largest, and the kinematic dependence is
the strongest [56]. While C1 for inclusive cross section is 3.52%, it can in-
crease up to ∼ 5% in small pT region. If we consider m(tt̄H) distribution,
C1 can reach 10% in the threshold region. The origin of such large C1 in the
threshold region is again due to Sommerfeld enhancement, and also the large
top Yukawa coupling.

The tHj channel, which is characterised by a rather small cross section at the
LHC, features Higgs coupling to both fermions and vector bosons, and that
makes it an interesting process to determine relative phases among the Higgs
couplings to fermions and bosons [65–68]. TheO(κ3) correction has not been
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Figure 3.5: Differential C1 for tt̄H are shown for pT (H) and m(tt̄H).
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Figure 3.6: Representative Feynman diagrams involving Goldstone bosons at
LO(left) and one-loop(middle and right) for single top production at hadron
collider in Feynman gauge.
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Figure 3.7: O(κ3) corrections for tHj production are shown on pT (H) distri-
bution and m(tH) distribution.
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considered in Ref. [56], and we compute it for the first time. Different from
other production channel, Goldstone bosons appear in the Feynman diagrams
at the LO as shown in the left of Fig. 3.6. Therefore, HGG as well as HHGG
interactions are present in one-loop EW corrections(see Fig. 3.6). While the
former is not modified by the (Φ†Φ)n operators, the latter is indeed modi-
fied. The calculation can be consistently performed in two different ways:
either directly employing the unitary gauge, or adopting the EFT and keeping
track of the modification on couplings between Higgs boson and Goldstone
bosons in Rξ gauge. We adopt the second method, since the one-loop calcula-
tion in MadGraph5 aMC@NLO requires Feynman gauge. In a generic gauge,
the on-shell renormalisation involves the counter terms for the Goldstone self-
energy, which comes from the shift of vev and depends on the Higgs tadpole
counter term δt, and receives contribution from the Higgs boson cubic self-
coupling. If we only modify the value of κ3, the Goldstone self-energy counter
term receives a UV-divergent and gauge-dependent contribution proportioanl
to κ3 − 1, which is not cancelled by any divergence from loop diagrams. In-
stead, working under EFT the HHGG vertex is also modified, which features
a seegull in the Goldstone propagator(see the right of Fig. 3.6); such contri-
bution cancel exactly the above UV-divergent and gauge-dependent contribu-
tion. Having understood this point, the calculation is straightforward and can
be performed automatically within MadGraph5 aMC@NLO. In Fig.3.7, we
show the O(κ3) corrections for pT (H) and m(tH). As expected, in m(tH)

distribution we can see that C1 also receive enhancement at the threshold due
to Sommerfeld effects, and it is smaller than corresponding C1 for tt̄H , since
only one top quark in the final state is present.

Being a scalar, the Higgs boson decays to two-body decay channel in an isotrophic
way; only four-body decay channel has nontrivial final state kinematics. Us-
ing the form factor code, we calculate C1 for H → e+e−µ+µ− channel. We
analysed C1 for many observables, and we found that in general it has no kine-
matic dependence. As an example, in Fig. 3.8 we show C1 for the invariant
mass of leading and sub-leading lepton pair. Ignoring the tiny Yukawa between
the Higgs boson and finalstate leptons, this result can be extended to all other
decay channels where the Higgs boson is decayed into four fermions.
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Figure 3.8: LO and O(κ3) corrections on distribution of m(`+`−) for the
leading and subleading lepton pair are shown for H → 4`.

Channels ggF VBF ZH WH tt̄H tHj

KEW 1.049 0.932 0.947 0.93 1.014 0.95

Table 3.1: KEW factor for NLO EW corrections of single Higgs production at
13 TeV LHC are shown.

3.1.2 SM EW corrections

The O(κ3) contribution is gauge invariant and finite. However, in the SM,
other contributions are present at the same order of accuracy. In other words,
theO(κ3) corrections should be considered as a gauge-invariant and finite sub-
set of the complete NLO corrections, including both QCD and EW corrections.
We assume that QCD corrections are factorisable, however, EW corrections
may be non-factorisable. Therefore, we compute NLO EW corrections and
study the impact of EW corrections. We perform the calculation via an exten-
sion of the MadGraph5 aMC@NLO framework which has already been used
and validated in Refs. [69–74]. We adopt the Gµ-scheme as the renormalisa-
tion scheme, consistently with the input parameters listed before.

In table 3.1, we list the KEW factors for single Higgs production at 13 TeV
LHC. At the differential level, we show various observables for ZH,WH and
tt̄H in fig. 3.9,3.10,3.11. In each figure, we plot the distribution of pT (H)

and the invariant mass of final states. In the upper plots we show the ratio
(σBSM

NLO −σLO)/σLO, i.e. the size of NLO corrections including both SM NLO
EW and O(κ3) corrections. In the lower plots we show the ratio σBSM

NLO/σ
SM
NLO,
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Figure 3.9: NLO EW corrections and effects of κ3 are shown forWH produc-
tion at 13 TeV LHC.

i.e. the ratio of NLO corrections between BSM and SM. In practice, it is our
prediction at NLO EW accuracy for the signal strengths µi, while previous
studies on κ3 effects are at LO EW accuracy.

Firstly, we comment on the shape of the NLO EW corrections in the upper
plots. In the tails, the NLO EW corrections in the SM is characterised by large
negative Sudakov logarithms, especially for pT (H) in V H production. On
one hand, C1 is large in the threshold region, and changing the value of κ3

will affect the shape of σBSM
NLO/σLO, while it is not deformed in the tail. On the

other hand, the change induced by κ3 on ZBSM
H results in a constant shift in the

tail of distribution. We further notice that there is a small bump when m(ZH)

is around 2mt or pT (H) is around mt distribution in ZH production, which is
due to the presence of top quark loop at NLO.
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Figure 3.10: NLO EW corrections and effects of κ3 are shown for ZH pro-
duction at 13 TeV LHC.
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Figure 3.11: NLO EW corrections and effects of κ3 are shown for tt̄H pro-
duction at 13 TeV LHC.
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In the lower plots in Fig. 3.9,3.10,3.11, we show the signal strengths, i.e.
the ratio of the BSM and SM predictions, at NLO EW accuracy(solid lines)
and LO EW accuracy(dashed lines). Solid and dashed lines are in general
very close, which suggests that the sensitivity to κ3 is unaffected by NLO EW
corrections. It is very interesting to note that at the threshold region of tt̄H , a
value κ3 = −10 leads to corrections that are negative and larger in absolute
value than the LO, yielding negative cross section at this order. This is due to
largeC1 in that region. On one hand, higher order κ3-induced effects should be
included, especially those coming from the square of one-loop contribution, so
that the cross section could become positive. On the other hand, such large κ3

implies a large Wilson coefficients of the corresponding EFT operator, which
may break the validity of EFT approximation at this point. In any case, our
theoretical prediction for such large κ3 is unreliable.

3.1.3 Constraining κ3

We define the signal strength as the ratio between BSM and SM at NLO EW
accuracy, i.e., for production channel i and decay channel f , as

µi =
σ(i)

σ(i)SM
(3.10)

µf =
BR(f)

BRSM(f)
(3.11)

µfi =µi × µf , (3.12)

where i = (ggF,VBF,WH,ZH, tt̄H), f = γγ, V V ∗, ff . This is also valid
for differential distributions, where in that case σ(i) refers the cross section in
each bin instead of inclusive cross section.

The signal strength for production channel i is given by

µi =
σBSM
i

σSM
i

= ZBSM
H

[
κ2
i +

(κ3 − 1)

KEW
C1

]
, (3.13)

where κggF = κtt̄H = κt and κV H = κVBF = κV , i.e. we consider the
scenario that the coupling between Higgs boson and top quark(vector boson)
is scaled by a constant factor κt(κV ). KEW and C1 are corresponding values
of K-factor and C1 which depend on the specific production process. For
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differential distributions, corresponding differential KEW and C1 should be
used. As noted above, we did not include κt and κV effects at one-loop. We
will see in the results of the fit, the deviations on κt and κV will be at percent
level and thus their effects at one-loop are negligible. On the other hand, we
choose to resum the contribution due to NP in Higgs boson wave function
renormalisation and thus terms of κ2

tκ
2
3 and κ2

V κ
2
3 are included. However,

we verified that also such resummation has negligible impact on the results
presented in the following.

Similarly, the signal strength for the Higgs decay channel f is given by

µf =
BRBSM(f)

BRSM(f)
=

ΓBSM(f)

ΓSM(f)

ΓSM
H

ΓBSM
H

, (3.14)

where the partial decay width is given by

ΓBSM(f) = ZBSM
H (κ2

f + (κ3 − 1)Cf1 )ΓSM
LO(f) . (3.15)

In order to ensure that the Higgs wave-function renormalisation does not af-
fect the branching ratios, we resum the BSM contribution to the Higgs wave-
function. Here we only keep the BSM contribution to Higgs self-couplings
at NLO; the SM part is treated as part of full NLO EW corrections and we
do not include them. For the γγ decay channel κγγ depends on κt and κV ,
κV V ∗ = κV , and κff̄ = 1.

We focus on the future scenario at 14 TeV LHC (ATLAS-HL) considered in
ref. [58]. We perform the fit considering two different scenarios on the uncer-
tainties. In the first scenario (S1), only the statistical uncertainty is included.
This assumption corresponds to the ideal situation where the theory and exper-
imental systematic uncertainties are negligible. On the other hand, we consider
a second scenario (S2), where both theory and experimental systematic uncer-
tainties are taken into account, together with statistical uncertainties.

First, we consider only κ3 can be different from the SM, i.e. we set κt =

κV = 1, κ3 6= 1. In Fig. 3.12, we show the results under both scenarios,
for different production channels. Note that for each production channel all
decay channels are included. In the left plot of Fig. 3.12, we can see that in the
scenario that only statistical uncertainty(S1) is included, the ggF-like channel
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provides the best constraints for κ3, followed by tt̄H-like channel. However,
in the region κ3 < 1 differential information does not lead to any significant
improvements for all channels. On the other hand, in the region κ3 > 1 we
see a clear improvement due to differential information for tt̄H channel. In
the right plot of Fig. 3.12, we shows that including theory and experimen-
tal systematic uncertaintes makes a difference. The tt̄H process is giving the
strongest constraints in the region κ3 < 1 and receives improvements from the
differential information. This difference is due to the large systematic uncer-
tainty in the ggF channel. Note that, the impact of the differential information
for ggF production is not known.
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Figure 3.12: Results for κ3 only fit in both scenarios.

Next, we perform the global fit including all experimental data as input and tak-
ing into account the anomalous couplings κt and κV . In Fig. 3.13 we present
the combined bounds under four different assumptions: (κ3) is anomalous;
(κ3, κt) are anomalous;(κ3, κV ) are anomalous;(κ3, κt, κV ) are anomalous. In
the presence of anomalous couplings other than κ3, we marginalise over them
and present the constraints on κ3 only. In the left of Fig. 3.13 we show the re-
sults under scenarios S1, where only statistical uncertainties are included. As
expected, the improvements due to including differential information are neg-
ligible. In the right of Fig. 3.13 we show the results under scenarios S2, where
not only statistical uncertainties but also theoretical and experimental system-
atic uncertainties are included. We can see that in this scenario differential
information leads to visible improvements on κ3 constrains.



3.2. Triple Higgs and κ4 35

0

2

4

6

8

10

−9 −7 −5 −3 −1 1 3 5 7 9 11 13 15

1σ

2σ

S1

−
2∆

ln
L

κ3

(κ3)
diff (κ3)
(κ3, κt)

diff (κ3, κt)
(κ3, κV )

diff (κ3, κV )
(κ3, κt, κV )

diff (κ3, κt, κV )

0

2

4

6

8

10

−9 −7 −5 −3 −1 1 3 5 7 9 11 13 15

1σ

2σ

S2

−
2∆

ln
L

κ3

(κ3)
diff (κ3)
(κ3, κt)

diff (κ3, κt)
(κ3, κV )

diff (κ3, κV )
(κ3, κt, κV )

diff (κ3, κt, κV )

Figure 3.13: Results for κ3 in both scenarios.

3.2 Triple Higgs and κ4

We study triple Higgs production through gluon fusion at a future 100 TeV
pp collider, pp → hhh. We consider one Higgs boson decaying into a bb̄
pair while the other Higgs bosons decaying into WW ∗, and subsequently into
leptons and jets, i.e. the final state bb̄``ννjjjj.

We interface the one-loop matrix element from MadGraph5 aMC@NLO [75]
with VBFNLO [76–78]. For the backgrounds, we consider the two dominant
backgrounds, namely pp → h(→ WW ∗)tt̄ and pp → tt̄W+W−, and we
generate them by MadGraph5 aMC@NLO. To veto further backgrounds from
Z bosons, we only consider same-signed leptons in the final state.

In Table 3.2, we list the cross section of signal and backgrounds at 100 TeV
pp collider. For the signal, we adopt the K-factor 2.0 estimated in Ref. [79].
For the Htt̄ background we use K = 1.2 [80], and for the tt̄W+W− back-
ground we adopt the K-factor 1.3 estimated in Ref. [81]. After taking into
account branching ratio, in Table 3.2 we show the expected number of events
for 30 ab−1 integrated luminosity. There are only 642 signal events in this
final-state channel, and ∼ 107 backgrounds events. Clearly, observing this
channel is quite challenging.

To improve the sensitivity, we consider various features of signal and back-
ground. Firstly, we consider the parton-level results, without any parton shower
and detector effects. In Fig. 3.14, we show the Pt distribution of visible final-
state particles and missing transverse energy (MET). We find that the Pt dis-
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Process σ ×BR (ab) K-factor Expected number of events
Signal 10.71 2.0 642

h(WW ∗)tt̄ 2.55× 105 1.2 9.18× 106

tt̄W−W+ 3.68× 104 1.3 1.55× 106

Table 3.2: The cross section of signal and backgrounds for the bb̄`±`±jjjj+ /E
final state at 100 TeV pp collider in the SM are shown, as well as the number
of events corresponding to 30 ab−1 integrated luminosity.

tribution of the softest leptons and jets peak around 10 GeV, which poses a
challenge to reconstruct these objects.

Since there are two unobserved neutrinos in the final state, which can come
from the decays of either on-shell or off-shell W bosons, reconstructing the
W bosons and H bosons in the signal becomes difficult. Instead of attempting
a full reconstruction, we consider a partial one. To extract this information,
it is crucial to determine which jets and leptons come from one of the Higgs
bosons. Considering there are four jets and two leptons in the final state, 12
different combinations need to be considered. To find the correct combination
we adopt the following four methods:

1. The decay chain H → WW ∗ → `νjj suggests that the lepton and
hadronically decayedW boson should have a small distance ∆R(`,Wjj).
Since there are two Higgs bosons decaying semi-leptonically, we choose
the combination with minimal value of ∆R1(`,Wjj) + ∆R2(`,Wjj).

2. The invariant masses of semi-leptonically decayed Higgs boson can be
computed from the visible particles, and we denote them as mvis

h (`, jj).
We choose the combination which minimizes the sum mvis

h1 (`, jj) +

mvis
h2 (`, jj).

3. We compute the mT2 variable defined in Ref. [82–86] from the leptons,
jets and MET. The observable is a lower bound on the Higgs mass, so
we choose the combination which minimizes mT2.

4. The variable mT2 should have a value close to the Higgs mass, we
choose the combination whose mT2 is closest to mH , i.e. minimal
|mT2−mH |.
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Figure 3.14: The kinematic distributions of final-state objects are shown,
where the leptons, b-jets, and light jets are ordered by Pt.
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Methods The percentage of correctness
min[∆R1(l,Wjj) + ∆R2(l,Wjj)] 47.0%

min(mvis
h1 +mvis

h2) 61.2%

min(mT2) 66.8%

min |mT2−mH | 99.98%

Table 3.3: Methods for determining the correct combinations of (l, j, j) and
their percentages of correctness.

In Table 3.3, we show the correctness of the above methods at parton level. We
can see that the method relying on min |mT2−mH | has the best performance,
which can correctly assign almost all cases.

We use Pythia 6.4 [87] to perform parton shower and hadronization, to obtain
hadronic events. We use DELPHES [88, 89] to perform detector simulation.
Jets are clustered using anti-kt algorithm [90] with R = 0.5 provided in the
package FASTJET [91]. The setup of DELPHES is similar to Ref. [48], with
the following modifications:

1. We assume the b-tagging efficiency is a constant εb = 0.7, and mis-
tagging rates are εc = 0.1 for charm jets,and εj = 0.001 for light jets.
We require that the pseudorapidity for all jets to be |η| < 5.0.

2. We assume the efficiency of lepton identification is 95% when Pt(`) > 5

GeV and |η`| < 5.0, and 0 otherwise.

3. We define isolated leptons as in Ref. [89]. That is to say, we compute
the quantity

I(`) =

∑∆R<R,Pt(i)>Pmint
i 6=l Pt(i)

Pt(l)
, (3.16)

where ` is a lepton. The sum in the numerator includes all other particles
with Pt > 0.1 GeV within a cone with radius R = 0.5 around the `. A
lepton is considered to be isolated if I(`) < 0.1.

After the detector simulation, we apply three preselection cuts to enhance the
signal over background ratio:
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1. We require that at least one jet is tagged to be b jets. This can efficiently
suppress backgrounds without b jets, while keeping a good efficiency for
the signal.

2. To veto background including Z boson, we require the two leptons has
the same electric charge, as discussed before. Note that this also removes
half of signal events where they decay to opposite-sign leptons.

3. We require that there are at least 6 jets, including both b jets and light
jets.

After the above preselection cuts, we first reconstruct the hadronically decayed
Higgs boson. If at least two jets are tagged as b jets, the hardest two of them
are combined and reconstructed as the hadronically decayed Higgs boson. In
the case that only one jet is tagged as b jets, we combine it with one light
jet which has the invariant mass m(bj) closest to mH , and we consider such
light jet as b jet but failed to be tagged. In Fig. 3.15, we plot the invariant
mass distribution m(bb) of the hadronically decayed Higgs boson. We can
see that the signal exhibits the expected m(bb) peak around the Higgs mass,
while the background is non-resonant. Furthermore, we plot mT2, mvis

h1 , and
mvis
h2 in Fig. 3.15. While these observables should have an upper bound at the

Higgs mass, many events show larger values. As discussed above, limitations
in the reconstruction of the softest jet together with missing lepton isolation
are responsible for this effect.

Signal H(WW ∗)tt̄ tt̄W+W−

Preselection 24 9.73× 105 2.59× 106

mT2 < 484 GeV 23 9.40× 105 2.35× 105

|mbb −mh| < 58 GeV 21 6.73× 105 1.42× 105

mvis
h < 482 GeV 21 6.72× 105 1.42× 105

S/B 2.56× 10−5

S/
√
S +B 0.0231

Table 3.4: Efficiencies of cuts are shown at 100 TeV pp collider with 30 ab−1

integrated luminosity.
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Figure 3.15: Distributions of reconstructed observables are shown for signal
and backgrounds.



3.3. Double Higgs and κ4 41

Nevertheless, we try to suppress the background by applying cuts on the above
observables, and we list the efficiencies of each cut in Table 3.4. While tt̄W+W−

backgrounds can be suppressed by an order of magnitude, the presence of a
Higgs boson in Htt̄ backgrounds make it much harder to suppress. However,
both backgrounds are still much larger than the signal, and the significance
of the signal finally amounts to just 0.02, which is clearly much worse than
could be expected from the parton-level calculation. We conclude that in the
SM, measuring triple-Higgs production through this channel will be extremely
challenging.

3.3 Double Higgs and κ4

As discussed above, directly measuring κ4 through triple Higgs boson pro-
duction is extremely difficult even at future hadron collider. Considering other
decaying channels such as bb̄bb̄γγ could be better than the bb̄WW ∗WW ∗ con-
sidered above, but only a very loose bounds κ4 ∈ [−20, 30] can be obtained
with 30 ab−1 integrated luminosity at 100 TeV pp collider. As in Sec. 3.1,
we show that the indirect constraints to κ3 through loop corrections to single
Higgs boson processes are competitive to direct measurements, we would like
to extend it to κ4, by considering higher order corrections to double Higgs
production.

3.3.1 Calculation Framework

We consider the loop correction involving κ4 to the main production channel of
Higgs boson pair at hadron colliders, i.e. the gluon fusion channel. At LO, the
final state Higgs boson are produced through a heavy quark loop, dominated
by the top quark loop due to its large Yukawa coupling. The amplitude depends
on the Higgs cubic self-coupling linearly:

M1L =M1L
0 + c̄6M1L

1 . (3.17)

As a result, the cross section depends on the Higgs cubic self-coupling quadrat-
ically:

σLO = σ0 + σ1c̄6 + σ2c̄
2
6 . (3.18)
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At the two-loop level, the amplitudes receives contribution from c̄6, c̄8, and c̄10

(see Fig. 3.16), which can be written as

M2L =M2L
00 +M2L

10 c̄6 (3.19)

+M2L
20 c̄

2
6 +M2L

30 c̄
3
6 (3.20)

+M2L
01 c̄8 +M2L

11 c̄6c̄8 (3.21)

+M2L
001c̄10 . (3.22)

The terms in (3.19) are the NLO EW corrections to the contributions that ap-
pear already at LO. The quantity M2L

00 , for instance, corresponds to the NLO
EW corrections in the SM. The termsM2L

10 isO(α) corrections toM1L
0 . They

should be included for precise determination of c̄6 values, yet being subdom-
inant. We neglect both M2L

00 and M2L
10 in this first analysis, similarly to the

case of single Higgs production.

The terms in (3.20) collect contributions that appear at NLO for the first time.
For small values c̄6 � 1, these terms are suppressed w.r.t.M1L

0 andM1L
1 in

(3.17), and may be neglected. However, we keep them in order to study the
c̄6 and in turn κ3 dependence beyond the linear approximation, which is not
sufficient for large values of c̄6. As it has been discussed in ref. [92], its contri-
bution can be large. Also, the presence of (c̄6)3 effects indicates that terms up
to the order (v/Λ)6 have to be taken into account in the one-loop amplitudes
and thus in the renormalisation constants. Schematically, each order in the
(v/Λ) expansion implies that the following terms can be in principle present

(v/Λ)2 →{c̄6} → {λ3 − λ}, (3.23)

(v/Λ)4 →{(c̄6)2, c̄8} → {(λ3 − λ)2, λ4 − λ}2, (3.24)

(v/Λ)6 →{(c̄6)3, c̄8c̄6, c̄10} → {(λ3 − λ)3, (λ3 − λ)(λ4 − λ), λ5}. (3.25)

Thus, the full dependence on λ3 and λ4 of the diagrams appearing in Fig. 3.16
is taken into account. On the other hand, (v/Λ)6 terms include c10 contribu-
tions, which we re-parametrised in term of c̄10 ≡ (c10v

6)/(λΛ6); they lead
to an independent value also for λ5, the factor in front of the H5/v term ap-
pearing in V NP(Φ) after EWSB. The origin of the terms in (3.21) and (3.22)
can be now understood on the base of Fig. 3.16 and eqs. (3.23)-(3.25) and are
commented in the following. The terms in (3.21) are the contributions that
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depend on c̄8. Thus, they are the most relevant contributions in our study of
double Higgs production, as they provide the sensitivity to c̄8 and therefore to
the deviation from the quartic that one expects on top of the one determined by
c̄6 only. Although the contribution fromM2L

11 would be suppressed for small
c6 we keep them to study the validity of our calculation in the (c̄6, c̄8) plane,
or equivalently (κ3, κ4) plane.

Finally, the last term (3.22), is related to c̄10-dependent contributions. These
contributions arise from the diagram with the H5 interactions in Fig. 3.16(g)
and the corresponding term in the renormalisation constant δc6 (see eq. (2.30)
for the explicit δc6 formula) entering Fig. 3.16(k), and can be expressed as

M2L
001 =M1L

1

5λ

4π2
(1− ln

m2
H

µEFT
) . (3.26)

Therefore, the contribution from that term can be written as a kinematically
independent shift to c̄6,

c̄6 → c̄6 +
5λc̄10

4π2

(
1− log

m2
H

µ2
EFT

)
∼ c̄6 + 0.016c̄10

(
1− log

m2
H

µ2
EFT

)
. (3.27)

In practice we can only constrain a linear combination of c̄6 and c̄10 that is in
eq. (3.27). In the following we work in the assumptions that c̄10 effects are
negligible and we set c̄10 = 1, however, for not too large values of c̄10, i.e.,
where the linear expansion in c̄10 is reliable, results of c̄6 can be translated
into a linear combination of c̄6 and c̄10 via eq. (3.27).1 In order to be directly
sensitive to c̄10 one would need to consider one-loop effects in triple Higgs
production, or evaluate quadruple Higgs production at the tree level.

In conclusion, in our phenomenological analysis, at two-loop level we evaluate
c̄6 and c̄8 effects using the following approximation for the amplitude:

M2L,pheno =M2L
c̄6 +M2L

c̄8 , (3.28)

M2L
c̄6 =M2L

20 c̄
2
6 +M2L

30 c̄
3
6M2L

c̄8 =M2L
01 c̄8 +M2L

11 c̄6c̄8 , (3.29)

1If c̄10 is so large that the shift induced by eq. (3.27) is even larger than c̄6 itself, then
squared loop-diagrams involving the H5 vertex would be larger than their interferences with
Born diagrams. Thus, one-loop contributions, and consequently the level of accuracy of our
calculation, would not be sufficient.
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where we include all corrections from c̄8, but only the leading corrections in-
duced by c̄6 are included. Using such approximation for the amplitude, we get
the following approximation for the cross section at NLO,

σpheno
NLO (HH) = σLO(HH) + ∆σc̄6(HH) + ∆σc̄8(HH) (3.30)

where ∆σc̄6 captures the leading corrections induced by c̄6 on top of c̄6, and
∆σc̄8 includes all c̄8 dependent contributions, i.e.

∆σc̄6 ∝2Re[M1L,∗M2L
c̄6 ] = 2Re[(M1L

0 + c̄6M1L
1 )(c̄2

6M2L
20 + c̄3

6M2L
30 )∗]

(3.31)

∆σc̄8 ∝2Re[M1L,∗M2L
c̄8 ] = 2Re[(M1L

0 + c̄6M1L
1 )(c̄8M2L

01 + c̄6c̄8M2L
11 )∗] .
(3.32)

In particular, we have

∆σc̄6 =c̄2
6

[
σ30c̄6 + σ40c̄

2
6

]
+ σ̃20c̄

2
6 (3.33)

∆σc̄8 =c̄8

[
σ01 + σ11c̄6 + σ21c̄

2
6

]
. (3.34)

In other words, ∆σc̄6 originate from the interference of M1L with the terms
with the largest dependence on c̄6, and ∆σc̄8 corresponds to the interference
ofM1L to all the terms depends on c̄8.

The two-loop contributions entering the differentMij sub-amplitudes can be
classified into three types:

• Factorisable contribution (F);

• Non-factorisable contribution (N );

• Higgs wave-function counter terms (W);

The first category can be evaluated based on UV-finite form factors P [HH],
V [HHH] given in App. A. The Higgs wave-function renormalisation constant
involves a quadratic dependence on κ3 and its contribution is UV-finite. We
do not include their contributions in the P [HH] and V [HHH] form factors,
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(g) (h)

G0

Figure 3.16: Representative Feynman diagrams for the two-loop corrections to
gg → HH are shown.
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and they should be separately added, as the third categoryW . Indeed, it can be
easily calculated based on the SM contribution of Higgs cubic self-coupling to
the Higgs wave-function δZSM,λ

H given in Eq. (3.2).

Based on the above classifications, we can divide differentM2L
ij terms into

M2L
20 =MW20+MF20 +MN20 , (3.35)

M2L
30 =MW30+MF30 , (3.36)

M2L
01 = MF01 +MN

01 , (3.37)

M2L
11 = MF11. (3.38)

Furthermore, we divide the amplitude according to its helicity structure. In
detail, the amplitude includes both spin-0 and spin-2 component. At LO, the
triangle is solely spin-0, and the box includes both component. All two-loop
contribution considered here are solely spin-0, except topology (a). Therefore,
we further define

M0,20 =MW0,20 +MF0,20 +MN0,20 ,

M2,20 =MW2,20 + +MN2,20 , (3.39)

where the first subscript denotes the spin component. With this notation we
can directly express the wave-function contributions as

MW0,20 =δZSM,λ3

H (2M1L
0,1 +M1L

0,0) (3.40)

MW2,20 =δZSM,λ3

H M1L
2,0 (3.41)

MW30 =MW0,30 =δZSM,λ3

H M1L
0,1 . (3.42)

Therefore, both the factorisable and wave-function contribution can be calcu-
lated based on Eq. and P [HH] and V [HHH] form factors. Only the non-
factorisable contribution(N ) are missing, which involves non-trivial two-loop
diagrams.

All the non-factorisable (N ) contribution comes from the topologies (a),(b),
and (c),
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MN2,20, MN0,20 ⇐=Ma =2(Ma1 +Ma2 +Ma3) , (3.43)

MN0,01 =MN01 ⇐=Mb =2Mb1 +Mb2 , (3.44)

MN0,20 ⇐=Mc =Mb ×
6v2

λ4

λ2
3

s−m2
H

. (3.45)

Due to several scales are involved in those non-factorisable two-loop diagrams,
we adopt numerical methods to calculate them. Firstly we generated two-loop
diagrams with QGRAF [93], and processes with FORM [94] in d = 4 − 2ε

dimensions. We project the amplitudes onto spin-0 and spin-2 form factors. In
detail, assigning the following on-shell pi momenta to the external particles:

g(p1) + g(p2)→ H(−p3) +H(−p4) (3.46)

where all the momenta are considered as incoming. Then bothM1L andM2L,
and any of their gauge-invariant sub-amplitudes, can be projected onto the
spin-0 bases A0 and the spin-2 bases A2. Specifically,

Mµ1µ2ε1,µ1ε2,µ2 = δc1c2Aµ1µ2
0 ε1,µ1ε2,µ2F0 + δc1c2Aµ1µ2

2 ε1,µ1ε2,µ2F2 ,

(3.47)

where ε1 and ε2 are the (transverse) polarisation vectors for the two incoming
gluons, with µ1 and µ2(c1 and c2) being their corresponding Lorentz(colour)
indices. We choose to normalise the tensor bases according to the following
conditions:

A0 · A0 = A2 · A2 = 2,A0 · A2 = 0 . (3.48)
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Explicitly, we have2

Aµ1µ2
0 =

√
2

d− 2

(
gµ1µ2 − pµ2

1 pµ1
2

p1 · p2

)
, (3.49)

Aµ1µ2
2 =

√
d− 2

2(d− 3)

(
− d− 4

d− 2

[
gµ1µ2 − pµ2

1 pµ1
2

p1 · p2

]
+ gµ1µ2 (3.50)

+
(p3 · p3)pµ2

1 pµ1
2 + (2p1 · p2)pµ1

3 pµ2
3 − (2p1 · p3)pµ1

2 pµ2
3 − (2p2 · p3)pµ1

3 pµ2
1

p2
T (p1 · p2)

)
,

(3.51)

where p2
t = (s13s23 − m4

H)/s12 is the square of the Higgs boson transverse
momentum and we use the convention sij = (pi + pj)

2.

After the above projection, the non-factorisable amplitudes are written in terms
of form factors, i.e. FN0,20, FN2,20, and FN0,01, where

FN0,20 =F0,a + F0,c (3.52)

FN2,20 =F2,a (3.53)

FN0,01 =F0,b . (3.54)

The form factors F0,a, F0,b, F0,c and F2,a are computed with PYSECDEC [96,
97]. PYSECDEC can compute loop integrals with massive internal lines and/or
off-shell legs.

Before using PYSECDEC, we simplify the numerators of the loop integrals in
the form factors, to optimise the speed of the computation. We note that the
form factors F0,a and F2,a involve 7-propagator diagrams while F0,b and F0,c

only involve up to 6-propagator ones. For simplicity, some overall factors such
as coupling constants are removed from the tensor integrals. In particular, the
quantities directly evaluated via PYSECDEC are F̃0,a,F̃2,a, and F̃0,b, which are

2The expression for the second projector in Ref. [95] contains a typo that is corrected here.
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related to the form factors through following relations:

F0,a =
1

2
g2
s

m2
t

v2
(6λv)2

( i

16π2

)2 1

2
F̃0,a , (3.55)

F2,a =
1

2
g2
s

m2
t

v2
(6λv)2

( i

16π2

)2 1

2
F̃2,a , (3.56)

F0,b =
1

2
g2
s

m2
t

v2
(6λ)

( i

16π2

)2 1

2
F̃0,b , (3.57)

F0,c =
1

2
g2
s

m2
t

v2
(6λv)2 1

s−m2
H

( i

16π2

)2 1

2
F̃0,b . (3.58)

To improve the speed and convergence of the numerical evaluation, we adopt
several further optimisations. Firstly, we only compute the finite parts. To han-
dle it properly, we multiply the integrands with their prefactors which depends
on ε, before the integration. We have cross-checked for several phase space
points that UV-divergences cancel at the amplitude level, although individual
integrals can be UV-divergent. Secondly, we add the integrals with the same
denominator structure together before numerical integration. We have checked
that summing integrals with different denominators prior to numerical integra-
tion does not improve the convergence. Thirdly, we choose different integrator
for different integrals. For integrals with up to 5 dimension, we found that
CUHRE [98] is very fast and accurate. Beyond 5 dimensions, we choose the
integrator VEGAS [99]. Both integrators give a χ2 estimate, and in the case
that CUHRE reports too large χ2 value, we perform the numerical integration
with VEGAS, which is more adaptive but generally slower.

We have already mentioned that we checked the UV finiteness of the form
factors explicitly. We further cross-checked the large mt limits for the (b)

and (c) topologies against analytical results [56] after setting s12 = m2
H . For

the (a) topology (double-box), we have numerically tested that by setting the
mass in the Higgs propagator connecting the two final-state Higgs to be mX

artificially, it reduces to (b) topology in the limit mX → ∞ with an effective
Higgs quartic coupling λ4 = −2λ2

3/m
2
X .

For phenomenological predictions, the partonic squared matrix-elements have
to be integrated over the phase-space and convoluted with PDFs, which re-
quires the evaluation of the matrix-elements at many phasespace points. Since
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the speed of evaluating the non-factorisable factors is slow, we build grids
based on the numerical results evaluated at several pre-chosen points. Firstly,
let us consider the spin-0 component at two loops. The form factor F̃0,b de-
pends on only one kinematic variable s, hence a one-dimensional grid is suffi-
cient. We sampled several values of s and perform a linear interpolation, and
the grid points are shown in Fig. 3.17. We can see that F̃0,b features branch
points at the threshold

√
s = 2mH and

√
s = 2mt.
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Figure 3.17: The grid points for the form factor F̃0,b are shown.

By contrast, the double-box diagrams depend on both s and the scattering angle
θ. Therefore, we approximate it by the first few terms in the partial wave
expansion [100] as

F̃0,a(s, θ) =
∞∑

i=0

a′i(s)d
i
0,0(θ) =

∞∑

i=0

ai(s)Pi(cos θ) . (3.59)

We found that the θ dependence is rather weak, especially for s12 < 4m2
t , i.e.

below the top-pair threshold. In that phasespace region the top-quark loop can
be integrated out, obtaining an effective HHgg coupling between the Higgs
boson and the gluons. In such an EFT description corresponding to mt → ∞
limit there is no θ dependence. Therefore, the dominant contribution comes
from the term without θ dependence, which is the a0(s) term. In order to
check the θ dependence and test the validity of the partial wave expansion, we
do not only include the first term by also the second term, i.e. we adopt the
following approximation3

F̃0,a(s, θ) ≈ a0(s) + a2(s)P2(cos θ) (3.60)

3Since gg → HH is symmetric, the ai(s) coefficients are zero for odd i.
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For each value of s, different values of θ have been sampled, and we perform
a linear regression to obtain the value of a0(s) and a2(s). Afterwards, we per-
form linear interpolations on a0(s) and a2(s) separately. In Fig. 3.18 we show
the values of a0(s) and a2(s). We found that both the real parts and imaginary
parts of a2(s) are much smaller than those of a0(s). Therefore, contributions
from ai(s)(i > 2) terms are expected to be even smaller. Furthermore we have
comparing the value obtained with the approximation and the actual value ob-
tained to check the contribution of missing higher-order terms in the partial
wave expansion. We can conclude that the truncation uncertainty is at the
O(1%) level. Similarly to F̃0,b, both a0(s) and a2(s) have branch points at the
thresholds

√
s = 2mH and

√
s = 2mt.
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Figure 3.18: The values of a0(s) and a2(s) in the grid are shown.

Different from the spin-0 contribution F̃0,a, the spin-2 contribution F̃2,a has
a large dependence on θ. However, we have verified that its contribution is
strongly suppressed respecting to the spin-0 contribution. Therefore we ne-
glect the spin-2 contribution in our phenomenological study.

3.3.2 Numerical results

For the numerical calculation, we adopt the following input parameters for the
masses of heavy particles

mt = 173.2 GeV, mW = 80.385 GeV, (3.61)

mZ = 91.1876 GeV, mH = 125.09 GeV , (3.62)
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√
s [TeV] σSM

LO = σ0 [fb] σ1 [fb] σ2 [fb]

14 19.49 -15.59 5.414
- (-80.0%) (27.8%)

27 78.30 -59.39 19.58
- (-75.8%) (25.0%)

100 790.8 -556.8 170.8
- (-70.5%) (21.6%)

Table 3.5: The LO contributions to σpheno
NLO are shown at hadron colliders with

different collider energies, as well as their ratio with σ0 at corresponding en-
ergy.

√
s [TeV] σ̃20 [fb] σ30 [fb] σ40 [fb] σ01 [fb] σ11 [fb] σ21 [fb]

14 0.7112 -0.5427 0.0620 0.3514 -0.0464 -0.1433
(3.6%) (-2.8%) (0.3%) (1.8%) (-0.2%) (-0.7%)

27 2.673 -1.936 0.2102 1.3552 -0.137 -0.5127
(3.4%) (-2.5%) (0.3%) (1.7%) (-0.2%) (-0.7%)

100 24.55 -16.53 1.663 12.932 -0.88 -4.411
(3.1%) (-2.1%) (0.2%) (1.6%) (-0.1%) (-0.6%)

Table 3.6: The two-loop contributions to σpheno
NLO are shown at hadron colliders

with different collider energies, as well as their ratio with σ0 at corresponding
energy.
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and all the other masses are set to be zero. We renormalise the fine-structure
constant α in the Gµ-scheme and we use the input parameter

Gµ = 1.166 378 7× 10−5 GeV−2 . (3.63)

We set the renormalisation scale for αS and factorisation scale to be µR =

µF = 1
2m(HH) = 1

2

√
ŝ, and we use the PDF set CT14LO [101]. We set the

renormalisation scale for c̄6, c̄8 to µEFT = 2mH .

In Table 3.5, we list the three LO contributions to σpheno
NLO at 14, 27 and 100

TeV pp colliders. Similarly, in Table 3.6, we list the two-loop contributions
to σpheno

NLO . In addition to the value of each σij , we also show their ratio with
the LO prediction in the SM σ0 = σSM

LO . As we can see in both tables, while
all cross sections grow with the energy, the contributions induced by c̄6 and c̄8

mildly decrease in comparison with σSM
LO .

In Fig. 3.19, we show the results for the ratio σpheno
NLO /σSM

LO (top) and the ratio
σpheno

NLO /σLO(bottom) at 14 TeV pp collider. In the plots we consider the region
|c̄6| < 5, |c̄8| < 31 which is determined by perturbativity. We show the re-
sults in both (c̄6, c̄8) plane(left) and (κ3, κ4) plane. The upper plots show the
ratio between our phenomenological prediction and the SM cross section, and
we can see that for c̄6 < 0 the dependence on c̄8 is small, while for c̄6 > 0

the dependence on c̄8 is sizable. We note that while we expect outside this
region perturbativity is broken, even inside this region our prediction may not
be reliable for some choices of (c̄6, c̄8). For example, in the up-right corner
(c̄6 → 5, c̄8 → 31) the cross sections becomes negative, and in the down-
right corner (c̄6 → 5, c̄8 → 31) the NLO corrections become larger than LO
prediction. We note that in those cases we have large absolute value of c̄6

and c̄8, which may break the validity of EFT approximation. Including higher
order corrections and/or the missing σ00, σ01 terms may restore perturbativ-
ity, however it still implies that our current prediction is not reliable. For the
phenomenological studies, we exclude the region where we get negative cross
section, since it is clearly unphysical. We do not exclude explicitly the region
where NLO corrections are larger than LO prediction, as it may be fixed by
including the missing terms and/or higher order corrections.



54 3. The Higgs boson self-couplings at hadron colliders

−30

−20

−10

0

10

20

30

−4 −2 0 2 4

c̄ 8

c̄6

0

1

2510

20

1

2

5

−60

−40

−20

0

20

40

60

−4 −2 0 2 4 6

κ
4

κ3

01

2
5

10

20

1

2

5

−30

−20

−10

0

10

20

30

−4 −2 0 2 4

c̄ 8

c̄6

0
0.5

1

1.5

20.5

1

1.5

1.5

−60

−40

−20

0

20

40

60

−4 −2 0 2 4 6

κ
4

κ3

0

0.5

1 1.5

2
1

0.5

1.5

1.5

Figure 3.19: Contour plots at 14 TeV pp collider for σpheno
NLO /σSM

LO (top) and
σpheno

NLO /σLO(bottom). In the left plots we show results in the (c̄6, c̄8) plane,
while right plots are in the (κ3, κ4) plane.

In Fig. 3.20, we show the m(HH) distribution for σi(upper) and σij(lower)
contribution at 14 TeV. In the case of negative values we plot their absolute
values and display the results as dashed lines. Furthermore, in Fig. 3.21 we
show the ratio of σi(j) to σSM

LO . In these plots the ratio are displayed as black
lines, and we show the same quantity at the inclusive level with green lines.
We found that the c̄6- and c̄8-induced contributions are more important close to
threshold. In addition, the quantities σ1, σ30, and σ21 are negative. Therefore,
large cancellations are present and the m(HH) distribution strongly depend
on the value of c̄6 and c̄8. To show this more explicitly, in Fig. 3.22 we show
the m(HH) distribution of σLO for representative values of c̄6, i.e. c̄6 =

±1,±2,±4. Moreover, we also show the quantities ∆σc̄6 ,∆σc̄8/c̄8 which is
corresponding to the two-loop contribution induced by c̄6, and the two-loop
c̄8-dependent part. We found that the normalisation and shape of σLO strongly
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Figure 3.20: The m(HH) distribution for individual σi and σij at 14 TeV pp
collider are shown.

depend on c̄6, and the difference in shape is crucial to discriminate different
c̄6 values leading to the same total cross section, and we will show it latter in
our analysis. The ∆σc̄6 corrections grow for large |c̄6|, and both ∆σc̄6 and
∆σc̄8/c̄8 are larger when close to the threshold, as expected.

3.3.3 Constraining the Higgs self-couplings

Now we discuss the constraints on c̄6 and c̄8 that can be achieved from mea-
surements of double Higgs production at the LHC and a 100 TeV future hadron
collider. We consider the bb̄γγ signature, which has been identified as the most
promising channel and allow for the reconstruction of the di-Higgs invariant
mass m(HH). We follow the study of Ref. [22] for the case of HL-LHC and
100 TeV collider. In detail, we use the same selection cuts for the bb̄γγ signa-
ture, and we divide the reconstructed m(HH) distribution in the same six bins
and for each bin we take the predictions for the background and for the signal
in the SM directly from Ref. [22]. We note that results in Ref. [22] take into
account higher-order QCD corrections for both the signal and the backgrounds
and also parton showering, hadronisation and detector effects. As already said,
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LO are shown at 14

TeV pp collider, on m(HH) distribution(black) and on inclusive cross sec-
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3.3. Double Higgs and κ4 57

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

300 400 500 600 700 800 900 1000

c̄6 = 1

σ
[f

b
]

m(HH) [GeV]

σLO
∆σc̄6

10 × ∆σc̄8/c̄8

0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

5

300 400 500 600 700 800 900 1000

c̄6 = −1

σ
[f

b
]

m(HH) [GeV]

σLO
∆σc̄6

10 × ∆σc̄8/c̄8

−2

−1.5

−1

−0.5

0

0.5

1

1.5

2

2.5

3

300 400 500 600 700 800 900 1000

c̄6 = 2

σ
[f

b
]

m(HH) [GeV]

σLO
∆σc̄6

10 × ∆σc̄8/c̄8

−1

0

1

2

3

4

5

6

7

8

9

300 400 500 600 700 800 900 1000

c̄6 = −2

σ
[f

b
]

m(HH) [GeV]

σLO
∆σc̄6

10 × ∆σc̄8/c̄8

−6

−4

−2

0

2

4

6

8

10

12

300 400 500 600 700 800 900 1000

c̄6 = 4σ
[f

b
]

m(HH) [GeV]

σLO
∆σc̄6

10 × ∆σc̄8/c̄8

−5

0

5

10

15

20

300 400 500 600 700 800 900 1000

c̄6 = −4

σ
[f

b
]

m(HH) [GeV]

σLO
∆σc̄6

10 × ∆σc̄8/c̄8

Figure 3.22: The m(HH) distribution of different contributions (σLO, ∆σc̄6 ,
∆σc̄8/c̄8) at 14 TeV hadron collider for different c̄6 values.

in our analysis we assume that c̄6 and c̄8 effects factorise QCD corrections, and
we compute the effects of selection cuts by adding the Higgs boson decays at
the parton level. Therefore, we also assume that parton showering, hadronisa-
tion, and detector effects factorise the effect of selections cuts.

We perform a χ2 fit on the m(HH) distribution in the six bins, to set limits
on c̄6 and c̄8. For simplicity, we only include statistical uncertainties. The
impacts of theoretical uncertainties and experimental systematic uncertainties
are expected to be much smaller than statistical uncertainties [22, 102], and
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thus they would not lead to significant differences in general; some caveats
are present for the 100TeV case and we will discuss them afterwards. On the
other hand, we have found that assuming c̄6 and c̄8 effects as flat within each of
the six bins of the reconstructed m(HH) distributions can strongly distort the
results. Indeed in eachm(HH) bin, c̄6 and c̄8 effects are not flat, and selection
cuts have an impact not only on the total number of events observed but also
on the ratio σpheno

NLO /σSM
LO .

We consider two different scenarios for setting bounds on Higgs self-couplings:

1. Scenario 1: Well-behaved EFT (κ3 6= 1, κ4 ∼ 6κ3−1). The contribution
from c̄8 is suppressed comparing to the one from c̄6 under this scenario,
hence we can safely set c̄8 = 0. We do not only assume c̄6 ∼ 0, i.e. the
SM-like configuration, but also allow for large BSM effects (|c̄6| 6= 0).

2. Scenario 2: Generation parametrisation allowing for κ 6= 1 and κ4 6=
6κ3− 1. In this scenario effects from c̄8 are not negligible and therefore
we consider c̄8 6= 0. Also in this case we consider both SM configuration
and large BSM effects.
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Figure 3.23: χ2 as a function of c̄6 when c̄8 = 0 at 14 TeV(left) and 100
TeV(right).

In Fig. 3.23, we show the χ2 as a function on c̄6 under scenario 1, where
c̄8 = 0. The results using σpheno

NLO or σLO in the fit. Furthermore, we also show
the case that assumping for each m(HH)-bin the impact of c̄6 effects can be
evaluated via the ratio σ/σSM

LO without taking into account the selection cuts
on the bb̄γγ final state, where σ can be either σpheno

NLO or σLO. We remark that
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both in the “flat µ-bin” case and normal cases, selection cuts are taken into
account for the SM signal; “flat µ-bin” concerns only the modelling of c̄6 and
c̄8 effects for the m(HH)-binning in the fit. As we can see in Fig. 3.23, NLO
effects are relevant only for large values of c̄6. By contrast, the “flat µ-bin”
assumption strongly affects the χ2 profile, especially in the region c̄6 > 0. In
detail, we can see that under this assumption the 2σ bounds at 14 TeV would
be artificially improved. This effect is due to the fact that for c̄6 & 2 the bulk
of events is in the first bin of the m(HH) distribution, but the selection cuts
yields very low efficiency in this region.

Taking into account the selection cuts in our analysis, we find the following 2σ

constraints:

−0.5 < κ3 = 1 + c̄6 < 8 at 14 TeV with 3 ab−1 , (3.64)

0.9 < κ3 = 1 + c̄6 < 1.1 at 100 TeV with 30 ab−1 . (3.65)

We note that our results at 14 TeV are consistent with the ATLAS projections
for the HL-LHC [103].
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Figure 3.24: 2σ bounds on c̄6 as functions of c̄true for 14 TeV(left) and 100
TeV(right) are shown.

Next we consider the case where c̄true
6 can be different from zero. In Fig.

3.24 we show 2σ bounds on c̄6 as functions of c̄true
6 at 14 TeV and 100 TeV.

We found that if c̄true
6 is negative, bounds can sizeably stronger. At 100 TeV

hadron collider, subpercent precision can be reached in the region c̄true
6 . −1.

This should be interpreted as indication that high precision may be reached
in this scenario, but also theory and systematic uncertainties have to be taken
into account. On the other hand, the bounds in the case that c̄true

6 > 0 is much
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weaker, especially when c̄true
6 ∼ 3. This is due to that the cross section reaches

its minimum in that region.
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Figure 3.25

In this context we want also to stress an important point that has been some-
how overlooked in both theory and experimental studies on κ3-determination.
In Fig. 3.25 we plot the 2σ constraints that can be obtained on c̄6 by varying
of σexp/σSM, where σexp is the measured value and σSM is the SM predic-
tion. We derive the constraints using two different approximations: σpheno

NLO and
σLO. As can be seen, for |c̄6| & 5, where perturbativity is violated, the con-
straints on c̄6 strongly depend on the choice between σpheno

NLO and σLO. When
data are fitted with σLO predictions, c̄6 or equivalently κ3 is a parameter of
ignorance that only for |κ3 − 1| = |c̄6| . 5 coincides to the quantity one is
interested in. Outside this range, c̄6(or κ3) is only suggesting how far from the
SM predictions is the experimental result. The usage of σpheno

NLO or any higher-
order corrections in the place of σLO is not improving this situation, since the
regime is not perturbative for |c̄6| & 5. In conclusion, one can set bounds out-
side the |κ3 − 1| = |c̄6| . 5 range, but only within this region they properly
refer to the quantities we are interested in and defined via parameters in the
Lagrangian.

Now we discuss scenario 2, to obtain the expected constraints on c̄6 and c̄8(κ3

and κ4) at HL-LHC and 100 TeV future collider. Assuming c̄true
6 = c̄true

8 = 0,
in Fig. 3.26 we plot the expected 1σ and 2σ bounds in the (c̄6, c̄8) plane at
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Figure 3.26: Expected 1σ and 2σ bounds in the (c̄6, c̄8) plane at 14 TeV(left)
and 100 TeV(right), assuming c̄true

6 = c̄true
8 = 0.

14 TeV and 100 TeV. The red area corresponds to the region where the cross
section is negative. As already mentioned, no phenomenological study can be
pefromed in this configuration. Similarly, for a given (c̄6, c̄8), predictions for
some bins can be negative, and we only use the bins where the cross section is
positive in the χ2 fit. In addition, for the 2σ results we also show the effect due
to the “flat µ-bin” assumption. As can be seen in Fig. 3.26, at HL-LHC the
presence of c̄8 contributions does not sizeably affect the constraints on c̄6. On
the other hand, no sensible constraints on c̄8 can be obtained at the HL-LHC.

Results at a 100 TeV future collider are very different from at the HL-LHC.
The bounds on c̄6 are affected by the presence of c̄8. In the right plot of Fig.
3.26, the bounds are 0.4 < κ3 = 1 + c̄6 < 2, which is much weaker than in
Eq. (3.65). Although most of the perturbative region is not excluded, there is
a clear direction in the contours of the constraints in the (c̄6, c̄8) plane.

In Fig. 3.27 and 3.28, we show the expected 2σ bounds in the (c̄6, c̄8) plane at
14 TeV HL-LHC and a 100 TeV hadron collider, assuming c̄true

6 = ±1,±2,±4

and c̄true
8 = 0. In general, at 14 TeV HL-LHC the limits on c̄6 are not sizeably

affected by the presence of c̄8. On the other hand, sensible constraints on c̄8

cannot be obtained at the HL-LHC. At 100 TeV, as shown in Fig. 3.28, nega-
tive values of c̄true

6 lead to strong constraints in the (c̄6, c̄8 plane. Furthermore,
for large positive values of c̄true

6 , saying c̄true
6 = 4, the 1σ and 2σ regions are

disconnected by the (c̄true
6 , c̄true

8 ) point. Those regions are due to configura-
tions where the first m(HH) bin is predicted to be negative by σpheno

NLO . As
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Figure 3.27: Expected 2σ constraints at 14 TeV HL-LHC are shown, assuming
c̄true

6 = ±1,±2,±4 and c̄true
8 = 0(red dots).

explained, we remove its contribution to the χ2, leading to a small χ2, and
thus such regions cannot be excluded. While we could eliminate these effects
by artificially setting σpheno

NLO to zero for negative values, we prefer to be con-
servative and exclude the contribution to χ2 in these cases.

Last but least, in Fig. 3.29 we compare the constraints with the correspond-
ing ones obtained from bb̄bb̄γγ signature in pp → HHH production [45, 79].
The bounds from triple Higgs production are derived under two different as-
sumptions on b-tagging efficiency: optimistic (80%) and conservative (60%).
We can see that the bounds from double Higgs are stronger than those from
triple Higgs with the conservative assumption. Furthermore, they are com-
plementary to those from triple Higgs with the optimistic assumption and their



3.3. Double Higgs and κ4 63

−30

−20

−10

0

10

20

30

−5 −4 −3 −2 −1 0 1 2 3 4 5

c̄ 8

c̄6

68% CL
95% CL

(-)ve cross section

100 TeV
30 ab−1

−20

−15

−10

−5

0

5

10

15

20

−1.2 −1.1 −1 −0.9 −0.8 −0.7

c̄ 8

c̄6

68% CL
95% CL

100 TeV
30 ab−1

−30

−20

−10

0

10

20

30

−5 −4 −3 −2 −1 0 1 2 3 4 5

c̄ 8

c̄6

68% CL
95% CL

(-)ve cross section

100 TeV
30 ab−1

−15

−10

−5

0

5

10

15

−2.04 −2.02 −2 −1.98 −1.96

c̄ 8

c̄6

68% CL
95% CL

100 TeV
30 ab−1

−30

−20

−10

0

10

20

30

−5 −4 −3 −2 −1 0 1 2 3 4 5

c̄ 8

c̄6

68% CL
95% CL

(-)ve cross section

100 TeV
30 ab−1

−10

−5

0

5

10

−4.15 −4.1 −4.05 −4 −3.95 −3.9 −3.85

c̄ 8

c̄6

68% CL
95% CL

100 TeV
30 ab−1

Figure 3.28: Expected 2σ constraints at a 100 TeV hadron collider are shown,
assuming c̄true

6 = ±1,±2,±4 and c̄true
8 = 0(red dots).

combination can lead to stronger results. We also show the corresponding con-
straints in (κ3, κ4) plane, taking into account the perturbative bounds on c̄6 and
c̄8.
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4 The Higgs boson self-couplings at
future electron-positron colliders

In contrast to hadron collider, e+e− colliders provide clean environments for
experimental measurements. Therefore, it is interesting to study the reach on
constraining the Higgs boson self-couplings at future e+e− colliders.

Since the mass of electrons is tiny, the coupling between the Higgs boson
and electrons is negligible. As a result, the dominating production modes of
single and multi-Higgs boson are those obtained through the interaction with
other heavy particles. In Fig. 4.1 we show the cross section for various pro-
duction mechanism of single and double Higgs production as a function of
center of mass energy. In the low energy region, Z boson associated pro-
duction modes (e+e− → ZHn) dominate. As the energy increases, W bo-
son fusion (WBF) production (e+e− → νeν̄eH

n) production increases, and
surpass Z boson associated production. In addition, Higgs boson can also
be produced accompany top quark pair (e+e− → tt̄Hn, through Z boson
fusion (ZBF)(e+e− → e+e−Hn), through loop induced via photon fusion
(γγ → Hn) [105], or through loop-induced production via e+e− annihilation
(e+e− → Hn).1 However, these processes have much smaller cross sections
than WBF or ZHn production modes, and thus we do not consider them in
our analysis. Indeed part of them have been considered in ref. [106] and their
impact has been indeed found to be negligible.

As summarised in Tab. 4.1, for triple Higgs production both κ3 and κ4 en-
ter at the Born level, and hence we only consider LO contributions. On the

1In the limit that electron is massless only multi-Higgs boson can be produced in this way.
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Figure 4.1: The cross section for single and double Higgs production at e+e−

colliders are shown. Figure from Ref. [104]

Process λ3 λ4

ZH , νeν̄eH (WBF) one-loop two-loop
ZHH , νeν̄eHH (WBF) tree one-loop

ZHHH , νeν̄eHHH (WBF) tree tree

Table 4.1: Processes considered and the order at which the λ3 and λ4 de-
pendence appears. We do not calculate two-loop effects, but we do calculate
one-loop effects for both single and double Higgs production.

other hand, for both single and double Higgs production we include also one-
loop corrections. This enable us to constrain c̄6 (c̄8) indirectly through single
(double) Higgs production, respectively. Furthermore, we expect complemen-
tary information from ZHn and WBF, when the different collider energies of
the possible future e+e− colliders are considered. While the cross section of
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ZHn is maximal for energies slightly larger than its production threshold, the
WBF cross section grows with the energy. In addition, based on results in
refs. [54, 56, 57, 106, 107], in ZHn production we expect a strong dependence
of the Higgs self-coupling effects from loop corrections, with larger effects at
lower energies. On the contrary, in WBF this energy-dependence is expected
to be much smaller.

It important to note that ZHn and WBF cross sections, and in turn their sensi-
tivity on c̄6 and c̄8, depend on beam polarisations, which can be tuned at linear
colliders.2 First of all, WBF contributes only via the LR polarisations(left-
handed e−, right-handed e+), since W -boson couples only to the left-chirality
fermions. By contrast, the ZHn processes can also originate from RL polari-
sations (right-handed e−, left-handed e+)). In fact, results forRL polarisations
can be easily obtained from those with LR via the relation

σRL(ZHn) = σLR(ZHn)

(
2 sin2 θW

1− 2 sin2 θW

)2

≈ 0.65σLR , (4.1)

In all our calculations we use following input parameters [109]

Gµ = 1.166 378 7× 10−5 GeV−2 , mW = 80.385 GeV , (4.2)

mZ = 91.1876 GeV, mH = 125 GeV, mt = 173.21 GeV . (4.3)

We assume that both c̄6 and c̄8 are measured at the scale µEFT = 2mH , which
we will also use as MS renormalisation scale for c̄6 in the double Higgs com-
putation. We note that with Z → νeν̄e decays the ZHn production mode
would yields the same final states as the WBF production modes. We do not
consider the former as part of the WBF contribution in our calculation. The
classification of WBF and ZHn production modes can be achieved by exploit-
ing lepton flavour universality. In detail, the process e+e− → νeν̄eH

n receives
two kinds of contribution at the amplitude level: one is identical to the process
e+µ− → ν̄eνµH

n; the other is identical to the process e+e− → ν̄µνµH
n.

Only the former is considered to be the WBF contribution, and we only in-
clude such WBF contribution in our calculation. We note that due to the pres-

2Due to the Sokolov Ternov effect [108], the tuning of beam polarisations is much more
difficult in circular colliders.



68 4. The Higgs boson self-couplings at future electron-positron colliders

ence of an on-shell Z boson, ZHn-type contribution has significantly different
kinematics comparing to WBF contribution, and thus the interference between
them are negligible.

4.1 Calculation

4.1.1 Single Higgs production

In this section we briefly (re)-describe the calculation of loop-induced effects
from c̄6(κ3) in ZH and single-Higgs WBF production at e+e− colliders (rep-
resentative diagrams are shown in Fig. 4.2). We introduce the notation that will
be generalised to the case of double Higgs and triple Higgs production and we
show how it is related to the previous calculations [54, 56, 106, 107].

For both WBF H and ZH production channels no Higgs self-coupling con-
tributes at the tree level. On the other hand, one-loop corrections depends on
the trilinear Higgs self-coupling, but not on the quartic. Thus, while the LO
cross section σLO(H) is only of SM origin, NLO predictions includes also
effects from c̄6:

σNLO(H) = σLO(H) + σ1−loop(H) , (4.4)

σLO(H) = σSM
LO (H) , (4.5)

σ1−loop(H) = σ0 + σ1c̄6 + σ2c̄
2
6 , (4.6)

where σ1−loop involves one-loop corrections of both SM origin and induced by
c6. The quantity σ0 includes the NLO EW corrections from the SM, σ1 repre-
sents the leading contribution in the EFT expansion (order (v/Λ)2), while σ2 is
of order (v/Λ)4, also arising from one-loop corrections.3 Note that within our
choice of operators there is no contribution proportional to c̄8 or any other c2n

coefficient in this expansion, meaning that eq. (4.6) is actually exact; no other
terms can enter at all even for higher orders in the (v/Λ) expansion. Further-
more, we remind that, at variance with the case of double Higgs production, in
single Higgs production at one-loop the anomalous coupling approach (κ3) is
fully equivalent to the calculation in the EFT (c̄6).

3Whenever we refer to NLO EW corrections of SM origin, those include also real emissions
of photons. On the contrary, one-loop effects induced by c2n are infrared safe and involve just
virtual corrections. Needless to say, at one-loop, NLO QCD corrections are vanishing for the
processes considered here.
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Figure 4.2: Feynman diagrams for single Higgs production. The black blob
corresponds to the one-loop HV V form factors.

Since our main focus is not the precise determination of c̄6, but the study of its
impact via its leading contributions. As discussed in detail in section 3.1, SM
NLO EW corrections have a tiny impact on the extraction of the value of c̄6

and do not affect the accuracy of the determination of c̄6. Therefore we ignore
the SM NLO EW corrections [110, 111], and consider c̄6 effects at one loop
via the following approximation

σpheno
NLO (H) = σLO + σ1c̄6 + σ2c̄

2
6 . (4.7)

With this approximation, the sensitivity to the trilinear coupling can be ex-
pressed via the ratio

δσ(H) ≡ σpheno
NLO − σLO

σLO
=
σ1c̄6 + σ2c̄

2
6

σLO
= (κ3−1)C1 +(κ2

3−1)C2 , (4.8)

C2 = δZSM,λ
H , (4.9)

where we have expressed the σi/σLO ratios directly4 using the symbols C1

and C2 introduced in ref. [56]. C1 denotes the one-loop virtual contribution
involving one triple Higgs vertex, while C2 originates from the Higgs wave-
function renormalisation constant (see eqs. (2.15),(2.27) and (2.31)), which is
the only source of c̄2

6 and thus κ2
3 dependence at one loop level. Both C1 and

C2 are independently UV-finite and, for simplicity, we choose not to resum
higher-orders contributions to the wave function, at variance with ref. [56] and

4Note that κ2
3 − 1 = (κ3 − 1)2 + 2(κ3 − 1), so σ2 = C2σLO and σ1 = (C1 + 2C2)σLO
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section 3.1. Indeed, given the results already presented in ref. [54], we expect
to bound κ3 close to the SM (κ3 = 1) and in this scenario such a resummation
would not make a noticeable difference anyway. Moreover, even considering
κ3 in the range |κ3| < 6 from ref. [92], the difference between the formula
in eq. (4.8) and including the resummed higher-order contributions to ZH is
below 1% (see also ref. [107]). Considering C2 in eq. (4.9), the difference
w.r.t. the definition in ref. [56] is only due to this choice, however, in the limit
c̄6 → 0 (κ3 → 1) the two different definitions are equivalent as can be seen
from the value of C2:

C2 = δZSM,λ
H ≡ − 9

16

Gµm
2
H√

2π2

(
2π

3
√

3
− 1

)
≈ −0.00154 . (4.10)

Moreover, in the limit c̄6 → 0, a linear expansion of eq. (4.8) for ZH would
lead to the result in ref. [54]. As explained in ref. [56] for hadronic processes,
C1 parametrises contributions that are process and kinematic dependent.

In Fig. 4.3, we show σLO (left plot) and C1 (right plot) for ZH (red) and WBF
(green) production as function of the energy of the collider

√
ŝ. As expected,

while C1 strongly depends on
√
ŝ for ZH , it does very mildly for WBF H . In

particular, for ZH , when increasing the energy, C1 decreases at the beginning,
then changes its sign around

√
ŝ = 550 GeV and remains small. On the

other hand, the total cross section for ZH production peaks at around
√
ŝ =

240 GeV and decreases as
√
ŝ increases, while the cross section for WBF H

production increases with
√
ŝ. Thus, while for the range 200 − 500 GeV the

ZH production is expected to be more sensitive than WBF on c̄6 (κ3), at higher
energies the situation is reversed. The information from collisions at different
energies, or even at different colliders, increases the sensitivity on κ3, as it has
been discussed in ref. [106]. We will show analogous results in sec. 4.2. We
have also looked at the differential distribution for the transverse momentum of
the Higgs boson, but we have not seen any strong dependence on C1. Hence,
for single Higgs production at e+e− colliders differential distribution cannot
increase the sensitivity on κ3, at variance with the case of hadron colliders
[56–58, 107] and of double-Higgs production [112].

The range of validity of this calculation in κ3 and in turn c̄6 is mainly dictated
by the effects from δZNP

H , as discussed in ref. [56], from which the bound
|κ3| < 20 can be also straightforwardly applied here. A more cautious and
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Figure 4.3: LO cross section (left) and C1 (right) as function of the center of
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√
ŝ for P (e−, e+) = (−1.0, 1.0).
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Figure 4.4: Representative Feynman diagrams for double Higgs production.
The black blobs correspond to the one-loop HHV V and HHH form factors
given in App. A.

conservative condition can be derived by requiring perturbative unitarity for
the HH → HH scattering amplitude and/or perturbativity for the loop cor-
rections to the HHH vertex in any kinematic configuration. This bound has
been derived in ref. [92] and leads to the requirement |κ3| < 6, independently
from the value of κ4. However, the kinematic configuration leading to this
bound are those involving two Higgses on-shell and the virtuality of the third
Higgs close to 2mH , which is not relevant for the trilinear interaction entering
in single-Higgs production. We independently re-investigated this bound on c̄6

(and analogous ones on c̄8) in Appendix B, where its derivation is discussed in
detail.
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4.1.2 Double Higgs production

We now consider double Higgs production. The cross sections for both the
Z-associated production(e+e−→ZHH) and via WBF (e+e−→νeν̄eHH) de-
pend on the cubic Higgs self-coupling at the tree level(see diagrams in Fig. 4.4).
Starting from one-loop level, both processes depends on both the cubic and
quartic Higgs self-couplings. Similar to gg → HH at hadron collider, at LO
the amplitude depends on c̄6 linearly, i.e.

Mtree =Mtree
0 +Mtree

1 c̄6 , (4.11)

at one-loop level, the amplitude receives contribution from c̄6, c̄8, and c̄10,
which can be written as

M1L =M1L
00 +M1L

10 c̄6

+M1L
20 c̄

2
6 +M1L

30 c̄
3
6

+M1L
01 c̄8 +M1L

11 c̄6c̄8

+M1L
001c̄10 .

(4.12)

As discussed in Section 3.3, the contribution from c̄10 can be treated as a shift
on c̄6, and hence we do not include it in our calculation. The termsM1L

00 and
M1L

10 are corresponding to O(α) corrections of Mtree
0 and Mtree

1 , and thus
they are IR-divergent, and corresponding real emission contribution should be
added together at the cross section level, to obtain IR-finite results. As our
target is to study feasibility of constraining c̄6 and c̄8 through those processes,
rather than precise prediction of the processes nor determination of c̄6 and c̄8,
we neglect bothM1L

00 andM1L
10 , similarly to the case of gg → HH in Section

3.3. Those terms are required for extracting c̄6 and c̄8 from experimental data,
but they should have tiny impact on the sensitivity of c̄6 and c̄8. The other
terms in Eq. (4.12) are IR-finite, and we use the following approximation for
the amplitude

M1L,pheno =M1L
c̄6 +M1L

c̄8 (4.13)

M1L
c̄6 =M1L

20 c̄
2
6 +M1L

30 c̄
3
6 (4.14)

M1L
c̄8 =M1L

01 c̄8 +M1L
11 c̄6c̄8 . (4.15)
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Using such approximation for the amplitude, we get the following approxima-
tion for the cross section at NLO

σpheno
NLO =σLO + ∆σc̄6 + ∆σc̄8 (4.16)

∆σc̄6 =c̄3
6(σ30 + σ40c̄6) (4.17)

∆σc̄8 =c̄8(σ01 + σ11c̄6 + σ21c̄
2
6) , (4.18)

where ∆σc̄6 captures the leading corrections induced by c̄6 on top of c̄6, and
∆σc̄8 includes all c̄8 dependent contributions. Different from in Section 3.3,
we do not include the σ̃20 term, since we found that its effects on sensitivity
of c̄6 and c̄8 are tiny. The amplitudes enter in are calculated based on the form
factor methods, which is similar to the implementation of single Higgs. In
particular, we have

M1L
20 =M1L,F

20 +M1L,W
20 (4.19)

M1L
30 =M1L,F

30 +M1L,W
20 (4.20)

M1L
01 =M1L,F

01 (4.21)

M1L
11 =M1L,F

11 , (4.22)

where F denotes the contribution that can be calculated from the form factors
given in Appendix A.W denotes the Higgs wave-function contribution, which
can be written as

M1L,W
20 = δZSM,λ

H Mtree
0 + 2δZSM,λ

H Mtree
1 (4.23)

M1L,W
30 = δZSM,λ

H Mtree
1 . (4.24)

Note that by separating the wave-function contribution, it can be resummed as
done in ref. [56]. However, considering |c̄6| < 5, resummation is not necessary
given that c̄2

6δZ
SM,λ
H < 4%.

We include contributions up to the order (v/Λ)6 and therefore one-loop am-
plitudes entering σpheno

NLO (HH) can be obtained by substituting the vertexes
in the corresponding tree-level amplitudes. Indeed, we implemented them
in a UFO [61] model file and performed the calculation within the MAD-
GRAPH5 AMC@NLO [62] framework, as also done in Section 3.1. We cross-
checked the results via FEYNARTS 3.9 [113] and FORMCALC 9.4 [63]. Loops
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Figure 4.5: LO cross section of ZHH and WBF HH as function of
√
ŝ for

different values of c̄6. Results refer to P (e−, e+) = (−1.0, 1.0).

integrals have been evaluated with LOOPTOOLS 2.13 [63] and QCDLOOP

2.0.3 [114, 115].

First of all, in Fig. 4.5 we show the LO cross section σLO of ZHH (left) and
WBF (right) production as function of

√
ŝ for different values of c̄6. In ZHH

production, the LO cross section peaks around
√
ŝ = 500 GeV, which is the

optimal energy for measuring this processes, while WBF HH cross section
grows with energy. As can be seen by comparing the left and right plot, the
dependence on c̄6 is different in ZHH and WBF HH production. Especially,
at variance with ZHH , WBF HH cross sections in general increase when
c̄6 6= 0. This feature is even more clear in the top-left plot of Fig. 4.6, where
we show the dependence of σLO on c̄6 for the different phenomenologically
relevant configurations that will be analysed in sec. 4.2, namely, ZHH at 500
GeV collisions and WBF HH at 1, 1.4 and 3 TeV collisions.

Using a similar layout, in Fig. 4.6 we display three other plots, which show the
dependence of σLO, ∆σc̄6(HH) and ∆σc̄8(HH)/c̄8 on c̄6 for different pro-
cesses and energies. Specifically, in the upper-right plot we show the case of
ZHH at 500 GeV, while in the lower plots we show WBF HH at 1 TeV (left)
and 3 TeV (right). In these three plots we display σLO, which has also been
shown in the top-left plot, as a black line and ∆σc̄6(HH) and ∆σc̄8(HH)/c̄8
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Figure 4.6: Top-left plot: c̄6 dependence of the LO cross section for ZHH and
WBF HH at different energies. The three other plots show the c̄6 dependence
of ∆σc̄6(HH), ∆σc̄8(HH)/c̄8 and again σLO for ZHH production at 500
GeV (top-right), and WBF HH at 1000 GeV (bottom-left) and 1400 GeV
(bottom-right).

as a blue and red line, respectively. Thus the blue line directly shows the c̄8-
independent part of σpheno

NLO , while the red one corresponds to the coefficient in
front of the c̄8-dependent part ∆σc̄8(HH), which in turn depends on c̄6. For
both cases, a short-dashed line is used when ∆σc̄6(HH) or ∆σc̄8(HH)/c̄8 are
negative. From Fig. 4.6 we can see that not only for the LO prediction (top-left
plot) but also for one-loop effects the c̄6 (as well c̄8) dependence is very differ-
ent in ZHH (top-right plot) and WBF HH (lower plots) production. On the
other hand, as can be seen in the lower plots, besides a global rescaling factor,
WBF HH results are not strongly affected by the energy of e+e− collisions.5

5In the case of ZHH there are larger differences with the energy, but in our analysis we
consider it only at 500 GeV.
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Figure 4.7: Representative tree-level Feynman diagrams for triple Higgs pro-
duction.

In the case of ZHH production at 500 GeV, the minimum of the LO cross
section is at c̄6 ∼ −3, while for WBF HH it is at c̄6 ∼ 0.5. This minimum is
given by cancellations induced by the interference of diagrams featuring or not
the HHH vertex. Such pattern of cancellations is different in the ∆σc̄6(HH)

one-loop contribution, which in absolute value is instead minimal at c̄6 = 0

and very large at large values of c̄6. For this reason, e.g., for c̄6 < −3 the
∆σc̄6(HH) one-loop contribution is larger than the LO cross section. This
does not signal the breaking of the perturbative convergence, rather it is due
to the large cancellations that are present in this region only in the LO cross
section; as already said, the perturbative limits, which are derived in Appendix
B, require |c̄6| < 5 and correspond to the range of the plot. In the case of
WBF HH production ∆σc̄6(HH) is always smaller than σLO, being negative
for c̄6 > 0 and positive for c̄6 < 0.

Regarding the ∆σc̄8(HH) contribution, which we display in the red lines nor-
malised with 1/c̄8, the effect is very different in ZHH and WBF HH produc-
tion. In the case of ZHH production ∆σc̄8(HH) is always negative and the
minimum in absolute value is very close to the minimum of the LO prediction.
In the case of WBF HH production ∆σc̄8(HH) change sign at c̄6 ∼ −2 and
c̄6 ∼ 0.5, being positive between these two values and negative outside them.
In general, in absolute value, the ratio ∆σc̄8(HH)/σLO is always below c̄8 ·2%

value. Still, given the allowed perturbative range |c̄8| < 31 (see Appendix B),
effects from large values of c̄8 can be in principle probed.
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ratio over σ00 σ10 σ20 σ30 σ40

500 GeV (2.2,−9.0) (1.4, 8.5) (0.3, 34) (0.02, 19)

1 TeV (2.2,−3.7) (1.5, 16) (0.2, 17) (0.01, 6)

1.4 TeV (2.2,−3.4) (1.6, 16) (0.2, 12) (0.01, 3.8)

3 TeV (2.2,−2.1) (1.9, 7.6) (0.2, 3.8) (0.01, 1.0)

ratio over σ00 σ01 σ11 σ21 σ02

500 GeV (0.1,−4.0) (0.1,−14) (0.01, 16) (0.002, 3.3)

1 TeV (0.1,−1.5) (0.2, 10) (0.02, 7.1) (0.006, 2.3)

1.4 TeV (0.1,−1.0) (0.2, 9.2) (0.02, 5.2) (0.009, 2.0)

3 TeV (0.1,−0.3) (0.3, 4.1) (0.03, 1.6) (0.02, 0.9)

Table 4.2: σij/σ00 ratios for (ZHHH , WBF HHH). σij are defined in
eq. (4.25).

4.1.3 Triple Higgs production

In triple Higgs production cubic and quartic self-couplings are present already
at the tree level and therefore both the leading dependences on c̄6 and c̄8 are
already present at LO (see diagrams in Fig. 4.7). Following the same notation
used for double Higgs production, the cross section used for our phenomeno-
logical predictions can be written as

σLO(HHH) = σ00 +
∑

1≤i+2j≤4

σij c̄
i
6c̄
j
8 , (4.25)

where the σ00 term corresponds to the LO SM prediction. Similarly to the case
of double Higgs production at one loop, terms up to the eighth power in the
(v/Λ) expansion are present at the cross section level, although in this case
only the fourth power is present at the amplitude level. The upper bounds on
c̄6 and c̄8 mentioned in the previous section and discussed in Appendix B have
to be considered also in this case. It is important to note that although for large
values of c̄6 and c̄8 loop corrections may be sizeable, at variance with double
Higgs production, c̄6 and c̄8 are both entering at LO. Thus, when limits on c̄6

and c̄8 are extracted, loop corrections may slightly affect them, but only for
large c̄6 and c̄8 values. In Tab. 4.2 we give all the σij/σ00 ratios, so that the
size of all the relative effects from the different NP contributions can be easily
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ŝ [GeV]

WBF HHH (c̄6 = 0, c̄8 = 0)
WBF HHH (c̄6 = 0, c̄8 = −1)
WBF HHH (c̄6 = 0, c̄8 = 1)

σ02(WBF HHH)

Figure 4.8: LO cross section of ZHHH and WBF HHH as function of
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ŝ

for representative values of c̄6 and c̄8. The σ02 component is also explicitly
shown. Results refer to P (e−, e+) = (−1.0, 1.0).

inferred.6 In Fig. 4.8, we show σLO at different energies for representative
values of c̄6 and c̄8, including the SM case (c̄6 = 0, c̄8 = 0) where σLO =

σ00. There, we also explicitly show the value of the σ02 component, which
factorises the (c̄8)2 dependence. We can see that for ZHHH production (left)
the sensitivity to c̄8 is rather weak. The σ02 component is just around 1%
of σ00, which means that even for large values of c̄8 the total cross section
would not be large enough to be measurable at the future colliders considered
in this study (see discussion in sec. 4.2). On the other hand, the total cross
section of WBF HHH increases with the energy, as for single and double
Higgs production. Especially, the σ02 component is much larger; it is of the
same order of the SM σ00 component. As an example, assuming c̄8 = 1(c̄8 =

−1) and c̄6 = 0, σLO at 3 TeV is 1.7 (2.4) times larger than σ00. For large c̄8

values, σLO ≈ c̄2
8σ02 ≈ c̄2

8σ00. As can be seen in Tab. 4.2, WBF is also very
sensitive on c̄6; for large values of c̄6 indeed σLO ≈ c̄4

6σ40 ≈ c̄4
6σ00. All these

effects are even larger at lower energies.
6There are large cancellations among the different contributions; more digits than those

shown here have to be taken into account in order to obtain a reliable result.



4.2. Bounds on the Higgs self-couplings 79
√
ŝ [GeV] P (e−, e+) Luminosity [ab−1] Relevant final states

CEPC 250 (0.0,0.0) 5.0 ZH , WBF H

FCC-ee
240 (0.0,0.0) 10.0 ZH , WBF H
350 (0.0,0.0) 2.6 ZH , WBF H

ILC
250 (-0.8,0.3) 2.0 ZH , WBF H
500 (-0.8,0.3) 4.0 ZHH , WBF H
1000 (-0.8,0.2) 2.0 ZHHH , WBF H(H(H))

CLIC
350 (-0.8,0.0) 0.5 ZH , WBF H
1400 (-0.8,0.0) 1.5 ZHHH , WBF H(H(H))
3000 (-0.8,0.0) 2.0 WBF H(H(H))

Table 4.3: The different operation modes for e+e− colliders considered here.

4.2 Bounds on the Higgs self-couplings

In this section we study how the c̄6 and c̄8 parameters can be constrained at
future lepton colliders via the analysis of single, double, and triple Higgs pro-
duction. We consider four future e+e− colliders, CEPC [116], FCC-ee [117],
ILC [118], and CLIC [104,119], with different operations modes7 that are sum-
marised in Tab. 4.3. In the following, we will refer to the different scenarios as
“collider-

√
ŝ” like, e.g., CLIC-3000. Although higher integrated luminosities

can be attained at the CEPC and FCC-ee, energies as high as at the ILC and
CLIC cannot be reached, since they are circular colliders. As a result, only sin-
gle Higgs production can be measured at the CEPC and FCC-ee, and therefore
only indirect constraints via loop corrections can be set on c̄6. Instead, at the
ILC and CLIC double Higgs production can be measured. With this process,
both c̄6 and c̄8 can be constrained, the former via the direct dependence at the
Born level and the latter via the indirect dependence through loop corrections.
Moreover, even triple Higgs production is kinematically allowed at the ILC
and CLIC, allowing to set direct constraints on c̄8.

In our analysis we consider the following two scenarios8:

7At the ILC also an operation mode at
√
ŝ ∼ 350 GeV is expected, but studies mainly

focused on the scan of the tt̄ production threshold, ignoring Higgs physics. At CLIC also a
slightly different scenario at 380 GeV instead of 350 GeV may be possible.

8One may be tempted to explore the regime c̄6 = 0 and c̄8 6= 0, too. However, this condition
is neither motivated by an EFT expansion nor protected by any symmetry. As can be seen from
eq. (2.30), a large c̄8 automatically generates a c̄6 component via loop corrections.
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√
ŝ [GeV] process ε [%] C1 [%] c̄6(±1σ) c̄6(±2σ)

CEPC 250 ZH 0.51 1.6
(−0.38, 0.42) (-0.73,0.88)
∪(8.0, 8.8) ∪(7.5, 9.1)

FCC-ee
240 ZH 0.4 1.8

(−0.26, 0.28) (−0.51.0.57)
∪(9.4, 9.9) ∪(9.1, 10.2)

240 WBF H 2.2 0.66 (−2.81, 5.1) (−4.3, 6.6)
350 WBF H 0.6 0.65 (−1.15, 3.4) (−1.89, 4.1)

ILC
250 ZH 0.71 1.6

(−0.52, 0.59) (−0.98, 1.3)
∪(7.8, 8.9) ∪(7.1, 9.4)

500 WBF H 0.23 0.63 (−0.56, 2.7) (−0.97, 3.1)
1000 WBF H 0.33 0.61 (−0.78, 2.7) (−1.3, 3.3)

CLIC
350 ZH 1.65 0.59 (−2.48, 4.3) (−3.80, 5.6)

1400 WBF H 0.4 0.61 (−0.91, 2.9) (−1.50, 3.5)
3000 WBF H 0.3 0.59 (−0.75, 2.6) (−1.26, 3.1)

Table 4.4: Expected precision ε for the measurements of single Higgs produc-
tion modes and the expected 1σ and 2σ constraints on c̄6, assuming an SM
measurement, are listed. The value of ε for the CEPC has been taken from
ref. [116], for the FCC-ee from ref. [117], for the ILC from ref. [118] and for
the CLIC from ref. [104].

1. As expected from a well-behaving EFT expansion, the contribution from
c̄8 is suppressed and we can safely set c̄8 = 0. We explore how well we
can measure c̄6, not only assuming c̄6 ∼ 0, i.e., an SM-like configura-
tion, but also allowing for large BSM effects via c̄6 6= 0.

2. The value of c̄8 can be different from zero and leads to non-negligible
effects. We explore how well we can constrain c̄8 and how much c̄8 can
affect the measurement of c̄6.

First, we study the sensitivity of ZHn and WBF processes at the various col-
liders considered. Then we show combined results for the ILC and CLIC. It is
important to note, however, that single Higgs production depends on c̄8 only
via two-loop effects, which we did not calculate (see Tab. 4.1). Thus, we can-
not directly combine single Higgs with double Higgs and triple Higgs in the
case of Scenario 2. Nevertheless, we discuss the limit that can be obtained in
single Higgs production under the assumption that the c̄8-dependent two-loop
effects are negligible.
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4.2.1 Single Higgs production

In this section we discuss the constraints that can be obtained on c̄6 via the
single-Higgs production modes. As said, since the effects of c̄8 are unknown,
we restrict our study to the case where it can be ignored, i.e., Scenario 1. We
start by considering the case in which we assume that the Higgs potential is
like in the SM (c̄6 = 0) and then we consider the BSM case with c̄6 6= 0.

In Tab. 4.4 we show 1σ and 2σ constraints on c̄6 that can be obtained via
ZH and WBF H at different energies and colliders, using eq. (4.8). We show
also the value of C1 and the accuracy ε that can be achieved in any experi-
mental setup, as provided in [104, 116–118]. In general and unless differently
specified, we assume Gaussian distributions for the errors and no correlations
among them, and the errors are rescaled according to cross section in BSM
cases. In the results of Tab. 4.4 we did not take into account effects due to c̄6 in
the Higgs decay, since, at variance with the LHC case, they can be in principle
neglected at e+e− colliders. Indeed, the total cross section of e+e− → ZH

production can be measured via the recoiling mass method [118], without se-
lecting a particular H decay channel. Using the same method, the branching
ratio of any (visible) decay channel can be precisely measured and used as in-
put in the WBF H analysis, so that also in this case effects due to c̄6 in the
Higgs decay can be neglected. Nevertheless, we explicitly checked that taking
into account c̄6 effects in the decay for the H → bb̄ channel, which will be the
one most precisely measured, results in Tab. 4.4 are almost unchanged.

As can be seen in eq. (4.8), not only a linearly c̄6 dependent term is present,
but also a c̄2

6 one. Since C2 is negative and C1 is positive for both ZH and
WBF H , the SM cross section value is degenerate in c̄6; besides the SM case
c̄6 = 0 also a second different c̄6 6= 0 condition is giving the same value of the
cross section. While for the WBF H this second solution is close to c̄6 = 2,
in ZH at 240-250 GeV this is around c̄6 = 9, depending on the energy. As a
result, the two solutions being close to each other, in WBF H the 1σ and 2σ
intervals are always broad, while in ZH at 240-250 GeV we see two narrow
intervals: one around c̄6 = 0 and one around c̄6 = 9. Note that for CLIC-
350 also ZH is yielding a broad interval as a constraint, since ε is larger and
C1 is smaller. Via the combined measurement of ZH and WBF H processes,
or including LHC results in a global fit, the c̄6 region around c̄6 = 9 can be
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Figure 4.9: The 2σ bounds on c̄6 as a function of c̄true
6 in single Higgs pro-

duction in the Scenario 1 described in the text. Two representative cases are
considered: ZH at CEPC-250 and WBF H at CLIC-1400.

excluded. In conclusion, assuming no other BSM effects, the best constraints
on c̄6 via single Higgs production can be obtained at low energy and high
luminosity.

We now consider the situation in which c̄6 has a value different from zero,
which will denote as c̄true

6 , and we explore the constraints that can be set on c̄6,
by varying the value of c̄true

6 . In Fig. 4.9 we consider ZH at CEPC-250 and
WBF H at CLIC-1400 as examples. The bands in the plot show which con-
straints on c̄6 (y-axis) can be set, depending on the value of c̄true

6 (x-axis). We
considered only the −5 < c̄6, c̄

true
6 < 5 range, so that results can be directly

compared with the analogous analysis performed in the next section for double
Higgs production, where this range cannot be extended without violating per-
turbativity (see Appendix B). The “X” shapes of the ZH and WBF H bands
can be understood as follows. In the limit of zero uncertainties two solutions
can be obtained from the equation σpheno

NLO (c̄6) = σpheno
NLO (c̄true

6 ):

c̄6 = c̄true
6 , (4.26)

c̄6 = − C1

δZSM,λ
H

− 2− c̄true
6 , (4.27)
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which intersect each other at the point P =
(
− C1

2δZSM,λ
H

− 1,− C1

2δZSM,λ
H

− 1
)
.

For ZH at CEPC-250 P = (4.2, 4.2) and for WBF H at CLIC-1400 P =

(1.0, 1.0).9 The uncertainties ε, however, are not negligible and determine the
width of the branches, which are centred on the solutions in eqs. (4.26) and
(4.27).

For ZH production, due to the large value of C1, only one branch is present
in the −5 < c̄6, c̄

true
6 < 5 region. Instead, for WBF H , since C1 is small, SM-

like scenarios c̄true
6 ∼ 0 lies in the intersection region of the branches. Thus, as

already previously discussed, ZH provides stronger constraints for c̄true
6 ∼ 0.

On the contrary, for c̄true
6 ∼ 4, WBF H constraints are stronger. We remind

the reader that it is not obvious that the LHC, even after accumulating 3000
fb−1 of luminosity, will be able to exclude a value c̄6 ∼ 4. Still, with a single
measurement for c̄true

6 ∼ 4 both the intervals around c̄6 ∼ 4 and c̄6 ∼ −3 are
allowed, but the latter may be probed also at the LHC. As shown in Tab. 4.4,
also for ZH and c̄true

6 ∼ 0 there is a second interval in the constraints, but it is
outside the range of the plot.

4.2.2 Double Higgs production

We now turn to the case of double Higgs production. The expected precisions
ε for the measurements considered in our analysis10 are listed in Tab. 4.5. Al-
though double Higgs production cannot be measured as precise as single Higgs
production, it depends on c̄6 at LO and therefore the sensitivity on this param-
eter is much higher.

We start our analysis considering Scenario 1, where we set c̄8 = 0. As can
be seen in sec. 4.1.2, the WBF HH dependence on c̄6 is similar for different
energies. For this reason, for Scenario 1, we show WBF HH only for CLIC-
1400, together with ZHH at ILC-500. Similarly to Fig. 4.9, which concerns
the case of single Higgs production, in Fig. 4.10 we plot the constraints that can
be set on c̄6, by varying the value of c̄true

6 . Also in σLO(HH) both a linear and

9If we consider ZH at FCC-ee-240 we obtain P = (4.9, 4.9).
10 Note that the value of ε listed in ref. [104, 120] are for a different luminosities than those

considered in Tab. 4.3. Since the statistical uncertainty is the dominant one, the values of ε in
Tab. 4.5 have been obtained by rescaling those of ref. [104, 120] proportionally to the square
root of the luminosity.
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√
ŝ [GeV] process ε

ILC [120]
500 ZHH 19%

1000 WBF HH 23%

CLIC [104]
1400 WBF HH 33%
3000 WBF HH 15%

Table 4.5: Expected precision ε for the measurements of double Higgs produc-
tion processes. For the ILC the values of ε have been obtained rescaling the
values in [120] to the luminosity of Tab. 4.4.

quadratic dependence on c̄6 are present, leading to “X”-shape bands. The “X”-
shape is slightly asymmetric due to the one-loop σ30 and σ40 contributions that
are present in σpheno

NLO (HH), see eq. (3.30), which we always use in our study.
The central points of the “X” bands are around (c̄true

6 , c̄6) = (−2.5,−2.5)

for ZHH at ILC-500, and around (c̄true
6 , c̄6) = (0.5, 0.5) for WBF HH at

CLIC-1400. For this reason, although the WBF HH band is narrower due
to a larger c̄6 dependence, for values c̄true

6 ∼ 0, ZHH at ILC-500 is giving
better constraints. On the other hand, for values c̄true

6 6= 0 and especially
c̄true

6 ∼ −2.5, WBF HH at CLIC-1400 is leading to better constraints. It
interesting to note that the central points of the “X” bands in WBF H and
WBF HH are very close, while for ZH and ZHH they are different. This
implies that the combination of the information from WBF single and double
Higgs production would not exclude any of the branches of the “X” shape.
Thus, the information from ZH or ZHH is necessary for this purpose. We
will comment again this point in sec. 4.2.4.

We now consider Scenario 2. Specifically, we assume that the true value for
c̄6 is c̄true

6 and that the measured cross section for double Higgs production is
σmeasured = σpheno

NLO (c̄6 = c̄true
6 , c̄8 = 0) and we show which value of (c̄6, c̄8)

can be constrained via the prediction of σpheno
NLO (c̄6, c̄8). Starting with the SM

case, we show results for σmeasured = σpheno
NLO (c̄6 = 0, c̄8 = 0) in Fig. 4.11. We

consider the range |c̄6| < 5 and |c̄8| < 31, because as explained in Appendix
B for larger values the perturbative calculations cannot be trusted. The plot on
the left shows the constraints for ZHH and WBF HH at the ILC-500, while
the one on the right those for WBF HH at CLIC-1400 and CLIC-3000. First
of all we can notice that the constraints on c̄6 are weaker than in Scenario 1.
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Figure 4.10: The 2σ bounds on c̄6 as a function of c̄true
6 in double Higgs pro-

duction in the Scenario 1 described in the text. Two representative cases are
considered: ZHH at ILC-500 and WBF HH at CLIC-1400.

Also, no constraints on c̄8 independently from c̄6 can be set. On the other hand,
the largest part of the (c̄6, c̄8) plane can be excluded and the shape of the band
depends on the process. It is important to note that this results depend on the
choice of the renormalisation scale µr and therefore the scale at which c̄6(µr)

and c̄8(µr) are measured. Our results refers to µr = 2mH , which corresponds
to the production threshold for the HH pair. While the region close to the SM
(c̄6 ∼ 0, c̄8 ∼ 0) is very mildly affected by this choice, we warn the reader
that the border of the plane |c̄6| ∼ 5 and |c̄8| ∼ 31 can be strongly affected.

We then consider how the constraints in the (c̄6, c̄8) plane depend on the value
of σmeasured. We consider BSM configurations σmeasured = σpheno

NLO (c̄6 =

c̄true
6 , c̄8 = 0) with c̄true

6 6= 0.11 In Fig. 4.12 we show the plots for the val-
ues of c̄true

6 = −4,−2,−1, 1, 2, 4; in each plot the point (c̄true
6 , c̄true

8 = 0) is
displayed with a cross and the value of c̄true

6 is given. For these plots, only
results for ZHH at ILC-500 and WBF HH at ILC-1000 are displayed. Sim-
ilarly to the SM case, given a value of c̄true

6 , the constraints on c̄6 independent
from c̄8 are weaker than those in Scenario 1. However, also in these cases, the

11As the total cross section depends on c̄8 mildly, we do not expect that the constraints depend
on c̄true

8
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Figure 4.11: 2σ bounds in the (c̄6, c̄8) plane assuming SM cross sections for
double Higgs production in the Scenario 2 described in the text. Left: ZHH
at ILC-500 and WBF HH at ILC-1000. Right: WBF HH at CLIC-1400 and
CLIC-3000.

largest part of the (c̄6, c̄8) plane can be excluded and the shapes of the bands
strongly depend both on the process and the value of c̄true

6 . In all cases, ZHH
and WBF HH sensitivities are complementary; as we will see in sec. 4.2.4,
their combination improves the constraints in the (c̄6, c̄8) plane. This is a clear
advantage for the ILC, where both ZHH and WBFHH can be precisely mea-
sured.

4.2.3 Triple Higgs production

We now consider the case of triple Higgs production. In the SM ZHHH and
WBF HHH production processes have a too small cross section for being
observed. As an example, if we consider LR-polarised beams at 1 TeV and
the dominant decay into a bb̄ pair for the three Higgs bosons and into jets for
the Z boson, about 6 ab−1 of integrated luminosity would be necessary for one
signal event in the SM. As can be seen in Fig. 4.8, with WBF HHH the cross
section is even smaller in the SM, on the other hand this process has a strong
sensitivity on c̄8, due to the large value of σ02 factorising the c̄2

8 dependence.
Thus, limits on c̄6 and c̄8 can be set, but only considering Scenario 2 where c̄8

can be different from zero.
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At variance with double Higgs production, given the very small number of
events, we cannot set limits on the (c̄6, c̄8) plane by assuming σmeasured(HHH)

= σLO(c̄6 = c̄true
6 , c̄8 = 0). Indeed, the number of events expected is close

to zero and a Gaussian fit cannot be performed. Rather, we have to assume
events are zero and compare them with the expected value of events for a
given (c̄true

6 , c̄true
8 ) performing a Poissonian analysis.12 We assume that the

other SM backgrounds are giving zero events and we estimate the signal effi-
ciency εHHH by rescaling the one known for WBF HH production εHH . In
practice, for both WBF HHH and ZHHH production we estimate the sig-

nal efficiency to be εHHH = ε
3
2
HH = 4.7%, where εHH has been taken from

ref. [112].

In Fig. 4.13, we show the 2σ bounds in the (c̄6, c̄8) plane. The plot on the left
shows the constraints for ZHHH and WBF HHH at ILC-1000, while the
one on the right those for WBF HHH at CLIC-1400 and CLIC-3000. As can
be seen, at ILC-1000 almost all the (c̄6, c̄8) plane is compatible with a zero
event condition, both for ZHHH and WBF HHH production. On the other
hand, at CLIC-1400 and especially at CLIC-3000 a vast area of the plane can
be excluded via the study of WBF HHH production. In particular, at CLIC-
3000, the constraint on c̄8 are comparable to those obtainable at a future 100
TeV hadron collider [48, 49]. The constraints on c̄6 are instead worse than in
the double Higgs production case.

4.2.4 Combined bounds

We now investigate the constraints that can be obtained via the combination of
the information from single, double and triple Higgs production. We consider
both Scenarios 1 and 2 and, as already mentioned, in the case of Scenario 2
we combine only results from double and triple Higgs production. We show
in parallel the limits on c̄6 from single Higgs production by assuming that the
c̄8-dependent two-loop effects are small.

We start discussing the Scenario-1 analysis, separately considering the ILC and
CLIC. For both colliders we progressively include results at higher energies in
three stages. In the case of the ILC, we start with ZH at ILC-250, in a second

12In fact, for the case of CLIC-3000, large c̄6 values would lead to ∼ 5 expected events. We
will consider this effect in the combined analysis in sec. 4.2.4.
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step we include ZHH and WBF H results from ILC-500 and finally ZHHH
and WBF H(H(H)) from ILC-1000. Instead, in the case of the CLIC, we
start with ZH at CLIC-350, in a second step we include WBF H(H(H)) and
ZHHH results from CLIC-1400 and finally WBF H(H(H)) results from
CLIC-3000. In the case of triple Higgs production we assume that we observe
as many events as predicted by σLO(HHH) in eq. (4.25), with c̄8 = 0.

In Fig. 4.14, we show the combined results for the ILC (left) and CLIC (right)
assuming Scenario 1. In the first stage, both ILC-250 and CLIC-350 con-
straints are worse than those of CEPC-250 shown in Fig. 4.9. This is due to a
lower precision in the measurements (ε) and for CLIC-350 also a smaller value
of C1. However, in the second stage, including results at higher energies, for
both colliders constraints are much stronger, since double Higgs production
becomes available. Especially, combining single and double Higgs produc-
tion the “X” shape disappears and only the band around the line c̄6 = c̄true

6

remains.13 In the case of the CLIC, bumps are still present at c̄6 ∼ 1, which
originate from the centre of the “X”-shape band for WBF H(H) at CLIC-
1400, see Fig. 4.9 and Fig. 4.10. For the same reason, also for the ILC the
band is slightly larger around c̄6 ∼ 1. In the third stage, constraints are im-
proved both for the ILC and CLIC. Still, the weaker bounds can be set for
∼ 0 < c̄true

6 < 1, where the center of the “X”-shape band for WBF HH is
located. In this region, constraints are better at the ILC thanks to the ZHH
contribution at 500 GeV, which helps to resolve this region.

We now consider Scenario 2. As done in the case of double Higgs production
we assume that the true value for c̄6 is c̄true

6 and that σmeasured = σpheno
NLO (c̄6 =

c̄true
6 , c̄true

8 = 0) while that for triple Higgs production we observe as many
events as predicted by σLO(HHH) in eq. (4.25), with c̄8 = 0. In the case of
the ILC, we consider ZHH at ILC-500 and its combination with ILC-1000
results from ZHHH and WBF HH(H) production. In the case of CLIC,
we consider ZHHH and WBF HH(H) production at CLIC-1400 and its
combination with WBF HH(H) at CLIC-3000. Thus, while ILC-500 is not
a combined result, being simply obtained for ZHH production, all the others
include information from both double and triple Higgs production. As already

13In the case of CLIC, where the ZHH information is not entering the combination, also the
information from triple Higgs production is necessary for this purpose.
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said, single Higgs production cannot be directly included in the combination,
since its c̄8 dependence starts at two-loop level.

In Fig. 4.15 we show results for the SM case (c̄true
6 = 0, c̄true

8 = 0) as green
bands. There we also show as red bands the limits on c̄6 extracted from sin-
gle Higgs measurements at the ILC and CLIC14, assuming that the two-loop
c̄8 dependence is negligible. Due to the available higher energies, combined
double and triple Higgs constraints at the CLIC are better than at the ILC. In-
deed the WBF HH(H) production cross section increases with the energy.
On the other hand, single Higgs production can be better measured at the ILC
and therefore the corresponding constraints on c̄6 are better than at the CLIC.
We notice that the only case where single Higgs results may be relevant in a
further combination with those from double and triple Higgs production is the
case of ILC-500, which is actually coming from only ZHH production. In-
deed, the combination of ZH at ILC-250 and WBF H at ILC-500 would help
in removing the band around c̄6 = −4, and shrinking the possible region for
the band around SM value. On the contrary, at higher energies the WBF HH
production is more relevant in constraining c̄6. Thus, with the exception of
ILC-500, single Higgs production could be helpful in constraining the (c̄6, c̄8)

plane only if the dependence on c̄8 at two-loop is larger than what we assumed
or if low-energy runs at higher luminosity, such as those at circular colliders,
are considered.

In Fig. 4.16 we show the constraints from the combination of double and triple
Higgs for BSM cases c̄true

6 = −4,−2,−1, 1, 2, 4. As already discussed for the
SM case, constraints from single Higgs production are negligible for high en-
ergy e+e− colliders in this scenario under our assumptions and for this reason
they are not shown. We display in each plot both CLIC and ILC bounds. As
we can see, both in the SM and in all BSM cases considered, the combination
of results from double and triple Higgs production is always strongly improv-
ing the bounds. Also, with higher energies, stronger constraints can be set;
the best results can be obtained combining results at CLIC-1400 with those at
CLIC-3000, especially for c̄true

6 6= 0 since a non-zero number of events can

14 More specifically, for the ILC, the single Higgs limit are combined results from ZH at
ILC-250, WBF H at ILC-500, and WBF H at ILC-1000, while for the CLIC, the single Higgs
limit are combined results from ZH at CLIC-350, WBF H at CLIC-1400, and WBF H at
CLIC-3000.
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be observed. It is interesting to note that CLIC bounds around (c̄true
6 , c̄true

8 )

are less sensitive than at the ILC on the value of c̄true
6 , featuring vertical elon-

gated contours in the (c̄6, c̄8) plane. The reason is that at CLIC bounds mainly
comes from WBF HHH , while at the ILC mainly from double Higgs produc-
tion, both ZHH and WBF HH .

In conclusion we observed that low- and high-energy runs are useful for con-
straining the shape of the Higgs potential. Under the assumption of Scenario
1, we have shown the complementarity of ZH production at low energy with
WBF HH information at higher energies. Under the Scenario 2, we have
shown that the combination of the information from double and triple Higgs
production, which is possible only at high energy, improves the constraints in
the (c̄6, c̄8) plane (cf. fig. 4.12 with fig. 4.16).
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Figure 4.12: 2σ bounds in the (c̄6, c̄8) plane assuming BSM cross sections in
double Higgs production corresponding to (c̄true

6 , c̄true
8 = 0) in the Scenario

2 described in the text, with c̄true
6 = −4,−2,−1, 1, 2, 4 marked in the plots

with a cross. All plots show results for ZHH at ILC-500 and WBF HH and
CLIC-1400.
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5 Higgs boson self-couplings at future
muon colliders

Due to its heavier mass comparing to electrons, muon colliders can reach much
higher energy. Since vector boson fusion cross section increases as energy
grows, it provides a good opportunity to study constraints on Higgs boson
self-couplings at future muon collider.

In this chapter we consider WBF production mode only. As discussed in the
previous chapter, Other production modes such as tt̄-associated production are
suppressed comparing to WBF at such high energy. In Fig. 5.1 we show
the cross section of single-, double- and triple Higgs production via Z boson
associated production and WBF. While ZHHH is comparable or even larger
than WBF around

√
s = 1 TeV, in the preivous chapter we found that the

sensitivity on the Higgs quartic self-coupling is much weaker than WBF.

√
s (TeV) 1.5 3 6 10 14 30
L (1034 cm−2s−1) 1.2 4.4 12 20 33 100
L10y (ab−1) 1.2 4.4 12 20 33 100

Table 5.1: Reference muon collision energies
√
s, and instantaneous luminosi-

ties L, with corresponding integrated luminosities L for a 10 years run (one
year of ∼ 107s). The luminosity values assumed for

√
s ' (1.5, 3, 6, 14) TeV

are as from [121, 122].
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Figure 5.1: The cross section for single-, double- and triple Higgs production
at muon collider are shown.

5.1 Triple Higgs production in the standard model

In this section, we present the cross sections and a few kinematical distribu-
tions for the process

µ+µ− → HHH νν, (5.1)

in the SM and in scenarios where the Higgs self-couplings are modified, at
muon collider energies given in Table 5.1.

In figure 5.2, we show a few representative Feynman diagrams of the process.
By inspection, one can quickly conclude that at the tree level, each diagram
can be at most linearly dependent on the quartic self-coupling λ4, and linearly
or quadratically dependent on λ3. In fact, the majority of diagrams are inde-
pendent from Higgs self-couplings. This observation leads to the expectation
that on the one hand, the cross section sensitivity to self-couplings in general
and to the quartic coupling in particular, will be quite mild and on the other
hand, a very precise knowledge of the WWH and WWHH couplings will
be needed in order to pin down the Higgs potential.
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Figure 5.2: Representative Feynman diagrams contributing to the process
µ+µ− → HHHνν that do not involve self-couplings (top-left and bottom-
right), involve the trilinear twice (top-right) and once (central), and the quartic
(bottom-left) couplings. s-channel diagrams (bottom-right) contribute but be-
come negligible at high energy (note that in this case ν = νe, νµ, ντ ).
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Triple Higgs production proceeds through two main classes of diagrams: the
WBF channel 1

µ+µ− →W ∗W ∗νµνµ → HHH νµνµ, (5.2)

and the s-channel

µ+µ− → HHH Z∗ → HHH νe,µ,τνe,µ,τ . (5.3)

Both sets contribute at the amplitude level to µ+µ− → HHHνν yet, as we
will discuss in the following, mostly in different phase space regions.

In order to compute the µ+µ− → HHHνν cross sections and distributions,
including the complete self-coupling dependence, we have used two Monte
Carlo event generators: one is WHIZARD [123, 124] (version 2.6.4), and the
other is MADGRAPH5 AMC@NLO [62]. Even though the SM implementa-
tion in both codes does not allow the user to change λ3 and λ4 from the from
the input cards, it is sufficiently easy to do that directly accessing the source
codes. 2 The Higgs and gauge boson widths as well as the muon mass (and
Yukawa) are set to zero, in order to avoid issues with gauge cancellations at
very high energy.

For all the results discussed in the following, we impose a technical generation
cut Mνν > 150 GeV on the neutrino pair invariant mass Mνν , to prevent the
singularity arising from a vanishing Z-boson width in the s-channel. The latter
cut effectively takes away most of the s-channel contribution. The s-channel
effects tend anyhow to be strongly suppressed at multi-TeV collision energies.
After removing the Z-resonance contributions by the Mνν > 150 GeV cut,
we find that the relative off-shell contribution of the µ+µ−→ HHHZ∗→
HHH νν to the total cross section is about 2.5% at

√
s '1.5 TeV, 1.4·10−3

at 3 TeV, and 10−4 at 6 TeV. With the present LO accuracy, our complete
results for µ+µ− → HHH νν will then match the ones for the WBF process

1The corresponding cross sections for Z boson fusion, µ+µ− → Z∗Z∗µ+µ− →
HHH µ+µ− amount to 15–20% of the ones for W boson fusion, and therefore relevant. We
leave their inclusion to future work.

2In MADGRAPH5 AMC@NLO is also possible to use the SMEFT@NLO model.
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µ+µ− → W ∗W ∗νµνµ → HHHνµνµ with excellent accuracy in the energy
range considered. 3

In figure 5.3, we plot the µ+µ− → HHHνν cross section versus
√
s in the

SM. On the right axis we include the expected number of triple Higgs final
states produced for an integrated luminosity L=100 ab−1. The left-hand plot
corresponds to the cross-sections results in a linear scale for two anomalous
scenarios as obtained in WHIZARD, while on the right-hand side the MAD-
GRAPH5 AMC@NLO results for the yield are plotted in a log-scale, also for
two additional scenarios. We have carefully verified that the results from the
two MC’s agree within uncertainties for SM as well as in presence of anoma-
lous interactions. We define δ3,4 and κ3,4, through the following relations

λ3 = λSM (1 + δ3) = κ3λSM , (5.4)

λ4 = λSM (1 + δ4) = κ4λSM , (5.5)

which imply that the SM values for the couplings are recovered for δ3,4 = 0,
or equivalently for κ3,4 = 1. We point out that, for the sake of both simplic-
ity and generality, we phrase our results in terms of the anomalous couplings
above. At the perturbative level of our predictions, i.e., at the tree level, one
can easily link the deformations of the λ’s to the coefficients of higher dimen-
sional operators, see for instance [125]. The simplest instance is that of adding
just one operator of dimension six, c6(Φ†Φ)3/Λ2. In this case, one finds that
the shifts in the trilinear and quartic couplings are related, i.e.,

δ4 = 6 δ3, (SMEFT at dim = 6). (5.6)

This constraint can be lifted by further adding operators of higher dimension,
i.e., c8(Φ†Φ)4/Λ4. As special case of the latter situation, one can fix the cou-
plings of the six and eight dimensional operators, to only have the quartic
coupling modified, δ3 = 0 and δ4 6= 0. However, it is important to remind that
this is not what is generically expected from the SMEFT and it implies a fine
tuning, which is valid only at a given scale.

3Note that interference effects between the WBF and s-channel diagrams are negligible due
to the non-overlapping typical kinematics of the two configurations. For the reasons above, in
MADGRAPH5 AMC@NLO we find it easier to directly exclude the s-channel contributions by
actually simulating e+µ− → HHHνµνe. We have explicitly checked that this approximation
is excellent and make the simulations faster.
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Figure 5.3: Expected cross sections (left) and signal event numbers for a
reference integrated luminosity of 100 ab−1 (right) for µ+µ− → HHHνν
versus the c.m. collision energy, for Mν̄ν & 150GeV. Cross sections for
different assumptions of the trilinear and quartic couplings are presented, as
well as for the SM case, obtained by WHIZARD (left-hand side) and MAD-
GRAPH5 AMC@NLO (right-hand side). Details on the scenarios are given in
the text.

In order to get a first feeling of the cross section sensitivity to variations of the
Higgs quartic coupling, in figures 5.3 we also show the cross section obtained
by keeping the SM value for λ3 and switching off λ4 (δ3 = 0, δ4 = −1 or
κ3 = 1, κ4 = 0). The effect is an increase, as expected from general arguments
on unitarity cancellation, of production rates of about 20%−30% in the

√
s

range considered here. On the right-hand plot, we show the corresponding
results as obtained from MG5AMC also including two scenarios of interest:
the δ3 = ±1, δ4 = ±6 cases, corresponding to relative shift between δ3 and
δ4 consistent with an EFT approach, and a scenario δ3 = 0, δ4 = +1 with no
change in λ3, yet a 100% increase of λ4. It is interesting to note that, as far as
total rates are concerned, the latter case turns out to be hardly distinguishable
from the scenario where λ3 = λSM and λ4 = 0.



5.1. Triple Higgs production in the standard model 101
√
s [TeV] 1.5 3 6 10 14 30

Lumi [ab−1] 1.2 4.4 12 20 33 100

σSM (ab) [Nev]

total 0.03 [0] 0.31 [1] 1.65 [20] 4.18 [84] 7.02 [232] 18.51 [1851]
mHHH < 3TeV 0.03 [0] 0.31 [1] 1.47 [18] 2.89 [58] 3.98 [131] 6.69 [669]
mHHH < 1TeV 0.02 [0] 0.12 [1] 0.26 [3] 0.37 [7] 0.45 [15] 0.64 [64]

Table 5.2: Cross sections and (in squared brackets) event numbers for triple
Higgs production via the process µ+µ− → HHHνν, at collision energies
and integrated luminosities as from table 5.1. A cut Mν̄ν & 150GeV is ap-
plied. The effect of imposing an upper cut on the HHH invariant mass is
also detailed. Cross sections and corresponding event numbers refer to the SM
case.

A second set of relevant information is provided in table 5.2, where we re-
port the µ+µ− → HHHνν total cross sections and event numbers 4 for the
reference set of collision energies and integrated luminosities of table 5.1. In
addition to total cross sections, also the number of events close to threshold,
i.e., with a requirement on the HHH-invariant-mass (MHHH ) to be less than
1 and 3 TeV is given. As we will discuss in the following, the sensitivity to the
quartic coupling depends rather strongly on the phase space region occupied
by the Higgs bosons in the final state, being the strongest close to threshold.

In figures 5.4, 5.5, 5.6 we plot the inclusive Higgs transverse momentum, the
Higgs rapidity and the Higgs-pair ∆R distributions, with and without an upper
cut of 1 TeV on the HHH invariant mass, respectively. We note that peak
value of the transverse momentum is around 100 GeV, a value that turns out
to be rather independent on the collider energy. The invariant mass cut at 1
TeV has a mild effect and only on the shapes of the distributions at higher
energy collisions. On the other hand, the rapidity distributions are found to
have a rather strong dependence on the collision energy and also on being
at threshold. At high collision energy the rapidity range become quite large
reaching more than five units in rapidity. To be detected, such Higgs bosons
would need a very wide rapidity coverage of the detector. Finally, figure 5.6

4A cut Mν̄ν & 150 GeV will be implicit from now on.
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Figure 5.4: Inclusive Higgs transverse momentum distributions (normalized)
for the µ+µ− → HHHνν process, in the SM, at different collision energies.
A technical cut of Mν̄ν & 150 GeV is included. The plot on the right includes
an upper cut of 1 TeV on the HHH invariant mass.
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Figure 5.5: Inclusive Higgs rapidity distributions (normalized) for the
µ+µ− → HHHνν process, in the SM, at different collision energies. A
technical cut of Mν̄ν & 150 GeV is included. The plot on the right includes an
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Figure 5.6: Inclusive ∆R distributions (normalized) for the µ+µ− →
HHHνν process, in the SM, at different collision energies. A technical cut of
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TeV on the HHH invariant mass.

shows that the most probable distance between two Higgs bosons is around
π, extending to larger values at high energy, due to forward-backward Higgs
production. At threshold, there is a very mild dependence on the collision
energy.

In order to have a more complete understanding of the dynamics of a HHH
event, in figure 5.7 we present the rapidity and ∆R distributions of each of the
Higgs bosons ordered in pT . The solid curves represent the inclusive sample
with no lower or upper cut of 1 TeV on the MHHH . By inspecting the two
plots one concludes that at threshold the ordering of the Higgs in pT has mild
effect as the Higgs have comparable momenta. On the other hand, in far from
threshold configurations, which dominate inclusive cross sections, two Higgs
bosons are typically rather central and back-to-back, while the softest one is
forward.

5.2 Triple Higgs production with anomalous self-couplings

We can now pass to consider in detail how modifications of the trilinear and
quartic couplings can modify cross sections and distributions. As already men-
tioned, the Feynman diagrams contributing to the process µ+µ− → HHHνν
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Figure 5.7: Higgs rapidity (left) and Higgs-pair ∆R (right) distributions in
µ+µ− → HHHνν, in the SM, at

√
s '14 TeV, for Mν̄ν & 150 GeV. The

index 1 refers to the highest-pT Higgs, while the index 3 refers to the lowest-
pT Higgs. The solid lines stand for the inclusive distributions, the dashed
(dotdashed) lines correspond to applying a further cut MHHH< (>)1 TeV.

can involve one quartic Higgs vertex or up to two Higgs trilinear vertices, see
figure 5.2.

As a result, the most general expression for the cross section as a function of
the deviations from the SM cubic and quartic Higgs couplings can be expressed
in terms of a polynomial which is quartic in δ3 and quadratic in δ4:

σ = c1 + c2δ3 + c3δ4 + c4δ3δ4 + c5δ
2
3 + c6δ

2
4 + c7δ

3
3 + c8δ

2
3δ4 + c9δ

4
3 , (5.7)

where the coefficients ci can be obtained once for all from a MC simulation
and they are collected in table 5.3, for the total cross sections with and without
an upper cut on the HHH invariant mass of 1 TeV. This parametrization is
useful for at least two reasons. The first is that it can be used to extract sen-
sitivities to different scenarios without the need to rerun MC simulations for
each benchmark point. The second advantage is that it is possible to directly
gauge the sensitivity to new physics effects by comparing the value of the SM
coefficient (c1), with the linear terms c2, c3, which are dominant for δ3,4 � 1,
and the quadratic (mixed or diagonal) terms (c4,5,6), the cubic (c7,8) and finally
the quartic terms (c9). First, the SM coefficient, as we had already seen in fig-
ure 5.3, grows faster than linearly, yet tends to flatten at high energy. As also
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seen before, the increase of the cross section is clearly provided by configura-
tions which are far from threshold, and where at least one Higgs boson is soft
and can be very forward. In fact, once an upper cut on the HHH invariant
mass of 1 TeV is set, the increase on the cross sections is less than linear and
very mild. Second, at the linear level and for total cross sections, the sensitivity
to δ4 is from 2 to 100 smaller than that of δ3. On the other hand, if one focuses
on events at threshold, there is a rather uniform difference of only a factor of
two, the sign being opposite. This generically implies that positively correlated
changes of the δ4 and δ3, will be more difficult to constrain than variations in
opposite directions. For example, in the SMEFT case where δ4 = 6 δ3, there
will be a cancellation, yet with the δ4 contribution being dominating. More
in general, the difference between the sensitivity at the inclusive level and at
threshold, entails the possibility for flat directions in the parameter space to
be lifted. Third, in presence of larger deviations, the higher-order terms in the
polynomial could become the dominant effects. In this case, one notices that
c6, corresponding to the δ2

4 term, is always smaller than c4, the coefficient of
the δ3δ4 term. This means that a joint departure of the trilinear and quartic
term will be in general easier to detect, than that of the quartic alone.

Finally, we investigate the discriminating power of differential distributions,
focusing our attention on the HHH invariant mass. In figure 5.8 we plot
the ratio between the MHHH distribution in a scenario where δ3 = 0, for
δ4 = −0.5,−0.2,−0.05 (left plot) and for δ4 = 0.5, 0.2, 0.05 (right plot)
for different c.m. energies. The first observation is the size as well as the
dependence of the corrections on the MHHH are very different between pos-
itive and negative values of δ4. The main reason can be traced back to the
fact that even at the total integrated level the linear coefficient c3 is negative
while the quadratic coefficient c6 is positive. For negative values of δ4 the
contributions sum and the final result is always larger than the SM, the larger
effects being at threshold. For positive values of δ4, cancellations take place
between the differential version of c3 and c6, leading to a final non trivial pat-
tern shown on the right plot: corrections start negative very close to threshold,
and then become positive above about 600-800 GeV. In figure 5.9 we show
the results of an analogous study, assuming δ3 = −0.5,−0.2,−0.05 (left plot)
and δ3 = 0.5, 0.2, 0.05 with δ4 = 6 δ3, i.e., in the SMEFT scenario. Also in
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σ = c1 + c2δ3 + c3δ4 + c4δ3δ4 + c5δ
2
3 + c6δ

2
4 + c7δ

3
3 + c8δ

2
3δ4 + c9δ

4
3

√
s (TeV) 3 6 10 14 30

ci (ab)
c1 0.3127 1.6477 4.1820 7.0200 18.5124
c2 -0.1533 -1.7261 -4.4566 -7.1000 -15.9445
c3 -0.0753 -0.1159 -0.1166 -0.1147 -0.1117
c4 -2.0566 -6.3052 -11.4981 -15.9807 -29.2794
c5 4.7950 14.9060 27.1081 37.4658 67.7539
c6 0.2772 0.8637 1.5992 2.2455 4.2038
c7 -1.8353 -4.3210 -6.6091 -8.3962 -13.0964
c8 0.5032 1.1861 1.8173 2.2967 3.5217
c9 0.2943 0.5954 0.8946 1.1611 1.9349

c̄i ≡ ci(MHHH < 1 TeV) (ab)
c̄1 0.1165 0.2567 0.3743 0.4541 0.6404
c̄2 0.1667 0.3003 0.4046 0.3545 0.6972
c̄3 -0.0768 -0.1510 -0.2105 -0.2285 -0.3519
c̄4 -1.3604 -2.8996 -4.1522 -5.0582 -6.9538
c̄5 3.1017 6.6033 9.4721 11.4547 15.9505
c̄6 0.1842 0.3954 0.5679 0.6931 0.9543
c̄7 -1.5210 -3.0591 -4.3186 -4.8598 -7.3196
c̄8 0.4222 0.8550 1.2103 1.3906 2.0398
c̄9 0.2691 0.5482 0.7720 0.9702 1.2482

Table 5.3: Coefficients ci, ruling the µ+µ− → HHHνµνµ cross-section
dependence on the Higgs anomalous self-couplings δ3 and δ4 (as defined in the
first row of the table), at different c.m. energies. The coefficients c̄i, entering
the residual cross sections after applying a 1-TeV upper cut on the HHH
invariant mass, are also detailed.
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Figure 5.8: Dependence of the MHHH distributions on a variation of the quar-
tic Higgs coupling, for three energy setups, assuming δ3 = 0 (i.e., a SM trilin-
ear self-coupling).

this case the shape changes are larger at threshold and deviations with respect
to SM predictions can be quite significant.

5.3 Sensitivity to the Higgs self-coupling deviations

We are now ready to perform the first exploration of the sensitivity of a future
muon collider to deviations of the Higgs self-couplings.

For the sake of simplicity, we restrict the presentation to two possibly relevant
scenarios:

A) δ3 = 0, δ4 6= 0, i.e., deviations only in the quartic Higgs coupling;

B) δ4 = 6 δ3, i.e., the pattern of deviations as expected from the SMEFT at
dim=6.

Scenario A assumes that no deviations on the trilinear coupling have been de-
tected (and/or exist) and explores the possibility that new physics effects ap-
pear for the first time in the quartic self-coupling. Scenario B, on the other
hand, assumes the SMEFT scaling between the two couplings. This scenario
would fit the case where a deviation in the trilinear coupling is observed in
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Figure 5.9: Dependence of the MHHH distributions on a variation of the tri-
linear Higgs coupling, for three energy setups, assuming δ4 = 6 δ3.

other observables, such as in HH production. In this situation, an interesting
question would be whether the deviation in δ4 would follow the linear SMEFT
pattern or not.

To provide a first estimation of the sensitivity, we focus on the signal process
µ+µ− → HHHνν and disregard possible backgrounds. In so doing, we are
clearly setting an optimal target for more detailed future phenomenological
and experimental investigations. We define the sensitivity to the non-SM Higgs
couplings as:

|N −NSM|√
NSM

, (5.8)

where NSM is the number of events assuming δ3 = δ4 = 0, while N is the
number of events obtained for the values of δ3 and δ4 under consideration.

In figure 5.10 we show the dependence on δ4 and δ3 of the total cross section
in two different bins, inclusive and for MHHH < 1 TeV, and for the A (left)
and B (right) scenarios (under the SM hypothesis), respectively. In both sce-
narios, one finds that the highest sensitivity comes from the threshold region
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Figure 5.10: Dependence of the µ+µ− → HHHνν cross section on the
anomalous Higgs self-couplings in two different scenarios: A (δ3 = 0) on
the left and B (δ4 = 6 δ3) on the right. In the latter case the ratio of the cross
sections is expressed in terms of δ3.

Constraints on δ4 (with δ3 = 0)√
s (TeV) Lumi (ab−1) x-sec only x-sec only threshold + MHHH > 1 TeV

1 σ 2 σ 1 σ
6 12 [−0.60, 0.75] [−0.90, 1.00] [−0.55, 0.85]

10 20 [−0.50, 0.55] [−0.70, 0.80] [−0.45, 0.70]
14 33 [−0.45, 0.50] [−0.60, 0.65] [−0.35, 0.55]
30 100 [−0.30, 0.35] [−0.45, 0.45] [−0.20, 0.40]
3 100 [−0.35, 0.60] [−0.50, 0.80] [−0.45, 0.65]

Table 5.4: Summary of the constraints on the quartic deviations δ4, assuming
δ3 = 0, for various muon collider energy/luminosity options, as obtained from
the total expected cross sections (1σ and 2σ CL). The third column shows the
bounds obtained from the combination of the constraints corresponding to the
setups MHHH < 1 TeV and MHHH > 1 TeV.
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Figure 5.11: Left: 1-σ exclusion plots for the anomalous Higgs self-couplings
in terms of the standard deviations |N − NSM|/

√
NSM from the SM (green

dot), where the event numbers N refer either to σ(µ+µ− → HHHνν), for
Mν̄ν & 150GeV (blue area), or to the same cross section with an upper cut
of 1 TeV on the HHH invariant mass (red area). Right: same plots zoomed
around the SM configuration.
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Figure 5.12: Left: 1-σ exclusion plots for the anomalous Higgs self-couplings
in terms of the standard deviations |N − NSM|/

√
NSM from the SM (green

dot), where the event numbers N refer either to σ(µ+µ− → HHHνν), for
Mν̄ν & 150GeV (blue area), or to the same cross section with an upper cut
of 1 TeV on the HHH invariant mass (red area). Right: same plots zoomed
around the SM configuration.
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Figure 5.13: Left: 1-σ exclusion plot for the anomalous Higgs self-couplings
in terms of the standard deviations |N − NSM|/

√
NSM from the SM (green

dot), where the event numbers N refer either to σ(µ+µ− → HHHνν), for
Mν̄ν & 150GeV (blue area), or to the same cross section with an upper cut
of 1 TeV on the HHH invariant mass (red area). Right: same plot zoomed
around the SM configuration. The integrated luminosity assumed is about 20
times larger than the reference luminosity in table 5.1.
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Figure 5.14: Sensitivity to the quartic Higgs self-coupling in terms of standard
deviations |N − NSM|/

√
NSM with respect to the SM configuration, where

the event numbers N refer to σ(µ+µ− → HHHνν), for Mν̄ν & 150GeV, for
δ3 = 0 (left), and δ4 = 6δ3 (right). Results are obtained considering deviations
from the inclusive cross sections only.



5.3. Sensitivity to the Higgs self-coupling deviations 113

0

1

2

3

4

5

6

−1 −0.5 0 0.5 1 1.5 2

[δ3 = −0.2]

|N
(δ

3
,δ̃

4
+
6
δ 3
)
−
N
(δ

3
,6
δ 3
)|/

√
N
(δ

3
,6
δ 3
)

δ̃4

√
s =6 TeV, L=12 ab−1

10 TeV, L=20 ab−1

14 TeV, L=33 ab−1

30 TeV, L=100 ab−1

0

1

2

3

4

5

6

−2 −1.5 −1 −0.5 0 0.5 1

[δ3 = 0.2]

|N
(δ

3
,δ̃

4
+
6
δ 3
)
−
N
(δ

3
,6
δ 3
)|/

√
N
(δ

3
,6
δ 3
)

δ̃4

√
s =6 TeV, L=12 ab−1

10 TeV, L=20 ab−1

14 TeV, L=33 ab−1

30 TeV, L=100 ab−1

Figure 5.15: Sensitivity to δ̃4 = δ4 − 6δ3 in terms of standard deviations
|N(δ3, δ̃4 +6δ3)−N(δ3, 6δ3)|/

√
N(δ3, 6δ3) with respect to the SMEFT con-

figuration, where the event numbers N refer to σ(µ+µ− → HHHνν), for
Mν̄ν & 150GeV, for δ3 = −0.2 (left), and δ3 = 0.2 (right). Results are
obtained considering deviations from the inclusive cross sections only.

and that the energy dependence is actually rather weak on the sensitivity. That
means that increasing the energy brings only an advantage in the statistics.
The results corresponding to independent variations of δ3 and δ4 are shown in
figures 5.11, 5.12 and 5.13, where the red shaded areas correspond to the con-
straints obtained from threshold region, while the blue shaded areas correspond
to the full sample. The plots on the right are blowups of the region close to the
SM point (0, 0). First, we note that as the energy increases, the blue areas tend
to the shape of a ring in the plot range, showing the relevance of the quadratic
terms and the fact that bounds are obtained from upper as well as lower limit in
the number of events with respect to the SM expectations. As expected from
the arguments given above, the constrains improve as the energy/luminosity
increase mostly for the blue areas. In addition, the linear flat direction in the
case of same sign variations of δ3 and δ4 are resolved by using two different
regions and the higher terms in the ci expansion. Figure 5.13 indicates that
low energy runs, around 3 TeV, yet with a luminosity of 100 ab−1 could pro-
vide a determination in the range −0.3 < δ4 < 0.6 (with δ3 = 0). Finally,
figure 5.14 presents the sensitivity in terms of number of standard deviations.
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The constraints that can be obtained from the various energy/luminosity sce-
narios by using only information on the total cross section at 1σ and 2σ and by
combining events in the regions MHHH < 1 TeV and MHHH > 1 TeV (1σ)
are summarized in table 5.4.

The underlying assumption for the setup δ3 = 0 is that no deviations are mea-
sured from the SM triple Higgs self-coupling. However, if the study of HH
production at the muon collider or at other machines would discover devia-
tions from δ3 = 0, it would be interesting to search for possible deviations
of δ4 from its expectation value in the SMEFT (δ̃4 = δ4 − 6δ3). As an ex-
ample, plots in figure 5.15 show the sensitivity to δ̃4 under the assumptions
δ3 = ∓0.2.



6 Conclusions

In this thesis, we have explored the feasibility of constraining the Higgs poten-
tial at present and future colliders. In this concluding chapter, we summarize
the main results achieved and make some comments on further avenues of re-
search.

Firstly, we have considered the potential of hadron colliders. Many studies
exist on the perspectives to measure the cubic Higgs self-coupling at LHC and
future hadron colliders, and it is expected that a precision at a few percent level
could be reached at the FCC running at 100 TeV. However, the final precision
of the LHC on κ3 is still to be assessed. Going beyond the common approach
of extracting the trilinear from the measurement of the HH final state, we
have considered the possibility of setting constraints on κ3 through one-loop
corrections to single Higgs processes at the LHC. We have provided an MC
tool to simulate such effects at differential level, and we have also examined
the effects of the SM NLO EW corrections. By performing a fit for κ3 based
on a future projection at 14 TeV LHC, we examined the impact of different
information on the constraints of κ3. We have also examined the feasibility of
measuring the Higgs quartic self-coupling directly via gluon fusion into triple
Higgs boson. We have performed a detailed analysis, including detector ef-
fects and backgrounds. Our findings are in line with the current lore, i.e. that
the backgrounds are so huge that even at a future 100 TeV hadron collider such
a measurement would be extremely challenging. Because of this, we have ex-
plored the potential of constraining the quartic using indirect constraints, by
considering higher order correction to gluon fusion into Higgs boson pair. The
corrections of Higgs quartic self-coupling start from the two-loop level and it
is a very challenging computation. We have evaluated the relevant two-loop
Feynman integrals with numerical methods. By considering the constraints
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based on bb̄γγ decay channel, we have shown that the constraints are comple-
mentary and competitive to direct measurement of triple Higgs processes.

Next, we have moved on to future electron-positron colliders. We have con-
sidered single-, double-, and triple-Higgs processes, and including one-loop
corrections induced by the Higgs self-couplings to single- and double-Higgs
production. The potential of future circular as well as linear e+e− colliders
has been investigated. We have concluded that for the trilinear Higgs self-
coupling, the best constraints can be obtained from the combination of ZH
results at low-energy high-luminosity runs and double Higgs processes at high
energy runs. For the quartic Higgs self-coupling, we identified the indirect
constraints from double Higgs production and direct constraints from triple
Higgs production as the most promising avenues. We have also found that
although WBF HH constraints are in general stronger than those for ZHH ,
the two production processes are complementary and lead to improved results
when they are combined. While triple Higgs production is not measurable in
the SM, its cross section strongly depends on the Higgs quartic self-couplings,
and at CLIC 3TeV, the constraints via WBF HHH are comparable to those at
a future 100 TeV hadron collider.

Finally, we have considered a futuristic multi-TeV muon collider. At such high
energy, the cross section of WBF HHH increases significantly, and becomes
measurable even in the SM. We have considered WBF HHH in detail, study-
ing the sensitivity of total rates as well as distributions on the Higgs boson
self-couplings. We have found the most sensitive region to be at threshold,
while the high-energy tail provides more statistics. Under very simplifying as-
sumptions, we determined the limits on the cubic and quartic couplings under
various possible energy/luminosiy configurations. We found that with several
TeV of center of mass energy and several tens of attobarns integrated luminos-
ity, the quartic Higgs self-coupling can be determined with an accuracy in the
tens of percent. For example, at 14 TeV with 33 ab−1 integrated luminosity,
one could constraint κ4 with a 50% uncertainty at 1σ, which is significantly
better than a hadron collider or an e+e− collider.



A Form factors

In this section we provide all the form factors that are necessary for the calcu-
lations of one-loop amplitudes for ZHH and WBF HH production entering
σpheno

NLO in eq. (4.16). Those form factors are also used in calculating the one-
loop correction to single Higgs production in Sec. 3.1, and the factorisable
contribution to two-loop amplitude of gg → HH in Sec. 3.3. These are the
form factors for the

• HV V vertex V [HV V ],

• HHH vertex V [HHH],

• HHV V vertex V [HHV V ],

• H propagator P [HH].

We include contributions up to the order (v/Λ)6 and therefore one-loop am-
plitudes entering σpheno

NLO (HH) can be obtained by substituting the vertexes in
the corresponding tree-level amplitudes with the aforementioned form factors.
Indeed, we implemented them in a UFO [61] model file and performed the
calculation within the MADGRAPH5 AMC@NLO [62] framework, as also
done in ref. [107]. We cross-checked the results via FEYNARTS 3.9 [113] and
FORMCALC 9.4 [63]. Loops integrals have been evaluated with LOOPTOOLS

2.13 [63] and QCDLOOP 2.0.3 [114, 115].

The HV V form factor is the only one that is also relevant for the calculation
of one-loop amplitudes entering σpheno

NLO (H) for single Higgs production. For
this kind of processes the (c̄6)2 dependence originates completely from δZNP

H

in eq. (2.27), while the linear term in c̄6 comes from both δZNP
H and the HV V
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Figure A.1: The structure of one-loop effects in the HHV V amplitude ex-
pressed via form factors.

form factor, which has already been calculated in ref. [57] and induces the C1

dependence on the kinematics. We repeated the calculation explicitly checking
the gauge invariance, both for a generic Rξ gauge and also in unitary gauge.

Before providing the expressions for the different form factors we want to
briefly show how the calculation of the σ30, σ40, σ01, σ11 and σ21 terms, which
are part of σpheno

NLO (HH), can be organised. As said, the form factors provided
in the following can be plugged into the tree-level diagrams in order to get the
necessary one-loop amplitudes for ZHH and WBF HH giving σpheno

NLO (HH).
This is schematically depicted in Fig. A.1, where the relevant part of the ZHH
and WBF HH amplitudes, respectively W ∗W ∗ → HH or Z∗ → HHZ, is
shown. Via the interference of tree-level amplitudes and such one-loop ampli-
tudes obtained via form factors, we would get a cross section that we denote
as σFF, where FF stands for form-factors. It is important to note that σFF

contains also c̄6- and (c̄6)2-dependent spurious terms, which have to be dis-
carded. One can easily expand in powers of c̄i6c̄

j
8 the σFF result and identify

the different σFF
ij component.

We should note that for consistency we provide the form factor of HV V
matching the same convention used in ref. [57], i.e., without including the con-
tribution of the Higgs wave-function counterterm δZNP

H . The same convention
is used also for all the other form-factors. Note that in the case of the H prop-
agator and HHH vertex, UV divergences are present in the terms relevant for
our calculation and thus the other UV counterterms have to be included in the
definition of the form-factors.
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Figure A.2: Feynman diagrams contributing to the V [HV V ] form factor at
one loop.

HVV-vertex

The HV V form factor, which will denote as V [HV V ], enters both the single
and double Higgs production calculation and can be written as

V µ1µ2 [HV V ] = V µ1µ2
0 [HV V ] + V µ1µ2

1 [HV V ]c̄6 . (A.1)

For our calculation the c̄6-independent part can be ignored, while in a generic
gauge V1[HV V ] is given by the three diagrams 1 in Fig. A.2. Using the con-
vention that the corresponding Feynman rule is iV µ1µ2 [HV V ], as we will do
also for the other form factors, we can write V µ1µ2

1 [HV V ] as

V µ1µ2
1 [HV V ] =

λm2
V

16π2v
Tµ1µ2(p1, p2,mV ,mH) . (A.2)

In particular

Tµ1µ2(p1, p2,mV ,mH) = (−6B0−24m2
V C0+24C00)gµ1µ2−24pµ2

1 pµ1
2 C12 ,

(A.4)
where p1, p2 are the (incoming) momenta of the two vector bosons, µ1, µ2 are
the corresponding Lorentz indices, mV with V = W,Z is mass of the vector
bosons, and B0, C0, C00, C12 are one-loop scalar/tensor integrals defined ac-
cording to the notation used, e.g., in ref. [2] and where the following variables

1In the unitary gauge the second diagram does not appear
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H H
=

H H
+

H H
+

H H

(A.9)

Figure A.3: Feynman diagrams contributing to P [HH].

are understood:

B0 =B0((p1 + p2)2,m2
H ,m

2
H) , (A.5)

C0,00,12 =C0,00,12(p2
1, (p1 + p2)2, p2

2,m
2
V ,m

2
H ,m

2
H) . (A.6)

We remind the reader that the 1
2δZ

NP
H contribution from the external H has

been removed from V [HV V ].

H propagator

The form factors for the HH two point function, which we denote as P [HH],
receives one-loop contributions from the diagrams in Fig. A.3, where the con-
tribution of counterterm diagram is given in eq. (2.25). At one loop P [HH]

can be written as

P [HH] = P00[HH] + P10[HH]c̄6 + P20[HH]c̄2
6 . (A.7)

In our calculation we do not include P00[HH] contributions, which we set to
zero, while P10[HH] and P20[HH] read

P10[HH] = 2P20[HH] =
1

16π2
(6λv)2

[
B0(p2,m2

H ,m
2
H)−B0(m2

H ,m
2
H ,m

2
H)
]
,

(A.8)
It is important to note that P (HH) does not depend on c̄8. Indeed, although

the second diagram, the seagull, depends on c̄8 due to theHHHH vertex, it is
exactly cancelled by the Higgs-mass counter term. We remind the reader that
the −δZNP

H component in the counterterm has been removed from P [HH].
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HHH-vertex form factor

λ3

λ3

λ3 λ3λ4 λ5

Figure A.4: Feynman Diagrams contributing to the HHH form factors at one
loop.

The form-factor for the HHH vertex, V [HHH], receives contributions from
the diagrams shown in the main text in Fig. A.4 and the counter term of
Fig. 2.1. At variance with V [HV V ] and P [HH], V [HHH] depends on both
c̄6 and c̄8:

V [HHH] =
∑

i+2j≤3

Vij [HHH]c̄i6c̄
j
8 . (A.10)
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For our calculation V00[HHH] and V10[HHH] can be set equal to zero, while

V30[HHH] =
1

16π2
(6λv)3C0(p2

1, p
2
2, p

2
3,m

2
H ,m

2
H ,m

2
H) , (A.11)

V20[HHH] =
1

16π2
(6λv)33C0(p2

1, p
2
2, p

2
3,m

2
H ,m

2
H ,m

2
H), , (A.12)

+
1

16π2
108λ2v

{
−1

2
[B0(m2

H ,m
2
H ,m

2
H)−∆] (A.13)

+

3∑

i=1

[B0(p2
i ,m

2
H ,m

2
H)−∆]

}
,

V01[HHH] =
λv

16π2

{
18λ

[
3∑

i=1

[B0(p2
i ,m

2
H ,m

2
H)−∆]

]
(A.14)

− 6

[
Ncm

2
t

v2
∆ + 16π2 δv

v

]
+ 21

A0(m2
H)−m2

H∆

v2
(A.15)

+ 3
A0(ξZm

2
Z) + 3m2

Z∆

v2
+ 6

A0(ξWm
2
W ) + 3m2

W∆

v2

}
,

V11[HHH] =
λv

16π2
18λ

[
3∑

i=1

[B0(p2
i ,m

2
H ,m

2
H)−∆]

]
, (A.16)

where the B0 and C0 are the loop scalar integrals, with the dependence on ex-
ternal momenta and internal masses expressed with the convention in ref. [2].
The term ∆ is the UV divergence as defined in Section 2.1. The V30[HHH]

component is equivalent to the result of ref. [92], where it is assumed V [HHH] ∼
(1 + c̄6)3V30[HHH]. It should be noticed that the contribution of δv, which
as discussed in Section 2.1 is completely of SM origin, is necessary in order
to obtain UV finiteness and gauge-invariance for the finite results. We kept the
explicit dependence on the ξ gauge parameters outside δv precisely to make
this point manifest. In order to help the reader we report in the following the
UV divergent part of δv and the ξ-dependent part, which includes both finite
and divergent contributions

(δv)UV = (δvSM)UV =
∆

16π2

[
1

2

(3 + ξZ)m2
Z + 2(3 + ξW )m2

W

v
− Ncm

2
t

v

]
,

(A.17)

(δv)ξ = (δvSM)ξ =
1

16π2

1

2v

[
A0(m2

ZξZ) + 2A0(m2
W ξW )

]
. (A.18)
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Figure A.5: Feynman diagrams contributing to the V01[HHV V ] form factor.
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Figure A.6: Representative Feynman diagrams contributing to the
V20[HHV V ] form factor.

We remind the reader that the 3
2δZ

NP
H component in the counterterm, which

originates from the three H external legs, has been removed from V [HHH].

HHVV-vertex form factor

Similarly to the case of V [HHH], the form factor for the HHV V vertex,
V [HHV V ], can be written as

V [HHV V ] =
∑

i+2j≤2

Vij [HHV V ]c̄i6c̄
j
8 . (A.19)

For our calculation only V20[HHV V ] and V01[HHV V ] are relevant and we
set the other contributions to zero. The V01[HHV V ] component originates
from the diagrams in Fig. A.5 and its structure is very similar to the one of
V1[HV V ],

V µ1µ2
01 [HHV V ] =

λm2
V

16π2v2
Tµ1µ2(p1, p2,mV ,mH) , (A.20)
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where all momentum are incoming and Tµ1µ2 is given in eq. (A.4). The
V20[HHV V ] term instead originates from the diagrams in Fig. A.6, which
include boxes and thus they involve a much more complex kinematic depen-
dence,

V µ1µ2
20 [HHV V ] =9

λ2m2
V

π2
[Fµ1µ2(p1, p2, p3, p4,mV ,mH)

+ Fµ1µ2(p1, p2, p4, p3,mV ,mH)] ,

(A.21)

where Fµ1µ2 is given by

Fµ1µ2(p1, p2, p3, p4,mV ,mH) =(−1

4
C0 −m2

VD0 +D00)gµ1µ2 + pµ1
4 pµ2

1 D12

+ pµ1
4 (p1 + p4)µ2D22 − pµ1

2 pµ2
1 D13

− pµ1
2 (p1 + p4)µ2D23 ,

(A.22)

with the dependence on external momenta and internal masses of C and D
functions as

C0 =C0((p3 + p4)2, p2
3, p

2
4,m

2
H ,m

2
H ,m

2
H) , (A.23)

Di(j) =Di(j)(p
2
1, p

2
4, p

2
3, p

2
2, (p1 + p4)2, (p4 + p3)2,m2

V ,m
2
H ,m

2
H ,m

2
H) ,

(A.24)

according to the convention of ref. [2]. Both V01[HHV V ] and V20[HHV V ]

are UV finite and gauge-invariant. We remind the reader that the δZNP
H com-

ponent in the counterterm, which originates from the two H external legs, has
been removed from V [HHV V ].
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Figure B.1: Maximum value of c̄6 (left) and c̄8 (right) such that the one-
loop corrections to the HHH amplitude are smaller than its tree-level value.
We consider two Higgs bosons on-shell and the third with virtuality equal to
m(HH), showing the dependence on m(HH).

In this section we describe how we derived the range of validity of our calcu-
lation,

|c̄6| < 5 and |c̄8| < 31 , (B.1)

which has already mentioned several times in the text.

First of all, we analyse the one-loop H∗ → HH amplitude, the analytical
expression of which can be obtained via δZNP

H and the form factors P [HH]

and the V [HHH] that have been provided in the previous section. We define
as c̄max

6 (c̄max
8 ) the value of c̄6(c̄8) such that the one-loop amplitude is as large

as the tree-level one, i.e. the value of of c̄6(c̄8) from where perturbative con-
vergence cannot be trusted anymore. For the estimation of c̄max

6 we take into
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Figure B.2: c̄6-dependence of rc̄6 (left) and c̄8-dependence of rc̄8 (right) for
ZHH and WBF HH at different energies.

account the leading contribution from V30 and P20, both yielding c̄3
6 terms.

For c̄max
8 we instead consider as first step the contribution from V11, which is

the dominant term when c̄6 is large, and we compare it with the linearly c̄6

dependent part of the tree-level vertex. In such a way the value of c̄max
8 is

independent on c̄6.

The value of c̄max
6 (c̄max

8 ) has a kinematic dependence. In the left plot of
Fig. B.1 we display the dependence of c̄max

6 on m(HH), ranging from 125
GeV to 3 TeV. The equivalent plot for c̄max

8 , taking leading term in c̄6, is
shown on the right. Thus, we explore m(HH) values both below the pro-
duction threshold and in the tail of the m(HH) distributions. As can be seen
in both cases, the most stringent constraints, |c̄6| < 5 and |c̄8| < 31, arise
from the threshold condition m(HH) = 2mH , while for different values of
m(HH) the bound is weaker.

In the case of c̄max
6 the constraint is independent on the value of the renormal-

isation scale µr and compatible with the result obtained in ref. [92], where the
subdominant contribution of P20 was not taken into account. Conversely, in
the case of c̄max

8 the constraint does depend on the value of the renormalisation
scale µr. However, we verified for µr = mH , 4mH , that the most stringent
c̄max

8 value is anyway arising from the kinematic condition m(HH) = 2mH .

The constraints of eq. (B.1) have been derived via the analysis of the H∗ →
HH amplitude. On the other hand, for ZHH and WBF HH we also have
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the HV V and HHV V vertexes contribute via loop corrections to the quantity
σpheno

NLO , eq. (4.16), Thus, it is important to check if they can affect the results
of eq. (B.1). To this purpose we directly considered the quantities

rc̄6 ≡ c̄4
6σ40

c̄2
6σ2

=
σ40

σ2
c̄2

6 ,

rc̄8 ≡ σ21c̄
2
6c̄8

σ2c̄2
6

=
σ21

σ2
c̄8 , (B.2)

for ZHHH and WBF HH at different energies. The quantity rc̄6 is the ratio
between the term with the highest power in c̄6 from ∆σc̄6 and the one with
the highest power in c̄6 from σLO, i.e., the ratio of the dominant contributions
at tree and one-loop level for large c̄6 values. Similarly, the quantity rc̄8 is
the ratio between the term with the highest power in c̄6 from ∆σc̄8 and σLO.
Thus, both of them can be considered as a generalisation of the first step; both
HV V andHHV V vertices are taken into account and phase-space integration
is performed.

In the left plot of Fig. B.2, we show rc̄6 for the case of ZHH at 500 GeV

and of WBF at 1, 1.4 and 3 TeV, which are the phenomenologically relevant
scenarios analysed in sec. 4.2. Requiring |rc̄6 | < 1, we can get |c̄6| < 8

for ZHH at 500 GeV, and |c̄6| < 9, 10, 11 for WBF HH at 1000, 1400 and
3000 GeV, respectively. Thus, as one would expected from Fig. B.1 for the
H∗ → HH vertex, at higher energies, far from the production threshold, limits
are weaker. In the right plot we show rc̄8 for the same energies an process. Also
in this case the obtained limits are weaker than in eq. (B.1), |c̄8| <∼ 35− 40.





C Cut efficiency

In this section we explicitly write the cuts used in our analysis of gg → HH →
bb̄γγ(Section 3.3). The cuts are the same of Ref. [22], on which our analysis
is based. Specifically, at 14 TeV, they correspond to

pT (b1) > 50 GeV, pT (b2) > 30 GeV , (C.1)

pT (γ1) > 50 GeV, pT (γ2) > 30 GeV , (C.2)

|η(b)| < 2.5, |η(γ)| < 2.5 , (C.3)

0.5 < ∆R(b, b) < 2, ∆R(γ, γ) < 2 , (C.4)

∆R(b, γ) > 1.5 , (C.5)

while at 100 TeV, the pT cuts are replaced by:

pT (b1) > 60 GeV, pT (b2) > 40 GeV , (C.6)

pT (γ1) > 60 GeV, pT (γ2) > 40 GeV . (C.7)

In fig. C.1, we show the differential cut efficiency for the signal, assuming SM
double Higgs production and narrow-width approximation. In other words,
we plot the ratio between the number of events predicted in the SM with and
without the cuts as function of m(HH). Since spin-0 contributions dominate
for both SM and BSM cases, cut efficiencies for BSM cases are very similar.

The zero efficiency in the 250 GeV < m(HH) < 300 GeV phase-space re-
gion is not a surprise; when Higgs boson pairs are produced at the threshold,
both the bb̄ and γγ pairs from the Higgs decays are back-to-back and there-
fore rejected by the cuts ∆R(b, b) < 2 and ∆R(γ, γ) < 2. Increasing the
energy, both Higgs bosons can have non-vanishing transverse momentum and
therefore their decay products can be not back-to-back. For very high ener-
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Figure C.1: Differential cut efficiency for SM double-Higgs signal from the
bb̄γγ signature, at parton level.

gies, their decay products tend to be collimated and lead to much higher cut
efficiency.
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