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Introduction

1 Refractive versus gravitational light deflection

Everyone is familiar with the fact that light is refracted as it travels through different media (glass, water, air...). This
well-known phenomenon accounts for many different observations: a stick halfway in water appears to be bent, the fish
is not exactly where you see it, the mirages in the desert form far from the real objects, etc. Mirages are explained by
light rays propagating through layers of warm air of different refractive index, and bending towards regions of colder
(i.e. denser) air. This refractive light deflection may significantly affect our view of distant earth objects.
For example, we could see two (or more) images (one direct and one inverted lower image) of the lights of a distant
car travelling on a sun heated road (Figure 0.1). Furthermore, the images are often deformed, or the car may seem to
be closer as its lights appear brighter. Indeed, the so-called atmospheric lensing causes the multiplication of images,
image deformation, or light amplification of distant unresolved objects.

Any of these ‘‘optical illusions’’ are simply due to the fact that light is deflected if the medim is inhomogeneous.
As we are aware that the stick in the water is not truly bent, and as, when we aim at a fish, we slightly compensate for
the offset, we all know that the image of the sky on the desert sand must not be mistaken for a pound of water. Mankind
even took advantage of refractive light bending, and among others, built optical lens telescopes to observe the sky.

In 1915, Albert Einstein linked the fate of space-time with the presence of matter. Indeed, in General Relativity
(GR), space-time can be compared with a mattress which is flat when no object lies on it. The presence of massive
bodies on that mattress deforms (or we should say forms) it; the heavier the body, the more pronounced the dip.
Consequently, a small marble originally travelling freely on a straight line on its surface, will now be following a
curved trajectory. The closer the marble rolls from the massive body, the more deflected it will be from its originally
straight path. So do the photons (particles of light) as they follow curves, called geodesics, of our space-time shaped
by the presence of gravitational masses (Figure 0.2).

The effect of space-time on light trajectories in General Relativity is exactly the same as for an inhomogeneous medium
in classical optics. The only difference is that General Relativity is simpler in a sense because there is no dispersion
since the effective deflection index does not depend on the light frequency.
In analogy with refractive light deflection, what is called gravitational light deflection leads us to see a light source,
like a star, slightly offset from its true position (just like the fish in water). It can also significantly affect our view
of distant universe sources as a result of image multiplication, deformation, or light amplification. Again, Nature is
trying to fool us as we scrutinize the solar system and the Universe through our telescopes! However, corrections to
our tricked view can be calculated in the framework of General Relativity. Moreover, astrophysicists have new natural
telescopes at their disposal, using now large mass distributions as lenses to observe distant objects too faint to be seen
otherwise. In this work, we propose to investigate another application of gravitational light deflection: instead of trying
to model our Universe through General Relativity, we will explore the possibility to use experimental data to test a set
of alternative theories beyond General Relativity.



Fig. 0.1 Propagation of light rays above a heated ground between a distant car and an observer (left). Atmospheric lensing causes the

formation of multiple images (right). With the courtesy of J. Surdej.

Fig. 0.2 The lowest part of this drawing illustrates how the solar gravitational potential deforms space-time, and how photons follow curved

geodesics. The upper part of the drawing shows the resulting apparent position of the star, slightly offset from its true position, due to the

presence of the Sun. The intermediate drawing shows the true position of the star, as seen when the Sun is not present in this part of the sky.
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2 Why alternative theories to General Relativity?

General Relativity, this monumental theory elaborated by Albert Einstein, is a pure tensor theory which simply
reduces to Newton’s theory in the weak field limit. It agrees, so far, with all the observations made in our solar
system and has to be taken into account in modern technologies like the Global Positioning System (GPS) [20] or
when computing orbits. Nevertheless, the theory of General Relativity cannot be the final theory of gravitation for the
following reasons.

First of all, from a theoretical point of view, General Relativity is characterized by the requirement that the
gravitational interaction be mediated solely by a massless helicity-2 particle, the graviton, corresponding to the metric.
Let us express the underlying consequences of such an assumption at the level of the total action:

IGR = IGR gravitation + IGR matter .

1/ From the point of view of the dynamics of the gravitational field, the action describing the propagation and self-
interaction of the gravitons is the Hilbert-Einstein action which contains only the metric gµν and the scalar curvature
R associated with it:

IGR gravitation (gµν) =

∫
dx(4)

√−g

{
− 1

2κ
R

}
with κ ≡ 8πGN/c4 .

A first remark is that the minimal choice of the Hilbert-Einstein action is not based on any fundamental principle. Or
to express it in another way, it is evident that covariance and Newtonian field approximation alone do not determine
uniquely the gravitational action. For example, quadratic, or cubic terms... in the curvature tensor could also be con-
sidered. Furthermore, nothing guarantees that the Newtonian potential is valid on very short, or very long distances.
Moreover, when elaborating his theory of General Relativity in order to unify Special Relativity with the Newtonian
law of gravitation, Einstein kept the gravitational coupling unchanged. The Newtonian constant, GN , is not dimen-
sionless ([GN ] = mass−2 in units ℏ = c = 1) though, unlike for example the electro-weak coupling constant. This
means that Einstein’s theory of gravitation cannot be properly described by quantum field perturbation theory. Indeed,
an expansion in powers of the coupling constant leads to divergences in this case, and those divergences cannot be ab-
sorbed by the renormalization of a finite number of parameters.
Consequently, General Relativity cannot be perturbatively1 quantized and this makes it impossible to unify it with other
fundamental interactions.
Also, General Relativity is not invariant under conformal transformations. However, if we wish to achieve the uni-
fication of gravitation with particle physics, in which conformal invariance plays a crucial role, we might consider a
theory of gravitation that incorporates this property.

2/ From the point of view of the coupling of gravitation to matter fields, General Relativity is a Metric theory (Met-
ric coupling) and its coupling is universal (the same for any matter field). A Metric coupling of gravitation to matter
means that its depends only on a symmetric metric and on its first order derivatives, with freely-falling test (point-like)
particles following the geodesics of this same metric. In terms of the matter action,

IGR matter (gµν) =

∫
dx(4)Lm(gµν , ψm) ,

a universal Metric coupling simply corresponds to replacing the flat Minkowskian metric, ηµν , by gµν(x
σ) in the

Standard Model of fundamental interactions.
A Metric theory of gravity preserves the Einstein Equivalence Principle (EEP). The latter one postulates

1 Fifteen years ago, a new approach to quantum gravity was proposed. Loop gravity, also called Quantum General Relativity and now fairly
well developed [21, 118], is a tentative theory, just like String theories. Direct or indirect corroboration of those theories is lacking, because
Planck-scale physics is not experimentally accessible yet.
Loop gravity, however, is not as ambitious as String theories: it does not aim, like the latter, at unifying all known fundamental physics into one
single theory. The main differences between Loop gravity and String theories, though, are that the loop approach is non-perturbative and provides
a background independent quantification of General Relativity.
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1. the equivalence between inertial and gravitational masses for test (point-like) particles, independently of their mass
and composition.
The consequence of this postulate, called the Weak Equivalence Principle (WEP) is the well-known Universality
of Free Fall for particles with negligible gravitational binding energy.

2. the equivalence, locally, of any free-falling reference frame with a reference frame at rest in empty space, from the
point of view of all non -gravitational experiments for particles with negligible gravitational binding energy.
To analyze the physical implications of this principle, it is easier to reformulate it as the two following requirements:

(a) In a freely-falling reference frame, locally, the result of any non -gravitational experiment is independent of the
velocity of the reference frame. This constitutes the Local Lorentz Invariance Principle (LLIP).
This principle implies the isotropy of the speed of light: there are no preferred referential rest frames.

(b) In a freely-falling reference frame, locally, the result of any non -gravitational experiment is independent of the
space-time point where this experiment is made. This last postulate is the Local Positional Invariance Principle
(LPIP).
A consequence of this principle is the constancy of Standard Model ‘‘constants’’: they depend only on the cou-
pling constants and mass scales entering the Standard Model. A second consequence of LPIP is the universality
of the gravitational redshift. When two identical clocks are located at different positions in a static external
Newtonian potential, they show, independently of their nature and constitution, a difference in clock rate when
compared thanks to electromagnetic signals; and it is, at first order in 1/c2, proportional to the difference of
the Newtonian potential at the two space-time points.

From the experimental point of view, the physical consequences of the assumed Metric coupling are well tested
(see Will [143] and references therein). The Universality of Free Fall (WEP) is now verified within 4 10−13 by so-
phisticated torsion balances, comparing the accelerations of various materials towards local topography on the Earth,
movable laboratory masses, the Sun and the Galaxy. Any anisotropy of space that would have a direct incidence on the
energy levels in atomic nuclei is banned at the 10−21 level (LLIP). Sharp constraints have also been set on the variabil-
ity of Standard Model constants using very different data sources (spectral lines in galaxies, a natural fission reactor
active in Gabon two billion years ago...): for example, the most stringent limit is on the fine structure constant with∣∣∣•α /α
∣∣∣ < 10−15 years−1 (time LPIP). As far as the gravitational redshift is concerned, it was tested by hydrogen-maser

clocks at the 10−4 level (space LPIP).
It is the dynamical part of Einstein’s General Theory of Relativity which is the less strongly constrained. The New-
tonian weak field limit potential has only been verified down to the millimeter scale by laboratory experiments [18].
Even though Einstein’s theory passed so far all the relevant solar system tests (light bending, time delay, perihelion
shift of Mercury) within the experimental errors (see Will [143] and in particular Table 4), we recall that General Rela-
tivity cannot reproduce the flat velocity distributions in the vicinity of galaxies without using copious amounts of dark
matter. The Newtonian potential would indeed predict a decreasing distribution.
We are thus confronted with the following dilemma: either we assume the existence of a huge amount of dark matter,
or we modify the potential for galactic distances. This second solution would immediately invalidate General Relativ-
ity with a null cosmological constant.
Note that the solution to the ‘‘dark matter dilemma’’ could also be a combination of the two solutions mentioned here
above, thus requiring a more acceptable amount of dark matter.

Finally, from a cosmological point of view, the Standard Big Bang Model deduced from General Relativity suffers
from several weaknesses. It is indeed based on particular hypotheses like isotropy, flatness, and a very small cosmo-
logical constant. These constitute as many initial conditions/parameters that it would be desirable to deduce from the
dynamics in the setting of a new theory. Equally, linked to those particular initial conditions, come out the discussions
about the horizon, the curvature and the age of the universe.

It must now be clear why, from the theoretical, experimental and cosmological point of view, an alternative theory
of gravitation is highly desirable. A ‘‘new’’ theory would even be preferable to General Relativity, if it agrees with lab-
oratory and solar system gravitational experiments (with maybe some departures from the Einsteinian theory on larger
distance scales), while encompassing properties like renormalizability or scale invariance at some level. Hopefully
too, the alternative theory might provide further dynamical insight on the cosmological evolution of our universe.
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3 Importance of light deflection tests

When testing alternative theories of gravitation in the solar system, the (Post-)Post-Newtonian formalism ((P)PN) is
very convenient. In the case of Metric theories of gravity, and if we furthermore restrict ourselves to Fully Conservative
theories, i.e. theories preserving not only the total energy and momentum but also the total angular momentum, only
three PN parameters have to be considered. Moreover, in this work, we only treat Purely Dynamical theories. That is
to say Metric theories whose gravitational fields have their structure and evolution determined by coupled differential
equations. In this framework, only two PN parameters are relevant: the first one, γ, characterizes the ‘‘amount of
curvature per unit rest mass’’ and the second one, β, the ‘‘non-linearity in the superposition law of gravity’’ [142, 143].
Throughout this work, we will be mostly interested in the first of these parameters, γ.

There are presently four solar system experiments2 available, with sufficient accuracy, to significantly constrain
gravitational theories: the time-delay and light bending tests, the Lunar Nordtvedt test, and the precession of the peri-
helion of Mercury. However, unlike time delay and light bending which are clean tests, in the sense that they provide
a direct estimation of γ, the other tests are truly only sensitive to combinations of the Post-Newtonian parameters β, γ
and other parameters, so that it is necessary to combine results from several tests to isolate γ.

Historically, the spectacular phenomenon of light deflection by a gravitational source (namely the Sun) was the
trigger to the success of Einstein’s theory. Today, the arrival of new detection techniques allows not only for the precise
measurement of the light deflection angle (change in the apparent position of a light source) due to the Sun or planets
in our solar system, but also for the observation of microlensing events (variation of the received light flux) at the
scale of our galaxy, and of gravitational mirages (multiple images) or weak lensing (distorted images) at extragalactic
distance scales. Let us state the characteristics of these effects.

The light deflection angle due to the gravitational field of the Sun was the very first prediction of General Relativity
which originally confirmed this theory within a 20% error margin. Today, with modern techniques operating in the
radio-waveband, the precision has reached about 0.01%, allowing the planets of our solar system to be considered as
potential deflectors too. Nevertheless, changes in the apparent light source position only constitute a test of General
Relativity in our solar system.

The microlensing effect predicted by General Relativity is usually used to search for dark matter in the vicinity of

our galaxy and also in external galaxies. This phenomenon, due to a small object with a mass characteristic of planet
or a star, could also be used as a test to exclude some extensions of General Relativity, on the basis of their predictions
at galactic distance scales.

At extra-galactic distance scales, one would rather use the gravitational mirage criteria (examples of such phe-
nomenon are presented in Figure 0.3) or weak lensing. At such distances, galaxies or clusters do actually act as lenses.
There, alternative theories can depart from the Einsteinian theory, but their predictions must in any case stay in agree-
ment with the observations verified by General Relativity at shorter distances.

So light deflection experiments allow us to test the universality of relativistic theories of gravitation over

different distance scales by considering successively a close star, a galaxy or a distant quasar... as light sources that
will be lensed by a solar system body, a star of the galactic halo, a galaxy or a cluster.

4 Light bending as a test for alternative theories of gravitation

The aim of this thesis is thus to investigate predictions regarding light deflection within some chosen alternative
theories to General Relativity, in order to confront them with present or future constraints from observations.

However, in view of the blooming business of alternative theories, we know that it is impossible here to consider
every alternative theory of gravitation. So, we shall restrict ourselves to a few promising ones.

Concerning theories reconsidering the Metric coupling inherent to the matter part of the general relativistic action,
we will only give one example, namely the Kaluza-Klein type of theories used in Large Extra Dimensions (LED) de-
velopments. In such theories, gravitation is described by a (4+d)-dimensional gravitational action. However, particles

2 In the future, this set will be enlarged. See the last table in Annex B for some examples.
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Fig. 0.3 Gravitational lens in Abell 2218. Picture obtained with the Hubble Space telescope (WFPC2), April 5, 1995, NASA.

only couple to gravitation in 4-dimensions and hence do not follow the geodesics of the 4-dimensional induced metric,
obtained after compactification of the extra-dimensions. In addition to the usual massless graviton mode, the physical
gravitational sector in the 4-dimensional picture now includes massless tensor and scalar modes, as well as tensor and
scalar massive modes. Furthermore, the massless scalar mode induces a coupling of gravitation to matter which is too
strong to account for solar system tests of gravitation. Given that the Weak Equivalence Principle is already violated
in any case, a mass is simply given by hand to this otherwise massless scalar mode.

The WEP, LLIP and LPIP consequences of a Metric coupling principle being checked with such an astonishing
precision, we will mostly concentrate on Metric theories of gravity and alter only the dynamical part of the total gen-
eral relativistic action.
When extending the gravitational sector, the most popular way is to add massless scalar degrees of freedom. We
will consider the minimal example, where only one massless scalar field is added in the gravitational action and the
Newtonian gravitational coupling constant, GN , is kept. That is, the gravitational scalar does not couple to matter.
From the gravitational part of the Minimal Tensor Scalar theory (MTS) action (1.27) so obtained, we can recover the
Scale Invariant Tensor Scalar theory (SITS) (1.1), in which the scalar field does not couple to matter either, but which
has a non-minimal coupling of the metric to the scalar field (mixed (Rφ)-term in the gravitational action).
On the other hand, the class of so called Tensor Scalar theories (TS) (1.4) allows for the existence of massless scalar
gravitational fields which couple to matter with a gravitational strength only. The corresponding gravitational ‘‘con-
stant’’ is no longer Newton’s constant, but is rather determined by the inverse of a scalar field. Thus Tensor Scalar
theories interestingly provide a possible route to a renormalization/quantization of gravity. Finally, such theories are
strongly motivated by String theories which, besides the usual Einstein tensor metric field, contain massless scalars
that are crucial for the coupling and may play an important role also in an effective action at low energies.
Finally, we will explore another type of alternative to the first postulate of General Relativity, and consider the exam-
ple of the purely conformal tensorial theory, namely the Weyl theory (W) (1.49). The Weyl approach introduces higher
order derivatives of the metric in the gravitational Lagrangian, as a combination of scalars formed with the Riemann,
Ricci and the squared curvature tensor. One of its interesting features is of course its conformal invariance. In addi-
tion, the gravitational coupling is dimensionless, because the curvature scalars present in the gravitational action are
now of dimension four in mass (in units ℏ = c = 1), allowing for renormalization.

Now, from the point of view of light deflection, we realized that, because of the unknown mass distribution
of the deflector (which is often inferred from the observations assuming General Relativity), some phenomena like
gravitational mirages, weak lensing or microlensing might not always be efficient for testing alternative theories. This
is why this thesis is mostly centered on the light deflection angle and the change in apparent position. Qualitatively
different lensing configurations are, however, emphasized but weak lensing is omitted.
Nevertheless, this option might need to be revised in the future, light deflection being a fast developing field. If so, a
complementary study of these tests would be interesting.
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5 The structure and main results of this thesis

This work is devided into five chapters, in addition to this introduction and to the conclusions.

In Chapter 1, we shall summarize the main properties of the theories of gravitation listed above. For theories
allowing a parametrized (Post-)Post-Newtonian ((P)PN) expansion, the corresponding parameters will be derived. In
particular, for Tensor Scalar theories, we present a new efficient way to derive the (P)PN parameters by means of a
conformal transformation of the Schwarzschild Minimal Tensor Scalar solution.

In Chapter 2, we give an original particular but exact and analytical class of cosmological solutions to Tensor Sca-
lar theories. This class of solutions to the dust era admits General Relativity as an attractor and is naturally inferred from
the radiation-era evolutionary equations. It is used to obtain an estimate of the present value of the Post-Newtonian
parameter γ, for Tensor Scalar theories, as needed to discuss the predictions regarding light deflection. The influence
of a cosmological constant added to this model, so as to agree with Supernovae of type A (SNIa) results, as well as the
dependence of γ-estimate on the model are also discussed.

In Chapter 3, general considerations on the measurement of the light deflection angle in the weak field limit are
underlined. First of all, the precision of the past, present, and future experiments, as well as the role of the impact
parameter in the formulation of the second order deflection angle are evoked. The important effects to be considered
at second order are enumerated and orders of magnitude given. The second order contribution to the light deflection
angle is crucial to untangle Minimal Tensor Scalar and Scale Invariant Tensor Scalar theories from General Relativity.

In Chapter 4, we approach the question of weak field limit angular displacement predictions for the different
theories we have selected.

In Large Extra-Dimension theories, when a mass is given to the zero-mode scalar field, the minimal coupling is
restored and the deviations from General Relativity become less spectacular and in reasonable agreement with experi-
ments. However, the massive tensor modes will contribute at third order in light deflection with a signature that could
be looked for in future experiments. Indeed, not only is this additional term a function of the mass of the gravita-
tional deflector and of the observation angle with respect to the deflector, but it is also a function of the number d of
extra-dimensions and of the mass scale Ms of the theory. Additionally, it exhibits a strong quadratic dependence in the
energy of the photons, i.e. in the frequency of observations. Thanks to these features, we shall see that if the present
lower bound on Ms obtained from collider physics, ∼ 3 TeV/c2, is safe from the point of view of observations in the
radio waveband, in the visible band, experiments push it higher to above ∼ 28 TeV/c2 for d = 2. Observations made
at higher frequencies, for example in the UV band, would allow more stringent constraints on (d, Ms). Such a task
might be achievable with the astrometric satellite GAIA.

For the Minimal Tensor Scalar theory, Scale Invariant Tensor Scalar theory and Weyl gravity, the analysis of the
geodesic light deflection potential allows us to define critical values of the free parameter of the theory at which
the traditional Schwarzschild black hole potential changes drastically, or to discuss the existence of a critical closest
approach distance under which no deflection can take place. In the Weyl theory, there even exists a maximum closest
approach value beyond which light orbits are bound (if the additional linear contribution to the Newtonian potential is
negative).
In this same chapter, the asymptotic behavior of the Weyl theory is carefully discussed with respect to the sign of the
linear term in the gravitational potential. The exact conformal transformation to asymptotic Minkowski flat space is
provided.
Also, light deflection in the solar system allows us to put strong constraints on the Weyl linear parameter, but does not
help us to settle its sign.

In Chapter 5, we are interested in microlensing and gravitational mirages. For Tensor Scalar theories, neither
microlensing nor gravitational mirages seem to provide a useful test. For example, if the lens mass is unknown, the
Tensor Scalar microlensing amplification curve can be rescaled to that of General Relativity. As far as the Weyl theory
is concerned, on the contrary, the shape of the amplification curve is modified according to a factor function of the free
parameter of the theory and of the distances involved in the microlensing event. Within the limits of our approximation,
we were allowed to discuss the case of a negative linear parameter. It leads to a larger microlensing amplification than
in General Relativity, but the corrective factor is already constrained to be very close to 1. Hence, the deviation from
the general relativistic predictions might be irrelevant.
For the Weyl theory, gravitational mirages constitute more appropriate tests of gravitation, as the distances involved
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correspond to those at which the characteristic linear contribution to the gravitational potential becomes significant.
They allowed us to further reduce our solar system bound on the absolute value of a negative linear parameter by
about three orders of magnitude. Such an analysis could yet be refined... The gravitational mirage test might also
be useful for Minimal Tensor Scalar and Scale Invariant Tensor Scalar theories because some ranges of the MTS/SITS
parameter and some lensing configurations allow predictions qualitatively different from General Relativity. More
precisely, a systematic analysis of the image parity is an interesting test in the case of mirages. For microlenses, very
small values of the MTS/SITS parameter could lead to an extinction of the light source; whereas the predictions are
analogous to the general relativistic ones for larger values of the parameter.

Finally, in the conclusion, we summarize our results and comment on a few perspectives.
Note that the reader can consult our conventions in Appendix A, while Appendix B provides the necessary information
and references on light deflection experiments; Appendix C gives a detailed calculation of light deflection in Large
Extra-Dimension theories, together with the required Feynman rules.



Chapter 1:

Selected alternative theories to General

Relativity (GR)

Several extensions and alternatives to General Relativity have been suggested, aiming to answer the objections
that General Relativity is facing: theories including several additional (scalar) degrees of freedom, and higher order
(in the metric derivatives) tensor theories...

In this first chapter, we recall the main characteristics of some selected alternative theories to GR. The correspond-
ing Eddington-Robertson-Schiff parameters are then derived for the theories admitting a parametrized Post-Newtonian
expansion, since those parameters are crucial to discuss light deflection predictions in the next chapters.

1.1 Scale Invariant Tensor Scalar theory (SITS)

The so-called Scale Invariant Tensor Scalar (SITS) theory for a massless scalar field φ is defined by the following
action:

ISITS =
∫
dx(4)

√−g
{
− 1

2κR+ 1
2φ

|µφ|µ +
1
12Rφ2 + Lm(gµν , ψm)

}
(1.1)

with
κ ≡ 8πG/c4 .

The non-minimal coupling of the massless scalar φ to the curvature invariant ensures the vanishing of the trace of
the scalar-field stress tensor, so that the scalar sector of the gravitational action is conformally invariant [30, 47]. The
SITS theory is a Metric theory in which the scalar field does not couple to matter. Consequently, the Weak Equivalence
Principle is preserved and we can identify G with the measured Newtonian constant GN .

Applying the variational principle to the SITS action, with respect to the metric, leads to the following field equa-
tions [30, 47, 48]:

1

κ

[
1− κ

6
φ2
]
Gµν = Tµνφ + Tµνm with





Gµν ≡ Rµν − 1
2R gµν

≡ the Einstein tensor,

Tµνφ ≡ φ|µφ|ν − 1
2g
µν φ|σφ|σ +

1
6

{
gµν �φ2 −

(
φ2
)|µ|ν}

≡ the scalar energy-momentum tensor .
(1.2)

On the other hand, the variational principle with respect to the scalar field gives the scalar-field equation:

�φ =
1

6
Rφ . (1.3)
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1.2 Tensor Scalar theories (TS/BD/STRINGS)

String theories are the only consistent approach, known so far, to quantize perturbatively gravitation. They possess
a 2D conformal invariance and lead to an effective action containing additional degrees of freedom in comparison with
General Relativity. A minimal version of these consists in the tensor scalar theory first suggested by Brans and Dicke

[28] in 1961: a single massless scalar field with a constant coupling to matter is proposed. GR is recovered when the
scalar coupling to matter vanishes.
This theory was first introduced by the two authors, as explicitly mentioned in the title of their article, to implement
Mach’s principle in a relativistic theory of gravitation. This goal had soon to be abandoned though, as it requires a
large scalar coupling constant to matter, totally excluded by the classical tests of gravitation in the solar system.
Nevertheless, the theory of Brans and Dicke (BD) still represents an interesting possible low energy limit of Strings if
the scalar coupling to matter is space-time dependent.

What we shall call Tensor Scalar theories (TS) in this work are generalizations of the Brans-Dicke action, with
a single scalar field3. Specific scalar coupling time-dependences admit an attractor mechanism of the theory towards
General Relativity without a strong dependence on initial conditions, thus allowing to nicely fit the present obser-
vations. The cosmological evolution of the scalar coupling to matter will be studied in detail in Chapter 2, in one
particular model.
Those BD-like theories can be expressed in two different frames, the original Jordan/String frame or the Einstein/Pauli
frame, which are physically equivalent (one simply has to be cautious about expressing the final result in terms of
measurable quantities). The Einstein frame appears more convenient for cosmological calculations (analysis and cos-
mological evolution of equations of the Friedman-Lemaître type). The Jordan frame is probably better suited to rel-
ativistic calculations (light deflection, perihelion advance, particle motion...) as particles follow the geodesics of the
corresponding Jordan metric, which is not the case in the Einstein frame.

1.2.1 Jordan frame

Let us recall the TS action [28], as it was formulated originally, in the Jordan frame:

ITS J =
∫
dx(4)

√−g
[
−1
2κ

{
R− ̟(Φ)

Φ2 Φ|µΦ|µ
}
+ Lm(gµν , ψm)

]
(1.4)

where

κ ≡ 8πG/c4 , G ≡ 1

Φ
,

and ̟(Φ) is the TS parameter, function of the scalar field Φ.
The coupling of gravitation to matter is Metric which implies that the WEP is verified.

The equations of motion in the Jordan frame are given by

Gµν = +̟(Φ)
Φ2

[
Φ|µΦ|ν − 1

2g
µνΦ|σΦ|σ

]
+ 1

Φ

[
Φ|µ|ν − gµνΦ

|σ
|σ

]
+ 8π

Φc4T
µν
m ,

�Φ = 1
2̟(Φ)+3

[
−d̟
dΦΦ|σΦ|σ +

8π
c4 Tm
]
,

(1.5)

where
Tm = gµν Tm

µν .

An approximative solution to the field equations can be found in the Newtonian (present-time) limit, after lin-
earization of the field equations. We first linearize the theory in the Jordan frame according to

gµν = ηµν + hµν

3 It has been shown that the (positive energy definite) multiscalar case does not bring essentially new features with respect to the monoscalar case
[40].
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and
Φ = Φ0 (1 + ϕ) ,

where Φ0 is a constant background value.
Owing to the cosmological timescale for the variation of the scalar field and its coupling, with respect to the timescale
for gravitational experiments, the solution we will derive is static. Furthermore, in Chapter 2, we shall see that the
present-time value of the scalar field, of its derivative and of its coupling to matter must be small.
Accordingly, we write the metric equation as

�hµν ≃ −2κ

[
Tm µν −

1

2
ηµν Tm +

1

2
α2TS Tm ηµν

]
, (1.6)

where

αTS ≡ 1√
2 ̟(Φ) + 3

. (1.7)

Note that to obtain this compact expression (1.6), we chose a gauge (Hµ
µ = Hµν

|µ = Hij
|j = 0, keeping only the

three physical polarizations for the graviton) in which the following tensor,

Hµν ≡ hµν −
1

2
ηµν h− ηµν ϕ with h ≡ ηµν hµν ,

is traceless and transverse.
For the scalar field, the resulting equation

�ϕ ≃ α2TS κ Tm

shows that αTS can be identified as the field dependent scalar coupling to matter.
At first order in 1/c2, the energy-momentum tensor in a dust universe is given by Tµνm = ̺mc2 uµuν where ̺m is the
matter density. The field equations thus become

�h00 ≃ −
[
1 + α2TS

]
κ ̺mc2 ,

�hii ≃ −
[
1− α2TS

]
κ ̺mc2 ,

�ϕ ≃ +
[
α2TS
]
κ ̺mc2 .

The solutions with respect to a cosmological constant background (noted with a subscript ‘‘0’’), up to first order in 1/c2

for a spherically symmetric static metric, are thus

h00 ≃ −2
[
1 + α2TS 0

] GM

rc2
, (1.8)

hii ≃ −2
[
1− α2TS 0

] GM

rc2
, (1.9)

ϕ ≃ +2 α2TS 0

GM

rc2
. (1.10)

In the Jordan frame, if we apply the variational principle with respect to the metric gµν to the matter action

ITS m J =

∫
M c ds , (1.11)

we see that particles follow geodesics of the metric, owing to the Metric coupling:

d2xµ

dk2
+ Γµνρ

dxν

dk

dxρ

dk
= 0 where dk = c dτ and k is the affine parameter for gµν .
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This equation can be expanded up to O(1/c2). For a static spherically symmetric metric, this gives

dt2

dτ2
≃ 0

and
d2r

dt2
≃
(
1 + α2TS 0

) GM

r2
. (1.12)

To recover the Newtonian law, the effective potential (for a unitary mass m) in the Jordan frame must be

VTS(r) = −
(
1 + α2TS 0

) GM

r
with FTS(r) = −∂rVTS(r) . (1.13)

Consequently, we could write, for the present value of the gravitational ‘‘constant’’,

G =
1

1 + α2TS 0

GN . (1.14)

1.2.2 Einstein frame

The conformal factor

A2(Σ) ≡ G

G̃
≡ 1

G̃Φ
with αTS ≡ ∂

∂Σ
lnA(Σ) (1.15)

transforms the metric of the Jordan frame, gµν , into the so-called Einstein metric, g̃µν = A−2(Σ) gµν .
The TS theory now reads

ĨTS E =
∫
dx(4)
√
−g̃
[
−1
2κ̃

{
R̃− 2 Σ|̃µ Σ|̃µ

}
+ Lm(A2(Σ) g̃µν , ψm)

]
(1.16)

where
κ̃ ≡ 8πG̃/c4 . (1.17)

In this frame, the Metric coupling is not explicit because particles do not follow the geodesics of g̃µν .
Notice that the coupling of gravitation to matter is now non-minimal (A2(Σ) �= 1), and thus the gravitational constant
G̃ cannot be identified with the Newtonian value.
Moreover, masses in the Einstein frame (M̃ ) are no longer constant but related to the masses in the Jordan frame (M )
by

M̃ = A(Σ) M . (1.18)

This can be easily understood when looking at the conformal transformation of the Jordan matter action (1.11) into the
Eintein matter action,

ĨTS m E =

∫
M̃ c d̃s . (1.19)

Finally, notice that the effective String action for a massless scalar field Σ appears as one particular case of the BD
theory ( ̟ constant) with ̟ equal to −1. In this particular case, the conformal factor is explicitly given by

A2
STRINGS(Σ) = e2Σ . (1.20)
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The equations of motion4 in the Einstein frame are

G̃µν = κ̃ T̃m
µν + 2 Σ|̃µ Σ|̃ν − g̃µν Σ|̃σ Σ|̃σ , (1.21)

and for the scalar field,

�̃Σ = − κ̃

2
αTS(Σ) T̃m . (1.22)

In this frame also an approximative solution to the field equations around the present time can be found, after
linearization in the Newtonian limit. Using

g̃µν = ηµν + h̃µν

and
Σ = Σ0 + σ , (1.23)

where Σ0 is a constant background value, we get

�̃h̃µν ≃ −2κ̃

(
T̃m µν −

1

2
ηµν T̃m

)
,

in the gauge where the tensor

H̃µν ≡ h̃µν −
1

2
ηµν h̃ with h̃ ≡ ηµν h̃µν

is traceless and transverse.
The equation for the scalar field is given by

�̃σ = − κ̃

2
αTS T̃m .

Particularizing these equations to a dust universe and retaining only the first order in 1/c2 (T̃µνm ≃ ˜̺mc2 ũµũν), the
field equations become

�̃h̃00 ≃ −κ̃ ˜̺mc2 ,

�̃h̃ii ≃ −κ̃ ˜̺mc2 ,

�̃σ ≃ −
[
1
2 αTS
]
κ̃ ˜̺mc2 .

Up to first order in 1/c2, the solutions are

h̃00 ≃ −2
G̃M̃

rc2
, (1.24)

h̃ii ≃ −2
G̃M̃

rc2
, (1.25)

σ ≃ −αTS 0
G̃M̃

rc2
, (1.26)

with respect to a cosmological constant background and for a spherically symmetric static metric.

4 If a cosmological constant is added to the Lagrangian (1.16), ĨTS gravitation E =
∫
dx(4)
√
−g̃−1

2κ̃

[
R̃− Λ− 2 Σ|̃µ Σ

|̃µ

]
, equation (1.21)

reads G̃µν − Λ g̃µν = κ̃ T̃m µν + 2 Σ|̃µ Σ|̃ν − g̃µν Σ
|̃σ
Σ|̃σ .
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1.3 Minimal Tensor Scalar theory (MTS)

If one imposes the minimal coupling of gravitation to matter (A2 ≡ 1) in the Einstein frame, the Minimal Tensor
Scalar gravitational action (MTS) is obtained and the corresponding gravitational constant can be identified with the
measured Newtonian constant, G = GN . It is the simplest way to modify the Hilbert-Einstein action of GR, taking
into account the possible effect of one massless scalar field:

IMTS =
∫
dx(4)

√−g
{
− 1
2κR+ 1

2Ψ
|µΨ|µ + Lm(gµν , ψm)

}
(1.27)

with
κ ≡ 8πG/c4 .

The most general static, spherically symmetric and asymptotically flat exact solution to the corresponding equa-
tions of motion,

Gµν = κ (TµνΨ + Tµνm ) with

{
TµνΨ ≡ Ψ|µΨ|ν − 1

2g
µν Ψ|σΨ|σ

≡ the scalar energy-momentum tensor,

�Ψ = 0 ,

(1.28)

is given in vacuum by

ds2 = A2(r)c2dt2 −B2(r)dr2 −D2(r)r2(dθ2 + sin2 θ dϕ2)

with A2(r) = B−2(r) =
(
1− 2GM

Υrc2

)Υ

D2(r) =
(
1− 2GM

Υrc2

)1−Υ
(1.29)

for the metric in Schwarzschild-like coordinates [69, 135, 145]; and for the scalar field, by

Ψ = Ψ0 ±
(
1−Υ2

2κ

) 1
2

ln

(
1− 2GM

Υrc2

)
. (1.30)

As we shall see later, this solution is useful to obtain the Eddington-Robertson-Schiff parameters not only of MTS
theory, but also of SITS and TS theories.
Note that for this MTS theory with a minimal coupling of gravitation to matter, M is a constant gravitational mass.
From (1.29), one must have

0 < Υ ≤ 1

to ensure the correct sign for the attractive Newtonian potential (with gravitational coupling G
Υ ) in the weak field limit.

We recover the standard Schwarzschild solution of General Relativity when Υ is 1.

1.4 Large Extra-Dimension theories (LED)

The idea of extra-dimensions is not new: first introduced by Kaluza and Klein in the 1920’s [94], it was revived
with the concept of compactification used in many recent String theories scenarios. This time, the compactification
radius is assumed to be much larger than the Planck length, but still under the millimeter scale5, in order to explain why

5 One therefore needs more than one extra-dimension, because the size of the extra-dimensions is given by

R ∼ M
2/d
Planck

M
(d+2)/2
s

ℏ
c

and forMs ∼TeV/c2, R ∼ 10+13 m for d = 1
10−3 m for d = 2

...
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it has stayed hidden to experiments so far [18]. One of the attractive features of these Large Extra-Dimension theories
is that they could provide a solution to the mass hierarchy problem [19] if the new low fundamental mass scale Ms is
at the TeV/c2 range. Also, LED theories predict a certain number of experimental signatures for collider physics, and
deviation from Newton’s law at submillimeter distances6.

The central idea in LED theories is simple: gravitation consists of pure General Relativity but in (4+d)-dimensions
(the so-called ‘‘Bulk’’, where gravity propagates), coupled to Standard Model fields constrained to live in our 4-
dimensional world (the ‘‘3-brane’’). The hypothesis is a coupling of all matter fields to the induced 4-dimensional
metric. Additionally, compactification of all extra-dimensions on a torus is here assumed.
The total LED action reads

ILED =
∫
dx(4+d)

√
−ĝ −1

2κ̂ R̂ +
∫
dx(4)

√−g Lm(gµν , ψm) (1.31)

where
κ̂ ≡ 8πĜ/c4

and any quantity in (4 + d)-dimensions is designated by a ‘‘ ̂ ’’. For example, ĝ is the determinant of the metric field
ĝuv (with indices u, v = 0, 1, 2, 3, ..., 3 + d) and R̂ is the corresponding curvature scalar in (4 + d)-dimensions. The
metric gµν (with indices µ, ν = 0, 1, 2, 3) is the induced metric in 4-dimensions from the (4 + d)-metric: gµν = ĝµν ,
and g is its determinant.

A (4 + d)-perturbation around a Minkowskian background,

ĝuv = ηuv +
√
2κ̂ ĥuv , (1.32)

gives the linearized gravitational action (only quadratic terms are kept),

ÎquadraticLED gravitation =

∫
dx(4+d)

[
1

4
∂wĥ

uv∂wĥuv −
1

4
∂wĥ∂

wĥ+
1

2
∂uĥ∂wĥwu −

1

2
∂wĥ

wu∂vĥuv

]
, (1.33)

where ĥ ≡ ĥuu.
Like in electromagnetism, the introduction of a gauge symmetry breaking term is needed in order to avoid the appear-
ance of singularities in the corresponding quantum field theory. Thus, adding

[
+
1

2
∂w(ĥ

wu − 1

2
ηwuĥ) ∂v(ĥuv −

1

2
ηuvĥ)

]

to (1.33) leaves us with the following Lagrangian7

ÎquadraticLED gravitation =

∫
dx(4+d)

[
1

4
∂wĥ

uv∂wĥuv −
1

8
∂wĥ∂

wĥ

]
. (1.34)

Looking at the way gravity couples to matter fields constrained to our 4-dimensional world (by hypothesis), we of
course recover the Standard Model on a Minkowski space-time, at zero order in the gravitational perturbation (1.32).
However, the expansion at first order now gives the linearized interaction between gravitation and Standard Model
fields,

IquadraticLED interaction = −
√

κ

2

∫
d4x [hµνTm µν ] , (1.35)

where hµν is the corresponding gravitational perturbation to the induced metric gµν in 4-dimensions.
As we shall see, a direct consequence of this coupling hypothesis is that only 4-dimensional indices contribute to the
propagation of gravitation (as an intermediate state at least).

6 For a review on the subject, consult Perez-Lorenzana [98] and references therein.
7 Note that the normalization is defined in such a way that a 4-dimensional kinetic term in the induced perturbation (kinetic term hidden in (1.33))
would be correctly normalized to ( 1

4
...) .
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1.4.1 Metric reduction and Brans-Dicke effective action

Fig. 1.1 Compactification of all extra-dimensions on a torus is here assumed, with all radii fixed to a unique value,R/(2π), for simplicity.

The size of the extra-dimensions is thus R and the extra-dimension coordinates are given by 0 ≤ yµ ≤ R.

The classical approach to understand the predictions of LED theories consists in the Kaluza-Klein reduction of
the (4 + d)-dimensional metric. As this approach has already been thoroughly investigated, the reader may refer to
[65], in which all the phenomenology arising from the compactification of large extra-dimensions is deduced via this
method. For our purposes, one may drop the massive modes as their masses are defined in such a way that they do not
contribute to the gravitational interaction above one millimeter.
Let us remind the reader of the metric decomposition from (4 + d) to 4 dimensions8, 9:

ηuv +
√
2κ̂ ĥuv = ηuv +

√
2κ

[
hµν + αLED ηµνΦ Aµν

Aµν −2 αLED Φµν

]
,

where hµν , Aµν andΦµν (with indicesµ, ν = 3+1, ..., 3+d) are respectively the metric perturbation in 4-dimensions,
the vector and scalar perturbations. We call the trace on these scalar fields: Φ = ηµνΦµν . This decomposition can be
introduced in the (4 + d)-linearized theory (equations (1.33) and (1.35)). If we remember that the compactification is
made on a torus (see Figure 1.1), with all radii fixed to a unique value, R/(2π), for simplicity (0 ≤ yµ ≤ R), the fields
admit a decomposition in Fourier modes (1n) as

hµν(x̂) = hµν(x
µ, yµ) =

nµ=+∞∑

nµ=−∞
h(&n)µν (x

µ) ei
2π �n.�y

R ,

Aµν(x̂) = Aµν(x
µ, yµ) =

nµ=+∞∑

nµ=−∞
A
(&n)
µν (x

µ) ei
2π �n.�y

R ,

Φµν(x̂) = Φµν(x
µ, yµ) =

nµ=+∞∑

nµ=−∞
Φ
(&n)
µν (x

µ) ei
2π �n.�y

R .

Such a decomposition allows to separate IquadraticLED ≡ IquadraticLED gravitation + IquadraticLED interaction in zero (1n = 0) and
nonzero modes (1n �= 0) contributions. From the field equations corresponding to action (1.34), zero modes can be
shown to be nonmassive modes (corresponding to an equation of state �· = 0), while nonzero modes correspond to
massive particles (corresponding to an equation of state

(
�+m2

nc
2
)
· = 0 with m2

nc
2 = 4π2 1n2ℏ2/R2). This will

become more evident in the next subsection.

8 with different signs than in equation (6) of reference [65] in order to be consistent with our sign convention for the metric.
9 Note that this decomposition is purely arbitrary, but it is chosen in such a way that the resulting kinetic terms in the Lagrangian be correctly
decoupled and normalized. The free parameter αLED will be fixed by the normalization.
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The zero mode action, corresponding to equation (23) in reference [65], is given by

I
quadratic (&n=0)
LED =

∫
dx(4)

[(
1
4∂µh

0 αβ∂µh0αβ − 1
4∂µh

0 ∂µh0 + 1
2∂
ρh0 ∂µh0µρ − 1

2∂µh
0 νµ∂ρh0νρ

)

+
(
α2LED

2 ∂µΦ
0 ∂µΦ0 + α2LED∂µΦ

0
ij∂

µΦ0 ij
)
−
(
1
4

∑d
i=1 F

0
µνiF

0 µν
i

)

−
√

κ
2

(
h0µνT

µν
m

)
− αLED

√
κ
2Φ

0 Tm
]

(1.36)

with
κ ≡ 8πG/c4 ,

where Fµν ρ ≡ ∂µAνρ − ∂νAµρ and Tm ≡ ηµνT
µν
m .

The vector fields may be dropped as by construction they propagate freely without interacting with the Standard Model
fields ψm, see (1.35). At this stage however, the kinetic term for the only scalar field coupling to matter, Φ0, is not
properly normalized, as the Φµν fields are not traceless. The trace may be extracted with the use of the following
relation

Φµν = Φ
(0)
µν +

1

d
ηµνΦ ,

where Φ
(0)
µν are the traceless parts of the Φµν . This leaves a kinetic term for the trace, Φ0 , which may be normalized

to the usual factor12 by fixing

α2LED =
d

d+ 2
. (1.37)

All remaining kinetic terms for the traceless fields may also be dropped as they do not couple to matter either. Conse-
quently, one is just left with a linearized Brans-Dicke theory of gravitation in the Jordan frame (ηµν +

√
2κ h0µν , Φ0 ),

with a particularly strong scalar coupling constant αLED. The effective action for null modes thus reads10:

I
effective (&n=0)
LED =

∫
dx(4)

[(
1
4∂µh

0 αβ∂µh0αβ − 1
4∂µh

0 ∂µh0 + 1
2∂
ρh0 ∂µh0µρ − 1

2∂µh
0 νµ∂ρh0νρ

)

−√κ
2

(
h0µνT

µν
m

)
+
(
1
2∂µΦ

0 ∂µΦ0
)
− αLED

√
κ
2Φ

0 Tm
]
.

(1.38)

In terms of the Brans-Dicke parameter ̟ defined by (1.7), this corresponds to

̟ =
1− d

d
. (1.39)

The particular value ̟ → ∞, recovered for d = 0, logically leads us back to GR; while ̟ runs from 0 for d = 1, to
−1 for d → +∞. This last value of ̟ happens to correspond to that associated with String theories.

The nonzero mode action is a lot more lengthy to obtain with this method, as the corresponding fields require a
redefinition. But the effective action eventually reads [141]:

∑

&n

I
effective (&n�=0)
LED =

∑

&n

∫
dx(4)

[
1
4∂µh

(&n)αβ∂µh(&n)αβ − 1
4∂µh

(&n)∂µh(&n) + 1
2∂
ρh(&n)∂µh(&n)µρ

−1
2∂µh

(&n)νµ∂ρh(&n)νρ +
1
4m

2
nc

2 h(&n).h(&n) − 1
4m

2
nc

2 h(&n)µνh
(&n)µν

−
√

κ
2

(
h(&n)µνT

µν
m

)

+
(
1
2∂µΦ

(&n)∂µΦ(&n) − 1
2m

2
nc

2Φ(&n)2
)
− βLED

√
κ
2

(
Φ(&n)Tm

)]

(1.40)

with for the massive scalar coupling11

β2LED =
2

3

d− 1

d+ 2
. (1.41)

10 The normalization between kinetic terms and couplings is defined in agreement with (1.35).
11 As noticed in references [62, 141], the scalar terms obtained in reference [65] have to be properly normalized in order to find out the correct

scalar couplings.
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1.4.2 Effective field content of the gravitational sector in 4-dimensions

Instead of using the common Kaluza-Klein decomposition, one may simply compute the propagator of the helicity-
2 graviton in (4 + d)-dimensions. The basic hypotheses of compactification on a torus and 4-dimensional matter
couplings are then applied, to deduce all the effective couplings necessary to deal with higher dimensional gravity.
This method shall allow us rapidly to understand the field content of the 4-dimensional gravitational sector [60].
Indeed, the vacuum field (4 + d)-equations corresponding to (1.34) are

1

2
�̂

[
ĥuv − 1

2
ηuvĥ

]
= 0 .

The graviton propagator, defined as the Green function Ĝuv,sw for the motion operator,

1

4
�̂ [ηupηvq + ηuqηvp − ηuvηpq] Ĝuv,sw(x̂− x̂′) = −1

2
(δpsδ

q
w + δpwδ

q
s) δ̂(x̂− x̂′) ,

then reads in the (4 + d)-momentum space,

Ĝuv,sw(q̂) =
ηusηvw + ηuwηvs − 2

2+dη
uvηsw

q̂2 + iε
. (1.42)

Let us consider as an example a gravitational scattering process for matter fields (Ψm 1 and Ψm 2) described by
stress-energy tensors T

(Ψm 1)
m µν (1p1, 1p2) and T

(Ψm 2)
m αβ (1k1,1k2) in (1.35). Using (1.42), the scattering amplitude (in the

4-momentum space) will then be proportional to

M ∼ GT (Ψm 1)
m µν .

ηµαηνβ + ηµβηνα − 2
2+dη

µνηαβ

q̂2 + iε
.T

(Ψm 2)
m αβ

∼ GT (Ψm 1)
m µν .Gµν,αβ(q̂).T

(Ψm 2)
m αβ . (1.43)

Using the fact that the compactification is made on a torus with all radii fixed to the unique value R/(2π), the (4+ d)-
metric perturbations admit a Fourier decomposition in the extra-dimensions:

ĥuv(x̂) = ĥuv(x
µ, yµ) =

nµ=+∞∑

nµ=−∞
ĥ(&n)uv (x

µ) ei
2π �n.�y

R ,

and the (4 + d)-dimensional momentum either reduces to the 4-dimensional momentum for zero modes (1n = 0),

q̂2 �→ q2 ,

or splits into the 4-dimensional momentum plus a mass term for nonzero modes (1n �= 0):

q̂2 �→ q2 −m2
nc

2 where m2
nc

2 =
4π2 1n2ℏ2

R2
. (1.44)

At this level, one may understand that gravitation propagates in 4-dimensions through one massless mode and an
infinite tower of massive modes, all exhibiting the same tensor structure expressed in (1.43). Let us now identify the
corresponding massless and massive 4-dimensional fields.
For massless fields/modes (1n = 0), we may extract the propagator of a massless helicity-2 graviton from the whole
tensor structure (1.42). The remaining term couples, like a massless gravitational scalar field, to the trace of the energy-
momentum tensor:

M(&n=0) ∼ GT (Ψm 1)
m µν .

ηµαηνβ + ηµβηνα − 2
2+dη

µνηαβ

q2 + iε
.T

(Ψm 2)
m αβ
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= GT (Ψm 1)
m µν .

ηµαηνβ + ηµβηνα − ηµνηαβ

q2 + iε
.T

(Ψm 2)
m αβ

+
[
α2LEDG

]
T (Ψm 1)
m .

1

q2 + iε
.T (Ψm 2)
m . (1.45)

The scalar coupling reduction factor α2LED = d/ (d+ 2) corresponds to the zero mode scalar coupling found by the
traditional Kaluza-Klein reduction (1.37). The effective theory which naturally corresponds to this propagator is of
course (1.38).
Similarly, for the massive fields/modes (1n �= 0), after extraction of the massive spin-2 graviton propagator, one is left
with a term which now corresponds to a massive gravitational scalar field,

M(&n�=0) ∼ GT (Ψm 1)
m µν .

ηµαηνβ + ηµβηνα − 2
2+dη

µνηαβ

q2 −m2
nc

2 + iε
.T

(Ψm 2)
m αβ

= GT (Ψm 1)
m µν .

ηµαηνβ + ηµβηνα − 2
3η
µνηαβ

q2 −m2
nc

2 + iε
.T

(Ψm 2)
m αβ

+
[
β2LEDG

]
T (Ψm 1)
m .

1

q2 −m2
nc

2 + iε
.T (Ψm 2)
m , (1.46)

with the massive scalar reduction factor β2LED = 2/3 (d− 1) / (d+ 2) found earlier, by classical means, as the
nonzero mode scalar coupling (1.41) in the effective action (1.40).

We have seen that gravitation is mediated by one massless helicity-2 graviton like in GR, plus one massless scalar
and an infinite tower of massive Kaluza-Klein fields. Indeed, at each level 1n, there are 1 spin-2, (d− 1) spin-1, plus
d(d − 1)/2 spin-0 states, all with a degenerated mass mn, among which the vector fields (spin-1) do not couple to
Standard Model matter fields.

1.4.3 Weak field limit

We now need to understand how G and the Newtonian constant GN are related. To do so, we take the classical
limit of the theory, meaning the nonrelativistic limit of the Fourier transform of the scattering amplitude mediated by
the gravitational interaction of LED (1.43):

MLED ∼ M(&n=0) +
∑
&nM(&n�=0)

(1.46), (1.45)∼ GT
(Ψm 1)
m µν .

(
ηµαηνβ + ηµβηνα − 2

2+dη
µνηαβ
) [

1
q2 +
∑
&n

1
q2−m2

nc
2

]
.T

(Ψm 2)
m αβ .

The massive states lead to Yukawa contributions to the classical interaction potential

Vmassive(r) ∝
e−

mn c
ℏ r

r
; (1.47)

but such contributions are ruled out for distances above one millimeter by current experiments. These experimental
constraints can be implemented in LED theories by choosing large enough masses mn (� 10−3 eV/c2) for the Kaluza-
Klein fields. Hence, as we want to recover the Newtonian constant in this regime, we may drop the contribution of all
massive state propagators. Accordingly, the scattering amplitude reduces to

MLED
(1.45)∼ GT (Ψm 1)

m µν .
(
ηµαηνβ + ηµβηνα − ηµνηαβ + α2LEDηµνηαβ

) 1
q2

.T
(Ψm 2)
m αβ .

One could make the whole computation of the corresponding Feynman diagrams, by introducing the adequate energy-
momentum tensor for the fields associated to matter. However, our purpose is to recover the effective gravitational
potential. We may then consider solely classical matter particles, for which the stress tensor is given by T

(i)
m µν(x) =

̺m c2 uµuν with ̺m c2 the energy density of the particle and miδ
3(1x − 1xi) its mass. To the leading order, we may
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neglect the currents and consider T (i)
m µν(x) ∼ ̺m c2 δ0µδ

0
ν . The amplitude then reduces to

MLED ∼ (1 + α2LED)G
m1m2

1q2
,

the Fourier transform of which gives the effective gravitational potential. The same considerations within General
Relativity would lead us to

MGR ∼ GN
m1m2

1q2
.

In order to recover the exact Newtonian law with the Newtonian constant, one has set the ratio of those two amplitudes
to 1. We thus obtain the relation between G and GN :

G =
1

1 + α2LED
GN , (1.48)

as we could have guessed from equation (1.14), knowing that the linearized zero-mode action (1.38) can be related to
the Brans-Dicke one.

1.5 The Weyl theory (W)

The preceding alternative theories included gravitational scalar degrees of freedom. The Weyl theory (W) [83, 85,
87, 88] is on the contrary purely tensorial, still with a Metric coupling of gravitation to matter, but with higher order
derivatives of the metric in the dynamical sector. A particularity of this theory is to be conformally invariant (under
transformations gµν �→ χ2(x) gµν with χ2(x) a finite, positive, nonvanishing, continuous real function), which makes
it attractive since renormalizable perturbatively [56, 129] and asymptotically free [55, 72] in a way similar to the theory
of strong interactions.
The Weyl gravitational action given by

IW gravitation =
∫
dx4

√−g Wµνρσ Wµνρσ

=
∫
dx4

√−g
{
Rµνρσ Rµνρσ − 2 Rµν Rµν +

1
3 R2
}

(1.49)

is conformally invariant since
Wµνρσ �→ χ2(x) Wµνρσ .

The geodesics for massive particles are obviously not conformally invariant, but the way to implement this sym-
metry breaking is still obscure. However, light geodesics are conformally invariant, see Subsection 4.4.1, so that any
gravitational test based on the trajectories of photons (like the light deflection and the radar echo delay) should not
carry this ambiguity.
In vacuum, the variational principle applied to action (1.49) with respect to the metric leads to the Bach equations [107]

Bµν ≡ Rαβ Wµανβ + 2 Wαµβν
|α|β = 0 . (1.50)

The vacuum solutions of GR (Rαβ = 0) are also vacuum solutions of the Weyl theory thanks to the well-known Bianchi
identities. Thus, the Schwarzschild metric is a particular solution of the spherically symmetric Bach equations.

The generalized Birkhoff theorem proves that there exists a three parameter (βW , γW , kW , all constants) family
of static and spherically symmetric solutions to those Bach equations. Any of these solutions can be recast, thanks to
conformal and coordinate transformations into a canonical line element [107]. It provides the general solution to the
Bach equations,

ds2 = gµν dxµ dxν
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= χ2(r) ·





+
[
1− βW

(2−3βW γW )
r − 3 βW γW + γW r − kW r2

]
c2 dt2

−
[
1− βW

(2−3βW γ)
r − 3 βW γW + γW r − kW r2

]−1
dr2 − r2 dΩ2





(1.51)

which is static for
[
1− βW

(2−3βγ)
r − 3 βW γW + γW r − kW r2

]
> 0 and contains, as expected, the Schwarzschild

line element as a particular case (βW = GNM
c2 and γW = kW = 0). The conformal factor χ2(r) is arbitrary unless a

conformal symmetry breaking mechanism is specified.

The corresponding potential for gravitation is not Newtonian anymore. If choosing χ2(r) ≡ 1 (or choosing

a constant χ2, in which case r and t are rescaled by a constant factor), this is the so-called Weyl gravitational
potential:

VW (r) = −βW
2

(2− 3βW γW )

r
c2

︸ ︷︷ ︸
Newtonian term

−3

2
βW γW c2

︸ ︷︷ ︸
constant term

+
γW
2

r c2

︸ ︷︷ ︸
galactic term

−kW
2

r2 c2

︸ ︷︷ ︸
.

cosmological term

(1.52)

It presents a constant (βW γW )-term in addition to the traditional Newtonian term, so that the solution cannot, with
any conformal transformation, be brought to a Minkowskian space, even asymptotically. It contains also a linear
term that might dominate at galactic distance scales, as well as a quadratic term that should become significant only
at cosmological distances of the gravitational source. When γW is null (classical Schwarzschild solution), kW is
proportional to the cosmological scalar curvature of a de Sitter background [87].

When fitting the experimental galactic rotation curves (see Figure 1.2) with the gravitational Weyl potential (New-
tonian plus galactic term only), without the assumption of any dark matter, Mannheim and Kazanas [82, 84, 87] pro-
vided the following constraints on the parameters βW and γW of the theory:

γW ∼ +10−26 m−1 ,

βW ≃ GNM

c2

∣∣∣∣
MGalaxy

∼ +10+14 m+1 . (1.53)

Fig. 1.2 Rotation curve for the galaxy NGC3198 of radius R0.

The dash curve represents the contribution of the Newtonian potential (∂VN/∂r ∝ v2/r) corresponding to the luminous mass, i.e. the

‘‘observed’’ matter. The solid line is the Newtonian contribution plus an ad hoc amount of dark matter so to verify experimental data given

by the error bars. The dotted curve models the contribution of dark matter alone. The experimental data can also be fitted without any dark

matter, by using the Weyl gravitational potential (∂VW /∂r ∝ v2/r) and adjusting properly its parameters.

This picture is extracted from Mannheim’s article [85].
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On radial distances (r) smaller than the parsec, the (βW γW )- and kW -contributions can be neglected in the effective
potential (1.52).

The explanation of the flattening of rotation curves on galactic distance scales given by Mannheim and Kazanas
requires γW to be positive. The order of magnitude of γW , close to the inverse of the Hubble length, was noted as
an interesting coincidence. However, we have to keep in mind that the Mannheim-Kazanas parametrization (1.53) is
based on the specific choice12 χ2(r) ≡ 1, while any gravitational test or measurement requiring a distance/time scale
depends on the conformal factor.

It is important to note here the radial distance scale at which the Weyl gravitational potential can be considered to
be a weak field (2 VW (r)/c2 << 1), for βW ≃ GNM/c2 with gravitational mass M , and neglecting the kW -term.
We find, for either the Sun (MSun), the Galaxy (MGalaxy ∼ 1011MSun) or a cluster (Mcluster ∼ 1013−1015 MSun),

rweak field ≪
3βW γW±1±

√√√√√√1±





+14

−2




βW γW−3(βW γW )2

2γW

(βW γW )-term neglected∼ ± 1
γW

(1.53)∼ +1026 m if χ2(r) = 1 ,

(1.54)

with upper sign and number for γW > 0 and lower sign and number for γW < 0. The last line is written assuming the
order of magnitude of parameter γW given by (1.53).
The following graphs (1.55) of the gravitational potential for a galaxy in Weyl gravity are plotted according to the
Mannheim-Kazanas parametrization (1.53).

βW ≃ GNMGalaxy/c
2 > 0 γW > 0 grey (γW < 0 black) kW < 0 grey (kW > 0 black)

The gravitational potential VW/c2 as a function of r/βW in the Weyl theory, at short, intermediate and large distances

where respectively the βW -, γW - or kW -term dominates. The parameters βW and γW are set to Mannheim and

Kazana’s order of magnitude given in (1.53); whereas we chose |kW | = 3.5 10−56 m−2 in this simulation.

(1.55)

12 In a private communication [86], Mannheim advocated that ‘‘all mass is dynamical’’ in his theory. In other words, both the test particle and the
gravitational source would get their mass from the same Higgs field, such that all massive particles possess the same conformal factor, χ2(r),which
makes it unobservable.
However, it is known that there should exist at least two different symmetry breaking mechanisms generating the ordinary matter mass. For example,
the electron gets its mass from the Higgs mechanism of the Standard Electroweak Model, whereas the mass of the proton is mainly due to the Quantum
Chromodynamics. Hence, we claim that it is not allowed to attribute a common conformal factor χ2(r) to all types of particles.
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1.6 Eddington-Robertson-Schiff parameters

For an alternative theory, when the corresponding weak field potential vanishes asymptotically, the Post-Newtonian
formalism proves to be very convenient to write the gravitational tests in a generic manner. But, as explained in the
introduction of this work, we shall mainly consider here Metric theories of gravity, and so, we will use a somewhat

simplified formalism. We recall that Metric theories of gravity are theories based on the hypothesis of the universal
Metric coupling which preserves the Weak Equivalence Principle together with the Local Lorentz Invariance Principle
and the Local Positional Invariance Principle; that is to say that they verify the Einstein Equivalence Principle. In terms
of the ten Post-Newtonian (PN) parameters, according to a theorem of Lee et al. [79], every Lagrangian-based Metric
theory of gravity has all parameters describing violations of the conservation of the total energy and momentum equal to
zero. This means that the theory is at least Semi-Conservative and in the most general framework of the PN formalism
developed by Will and his collaborators [142], α = 1 and α3 = ζ1 = ζ2 = ζ3 = ζ4 = 0. We will further restrict
ourselves to theories that additionally conserve the angular momentum, the so-called Fully Conservative theories, i.e.

α1 = α2 = 0. For this last type of theories, only three PN parameters have to be considered: γ, β and ξ. The first one
characterizes the ‘‘amount of curvature per unit rest mass’’, the second one the ‘‘non-linearity in the superposition law
of gravity’’ and the last one the ‘‘preferred location effects’’ [142, 143]. However, all the theories that we analysed in
this work are Purely Dynamical theories, in other words, Metric theories whose gravitational fields have their structure
and evolution determined by coupled differential equations. In this framework, ξ equals 0 and we are left with γ and
β, originally introduced by Eddington (1922), Robertson (1962) and Schiff (1967).

1.6.1 General

In the weak field approximation, we use the standard Eddington-Robertson-Schiff parametrization defined in the
isotropic coordinates, for a general line element

ds2 = A2(ρ)c2dt2 −B2(ρ)
[
dρ2 + ρ2(dθ2 + sin2 θdϕ2)

]
, (1.56)

but go one order further in the potential expansion:

A2(ρ) ≃ 1 + 2α

(
V

c2

)
+ 2β

(
V

c2

)2
+

3

2
ε

(
V

c2

)3
,

B2(ρ) = D2(ρ)

≃ 1− 2γ

(
V

c2

)
+

3

2
δ

(
V

c2

)2
. (1.57)

It is crucial to realize that V ≡ V (ρ) is the effective weak field gravitational potential expressed in terms of the
isotropic radial coordinate ρ; this potential appears in the weak field limit of the considered theory to reproduce the
Newtonian law of motion:

−→
F gravitation onm due toM = m ∗ −→a with

−→
F gravitation onm due toM ≡ −m ∗ −−→

grad (V ) . (1.58)

Notice that we have normalized the coefficients in this weak field expansion in such a way that all the parameters are
equal to 1 for GR.

We shall now recover the Eddington-Robertson-Schiff parameters corresponding to the alternative theories men-
tioned in the preceding sections. To do so, we must use the general isotropic solution to the corresponding field equa-
tions for each of them. The idea is to take the exact MTS solution transposed into isotropic coordinates first to obtain
the MTS Eddington-Robertson-Schiff parameters, then to reach SITS and TS Eddington-Robertson-Schiff parameters
through conformal transformations from the MTS isotropic solution. Note that the Weyl theory does not allow of an
expansion of its metric in powers of VN(r)/c

2, because the corresponding weak field gravitational potential is not
Newtonian anymore. Furthermore, the Weyl potential blows up at infinity. Also, LED theories do not admit a (P)PN
expansion because they are based on a (4 + d)-metric (that eventually couples to 4-dimensional matter fields through
an effective 4-metric).
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1.6.2 MTS isotropic solution

Applying the following coordinate transformation,

Schwarzschild : r �→ isotropic : ρ

r = GM
2Υc2

[(
1+ GM

2Υρc2

)2

GM
2Υρc2

]
(1.59)

to the asymptotically flat and spherically symmetric MTS solution given in equation (1.29), it is easy to recover the
isotropic formulation of the metric,

A2(ρ) =

[
1− GM

aρc2

1 + GM
aρc2

]a
,

B2(ρ) = D2(ρ) =

[
1 +

GM

aρc2

]4 [1− GM
aρc2

1 + GM
aρc2

]2−a
,

with a = 2Υ ∈ ]0; 2] , (1.60)

as well as the scalar-field solution,

Ψ = Ψ0 ±
(
4− a2

2κ

) 1
2

ln

(
1− GM

aρc2

1 + GM
aρc2

)
. (1.61)

It is now straightforward to expand the MTS isotropic metric in terms of its effective weak field gravitational poten-
tial VMTS(ρ) ≡ −GM

ρ , with G = GN , in order to obtain the corresponding Eddington-Robertson-Schiff parameters
in Table (1.67).

1.6.3 SITS isotropic solution

It is well-known [30, 48] that an appropriate rescaling of the metric

gµν SITS �→ 1

κ

[
1− κ

6
φ2
]
gµν SITS = gµν MTS (1.62)

together with a redefinition of the scalar field

φ =

(
6

κ

) 1
2

tanh

[(κ
6

) 1
2

Ψ

]
(1.63)

and κMTS = κSITS = κ, recast the gravitational part of the SITS action into the MTS form.
The SITS isotropic solution is thus easily recovered from the MTS isotropic solution (1.60), using (1.62) and noting

that for both theories GMTS = GSITS = GN and MMTS = MSITS = M is constant.
The expansion of the SITS isotropic solution in terms of the corresponding effective weak field gravitational potential,
VSITS(ρ) ≡ −GM

ρ , to recover the Eddington-Robertson-Schiff parameters in Table (1.67) is then trivial.

1.6.4 TS ( or BD, STRINGS) isotropic solutions

The MTS solution for the metric is given by expressions (1.60) and (1.29), respectively in the isotropic and
Schwarzschild coordinates, with G equal to the Newtonian constant.
If we compare the gravitational actions of the MTS (1.27) and the TS (Einstein frame) theories (1.16), we realize that
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the TS solution in the Einstein frame (g̃µν) is given by the same expressions as cited above when replacing

(gµν , M, κ)|MTS �→
(
g̃µν , M̃, κ̃

)∣∣∣
TS E

and noting that

Σ =

√
κMTS

2
Ψ . (1.64)

In the TS case however, G̃ is different from GN as the coupling of matter to gravity is non-minimal (A2(Σ)).
The TS solution in the Jordan frame (gµν = A2(Σ) g̃µν) is now recovered thanks to the conformal transformation
(1.15) applied on the solution in the Einstein frame (g̃µν). The scalar coupling to matter (G �= GN ) makes the search
for the Eddington-Robertson-Schiff parameters in the Jordan frame somewhat less trivial though, as we shall show. In
this case indeed, we first need to expand the conformal factor in isotropic coordinates:

A2(Σ)

A2
0

≡ A2(Σ)

A2(Σ0)
≃ 1 +

1

A2
0

∂A2

∂Σ

∣∣∣∣
Σ0

(Σ−Σ0) +
1

2A2
0

∂2A2

∂Σ2

∣∣∣∣
Σ0

(Σ−Σ0)
2 +

1

6A2
0

∂3A2

∂Σ3

∣∣∣∣
Σ0

(Σ−Σ0)
3

≃ 1 +2 αTS 0 (Σ−Σ0) +
(
2α2TS 0 + α

′

TS 0

)
(Σ−Σ0)

2

+1
3

(
4α3TS 0 + 6αTS 0α

′

TS 0 + α
′′

TS 0

)
(Σ−Σ0)

3 .

In the above expression, Σ can be replaced using the expansion of the MTS solution for the scalar field in isotropic
coordinates (Σ =

√
κMTS

2 Ψ together with (1.61)),

Σ ≃ Σ0 +

√
4− a2

2


2
a

(
−G̃M̃

ρc2

)
+

2

3a3

(
−G̃M̃

ρc2

)3
 .

On the other side, the expansion of the MTS solution found for the scalar field in Schwarzschild coordinates ((1.64)
together with (1.30)),

Σ ≃ Σ0 +

√
4− a2

a

(
−G̃M̃

rc2

)
,

can be compared to the solution of the Newtonian limit of the TS scalar-field equation (1.26) with (1.23),

Σ ≃ Σ0 + αTS 0

(
−G̃M̃

rc2

)
,

to yield a value for the integration constant a:

1

a2
=

1

4

(
1 + α2TS 0

)
. (1.65)

The conformal factor

A2(Σ)

A2
0

≃ 1 +2 α2TS 0

(
− G̃M̃
ρc2

)
+ α2TS 0

(
2α2TS 0 + α

′

TS 0

)(
− G̃M̃
ρc2

)2

+
[
1
3

(
4α3TS 0 + 6αTS 0α

′

TS 0 + α
′′

TS 0

)
α3TS 0 +

1
6α

2
TS 0

(
1 + α2TS 0

)](
− G̃M̃
ρc2

)3
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so obtained can be used to transform the expansion of the Einstein TS solution into the the Jordan one:

gtt ≃ A2(Σ)
A20

{
1 + 2
(
− G̃M̃
ρc2

)
+ 2
(
− G̃M̃
ρc2

)2
+ 2

3

[
2 + 1

4

(
1 + α2TS 0

)] (
− G̃M̃
ρc2

)3}
,

−gρρ ≃ A2(Σ)
A20

{
1− 2
(
− G̃M̃
ρc2

)
+ 2
[
1− 1

4

(
1 + α2TS 0

)](
− G̃M̃
ρc2

)2}
.

Nevertheless, as mentioned earlier in this section, in order to provide the Eddington-Robertson-Schiff parameters, the
expansion has to be made in terms of the corresponding effective weak field gravitational potential in the Jordan frame
(1.13), which can be rewritten, using (1.13), (1.15) and (1.18) as

VTS(ρJ) = −
(
1 + α2TS 0

) (A2
0 G
) (

A−10 M
)

(A0 ρJ)
= −
(
1 + α2TS 0

) G̃M̃

ρE
.

According to this remark, we finally get the expansion of the Jordan metric providing the appropriate Eddington-
Robertson-Schiff parameters listed in Table (1.67).
We remark that when applying this result to Strings (̟ = −1 ⇔ αTS 0 = 1), we find the corresponding Eddington-
Robertson-Schiff parameters for the String model with one massless scalar field. This could also be found when
expanding the conformal factor particular to Strings (1.20) and rewriting the final expansion of the metric in terms of
the appropriate effective weak field gravitational potential, VSTRINGS(ρJ) = −2 G̃M̃

ρE
.

Notice that this method to obtain the (P)PN parameters for TS theories is faster than developing the total action or
Lagrangian (as it is done by Damour et al. [38]). Indeed, to obtain the parameter β, one must go one order further in
the linearized theory (gµν = ηµν + hµν) keeping the cubic terms of the total action (ITS total J = ITS gravitation J +
ITS matter J ) in the slow motion limit.

1.6.5 Eddington-Robertson-Schiff parameters for selected theories

The Eddington-Robertson-Schiff parameters of the theories mentioned in this chapter can be read from Table (1.67),
where

αTS 0 = αTS (Σ0) ,

α′TS 0 = ∂αTS/∂Σ|Σ0 , (1.66)

and Σ0 denotes the cosmologically determined value of the scalar field at present time, far away from the solar system.

The alternative theories selected here all verify the Weak Equivalence Principle (WEP) as α = 1 for all those
theories. Consequently, it is clear that the PN parameter γ will be the most important one when studying light deflection
which is proportional to the combination (α+ γ) at first order. Moreover, α is strongly constrained to 1 through the
different tests of the Einstein Equivalence Principle (EEP) as described in the introduction, for any theory of gravitation.
As far as the second order is concerned, we would like to emphasize here that there exists no general principle stating
that Post-PN deviations from GR (1 − ε and 1 − δ) must be smaller than any PN deviations from GR (1− α, 1 − β
and 1− γ).

The MTS theory illustrates this, as deviation from GR only shows up at the Post-PN order, for any prediction in
the weak field limit.

As far as light deflection is concerned (as well as time-delay experiments, or experiments involving only α and γ
at first PN order), the SITS theory too only differs from GR at the Post-PN order.

We shall see in Section 3.2.1 that only the PPN parameter δ is involved in light deflection. In Tensor Scalar

theories of gravity (TS), of which BD and Strings are particular cases, this parameter can be rewritten as a combination
of the PN parameters β and γ, as can be seen from Table (1.67). We remark also that in those theories, 1− γ is always
positive; the first order term in light deflection will thus always be weaker than in GR, see (3.1). On the contrary, 1−β
can have a priori either sign.



_____________________________________________________________________________________________31

PN: Post- PN:

1− α 1− β 1− γ 1− ε 1− δ

MTS :

a = 2Υ ∈ ]0; 2]

G = GN

0 0 0 a2−4
9a2 −a2−4

3a2

SITS :

a = 2Υ ∈ ]0; 2]

G = GN

0 a2−4
6a2 0 +

5(a2−4)
9a2

−a2−4
9a2

TS

Jordan frame :

a = 2/
√
1 + α2TS 0

G

0 − α2TS 0α
′
TS 0

2(1+α2TS 0)
2

2α2TS 0

1+α2TS 0

+ α2TS 0

9(1+α2TS 0)

−4
3
α2TS 0α

′
TS 0

(1+α2TS 0)
2

−2
9
α
′′
TS 0α

3
TS 0

(1+α2TS 0)
3

4
3 (1− β)

+15−8(1−γ)
6 (1− γ)

STRINGS

Jordan frame:

a =
√
2

�
αTS = 1

G

0 0 1 1
18

7
6

GR :

a = 2Υ = 1

⇓
αTS = 0

G = GN

0 0 0 0 0

(1.67)





Chapter 2:

TS cosmological estimation of the PN

parameter γ

In this chapter, we will exclusively concentrate on Tensor Scalar theories (TS) with one scalar field and time-
dependent coupling. We will study a model of cosmological evolution in the Einstein frame. From the radiation-era
cosmological equations, we will, naturally, derive a particular exact analytical solution to the matter dominated era,
which admits General Relativity as an attractor. Evolving this solution leads to a prediction for the present value of γ,
the Eddington-Robertson-Schiff (PN) parameter, fundamental to test light deflection. Furthermore, we will consider
adding a cosmological constant to the theory in order to be in agreement with SNIa results, and see its influence on
the predicted value of γ. In the last section of this chapter, our exact analytical solution and its predictions will be
confronted with other evolutionary models proposed in the literature.

2.1 Cosmological equations

We shall write the equations for a spatially flat (k̃= 0) or non spatially flat (k̃ �= 0) metric. However, when looking
for a particular class of solutions that admit GR as an attractor, we will only consider the flat case13.

2.1.1 Formulation in terms of the Hubble parameter

Consider a Robertson-Walker metric in the Einstein frame, in Schwarzchild-like coordinates,

d̃s
2
= c2 dt̃2 −

[
1

1−k̃r2/ℜ̃2
dr2 + r2 dΩ2

]
, (2.1)

for a perfect fluid with pressure P̃m and matter14 density ˜̺m, with ũµũµ = 1 and ũµ ≡ ·̃
x
µ
≡ dxµ

cdτ̃ :

T̃µν m = (˜̺mc2 + P̃m) ũµũν − P̃m g̃µν where ˜̺m > 0 . (2.2)

In the Einstein frame, the field equations (1.21) and (1.22) with a cosmological constant read separately as

−3

•̃•
ℜ̃
c2ℜ̃

= +2

•̃
Σ

2

c2
+

κ̃

2
˜̺mc2 (1 + 3λm) + Λ c2 ,

13 The spatial curvature (k̃) is written in bold, so that the corresponding terms can be easily removed to recover the flat universe case (k̃ = 0).
14 Massive particles plus radiation.
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2




•̃
ℜ̃
cℜ̃




2

+

•̃•
ℜ̃
c2ℜ̃

+
2k̃

ℜ̃2
= +

κ̃

2
˜̺mc2 (1− λm) + Λ c2 ,

•̃•
Σ

c2
+ 3

•̃
ℜ̃
cℜ̃

•̃
Σ

c
= −αTS (1− 3λm)

κ̃

2
˜̺mc2 ,

for the temporal (first equation) or spatial (second equation) components of the metric field and for the scalar field
(third equation), where

Σ = Σ(t) is supposed to be spatially homogeneous,
•̃ = d

dt̃
,

and the composition of the universe is encoded in the variable

λm ≡ P̃m/
(
˜̺mc2
)

∈
]
λm inf = −1;λm r =

1

3

]
. (2.3)

The notation λm inf corresponds to the inflation era and λm r to the radiation era. The dust era is given by λm d = 0.

We can combine the first two equations to get rid of the (
•̃•
ℜ̃ /ℜ̃)-term. Furthermore, if we use the Hubble parameter

H̃ ≡ H̃(t̃) =

•̃
ℜ̃
ℜ̃

, (2.4)

the resulting cosmological equations are

−3
•̃
H̃ −3H̃2 = +2

•̃
Σ
2

+
(
1+3λm

2

)
κ̃˜̺mc4 − Λ c4 ,

3H̃2 = +
•̃
Σ
2

+κ̃˜̺mc4−3k̃c2

ℜ̃2 +Λ c4 ,
•̃•
Σ +3H̃

•̃
Σ = −1

2αTS (1− 3λm) κ̃˜̺mc4 .

(2.5)

An equivalent system is

•̃
H̃ +3H̃2+2k̃c2

ℜ̃2 = +
(
1−λm
2

)
κ̃˜̺mc4 +Λ c4 ,

•̃
H̃ +3

2 (1 + λm) H̃2 = −
(
1−λm
2

) •̃
Σ
2

−1
2 (1 + 3λm)

k̃c2

ℜ̃2 + 1
2 (1 + λm) Λ c4 ,

•̃
˜̺m +3 (1 + λm) ˜̺mH̃ = +αTS (1− 3λm) ˜̺m

•̃
Σ ,

(2.6)

where the first equation stems from the spatial component of the metric-field equations, the second equation is the
combination of the temporal and spatial components to get rid of the (κ̃˜̺mc4)-term, while the last equation describes
the non-conservation of the energy-momentum tensor.
Whichever of the systems we use, the three equations are coupled, non-linear functions of four unknowns: ˜̺m, αTS
or A(Σ), Σ, and H̃. The system is thus a priori undetermined and one has to provide an additional constraint.

2.1.2 A notion of quintessence

We would like here to recall the notion of quintessence that will be useful in the following.
Quintessence models were historically introduced to provide some dynamical insight on the coincidence of the present
matter density with the present density of the cosmological constant. Indeed, the two densities have a totally different
evolution as a function of the scale factor ℜ̃. However, if the present SNIa observations favor an accelerating universe
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and hence a non null cosmological constant, they do not demonstrate that the cosmological ‘‘constant’’ is truly time-
independent! The idea was thus to replace it by a cosmological scalar potential, and to endow the theory with some
‘‘tracker mechanism’’: the cosmological-potential density tracks the matter density.
To make the connection with quintessence, we shall use the following notations.
For an action given by

Ĩextended quintescence =

∫
dx(4)
√
−g̃

[−1

2κ̃

{
R̃− 2 g̃µν Σ

|̃µ Σ|̃µ − Ṽ ∗(Σ)
}
+ Lm(A

2(Σ) g̃µν ,Ψm)

]
, (2.7)

the equations of motion replacing system (2.5) would be

−3
•̃
H̃ −3H̃2 = +

(
1+3λΣ

2

)
κ̃ ˜̺Σ c4 +

(
1+3λm

2

)
κ̃ ˜̺m c4 ,

3H̃2 = +(˜̺Σ + ˜̺m + ˜̺
k
) κ̃c4 ,

•̃•
Σ +3H̃

•̃
Σ = −1

2
dṼ (Σ)
dΣ − 1

2
dṼ ∗(Σ)
dΣ ,

where Ṽ ∗(Σ) is the quintessence potential that does not cancel when Σ is constant;
dṼ (Σ)
dΣ ≡ αTS (1− 3λm) κ̃˜̺mc4 vanishes when Σ is constant because it only

contains derivatives of the scalar field;

˜̺Σ ≡
•̃
Σ
2

κ̃c4 + Ṽ ∗(Σ)
κ̃c4 is the scalar-field density;

P̃Σ ≡
•̃
Σ
2

κ̃c4 − Ṽ ∗(Σ)
κ̃c4 is the pressure associated with the scalar field;

˜̺
k

≡ −3k̃c2
ℜ̃2κ̃c4 is the curvature density.

Let us compare this action with the action ĨTS E (1.16) that we use in this section. In the case of ĨTS E , we have a non
trivial coupling to matter (A2(Σ) �= 1) with (1.15), but no quintessence potential, Ṽ ∗(Σ) = 0. Consequently, the ratio
of the scalar pressure to the scalar density is fixed: λΣ ≡ P̃Σ/(˜̺Σc2) = +1. On the contrary, for quintessence models,
the coupling is usually trivial (A2(Σ) = 1) in the corresponding action Ĩquintescence, which means that Ṽ (Σ) = 0,
and a cosmological constant can be retrieved when λΣ = −1. Indeed, when the scalar field is constant, Ĩquintescence
is analog to

ĨGR+Λ ≡
∫

dx(4)
√
−g̃

[−1

2κ̃

{
R̃+ 2Λ

}
+ Lm(g̃µν ,Ψm)

]

because we can define a cosmological-constant contribution Λ ≡ Ṽ ∗(Σcst) and its associated density ˜̺Λ ≡ Λ
κ̃ to get

λΛ ≡ P̃Λ/(˜̺Λc2) = −1.
We thus see that the scalar field can never play the role of a cosmological constant in our cosmological model deriving
from ĨTS E .

2.2 The case of a null cosmological constant

To particularize the preceding equations to a null cosmological constant, we will alternatively choose different sets
of variables to express the cosmological equations. This will enlighten us on the different characteristics of the type of
cosmological solutions we are looking for, namely, models that admit General Relativity as an attractor and will pass
solar system tests of gravitation at least as successfully as GR does so far.
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2.2.1 Conditions for an attractor mechanism towards GR

To discuss whether a TS cosmological model converges towards General Relativity, it is interesting to write the
cosmological equations in terms of a set of new variables x(t̃) and ϑ(t̃).

A/ Definition of new variables

It has been shown by Gérard and Mahara [58, 59] that it is possible, with an adequate change of variables, to solve
the second formulation of the cosmological equations (2.6) by quadrature, in terms of one simple arbitrary function.
Indeed, let us replace

H̃(t̃) ≡ 1

x(t̃)
with x(t̃) �= 0 (2.8)

in the second system of equations (2.6). We find

•̃
x −3 +

(1− λm)

2
κ̃˜̺mc4x2−2k̃c2

ℜ̃2
x2 = 0 ,

•̃
x −3

2
(1 + λm)−

(1− λm)

2

•̃
Σ

2

x2−(1 + 3λm)

2

k̃c2

ℜ̃2
x2 = 0 ,

•̃
̺m +3 (1 + λm) ˜̺m

1

x
= αTS (1− 3λm) ˜̺m

•̃
Σ .

Comparing the first two equations, we obtain

κ̃˜̺mc4

3
x2 +

1

3

•̃
Σ

2

x2− k̃c
2

ℜ̃2
x2 = 1 .

When k̃= 0, this last equation and the fact that the matter density is always positive make it possible to define a new
variable ϑ(t̃) [58]:

•̃
Σ x =

√
3 sinϑ ,

κ̃˜̺mc4x2 = 3cos2 ϑ ,
(2.9)

and thus the system nicely reduces to

•̃
x = 3

2 (1 + λm) +
3
2 (1− λm) sin

2 ϑ ,
•̃
˜̺m +3 (1 + λm) ˜̺m 1

x = αTS (1− 3λm) ˜̺m
•
Σ .

(2.10)

When k̃ �= 0, or later, when we shall study the role of a cosmological constant, this change in the variables does
not seem to be wise. It is then more appropriate and natural to rewrite the equations in terms of densities (see Section
2.2.3).

B/ About the general solution when k̃= 0 :
Let us now recall the general features of flat TS cosmologies analyzed in [58].

In the case of General Relativity, we have Σ ≡ Σcst, which implies in equation (2.9) that ϑGR = nπ, where n is an
integer.

When excluding the case of General Relativity with λm = −1, the solutions x(t̃) are monotonous for λm ∈
[
−1, 13
]
, since

•̃
x> 0 for all t̃. Then, the function x(t̃) only goes at most once through zero, let us say at a time called

t̃∗. If ϑ(t̃) is defined on the interval
[
t̃1, t̃2
]

containing t̃∗ with t̃∗ �= t̃1 and t̃∗ �= t̃2, we can consider two separate
intervals

[
t̃1, t̃

∗[ and
]
t̃∗, t̃2
]
, so that we have two solutions for x(t̃), one on each interval, one positive and one negative.

Equally, because of the definition of x(t̃) given by (2.8), we get two solutions for H̃(t̃), one on each interval.
The function ϑ(t̃) being arbitrary, the cosmological solutions (˜̺m, αTS or A(Σ), Σ, H̃) are thus defined only on a
finite interval of time.
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We can write the general solution for x(t̃) as expressed in reference [58],

x(t̃) =
3

2
(1 + λm) t̃+

3

2
(1− λm)

∫ t̃

0

sin2 ϑ(ι) dι for all t̃ > 0 , (2.11)

with x(t̃) ∈
[
xmin =

3

2
(1 + λm) t̃, xmax = 3t̃

]
,

where the minimum and the maximum are reached when ϑ = ϑGR = nπ and ϑ = (2n+ 1)π/2, respectively.
Once x(t̃) is known, we can recover ˜̺m from the second equation of (2.9), αTS or A(Σ) using (1.7) and the third
equation of (2.10), Σ(t̃) by the first equation of (2.9), and finally H̃ by (2.8).

To analyze the asymptotic behavior (when t̃ → +∞) of the solutions for the tensor scalar theories, we need to
assume that the function ϑ(t̃) exists on the whole real time axis. To do so, we shall translate the different time intervals
where ϑ(t̃) exists. And if ϑ(t̃) is well defined, so is x(t̃) too.
When the time variable goes to infinity, we see from (2.11) and the first equation of (2.9) that the time derivative of
the scalar field tends to zero. However, it does not mean that all the cosmological solutions to Tensor Scalar theories
admit General Relativity as an attractor [58, 41 page 2218 for some counter-examples]. In fact, GR is defined by
ΣGR = Σcst and αGR = 0 (which means no coupling of the scalar field to matter fields) at any time, that is to
say, A(Σ)GR = cst �= 0. So, in order to select cosmological solutions to Tensor Scalar theories that admit General
Relativity as an attractor, we must first integrate the second equation of (2.10) to find αTS and then A(Σ) using (1.7).
Secondly, we shall verify that A(Σ) → cst �= 0 when t̃ → +∞.

C/ A general equation when k̃= 0 :
It is possible to obtain a general equation for x(t̃) and ϑ(t̃) only [58]. Let us replace the time derivative of the scalar

field from the first equation of (2.9) as well as the matter density and its time derivative from the second equation of
(2.9) into the second equation of (2.10). After some simplification, we find

√
3


2
3

•̃
ϑ x

cosϑ
+ (1− λm) sinϑ


 = −(1− 3λm) αTS(Σ) for all λm, when k̃= 0 . (2.12)

This key equation will be used later in analogy with a mechanical oscillator in terms of other variables.

D/ Discussion of the asymptotic behavior of the solutions when k̃= 0 :
Equation (1.7) can be rewritten as

•̃
A

A
= αTS

•̃
Σ ,

in which we can substitute
•̃
Σ from the first equation of (2.9), and then αTS from (2.12) in order to integrate A(t̃):

1
A(t̃)

dA
dt̃

= −
√
3

(1−3λm)

√
3 sinϑ
x

[
2
3

•̃
ϑx
cosϑ + (1− λm) sinϑ

]

⇔ A(t̃)(1−3λm)

cos2 ϑ(t̃)
=

A(1−3λm)
eq

cos2 ϑeq
exp

[
−3 (1− λm)

∫ t̃

t̃eq

sin2 ϑ(ι)
x(ι) dι

]
for all t̃ and λm when k̃= 0 . (2.13)

We have set the integration constant by imposing A(t̃∗) ≡ Aeq, ϑ(t̃∗) ≡ ϑeq and x(t̃∗) = 0 at the equilibrium time
t̃eq = t̃∗, where t̃eq, the end of the radiation era, corresponds to ˜̺rad = ˜̺dust.

Taking the limit t̃ → +∞ in this last expression, we have that x(t̃) ≥ x(t̃)min → +∞ while sin2 ϑ is bounded.
Accordingly, the convergence of expression (2.13) only depends on the behavior of the integral for λm < 1, while
it is necessarily convergent for λm = 1. Studying equation (2.13), we can summarize the asymptotic cosmological
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behavior of TS theories as follows [58]:

∫ t̃
t̃eq

sin2 ϑ(ι)
x(ι) dι is convergent when t̃ → ∞ ⇒ ϑ(t̃) −→

t̃→∞
nπ

λm = 1 ⇒ A(t̃) −→
t̃→∞

Aeq
cosϑeq

cosϑ(t̃=∞)
= cst ⇒ GR is an attractor

{
λm �= 1
∫ t̃
t̃eq

sin2 ϑ(ι)
x(ι) dι is convergent when t̃ → ∞

}
⇒ A(t̃) −→

t̃→∞
cst ⇒ GR is an attractor

{
λm �= 1
∫ t̃
t̃eq

sin2 ϑ(ι)
x(ι) dι is divergent when t̃ → ∞

}
⇒





λm = 1/3 : A(t̃) is not determined

λm > 1/3 : A(t̃) −→
t̃→∞

∞ ⇒ GR is not an attractor

λm < 1/3 : A(t̃) −→
t̃→∞

0 ⇒ GR is not an attractor

Thus, we see that GR acting as an attractor is not a generic case.

2.2.2 Solutions that admit GR as an attractor

Once we wish to characterize solutions that admit GR as an attractor and study their evolution, shifting to another
set of variables (Σ(t̃), p̃(̃t)) seems appropriate. Indeed, we should not forget our aim: to evolve a particular solution
of this class, from time t̃ to present time t̃0, in order to obtain an estimate for the present value of the PN parameter γ.
This γ is linked to the Brans-Dicke parameter ̟(t̃), which itself can be rewritten in terms of the coupling αTS(t̃). We
thus need to find an evolution equation for αTS(t̃), which can depend on the time evolution of the scalar field.

A/ Definition of the cosmological parameter

The cosmological parameter p̃(t̃) [41] will be an alternative to the time variable, t̃:

p̃(t̃) = ln ℜ̃(t̃) + cst1 and p̃eq = 0 at the end of the radiation era. (2.14)

We can choose to set the value of the cosmological parameter at equilibrium time to zero, as it only consists in a choice
for the origin on the ladder of time. Moreover, we shall impose cst1 ≡ 0, which is equivalent to say that ℜ̃eq is scaled
to the reference value of 1.
Noting ′̃ ≡ d

dp̃ , we rewrite the equation system for cosmological evolution (2.5) as

−3
•̃
H̃ −3H̃2 = +2H̃2Σ

′̃2 +
(
1+3λm

2

)
κ̃˜̺mc4 ,

3H̃2+3k̃c2

ℜ̃2 = +H̃2Σ
′̃2 + κ̃˜̺mc4 ,

H̃2Σ
′̃′
+

•̃
H̃ Σ

′̃
+ 3H̃2Σ

′̃
= −αTS

(
1−3λm

2

)
κ̃˜̺mc4 .

(2.15)

B/ The mechanical oscillator equation

Remember that we are aiming at an equation for (αTS , Σ). To achieve this, we isolate the time derivative of the
Hubble parameter in system (2.15) by combining the first and the second equation,

•
H̃=

−1
3

[
−3k̃c2

ℜ̃2

(
3 + 2Σ

′̃2
)
+ κ̃˜̺mc4

(
1+3λm

2

) (
3−Σ

′̃2
)
+ κ̃˜̺mc4

(
3 + 2Σ

′̃2
)]

(
3−Σ′̃2

) ,

and the Hubble parameter itself from the second equation of (2.15),

H̃2 =
κ̃˜̺mc4−3k̃c2

ℜ̃2(
3−Σ′̃2

) ,
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finally to replace those expressions in the third equation.
We can make an analogy between the expression obtained for (Σ′̃′ , Σ

′̃
, αTS) and the equation of an oscillator in point

mechanics:

2
3

[
1− 3k̃

ℜ̃2κ̃˜̺mc2

]

[
1−Σ′̃2/3

]

︸ ︷︷ ︸
↓

mass m(Σ
′̃
)

depending on the speed Σ
′̃

plus, when k̃ �= 0, on

the curvature k̃,

the gravitational constant

via κ̃ and the density ˜̺m.

Σ
↓
a

c

c

e

l

e

r

a

t

i

o

n

′̃′
+

[
− 4k̃

ℜ̃2κ̃˜̺mc2
+ (1− λm)

]

︸ ︷︷ ︸
↓

viscosity coefficient

depending on λm

plus when k̃ �= 0, on

the curvature k̃,

the gravitational constant

via κ̃ and the density ˜̺m.

Σ
↓
v

e

l

o

c

i

t

y

′̃
= − (1− 3λm)︸ ︷︷ ︸

↓
forcing coefficient

depending on λm

αTS(Σ)
↓
e

x

t

e

r

n

a

l

f

o

r

c

e

with Σ(p̃) the ‘‘displacement’’.

(2.16)

Let us now discuss this equation.
When k̃= 0, we recover the expression given in reference [41]. We notice that this ‘‘mechanical oscillator equation’’
for the scalar field, is exactly equation (2.12) expressed in terms of the variables (Σ(t̃), p̃(t̃)) instead of (ϑ(t̃), x(̃t)).
We also see that the coupling of Σ̃′ to matter (˜̺m) interestingly disappears in the particular case of flat cosmology.
Whichever the value of k̃ is, the ‘‘mass’’ depends on the velocity, which makes it difficult to find exact solutions
except for some special values of λm. Moreover, the ‘‘mass’’ reaches an infinite value when Σ

′̃2 → 3.
We also remark that the force term derives from a potential because of the relation between the scalar coupling and the
conformal factor (1.15):

F̃ (Σ) = −dṼ
dΣ ≡ − (1− 3λm) αTS(Σ)

⇔ Ṽ (Σ) ≡ +(1− 3λm) lnA(Σ) .
(2.17)

Since λm ∈ ]−1, 1/3[, the forcing coefficient, − (1− 3λm), is always negative; hence, the corresponding contribution
is a damping term. We thus distinguish between two cases:

if A(t̃) −→
t̃→∞

cst �= 0 , then Ṽ (Σ) → Ṽmin because dṼ
dΣ = +(1− 3λm)

1
A
dA(Σ)
dΣ ,

if A(t̃) −→
t̃→∞

0 , then Ṽ (Σ) is unbounded from below,

there is no asymptotical minimum to the potential.

(2.18)

These considerations about the existence of a minimum to the potential are primordial to us, because we are looking
for particular solutions to the cosmological equations that admits GR as an attractor. Indeed, we see that this particular
class of solutions (see conditions given in Section 2.2.1) automatically drives the scalar field to the minimum of its
potential. This corresponds to a decrease of the coupling αTS(t̃) as time elapses: αTS(t̃) −→

t̃→+∞
αGR ≡ 0.
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2.2.3 A confrontation with SNIa results

To discuss the cosmological characteristics of Tensor Scalar theories with one scalar field, no cosmological constant
and a non constant coupling, we can rewrite the cosmological equations in terms of the usual density variables Ω̃m(t̃),
Ω̃Σ(t̃) and Ω̃k(t̃).

A/ Definition of the density variables and notion of quintessence

Remembering Einstein’s critical universe, with the critical density ˜̺c ≡ 3H̃2

8πG̃
required to close the universe, the

matter-density parameter is defined as

Ω̃m ≡ Ω̃dust + Ω̃rad ≡
˜̺m
˜̺c

=
8πG̃˜̺m
3H̃2

, (2.19)

which is always positive as ˜̺m > 0 for all t̃. This density contains both the density of massive and nonmassive
particles, namely the so-called dust matter and radiation.
By analogy with the matter density, we define the scalar-field density

Ω̃Σ ≡
•̃
Σ
2

3H̃2
=

Σ
′̃2

3
, (2.20)

which is always positive. We remind the reader that, when the scalar field is constant, we do not recover a cosmo-
logical constant (Ω̃Σcst �= Ω̃Λ).
As usual, the curvature-density parameter is given by

Ω̃k≡
−k̃c2
ℜ̃2H̃2

. (2.21)

When expressing the second equation of the cosmological system for evolution (2.5) in terms of densities, we obtain
the usual equation:

1 = Ω̃Σ + Ω̃m+Ω̃k for all t̃. (2.22)

Finally, the deceleration parameter is also often used,

q̃ ≡ −
•̃
H̃

H̃2
− 1 , (2.23)

and it indicates either an accelerated (q̃ < 0), decelerated (q̃ > 0), or constantly expanding universe (q̃ = 0).

B/ Link to the previous variables

The density variables that we just introduced can be easily connected to the variables x(t̃), ϑ(t̃) described earlier.
First notice that, according to (2.8),

•̃
x= 1 + q̃ .

When k̃= 0, we see why the variables ϑ(t̃) and x(t̃) are natural. The first equation of (2.9) leads us to

Ω̃Σ = sin2 ϑ , (2.24)

which lies within the range [0, 1]; while the second equation gives

Ω̃m = cos2 ϑ (2.25)

which is bounded in a likewise manner. Equation (2.22) is then naturally recovered.
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Also, the first equation of system (2.10) given in terms of x(t̃) and ϑ(t̃) can be reformulated in an interesting way:

q̃ = 1
2 (1 + 3λm)

(
1−Ω̃k
)
+ 3

2 (1− λm) Ω̃Σ for all t̃
(2.22)⇔ q̃ = 1

2 (1 + 3λm) Ω̃m + 1
2 (1 + 3λΣ) Ω̃Σ with λΣ = +1 .

(2.26)

As a consequence, using equations (2.26), (2.24) and (2.25), we are led to the following constraint

1

2
(1 + 3λm) ≤ q̃ ≤ 2 .

The best model for our present-time (t̃0) universe is the dust model (λm = 0) with k̃ = 0, an hypothesis strongly
encouraged by experiments like BOOMERANG, favoring flat cosmologies. However, in our model, this type of uni-
verse is characterized by a constraint in conflict with the supernovae predictions which favor an accelerating universe,
that is, they tend to predict q̃0 ≡ q̃(t̃0) < 0 .
And even if we consider k̃ �= 0, the predictions of our model given by (2.26) with λm = 0 still lead to a positive
present value of q̃, in disagreement with the supernovae experiments.
A solution to this problem might be to add artificially a cosmological constant Λ to the action in the Einstein frame,

ĨTS E +Λ =

∫
dx(4)
√
−g̃

[−1

2κ̃

{
R̃− 2 Σ|̃µ Σ|̃µ + 2Λ

}
+ Lm(A

2(Σ) g̃µν ,Ψm)

]
,

or alternatively, to add a potential Ṽ ∗(Σ) which would not cancel as Σ tends towards a constant, but would provide a
dynamical ‘‘cosmological constant’’ like in quintessence models. This type of model (2.7) is often called ‘‘extended
quintessence’’ and is usually expressed in the Jordan frame:

Iextended quintescence =

∫
dx(4)

√−g

[−1

2κ

{
R− ̟(Σ)

Φ2
Φ|µ Φ|µ − V ∗(Φ)

}
+ Lm(gµν ,Ψm)

]
.

The density variables can also be used to provide further insight on the ‘‘mechanical oscillator’’ analogy. Inserting
the density variables into the ‘‘mechanical oscillator equation’’ (2.16), we find

2
3

[
1+ Ω̃k

Ω̃m

]

[
1− Ω̃Σ

] Σ′̃′
+

[
4

3

Ω̃k

Ω̃m
+ (1− λm)

]
Σ
′̃
= − (1− 3λm) αTS(Σ) .

When k̃= 0, we see that the ‘‘mass’’ tends towards infinity as Ω̃Σ → 1 (which corresponds to Σ
′̃2 → 3, in terms of

the variables p̃(t̃) and Σ(t̃)). However, if we use the additional constraint provided by (2.22) and the definitions (2.19)
and (2.20), we see that Ω̃Σ can never reach this critical value of 1. Hence, the mass is always finite for k̃ = 0.
When k̃�= 0, in the preceding ‘‘mechanical oscillator equation’’, it is not straightforward to interpret the factor in front
of Σ

′̃′
as a mass. What is its sign? Is it divergent or not? This seems to depend on the sign and value of k̃. So, using

(2.22), we prefer to rewrite the ‘‘mechanical oscillator equation’’ as

2
3

Ω̃m
Σ
′̃′
+
[
4
3
Ω̃k

Ω̃m
+ (1− λm)

]
Σ
′̃
= − (1− 3λm) αTS(Σ) . (2.27)

Now we clearly see that the mass term is always positive (as Ω̃m always is) and that its evolution with time follows
the inverse evolution of the matter density 15. Moreover, we realize that we have to be more cautious about our
interpretation of the second term of the equation as a viscous contribution that slows down the motion. Indeed, we

15 It is easier to think about a ‘‘mass’’ varying with the inverse of the matter density in time, than to think of a mass that varies with the velocity Σ
′̃
!

Indeed, in an expanding universe, the matter will dilute in the volume, so that the matter density will correspondingly decrease and the mechanical
oscillator will become more and more inertial.
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have to distinguish two situations according to the sign and value of Ω̃k

Ω̃m
:

if Ω̃k

Ω̃m
> −3

4 (1− λm) then the second term is the usual viscous coefficient (slowing down the motion),

if Ω̃k

Ω̃m
< −3

4 (1− λm) then the second term is a force proportional to the speed (accelerating the motion).

However, −3
4 (1− λm) ∈

]
−3

2 ,−1
2

]
owing to the range of values for λm given by (2.3). Thus in the case of a flat or

negative curvature universe( k̃ ≤ 0), we always have a viscous coefficient slowing down the motion. What happens
for positive curvature universes depends on the relative amount of curvature and matter densities.

In the following sections, we will restrict ourselves to a flat universe and look for a particular exact analytical
solution to the cosmological equations that admits GR as an attractor.

2.2.4 Solutions in a flat radiation universe

In a radiation universe, λm=1/3 and thus ˜̺m≡˜̺m r, where the subscript ‘‘r’’ stands for the radiation era. We
choose here to work with the variables Σr(t̃) and pr(t̃), following Damour and Nordtvedt [42], but one could alterna-
tively work with the equations in terms of xr(t̃) and ϑr(t̃).
During the radiation era, the ‘‘mechanical oscillator equation’’ (2.16) simply reads

1[
1−Σ′̃2

r /3
]Σ′̃′

r +Σ
′̃

r = 0 . (2.28)

Thus, for purely radiative matter, the coupling αTS disappears from the Einstein frame equations (2.15) and from the
‘‘mechanical oscillator equation’’ (2.28). We have no constraint on the coupling.
We simply integrate to find

Σ
′̃

r(p) =
√
3

sg(Σ
′̃

eq) cst3 e−p̃√
1 + cst 23 e−2p̃

with sg(Σ
′̃

eq) ≡ the sign of Σ
′̃

eq , (2.29)

in which we express cst3, chosen to be positive, by taking the above expression at p̃ = 0 ≡ p̃eq:

cst3 ≡
sg(Σ

′̃

eq) Σ
′̃

eq√
3−Σ′̃2

eq

with Σ
′̃

eq = Σ
′̃
(p̃ = 0). (2.30)

A second integration of the ‘‘mechanical oscillator equation’’ with respect to p̃ gives

Σr(p̃) = −
√
3 sg(Σ

′̃

eq) arcsinh
(
cst3 e−p̃

)
+ cst .

The integration constant is obtained by taking this expression16 at p̃ = 0 ≡ p̃eq:

Σr(p̃)−Σeq = −
√
3 sg(Σ

′̃

eq)
[
arcsinh

(
cst3 e−p̃

)
− arcsinh (cst3)

]
where Σeq ≡ Σ(p̃ = 0)

⇔ Σr(p̃)−Σeq = −
√
3 sg(Σ

′̃

eq)

[
ln

(
cst3 e−p̃ +

√
1 + cst 23 e−2p̃

)
− ln

(
cst3 +

√
1 + cst 23

)]
.(2.31)

The expression for Ω̃Σ r follows from its definition (2.20) and (2.29) with (2.14); H̃r(p̃) and ˜̺m r are calculated from

16 We recover the same solution as Damour and Nordtvedt in reference [42]. The only difference is that we takeΣeq ≡ Σ(p̃eq = 0) as integration
constant and p̃eq ≡ 0 while they rather choose Σ∞ ≡ Σ(p̃ = ∞) and the cosmological parameter at the beginning of the radiation era p̃l ≡ 0.
The conversion is easy:

Σ∞ = Σeq +
√
3 sg(Σ

′̃
eq) ln

(
cst3 +

√
1 + cst 23

)
.



The case of a null cosmological constant_____________________________________________________________________________________________43

the first two equations of system (2.15) with Λ̃ = k̃ = 0 and (2.29); Ω̃m r is obtained by introducing expressions found
for H̃r(p̃) and ˜̺m r, together with (2.14) in definition (2.19):

H̃r(p̃) = Heq e
−2p̃
(
1 + cst 23 e−2p̃

1 + cst 23

)1/2
where H̃eq ≡ H̃(p̃eq ≡ 0) ,

˜̺m r

(
ℜ̃r
)

= ˜̺m eq e
−4cst1 ℜ̃−4r with ˜̺m eq ≡

3H̃2
eq

κ̃c4 (1 + cst 23 )
,

Ω̃Σ r

(
ℜ̃r
)

=
cst 23 e−2cst1 ℜ̃−2r

1 + cst 23 e−2cst1 ℜ̃−2r
,

Ω̃m r

(
ℜ̃r
)

=
1

1 + cst 23 e−2cst1 ℜ̃−2r
.

From these equations, we conclude we are in presence of a standard black-body radiation, ˜̺m r ∼ ℜ̃−4r ; this allows us
to define a Cosmic Microwave Background Temperature (T̃ ◦CMB) to confront with the observations.

Let us come back to the ‘‘mechanical oscillator equation’’ which is the most useful and straightforward way to
find a natural relation for the scalar coupling. For any value of λm, the ‘‘mechanical oscillator equation’’ (2.16) can be
rewritten as:

2

3


 1[

1−Σ′̃2/3
]Σ′̃′

+Σ
′̃


 = − (1− 3λm) αTS(Σ)−

1

3
(1− 3λm)Σ

′̃
.

As we have just seen in (2.28), the left-hand side of this equation is exactly null during the radiation era.
Arguing for a smooth transition from the radiation to the matter era, we obtain a natural constraint for αTS during the
radiation era. Indeed, taking the limit λm → λm r = 1/3 in this last equation, we find

αTS(Σ) = −1

3
Σ
′̃
. (2.32)

The underlying assumption is that αTS(Σ) is independent of λm.
If we now replace Σ

′̃

r by its solution found in (2.29), we get

αTS r(p̃) = − 1√
3

sg(Σ
′̃

eq) cst3 e−p̃√
1 + cst 23 e−2p̃

. (2.33)

We could also directly rewrite the scalar coupling in terms of the scalar field: expressions (2.31) and (2.33), plus the
fact that

sinh [ ]√
1 + sinh2 [ ]

= tanh [ ]

lead us to

αTS(Σr) = − 1√
3

sg(Σ
′̃

eq) tanh

[
−Σr(p̃)−Σeq√

3 sg(Σ′̃
eq)

+ arcsinh (cst3)

]
. (2.34)

We now have in hand a complete evolutionary solution during the radiation era which we shall use in the next
section to infer a solution for the dust era.
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2.2.5 Solutions in a flat dust universe

Today, the matter of our universe is clustered in stars, galaxies, clusters and gas clouds... with a lot of empty space
in between. This can be modeled by a universe solely composed of dust, namely the galaxies, with proper motions17

negligible with respect to the speed of light, so that their kinetic energies are negligible with regard to their mass energy.
We can then say that

P̃m d = 0 ⇒ λm ≃ P̃m d

˜̺m d

= 0 ,

where the subscript ‘‘d’’ stands for a dust universe.

Our aim in this subsection is to find a solution to the cosmological equations defined in Section 2.1 for a dust
universe, that admits GR as an attractor. Again, we only have three equations with four unknowns, and thus need to
impose by hand a constraint, for example, on the coupling constant αTS (that is to say Ad). We will first recall the
rather arbitrary choice made by Damour and Nordtvedt [36] and their approximate solution to the field equations. Then,
we shall suggest a natural, furthermore exact and analytical, dust-era solution exploiting the radiation-era solution that
we just derived.

2.2.5.1 An arbitrary choice of the cosmological potential (Damour and Nordtvedt’s method)

Damour and Nordtvedt [41, 36] impose the conformal factor Ad(Σ) to be:

Ad(Σ) = e
1
2N Σ2d

⇔ αTS(Σd) = N Σd ,
(2.35)

where N is a positive constant, and the scalar coupling depends linearly on the scalar field. The potential (2.17)
involved in the ‘‘mechanical oscillator equation’’ (2.16) is a parabolic well that possesses a minimum at Σd = 0. The
constant N then characterizes the curvature of this potential:

Ṽ (Σd) = +
1

2
N Σ2

d . (2.36)

It is now important to understand the connection between N and the Post-Newtonian parameters for TS theories,
γ(αTS 0) and β(αTS 0, ∂αTS/∂Σ|0) given in Table (1.67). Indeed, if a generic dust-era cosmological potential (2.17)
is expanded around the present-time (small) value of the scalar field Σ0, using (1.7), we find

Ṽ (Σd) ≃ Ṽ (Σ0) + αTS 0(Σd −Σ0) +
1

2
∂αTS/∂Σd|0 · (Σd −Σ0)

2 +O
(
(Σd −Σ0)

3
)

.

Comparing this expansion with the Damour-Nordtvedt model (2.36), we see how N = ∂αTS/∂Σd|0 is relevant to the
PN parameter 1 − β = −N/8 · (1− γ) · (1 + γ) and why, in this particular model, 1 − β is restricted to be always
negative. Remember that 1− β could have either sign a priori.

In the case of a flat dust universe, this chosen conformal factor leads to the following ‘‘mechanical oscillator
equation’’ with only one unknown (Σd) and the scalar coupling contributing as an elastic force with elastic coefficient
N :

2[
3−Σ

′̃2
d

]Σ′̃′

d +Σ
′̃

d +N Σd = 0 .

This equation has no analytical solution. So Damour et al. made the following approximation: they neglected the
dependence on the velocity in the mass term, supposing that Σ′̃2

d (which is always < 3) is close to GR null value,

2

3
Σ
′̃′

d +Σ
′̃

d +N Σd ≃ 0 .

17 with respect to the Roberston-Walker metric expressed in the frame that has been chosen to be the physical one.
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This simplified equation allows now for analytical solutions classified according to the value of the constant N :

if N ∈ ]0, 3/8[ :

⇒ Σd(p̃) =

[
+2
3

Σ
′̃
eq

s+
+ 1

2

(
1 + 1

s+

)
Σeq

]
e
3
4 (−1+s+)p̃ +

[
−2

3

Σ
′̃
eq

s+
+ 1

2

(
1− 1

s+

)
Σeq

]
e
3
4 (−1−s+)p̃ ,

if N = 3/8:

⇒ Σd(p̃) = Σeq
[
1 +
(
Σ
′̃

eq +
3
4

)
p̃
]
e−

3
4 p̃ ,

if N ∈ ]3/8,∞[ :

⇒ Σd(p̃) =

[
Σ
2

eq +
1
s2−

(
4
3Σ

′̃

eq +Σeq

)2]1/2
sin

[(
3
4s− p̃
)
+ arctan

(
Σeq s−

4
3Σ

′̃
eq+Σeq

)]
e−

3
4 p̃

=


Σeq cos

(
3
4s− p̃
)
+

(
4
3Σ

′̃

eq+Σeq

)

s−
sin
(
3
4s− p̃
)

 e− 3

4 p̃ ,

where s± ≡
(
±1∓ 8

3N
)1/2

.
(2.37)

Going further, Damour and Nordtvedt set the integration constant Σ′̃

eq to zero, arguing that, if the radiation era lasts
long enough, the speed should be (almost) vanishing18 by the end of the radiation era. The attractor mechanism is thus
mostly efficient during the radiation era. In our model, on the contrary, the attractor mechanism is still active during
the dust era, as we shall see.
The above argument leads to the following solutions:

if N ∈ ]0, 3/8[ : overdamped monotonic motion towards the local minimum

⇒ Σd(p̃) = 1
2

(
1 + 1

s+

)
Σeqe

3
4 (−1+s+)p̃ + 1

2

(
1− 1

s+

)
Σeqe

3
4 (−1−s+)p̃

−→
p̃→∞

1
2

(
1 + 1

s+

)
Σeqe

3
4 (−1+s+)p̃ and if N << 3/8, ∼ Σeqe

−Np̃ ,

if N = 3/8: critical damped monotonic motion towards the local minimum

⇒ Σd(p̃) = Σeq
[
1 + 3

4 p̃
]
e−

3
4 p̃ ,

if N ∈ ]3/8,∞[ : damped oscillatory motion around and towards the local minimum

⇒ Σd(p̃) = Σeq

[
1 + 1

s2−

]1/2
sin
[(

3
4s− p̃
)
+ arctan (s−)

]
e−

3
4 p̃

= Σeq
[
cos
(
3
4s− p̃
)
+ 1

s−
sin
(
3
4s− p̃
)]

e−
3
4 p̃ .

(2.38)

In these three categories of solution, Σd(p̃) is decreasing with time and is thus compatible with a solution corresponding
to an important scalar-field contribution at the beginning of the universe, that vanishes asymptotically as p̃ → +∞.
Only the third category of solution is oscillating though, and so is compatible with a scalar field that would oscillate
down a potential well.
However, these solutions are only valid for the dust era. They furthermore stem from an arbitrary conformal factor
chosen so to lead to a potential well for λm ∈ ]−1, 1/3], with an approximation that neglects the dependence on the
speed in the mass term.

18 We shall see in the next paragraph that such a choice of the integration constant is not compatible with our model because if the speed is zero at
one time during the radiation era in our model, then not only is it always zero during this era, according to (2.29) and (2.30), but it will always be so
in the dust era!
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2.2.5.2 Solving the equations in fixed λm universe. A natural cosmological potential...

In our approach, when looking for a solution to the cosmological evolutionary equations for a dust universe, we
do not impose an arbitrary shape for the conformal factor Ad(Σ). Instead we try to deduce it naturally from the exact
analytical solution found for the radiation universe, as the evolution of our universe has been from a radiation era
(starting at t̃l or p̃l and ending at t̃eq or p̃eq) to a dust (matter dominated) era (starting at t̃eq or p̃eq) until now (t̃0 or
p̃0). We do so by imposing some reasonable condition on the scalar coupling, αTS . The attractor mechanism we find
is analytical, exact, simple and efficient throughout the dust era.

A/ In terms of (Σ(t̃), p̃(t̃)): a smooth exit from the radiation era

Let us work with the equations in terms of Σ(t̃) and of the cosmological parameter p̃(t̃), for any λm.
Again, we make the assumption that the exit from the radiation era towards the matter era is smooth, so that Σr(p̃),
derived in earlier Section 2.2.4, must be close to the exact solution when we slightly leave the radiation era. We
furthermore assume that the coupling αTS(Σ) given by (2.32) is unchanged.
We shall show that, in fact, the exact solution Σ(p̃) ≡ Σr(p̃) (2.31) is still an exact solution for a universe of arbitrary
λm with no cosmological constant and zero curvature, provided that the coupling is given by (2.32) or (2.34);
that is to say

αTS(Σ
′̃
) = −1

3
Σ
′̃

(2.39)

= − 1√
3

sg(Σ
′̃

eq) cst3 e−p̃√
1 + cst 23 e−2p̃

= − 1√
3

sg(Σ
′̃

eq) tanh

[
− Σ(p)−Σeq√

3 sg(Σ′̃
eq)

+ arcsinh (cst3)

]
.

Prior to the demonstration of the above statement, let us comment on these coupling and scalar-field functions.
The scalar coupling only depends on the initial condition Σeq, that we can determine by fixing αTS(p̃eq), where p̃eq
corresponds to the end of the radiation era (see later in Section 2.2.6).
We notice also that, as p̃ → +∞ , αTS(p̃) → 0. However, this fact alone does not imply that GR is an attractor to the
corresponding cosmological solution, as explained in Section 2.2.1. We still have to check that A(p̃) → cst �= 0.
According to the definition of the coupling constant (1.7), we integrate αTS(Σ) to recover the exact conformal factor
for any matter era:

A(Σ) = Aeq

cosh

{
− Σ(p̃)−Σeq√

3 sg(Σ′̃eq)
+ arcsinh (cst3)

}

cosh {arcsinh (cst3)}
, (2.40)

or expressing it in terms of p̃,

A(p̃) = Aeq

(
1 + cst 23 e−2p̃

1 + cst 23

)1/2
where Aeq ≡ A(p̃ = 0) . (2.41)

We can now verify that asymptotically the conformal factor tends towards a constant, Aeq/
√
1 + cst 23 , which is

nonzero if we reject the ‘‘trivial’’ solution A(p̃) ≡ 0 for all times. Consequently, we can conclude that a correspond-
ing cosmological solution will asymptotically tend towards GR as demonstrated in Section 2.2.1. This means that the
hypothesis we make of a smooth exit from the radiation era excludes at least all the solutions that do not hold GR as
an attractor.

An additional interesting feature of this coupling is that, if we expand the forcing term of ‘‘the mechanical oscilla-
tor equation’’ (2.16) in Taylor series for small Σ using expression (2.39) for αTS(Σ), we find
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F̃ (Σ) = − (1− 3λm)αTS(Σ)

≃ + (1−3λm)√
3

sg(Σ
′̃

eq) tanh

[
Σeq√

3 sg(Σ′̃eq)
+ arcsinh (cst3)

]

− (1−3λm)
3 sg(Σ

′̃

eq) cosh−2
[

Σeq√
3 sg(Σ′̃eq)

+ arcsinh (cst3)
]
Σ(p̃) .

So19 for [ ] = 0, in the weakΣ limit and for any value of cst3, we naturally recover the damping force (2.36) proposed
by Damour et al. (see Simulation (2.42)), with their arbitrary constant N set to 1/3; namely,

F̃Damour(Σ) ≃ −(1− 3λm)

3
Σ(p̃) for N = 1/3 .

Cosmological Tensor Scalar attractor potential Ṽ as a function of the scalar field Σ during the dust era (λm = 0).

The solid line is the potential corresponding to our exact analytical model ((2.17) with (2.40)).

The choice of the integration constants has been made so that the minimum of the potential (exact General Relativity),

to be reached after an infinite time, be placed at Σ∞ = 0 (⇔ Σeq = −
√
3 sg(Σ

′̃

eq) arcsinh(cst3)) and the

minimum value of the potential is scaled to zero (Ṽmin = 0 ⇔ Aeq=
√
1 + cst23), see Paragraph 2.2.6.

We note that, around the minimum, we recover Damour et al.’s quadratic potential (2.36) with N=1/3 (dash curve).

(2.42)

Let discus the evolution of the scalar field with equations (2.31) and (2.29). We clearly see that the scalar field
tends to a constant value as p̃ → +∞, while its derivative with respect to p̃ tends to zero: the scalar field falls into the
potential well.
Another comment: we see that at the end of the radiation era, Σ′̃

eq =
√
3 sg(Σ

′̃

eq) cst3
√
1 + cst 23 is different from zero

as long as cst3 is nonzero (which means that we do not consider the solution of General Relativity). So the hypothesis
suggested by Damour et al. (see Section 2.2.5.1), that Σ′̃

eq = 0, is inadequate for our cosmological model.

We now show that the cosmological equations for any λm can be solved exactly and analytically with the coupling
constant given by (2.32) and the scalar field Σ(p̃) ≡ Σr(p̃) from (2.31). In the following, we use in fact (2.29).

19 We shall see in the next section that [ ] = 0 ⇔ Σeq = −
√
3 sg(Σ

′̃
eq) arcsinh(cst3) corresponds to a particular but totally non significant

choice of the integration constant Σeq .
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We can rewrite the second equation of system (2.6) in terms of p̃ and integrate it to find H̃(p̃):

H̃(p) = H̃eq e
− 3
2 (1+λm)p̃

(
1 + cst 23 e−2p̃

1 + cst 23

)3( 1−λm
4 )

where H̃eq ≡ H̃(p̃eq ≡ 0) . (2.43)

We see that the Hubble parameter tends asymptotically towards zero for p̃ → +∞. This is also the case of
•̃
ℜ̃= H̃(p) ep̃

and
•̃•
ℜ̃= H̃(p) ep̃

[
dH̃(p)
dp̃ + H̃(p)

]
.

Notice that we do recover the exact result of the radiation era just by substituting λm = 1/3 in this general expression
for H̃(p̃).

To obtain ˜̺m(p̃), we need to express the third equation of system (2.6) in terms of p̃. This leads to

˜̺m(p̃) = ˜̺m eq e
−3(1+λm)p̃

(
1 + cst 23 e−2p̃

1 + cst 23

)+ 1
2 (1−3λm)

where ˜̺m eq ≡ ˜̺m(p̃eq ≡ 0) =
3 H̃2

eq

κ̃c4 (1 + cst 23 )
(2.44)

or, using (2.14),

˜̺m(ℜ̃) = ˜̺m eq ℜ̃−3(1+λm)

(
1 + cst 23 ℜ̃−2
1 + cst 23

)+ 1
2 (1−3λm)

. (2.45)

From ˜̺m(p̃), we immediately get P̃m(p̃) thanks to the definition of λm (2.3).
We see that the radiation dominated universe evolves as ℜ̃−4, whichever the value of the integration constant (cst3)
is. This allows to define the blackbody radiation of the primordial universe and the corresponding Cosmic Microwave
Background (CMB) temperature (2.55), as already stated.
For cst3 = 0, we recover the results of the Friedman-Robertson-Walker cosmology (˜̺m ∼ ℜ̃−3(1+λm)), that is to say,
the matter density evolves respectively like ℜ̃−4r for the radiation era and ℜ̃−3d for the dust era.
Notice that, in the Einstein frame, the dust density does not evolve as ℜ̃−3d when cst3 �= 0, because of the presence
of the scalar coupling in the last equation of system (2.6); unlike what is found in the Jordan frame, where the matter-
density equation is simpler but the other cosmological equations are more intricate.
Finally, we see that the density asymptotically tends towards zero when p̃ → +∞. This prediction is coherent with the
fact that the universe expands and consequently the matter gets diluted.

B/ In terms of (x(t̃), ϑ(t̃)): a coupling function independent of λm

One could argue that it is too restrictive a condition to impose that both the scalar field and the scalar coupling be
the same functionals during the radiation and the dust era. We show here, in terms of the variables x(t̃) and ϑ(t̃), that
this condition is in fact equivalent to the assumption that the coupling αTS is independent of λm.
In the differential equation for x(t̃) and ϑ(t̃) (2.12), we can equal the coefficients of λ1m and λ0m respectively, thus
using ONLY the hypothesis that αTS be independent of λm. Doing so, we find a first equation for the coefficient of
λ1m,

αTS = − 1√
3

tanϑ√
1+tan2 ϑ

⇒ |αTS| < 1√
3

for all t̃ ;
(2.46)

and a second equation for the coefficient of λ0m,

√
3


2
3

•̃
ϑ x

cosϑ
+ sinϑ


 = −αTS(Σ) . (2.47)
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Replacing the expression for the scalar coupling from (2.46) into the above equation gives

•̃
ϑ x = −1

2
sin 2ϑ . (2.48)

Previously, with (2.12), (2.9) and the first equation of (2.10), we had three equations with four unknowns

(x = H̃−1, ˜̺m, αTS ,
•̃
Σ). Now, with the requirement that the scalar coupling be independent of λm, we have four

equations (2.10), (2.46), (2.47), and (2.9) with four unknowns and the system is determinate. Let us thus solve this
system.
We can express equation (2.48) in terms of the variable p̃, to get rid of the variable x and be allowed to integrate:

tanϑ = cst e−p̃ .

And if we take this expression at p̃eq ≡ 0, using (2.9) and (2.8) with (2.30), we can rewrite

⇔ tanϑ = cst3 e−p̃ with cst3 ≡ tanϑeq (2.49)

⇔ tanϑ =
1

ecst1cst3 ℜ̃
, (2.50)

where in the last step we used the definition of the cosmological parameter p̃ given by (2.14).
Replacing this result for ϑ(p̃) in (2.46), we finally recover (2.39)... our ‘‘natural coupling function’’!

If now we wish to derive an expression for Σ′̃
(p̃) and Σ(p̃) using (2.49) and the first equation in (2.9), we get

Σ
′̃
=

√
3

tanϑ√
1 + tan2 ϑ

,

that is, (2.29), from which (2.31) derives.

2.2.6 Values for the integration constants

It is now necessary to attribute a judicious value to the different integration constants Σeq, Σ
′̃

eq, αTS eq and H̃eq

that we introduced in the preceding subsections.
As far as the constantsΣ′̃

eq andαTS eq are concerned, we can try to select a reasonable cosmological model in agreement
with String theories which predict |αTS l| = 1 (the subscript ‘‘l’’ here stands for the value when exiting some primordial
Planck era and entering the radiation era). We shall assume that the scalar coupling has not evolved much during the
radiation era as it was decoupled in the cosmological equations, and so we impose |αTS eq| ∼ 1. We then need to

choose the value of the constant Σ
′̃

eq (thus cst3) accordingly. To do so, we first note that, owing to equations (2.33) and

(2.30), the larger the absolute value of Σ′̃

eq, the larger the absolute value of the scalar coupling will be. Nevertheless,

since the absolute value of Σ′̃

eq is bounded from above by
√
3 ( this value excluded), we find that the absolute value of

αTS eq is bounded from above by 1/
√
3 (this value excluded) (see also (2.46)). So we shall choose as a value of our

integration constant Σ′̃2
eq the largest one possible in order to have |αTS eq| as close to 1 as possible. Our choice will be

a positive derivative of the scalar field at equilibrium time and the corresponding negative value for the scalar coupling,
with respect to (2.32). Note that the sign of the scalar coupling αTS is irrelevant, since only its square contributes to
physical processes.
In the following section, we shall discuss how different choices of the integration constant Σ′̃

eq (or alternatively of cst3)
influence the predictions of our model on the Eddington-Robertson-Schiff parameter γ.

Now, let us determine the value of the integration constant Σeq.
For any value of λm, equation (2.17) tells us that the minimum of the potential is reached when the scalar coupling is
zero, while equation (2.33) shows that αTS ≡ αTS r → 0 when p̃ → +∞. Thus, the minimum of the potential should
be reached after an infinite time at least.
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On the other side, expression (2.34) for αTS ≡ αTS r provides the following equivalence:

αTS ∞ = 0 ⇔ Σ∞ −Σeq =
√
3 sg(Σ

′̃

eq) arcsinh(cst3) with Σ∞ ≡ Σ(p̃ = ∞) .

Since Ṽ = Ṽ (Σ) is given up to a constant like any potential, we can freely fix the value of its minimum, Ṽmin ≡
Ṽ (Σ∞), by choosing

Σ∞ ≡ Σ(p̃ = ∞) = 0 . (2.51)

This choice, according to the previous equivalence, corresponds to fixing the value of the constant:

Σeq = −
√
3 sg(Σ

′̃

eq) arcsinh(cst3) . (2.52)

Finally, consider the last integration constant to choose, H̃eq. To fix H̃eq, we shall use the dust-era solution giving
an explicit expression for H̃d(p̃) and impose to recover the measured Hubble constant at the present time, p̃0:

H̃d(p̃ = p̃0) = H0|exp .

2.2.7 Our model and the attractor mechanism

In Paragraph 2.2.5.2, we demonstrated that imposing a scalar coupling independent of λm leads to solutions that
are identical to those of the radiation era concerning αTS , A, Σ, and Σ

′̃ . The solutions for different cosmological eras
differ for H̃, Ω̃m, and ˜̺m as those are functions of λm. In the case of λm = 1/3, we recover our previous radiation-era
results.

We can say that even though the above hypothesis is restrictive, it gives rise to interesting types of solutions which
all belong to the class of cosmological solutions admitting General Relativity as an attractor. Indeed,

αTS(p̃) −→
p̃→∞

0 while A(p̃) −→
p̃→∞

Aeq√
1 + cst23

= cst �= 0 if Aeq �= 0 .

Let us now investigate the properties of the free parameter Σ′̃

eq (alternatively cst3) of our class of exact solutions.
We recall that whichever of the types of universe (for any λm) we adopt, the cosmological evolution is described
by equation (2.16), which is analogous to the description of a particule motion with displacement Σ evolving in a
potential. This equation is valid for all λm, at any time t̃ (or p̃). The second equation from system (2.15) gives the
constraint Σ′̃2 < 3, valid for all λm, and at any time t̃ (or p̃).
Let us call the beginning of the radiation era, that is to say the early universe, p̃ = p̃l. At this time, the scalar field
Σl ≡ Σ(p̃l) and its derivative Σ

′̃

l ≡ Σ
′̃
(p̃l) do not necessarily vanish.

During the radiation era (for λm= 1/3), there is no external force in the mechanical oscillator equation (2.28), and

so, only the viscous strength will gradually contribute to lower the speed Σ
′̃
.

We call the end of the radiation era (thus the beginning of the matter dominated era) p̃ = p̃eq. Of course, the longer
the radiation era will last, the smaller the speed will be at the end of the radiation era:

Σ
′̃2
r (p̃)

≥−→
p̃→p̃eq

Σ
′̃2
eq with Σ

′̃2
r < 3 .

However, at the end of the radiation era, Σ′̃

eq will not necessarily be zero, unlike the hypothesis made by Damour et

al. Indeed, taking Σ
′̃

eq = 0 thus cst3 = 0 corresponds to limiting ourselves to General Relativity, according to the
exact analytical solutions we found for the radiation era. We can see with expressions (2.29), (2.31) and (2.33) that
such a choice of the integration constant Σ′̃

eq leaves us with a constant scalar field Σ(p̃) = Σeq for all p̃, and a null
scalar coupling. This also means that the radiation density (̺m r) and the dust density (̺m d) evolve exactly like in the
Standard Model (Friedman-Robertson-Walker cosmologies), that is to say respectively as ℜ−4r and ℜ−3d .



The case of a null cosmological constant_____________________________________________________________________________________________51

2.2.8 Evaluation of the observables

In the following paragraph, we study the predictions of our class of models regarding the present value of the PN
Jordan frame parameter γ. First we recall its expression from Table (1.67)20

1− γ =
2α2TS 0(t̃0)

1 + α2TS 0(t̃0)
, (2.53)

where α2TS 0(t̃0) is the cosmological background coupling at the present time t̃0.

2.2.8.1 Predicting γ and the present coupling αTS 0

A/ The elapsed time since the end of the radiation era

It is easy to see that an estimate of γ will be obtained simply by evaluating (2.39) and (2.53) at p̃0. Of course,we
need first to estimate p̃0, the elapsed time since the end of the radiation era till now. This will be done thanks to the
characteristic temperature of the Cosmic Microwave Background of photons resulting from the radiation era, and to
the preserved blackbody spectrum as the matter particles decoupled from the photons.

Let us first define the cosmological redshift as

Z̃(t̃) ≡ 1 + z̃(t̃)

1 + z̃eq
=

ℜ̃eq
ℜ̃(t̃)

where 1 + z̃(t̃) ≡ ℜ̃0

ℜ̃(t̃)
is the usual redshift. (2.54)

The time elapsed since the end of the radiation era can then be expressed in terms of Z̃ or of the cosmological
observables21,

p̃(t̃)− p̃eq
(2.14) and (2.54)

= − ln Z̃(t̃)

(2.45) and (2.14)⇔ p̃(t̃)− p̃eq = + ln ˜̺dust(t̃)˜̺rad(t̃)
− ln

(
1+cst 23 e−2p̃(t̃)

1+cst 23

)1/2

(2.41)⇔ p̃(t̃)− p̃eq = + ln ˜̺dust(t̃)˜̺rad(t̃)
− ln A(t̃)

Aeq
,

where ˜̺dust(t̃) is the dust-(only) density at time t̃ in the Einstein frame22 given by Ω̃dust(t̃) in (2.19) and (1.17), while
˜̺rad(t̃) is the radiation-(only) density at time t̃.
We recall that the evolution of the radiation density is that of a black body. Assuming three generations of neutrinos, it
is thus described by

˜̺rad(t̃) = 1, 68
aB
c2

T̃
◦ 4
CMB(t̃) , (2.55)

with aB, the Boltzmann-Stefan constant and T̃
◦

CMB(t̃), the Cosmic Microwave Background temperature in the Einstein

20 This may seem inconsistent, as we have been working in the Einstein frame for the derivation of our cosmological class of models (frame in which
the cosmological equation system is simpler). By imposing a Robertson-Walker type of metric in the Einstein frame, we had implicitly chosen this
frame to be the physical one, because by doing so we broke the conformal invariance. Indeed, the metric cannot be Robertson-Walker-like in both
the Einstein and the Jordan frames simultaneously, as this would imply that the conformal factorA (Σ) is equal to unity!
However, in the present subsection, we come back to the PN parameter γ in the Jordan frame (frame in which the relativistic calculations at a
given cosmological time are simpler). There is no contradiction though. One has to be aware that predictions made consistently in each frame
are the same. Indeed, for light deflection at first order for example, the PN parameters appear in the combination (α+ γ) GM

ρ0 c2
. In the Jordan

frame, α and γ are given by expressions in Table (1.67). These were inferred from the weak field limit of the Jordan frame equations, so to recover
the Newtonian law of motion (1.58) with respect to VTS(ρ). We could have made the same reasoning in the Einstein frame with the weak field
gravitational potential ṼTS(ρ̃). This would have provided the corresponding PN parameters, α̃ = γ̃ = 1/

(
1 + αTS 0(t̃0)

)
. Remembering the

relations between the gravitational ‘‘contant’’ in each frame (G ↔ G̃), and the mass in each frame (M ↔ M̃ ) given in respectively (1.15) and

(1.18), we get (α+ γ) GM
ρ0 c2

= (α̃+ γ̃) G̃M̃
ρ̃0 c2

, whichever the frame that we use.

This is why we can consistently write expression (2.53) with the left-hand side estimated in the Jordan frame (because, in the literature, when the
PN curvature parameter is estimated from VLBI light deflection measurements, it is α = 1 which is assumed, meaning the Jordan frame), while
the right-hand side is estimated in the Einstein frame.

21 Remember that we have ˜̺dust = ˜̺rad at the so-called equilibrium time (teq).
22 ˜̺m(t̃) ≡ ˜̺dust(t̃) + ˜̺rad(t̃)
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frame at time t̃. Hence, using the definition of Ω̃dust(t̃), we write

p̃(t̃)− p̃eq = ln
3H̃2(t̃) Ω̃dust(t̃) / (8πG̃(t̃))

1,68 aB T̃
◦ 4
CMB (t̃)

− ln A(t̃)
Aeq

(2.41) and (2.30)⇔ p̃(t̃) = 1
2 ln

[
3cst2cosmic(t̃)−Σ

′̃2
eq

3−Σ′̃2eq

]
,

with cstcosmic(t̃) ≡
3H̃2(t̃) Ω̃dust(t̃) / (8πG̃(t̃))

1,68 aB T
◦ 4
CMB (t)

,

p̃eq ≡ 0 .

(2.56)

B/ Estimation of the elapsed time according to the cosmological observables

The experimental values for the present-time densities23 given in Appendix A, together with the gravitational
constant measured today (the Newtonian constant), the Hubble constant, and the experimental CMB temperature allow
us to estimate p̃0, using (2.56) at the present time t̃0:

p̃0 =
1

2
ln




3

(〈
2175

6780

〉)2
−Σ

′̃2
eq

3−Σ′̃2
eq




. (2.57)

Of course, this estimate24 will depend the integration constant cst3 ∈ [0,∞[ or equivalently
∣∣∣Σ′̃

eq

∣∣∣ ∈
[
0,
√
3
[

according

to (2.30). The minimum value of p̃0, which corresponds to General Relativity (cst3 GR = Σ
′̃

eq GR = 0), is p̃0 min ∈
[7.685, 8.822]. The upper limit cst3 → +∞ or equivalently

∣∣∣Σ′̃

eq

∣∣∣→
√
3 leads to an infinite value of p̃0.

C/ Estimation of αTS 0 and 1− γ according to cosmological observables

We still need to substitute the expression for the cosmological parameter (2.56) evaluated at time t̃0, into expres-
sions for the scalar coupling (2.39) and the curvature PN parameter (2.53). This leads to the following predictions
according to the chosen value of constant Σ′̃

eq:

αTS 0 ≡ αTS
(
t̃0
)
= −1

3

Σ
′̃
eq

cstcosmic 0

⇒ |αTS 0 min| = 0 ≡ αTS 0 GR

⇒ |αTS 0 max| ∈ [0.0000851; 0.0002654] and αTS 0 max is < 0 ( > 0) if Σ′̃

eqis > 0 ( < 0)

and

1− γ = 2
Σ
′̃2
eq

9 cst2cosmic 0+Σ
′̃2
eq

⇒ (1− γ)|min = 0 ≡ 1− γ|GR
⇒ (1− γ)|max ∈

[
1.450 10−8; 1.409 10−7

]
.

(2.58)

23 ΩΛ 0 exp is different from ΩΣ 0. No cosmological constant is assumed in this section.
24 The first value (2175) inside the 〈 〉 brackets stands for the value calculated with the maximum Cosmic Microwave Background temperature, the

minimum values of the matter density and of the Hubble constant (to get the minimum value of p̃0). The second value (6780) corresponds to the
minimum Cosmic Microwave Background temperature, the maximum values of the matter density and of the Hubble constant (to get the maximum
value of p̃0).
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In the following graphs (2.59), we see how the predicted present values for the observables vary as we adopt

different values for the integration constant cst3 (or equivalently for
∣∣∣Σ′̃

eq

∣∣∣).
To conclude this paragraph, we might say that in the setting of our class of solutions, even if the upper limit of

the deviation from General Relativity (1− γ)|max is reached, it will be hardly measurable with satellites like GAIA
that should only reach a precision of 5 10−7 on γ. However, the predictions of our class of solutions are in agreement
with the present limits on the scalar coupling obtained from solar system experiments (see later Subsection 4.2.1):
α2TS 0 exp < 10−3.

The following graphs show how present values predicted for p̃0, Σ
′̃

0, αTS 0, and 1− γ (from left to right) vary

as we adopt different values for the integration constant Σ
′̃

eq ≥ 0.

To realize those graphs, the exact dust-era solution under the hypothesis that the scalar coupling is independent of λm

was used. The values taken for the observables (H0, T
◦

CMB 0, Ωdust 0, G0) in order to determine cstcosmic 0, are

the ones that lead to the maximum value of p̃0 (that is to say, cstcosmic 0 = 6780). The graphs corresponding to the

minimum value of p̃0 (that is to say, cstcosmic 0 = 2175) are analogous to those presented here.

Notice that all the integration constants at p̃eq , except for cst3 (or equivalently, Σ
′

eq), present in the exact dust-era

solution have been chosen according to the discussion made in Subsection 2.2.6.

(2.59)
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2.2.8.2 Consistency check of our model

We will now come back to the remark made in Subsection 2.2.3 about our model being in conflict with SNIa results.
It motivates us to study the consequences of adding a perturbing cosmological constant to our model, sufficiently large
to account for the acceleration that is currently observed for SNIa.
But first, let us further develop our interpretation of SNIa observations in the framework of our model. The general
relation for the apparent (m) versus absolute magnitude (of a SNIa) (M) is given by the following formula in terms of
the luminosity distance (dL)

m−M = 5 log dL + 25 with dL in [Mpc] . (2.60)

The luminosity distance, defined as dL ≡
√

L/(4πl) with L the absolute luminosity and l the apparent flux of the
source, can also be rewritten in terms of the metric distance r̃ of emission:

dL = ℜ̃0(1 + z̃)
r̃e

ℜ̃e
(2.61)

where a subscript ‘‘e’’ stands for the point of emission in space-time.
This metric distance can be obtained by integrating a Robertson-Walker line element (2.1) along the photon path (ds2 =

0), from the point of emission in space-time
(
t̃e, r̃e/ℜ̃e

)
for the SNIa, to the observer at present time

(
t̃0, r̃0/ℜ̃e = 0

)
.

This leads to

∫ t̃e
t̃0

1

ℜ̃0

cdt̃ =

∫ r̃e/ℜ̃

0

dl̃√
1− k̃ r̃/ℜ̃

(2.62)

⇔ 1

ℜ̃0

∫ z̃

0

c

H̃(z̃)
dz̃ = S(k̃, r̃e/ℜ̃e) ,

with S(k̃, r̃e/ℜ̃e) ≡





arcsin
(
r̃e/ℜ̃e
)

if k̃ = +1 ,

r̃e/ℜ̃e if k̃ = +0 ,

arctanh
(
r̃e/ℜ̃e
)

if k̃ = −1 ,

where H̃(z̃) depends on the cosmological model considered, while the redshift z̃ is derived from (2.54) with z̃e ≡ z̃
and z̃0 ≡ 0.
With those definitions in hand, we can find the theoretical expression for the magnitude as a function of the redshift
((2.60), (2.61) and (2.62)) for our cosmological TS model with k̃ = 0 and no cosmological constant. Thanks to our
exact solution (2.43) for H̃ particularized to the present dust universe, we get the following exact expression using
(2.14) and (2.54),

m−M = 5 log
[(
1 +CST 2

)3/4
c (1 + z) ℑ

(
z, CST 2

)]

with





ℑ
(
z, CST 2

)
≡
∫ z

0

1
(1+ι)3/2

(
1

1+CST2 (1+ι)2

)3/4
dι ,

M ≡ M + 5 log 1

H̃0
and H̃0 in

[
km s−1 Mpc−1

]
,

CST 2 ≡ cst23
ℜ̃20

(2.14), (2.56), (2.30)
=

cst23
cst2cosmic 0−cst2cosmic 0cst

2
3−cst23

,

(2.63)

from which we recover the predictions of the Standard Cosmological Flat Model when cst3 = 0.

As usual, relation (2.63) can be approximated at low redshifts, because dL
(2.61) small z≃ c z̃ (1 + z̃) /H̃0+ ... Accordingly,

from (2.60), we recover the Hubble law exactly like in the Standard Model, independently of cst3:

m−M
small z≃ 5 log [c z̃] . (2.64)
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A fit to the previous equation of a number of n SNIa observed at low redshift (zi, mi, δmi)i=1...n provides a value for
M and the corresponding error δM . Thanks to the absolute magnitude M given by Cepheids, one can estimate H̃0.
For example, the set of SNIa used by Perlmuter et al. [103] gives an estimate of the Hubble constant in agreement with
reference [133]:

M = −3.318+0.490−0.393 ,

δM = 0.080 ,

M
[132]
= −17.5 ,

⇒ H̃0 = 58 km s−1 Mpc−1 .

Given our estimation of M and H̃0 from the low redshift supernovae, we might try to use relation (2.63) for the high
redshift supernovae to test our model. However, if we remember the meaning of cst2cosmic 0 ≡ cst2cosmic(t̃0) from (2.56),
we see that CST 2 (2.63) is very small. It is indeed a monotonous function of cst3 that leads to

CST 2 → 0 when cst3→ 0 ≡ GR ,

CST 2 → 1
cst2cosmic 0−1

� 10−7 − 10−8 when cst3→ +∞ .

Hence, we need to check whether our model modifies significantly the prediction of the Standard Model (corresponding
to CST 2 = 0) regarding the theoretical apparent magnitude. Unfortunately, we find from (2.63) that

∆mtheo ≡ mtheo

∣∣∣∣
CST2max

− mtheo

∣∣∣∣
CST2=0

∼ 10−7 ≪ δmobs ∼ 0.18− 0.20 ,

which means that the error on the observed apparent magnitude is too large to allow SNIa experiments to distinguish
between our cosmological model and the Standard Flat Cosmological Model with no cosmological constant. The
attractor mechanism towards General Relativity proves to be very efficient! Moreover, knowing that the Standard
model with no cosmological constant is falsified by SNIa observations, our model faces the very same problem with
the same degree of importance! We might say that our exact analytical cosmological TS solution is not worse than the
Standard Model with no cosmological constant!

2.3 The case of a non null cosmological constant

In the preceding section, we envisaged cosmological solutions for a flat universe with one scalar field and no
cosmological constant. Even though the exact analytical class of solutions we found was promising, we have just seen
that it does not agree with the SNIa results. Indeed, the SNIa light curves are in favor of an accelerating universe
(q̃ < 0). Two possible alternatives are available to rescue the TS model: either to add a cosmological constant, or to
add an adequate scalar potential (extended quintessence). In this section, we will consider the first possibility.

2.3.1 Solutions that admit GR as an attractor

With a cosmological constant, the ‘‘mechanical oscillator equation’’ introduced in the preceding section becomes:

2
3

[
1− 3k̃

ℜ̃2κ̃ ˜̺mc2
+ Λ̃c4

κ̃˜̺mc4
]

[
1−Σ′̃2/3

] Σ
′̃′
+

[
− 4k̃

ℜ̃2κ̃˜̺mc2
+ (1− λm) + 2

Λ̃c4

κ̃˜̺mc4

]
Σ
′̃
= − (1− 3λm) αTS(Σ) .

When comparing with equation (2.16), we see that the forcing coefficient and the external force are not affected by
the presence of a cosmological constant. The cosmological constant only introduces additional terms in the mass and
velocity coefficients. As a consequence of the presence of Λ̃, even when k̃= 0, the coupling of Σ′̃ to matter ˜̺m does
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not disappear from the velocity coefficient. Furthermore, whichever the value of k̃ is, the mass term is complicated
and prevents from finding exact analytical solutions except for some special values of λm.

2.3.2 A confrontation with SNIa results

A formulation of the cosmological equations in terms of densities helps to clarify the evolutionary tendency of the
model, as well as to render more explicit the mass coefficient in the ‘‘mechanical oscillator equation’’.
If we recall the definition of the cosmological-constant density

Ω̃Λ ≡ Λ̃c4

3H̃2
≡ ˜̺Λ˜̺c

,

we can rewrite the cosmological field equations as

q̃ = 1
2 (1 + 3λm) Ω̃m + 1

2 (1 + 3λΣ) Ω̃Σ + 1
2 (1 + 3λΛ) Ω̃Λ ,

1 = Ω̃Σ + Ω̃m+Ω̃k+Ω̃Λ ,
•̃
˜̺Σ +3 (1 + λΣ) ˜̺ΣH̃ = −αTS (1− 3λm) ˜̺m

•̃
Σ ,

with λΛ = −1 .

(2.65)

We can still replace the third equation of this system by the additional redundant equation for the scalar field (last
equation in (2.5)).

As far as the ‘‘mechanical oscillator equation’’ is concerned, it is rewritten in terms of densities with a positive
mass term as

2
3

Ω̃m
Σ
′̃′
+

[
4

3

Ω̃k

Ω̃m
+ (1− λm) + (1− λΛ)

Ω̃Λ

Ω̃m

]
Σ
′̃
= − (1− 3λm) αTS(Σ) .

The role played by the second term on the left-hand side depends on the relative value of the densities Ω̃Λ, Ω̃m and
Ω̃k:

if Ω̃k

Ω̃m

+ 3
4 (1− λΛ)

Ω̃Λ
Ω̃m

> −3
4 (1− λm) then the second term is a viscous coefficient,

if Ω̃k

Ω̃m

+ 3
4 (1− λΛ)

Ω̃Λ
Ω̃m

< −3
4 (1− λm) then the second term accelerates the motion.

According to (2.3), −3
4 (1− λm) belongs to the interval

]
−3

2 ,−1
2

]
, while λΛ is always equal to −1. Thus when

k̃= 0, we are forced to conclude that this contribution to the ‘‘mechanical oscillator equation’’ is always viscous if we
impose q̃ < 0 in system (2.65) to be in agreement with the SNIa results. This property, combined with the fact that the
potential corresponding to the damping force in the ‘‘mechanical oscillator equation’’ is not modified by the presence
of a cosmological constant, allows us to deduce that there still exists a special class of solutions admitting GR as an
attractor.

2.3.3 Impact of the cosmological constant on γ-predictions

In Subsection 2.2.3, we have seen that our exact dust model solution was not compatible with the supernovae
results. This led us to add a cosmological constant to remedy the problem. Anyway, we have argued in Paragraph 2.2.8.2
that our class of solutions would need the corrective contribution from a cosmological constant of the same importance
as in General Relativity. Moreover, in a realistic cosmological model, the contribution of the cosmological constant
is negligible during the radiation era. Hence, the exact radiation-era solutions found earlier without a cosmological
constant for the scalar coupling (2.32) and the ‘‘velocity’’ of the scalar field (2.29) are still valid in a good approximation.
Again, we can now invoke a smooth exit from the radiation to the dust era to keep the same solution for the scalar
coupling during the dust era. We can then have a rough idea on how the values of the variables Σd(p̃), Σ

′̃

d(p̃), αTS(p̃),
1 − γ(p̃) and H̃(p̃) evolve with the cosmological parameter during the dust era, when a cosmological constant is



The case of a non null cosmological constant_____________________________________________________________________________________________57

present, thanks to numerical simulations.
For our numerical simulation ((2.68), (2.69)) we have adopted the following value for the integration constant, as
advocated in Paragraph 2.2.6:

Σ
′̃

eq = +
√
3− 10−8 .

The chosen value of cstcosmic 0 is different from what was taken in (2.57) because we reduce the matter-density contri-
bution in order to include a cosmological-constant component. Indeed, we shall use this time

Ωdust 0 = 0.35 ,

ΩΛ 0 = 0.60 ,
(2.65)⇒ ΩΣ 0 = 0.05 ,

to estimate cstcosmic 0 in (2.56).
Consequently, without changing the other present values for the observables, we estimate with equation (2.56)

p̃0 = 17.6278 . (2.66)

The simulations (2.67) and (2.68) allow us to compare the behavior of our class of solutions with and without the pres-
ence of a cosmological constant.
We can see how little the numerical curves including a cosmological-constant contribution depart from the exact so-
lution without cosmological constant. The departure is only visible in the nearby vicinity of the present time p̃0. The
differences are negligible in the past close to the radiation epoch due to our assumption. As a consequence, the order
of magnitude for 1− γ at the present time is the same with and without a cosmological constant... which means it is
probably not measurable, even with the future satellites (GAIA, SIM...).

These graphs compare the behavior of our class of solutions with and without the presence of a cosmological

constant, as a function of the cosmological parameter p̃ with Σ(p̃) (left) and H̃(p̃) (right).

With a solid line, we plot the exact dust-era solution under the hypothesis that the scalar coupling is

independent of λm, without any cosmological constant. The cross curves are the numerical solutions to the dust field

equations with a cosmological constant, assuming αTS is still the function corresponding to our exact dust solution.

All the integration constants at p̃eq are chosen according to the remark made in Subsection 2.2.6.

p̃eq ≡ 0 corresponds to the end of the radiation era, and the begining of the dust era. The present estimated

value of the cosmological parameter p̃0 is given by (2.66)

(2.67)
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These graphs illustrate the behavior of our class of solutions with and without the presence of a cosmological constant,

as a function of the cosmological parameter p̃. On the right-hand side is a zoom around the present estimated value of

the cosmological parameter p̃0 given by (2.66).

With a solid line, we plot the exact dust-era solution under the hypothesis that αTS is independent of λm, still

without any cosmological constant. The cross curves are the numerical solutions to the dust field equations with a

cosmological constant, assuming αTS is the function corresponding to our exact dust solution.

All the integration constants at p̃eq are chosen according to the remark made in Subsection 2.2.6.

p̃eq ≡ 0 corresponds to the end of the radiation era, and the begining of the dust era.

(2.68)
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If we have a look at the plots for densities as a function of the cosmological time p̃ in simulation (2.69), we can
clearly distinguish between the scalar-field era and the matter dominated era, while the cosmological-constant era is
still coming.

These graphs compare the behavior of densities with and without the presence of a cosmological constant,

as a function of the cosmological parameter p̃.

With a solid line, we plot the exact dust-density solution under the hypothesis that the scalar coupling is

independent of λm, without any cosmological constant, with Ω̃m = Ω̃m rad + Ω̃m dust.

When a cosmological constant is present, numerical simulations assuming αTS is still the function

corresponding to our exact dust solution provide the cross curve for the dust density, the box curve for

the scalar-field density and the circle curve for the cosmological-constant density.

All the integration constants at p̃eq are chosen according to the remark made in Paragraph 2.2.6.

p̃eq ≡ 0 corresponds to the end of the radiation era, and the begining of the dust era. The present estimated

cosmological parameter p̃0 is given by (2.66)

(2.69)

2.4 Impact of the scalar potential and initial conditions on γ-predictions

Considering that the presence of a cosmological constant seems to have no interesting influence on the predicted
value of the PN parameter γ (with (1− γ) ∼ α2TS 0 for a small present value of the scalar coupling, see (1.67)),
we now illustrate the strong dependence of the predictions on the arbitrary choice of the cosmological potential

thanks to some particular models listed in Table (2.71). The list if of course non-exhaustive. Those models concern
a universe with no cosmological constant. They are based on the ‘‘mechanical oscillator equation’’ (2.16) and use the
approximation that Σ′̃2 is negligible with respect to 3 in the mass term, since they assume to be sufficiently close to
General Relativity set at the point Σ′̃2

GR = ΣGR ≡ 0. This can be seen as an assumption on the initial conditions at the
beginning of the dust era, when the scalar field starts to be coupled to the potential.
We remark that the models with a scalar coupling which is a function of the absolute value of the scalar field do not
allow for a minimum of the corresponding cosmological potential Ṽ (Σ). Indeed, Ṽ (Σ) has an inflection point at
ΣGR ≡ 0. Consequently, GR is not necessarily an attractor for those potentials: some further constraints on the initial
position Σeq and initial velocity Σ

′̃

eq of the scalar field at the beginning of the dust era, as well as on the constant N
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(which has to be sufficiently small, meaning a sufficiently large viscous force in (2.16)) have to be verified25. If not so,
a scalar field with Σeq > 0 will roll down the potential but go beyond GR point, while a scalar field with Σeq < 0 will
slide further away from GR point. This can be easily understood when looking at the potential curve in graph (2.70).
On the contrary, scalar couplings which are function of a positive even power of the scalar field (like quadratic potential
solutions given by the approximated solutions (2.37) or (2.38) discussed in Paragraph 2.2.5.1) necessarily admit GR as
an attractor, as the corresponding cosmological potential is minimum at ΣGR ≡ 0. Remember the examples in graph
(2.42).
One thus understands why, naturally, the first type of cosmological model is much more ‘‘fine-tuned’’ to General
Relativity. It thus provides much more stringent analytical constraints on the present value of the Tensor Scalar coupling
(the strongest constraints are α2TS 0 � 10−21), than the second type of models (the strongest constraints26 are α2TS 0 �
10−7) even when using the same observational data (Big Bang nucleosynthesis -BBN-). Moreover, as shown by Serna
and his collaborators [128], such a discrepancy between the two types of model discussed above is not due to numerical
instabilities unlike what was claimed by Damour et al. [43].
If one now considers another type of models in which the scalar coupling is a function of a negative power of the

scalar field, thus leading to a minimum at infinity in the field space, this yields to a pretty large estimated value for
1 − γ � 10−2, provided that we adopt the hypothesis that the coupling is of the order of 1 at the beginning of the
radiation era. Such type of models must be consequently rejected according to observations like (3.2) or (3.3).

Concerning the dependence on initial conditions (Σeq, Σ
′̃

eq), our class of exact analytical models (which in the
weak scalar-field limit tends to a quadratic potential, meaning the second type of models discussed above) already
illustrates this point. Indeed we have explained in Subsection 2.2.7 that to a specific choice of the integration constant
cst3 correspond specific initial conditions. Simulation (2.59) clearly shows the strong dependence of the predicted
value of 1− γ on cst3.

With those remarks in mind, regarding the (1− γ) predicted deviation of TS theories from General Relativity,
we are now ready to proceed to the next chapter, where the role of the PN parameter γ in light deflection will be
emphasized.

25 When Σ′̃2≪ 3 , see reference [128] and solutions with sg(Σd) = +1 in (2.37):
if δ = 1 :

N ≤ 3/8
Σ
′̃
eq � −

(
3
4
+ 3

4
s+
)
Σeq

}
⇔ GR is an attractor,

if δ > 1 :

Σ
′̃
eq � −3

2
Σeq ⇒ GR is an attractor,

and if 1/2 < δ < 1:
⇒ GR is NOT an attractor.

While in any case, GR is an attractor ⇒ Σ
′̃
eq >

√
3 1−e

√
3Σeq

1+e
√
3Σeq

.
26 Except for some very particular values of the cosmological potential curvatureN in the oscillatory solution (N > 3/8), as can be seen in Figure

2.1.
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Cosmological Tensor Scalar attractor potential Ṽ as a function of the scalar field Σ during the dust era (λm = 0).

The solid line is the potential corresponding to our exact analytical model ((2.17) with (2.40)).

The choice of the integration constants has been made so that the minimum of the potential (exact General Relativity)

to be reached after an infinite time be placed at Σ∞ = 0 (⇔ Σeq = −
√
3 sg(Σ′̃

eq) arcsinh(cst3)) and the

minimum value of the potential scaled to zero (Ṽmin = 0 ⇔ Aeq=
√
1 + cst23), see Subsection 2.2.6.

The dash curves correspond to the class of potentials selected by Serna [128], αTS (Σ) = N |Σ| δ
2−δ with δ=1:

starting from the steepest, N=5/8, which does not admit GR as an attractor; N=3/8, the limiting case admitting GR as

an attractor; and N=1/3. These potentials are unbounded from below (see (2.18)).

(2.70)

Fig. 2.1 Selected plots of log10(1 − γ) as a function of the potential curvature N are shown, with the upper curve corresponding to

˜̺m 0/(10
−30g cm−3) = 0.1, the intermediate one to 1, and the lower one to 10. The graph results from a direct numerical integration of

the ‘‘mechanical oscillator equation’’ with αTS (Σ) = NΣ , k̃ = −1 and αTS eq = 1, for the oscillatory class of solutions (N > 3/8),

taking into account the progressive change between radiation domination and dust domination. It can be seen that the analytical estimates

given in the following table are slightly (except from a few particular values of N for which 1 − γ = 0) larger than the estimates of this

graph. This figure is extracted from reference [42].
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Ref.

αTS (Σ)

⇓ (2.17)

Ṽ (Σd)

remarks predictions

[128]

αTS (Σ) = N |Σ| δ
2−δ

with

N = constant > 0

0 < δ < 2

⇓
Ṽ (Σd) =

2−δ
2 N sg(Σd) Σ

2
2−δ

d

constraints from

Primordial

Nucleosynthesis

and

assumes

Σ
′̃ ∼ 0

p̃BBN−eq = 3

if k̃ = 0, and

if δ = 1, N = 1/9, αTS monotonic:

α2TS 0 � 10−19

or if δ = 1, N = 3/8, αTS monotonic:

α2TS 0 � 10−21

or if αTS non-monotonic:

α2TS 0 � 0.02

[43]

αTS (Σ) = N Σ

with

N = constant > 0

⇓
Ṽ (Σd) =

N
2 Σ

2
d

constraints from

Primordial

Nucleosynthesis

and

assumes

Σ
′̃

BBN = 0

if k̃ = 0, then

p̃0 = 10.09 + ln
(
Ω̃m 0h̃0

)
+ e2Np̃0−1

2N α2TS 0

and if N < 0.2 :

α2TS 0 < 0.239 N
e2N p̃0 −1−N

⇒ α2TS 0 � 0.015 in the limit N = 0

or if N � 0.5 :

α2TS 0 � 10−6.5N−1
(
Ω̃m 0 h

2

0.15

)−3/2

[41]

[42]

αTS (Σ) = N Σ

with

N = constant > 0

⇓
Ṽ (Σd) =

N
2 Σ

2
d

assumes

Σ
′̃

eq = 0

αTS eq ∼ 1

N ∼ 1

if k̃ = 0, then p̃0 ≃ 10 and

if N < 3/8 :

1− γ ≃ 2α2TS eq

(
1+s+
2s+

)2
e−

3
2 (1−s+)p̃0

N≪3/8∼ 2α2TS eq e
−2Np̃0

� 4 10−5

or if N = 3/8 :

1− γ ≃ 2α2TS eq
(
1 + 3

4 p̃0
)2

e−
3
2 p̃0

∼ 4 10−5

or if N > 3/8 :

1− γ ≃ 2α2TS eq

1− 3
8N

sin2 (arctan (s−)) e−
3
2 p̃0

∼ 3 10−7

if k̃ = −1, then p̃0 ≃ 10 + ln( ˜̺m 0

10−30g cm−3 )

and if N > 3/8, in the limit Ω̃k 0/Ω̃m 0≫ 1 :

1− γ ∼ 2α2TS eq

(
˜̺m 0

10−30g cm−3

)−3/2
10−5

[42]

αTS (Σ) = αeq
(

Σ
Σeq

)−n−1

with

n = constant ≥ 0

⇓
Ṽ (Σd) = −αeq

Σeq

n

(
Σd

Σeq

)−n

assumes

Σ
′̃

eq = 0

αTS eq ∼ 1

if k̃ = 0, then p̃0 ≃ 10 :

1− γ ∼ p̃
− 2(n+1)

n+2

0 ∼ 10−
2(n+1)
n+2

(2.71)
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2.5 Summary of the main results

2.5.1 Main properties of our model

In this chapter, we have presented a class of TS cosmological evolutionary models developed for a flat universe
with no cosmological constant. We showed, using a mechanical oscillator analogy, that General Relativity is an attractor
for each of those solutions. Even if our class of models does not contain all the possible solutions admitting GR as an
attractor, it has several advantages, namely:

• its solutions are analytical;

• they are exact, unlike Damour and Nordtvedt’s solution;

• the choice of the attractor potential is not arbitrary, unlike Damour and Nordtvedt’s one. In our class of models, it
stems from a natural transition from the radiation-era to the dust-era equations;

• if Σeq = −
√
3 sg(Σ

′̃

eq) arcsinh(cst3), in the limit of a weak scalar field Σ, we recover the same damping force
term as in Damour et al.’s model with N = 1/3, that is to say a non-oscillatory solution. In Paragraph 2.2.6, we
have shown that this value of Σeq corresponds to the choice of a null value of the scalar field at the minimum of
the potential (Vmin ⇔ exact GR theory). This means that we recover Damour et al.’s quadratic potential well,
up to a constant term, when the scalar field is close to the minimum of our general potential. To recover exactly
Damour et al.’s potential which is zero at the minimum, reached after an infinite time, one has further to impose
Aeq =
√
1 + cst23 according to (2.41) and (2.17). This means that A(p̃) −→ 1 when p̃ → +∞.

Such a natural convergence towards Damour et al.’s model is independent of the value of cst3.

• the expressions for the scalar field (Σ, Σ′̃ ) and the scalar coupling (αTS) do not depend on the type of matter (λm)
dominating the universe. This means that we do not have to consider successive cosmological phases of different
particles decoupling from the radiation to study, for example, the evolution of the scalar coupling. On the contrary,
Damour and Nordtvedt’s solution requires extensive discussions on the subject and the predictions of their model
are sensitive to those;

• different values of the integration constant, cst3, define different cosmologies. Our solution is in fact a class of
solutions that contain GR as a particular case (cst3 GR = 0).
In fact, the value of the integration constant, cst3, according to (2.52) and (2.30), fixes the initial conditions of the
model at the beginning of the dust era (Σeq, Σ

′̃

eq), when the scalar field starts to be coupled to matter (during the
radiation era, it is totally decoupled) and starts to roll down the potential. That is to say, cst3 fixes the dust-era
starting point on the potential curve given in Simulation (2.42).

2.5.2 Predicted value of the PN parameter γ

The cosmological evolution of our class of models led us to a predicted value of today’s scalar coupling, αTS 0.
However, owing to the value of the integration constant, cst3, we only obtain an upper bound, namely, |αTS 0 max| ∈
[0.0000851; 0.0002654]. The lower bound corresponds to General Relativity with cst3 = 0 and a null scalar coupling.
This prediction is in agreement with the present limits obtained from solar system experiments: α2TS 0 exp < 10−3.
We remind the reader that physical processes are function of the square of the scalar coupling, and hence its sign is
irrelevant.

The Post-Newtonian parameter γ is a function of αTS 0. Regarding γ, our class of models provided an upper bound
on the PN deviation: (1− γ)|max ∈

[
1.450 10−8; 1.409 10−7

]
. The lower bound is again the null value corresponding

to GR. Such a result is less optimistic, from the point of view of measurements, than some earlier models of Damour
et al. which led to a deviation around 10−5.

We have shown that the above results are stable with regard to the addition of a cosmological constant. Indeed, the
attractor mechanism towards General Relativity is very efficient. So this class of models is on an equal footing with GR
from the point of view of the SNIa constraint of an accelerating universe: it needs the contribution of a cosmological
constant in the same quantitative way as GR does.
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However, we have seen through examples from the literature that the predictions on γ and αTS 0 appear to be very
dependent on the cosmological evolutionary potential adopted. Nevertheless, in our class of models, this cosmological
potential seems to emerge naturally when considering a smooth transition from the radiation- to a dust-era universe,
with a universal scalar coupling (independent of the type of matter dominating the universe).
To conclude, we recall the strong connection that exists between the PN parameter β and the curvature N = α′TS 0

of this potential around its minimum: 1 − β = −N/8 · (1− γ) · (1 + γ) . Like Damour et al.’s model, our class of
solutions is restricted to a negative (1− β) Post-Newtonian deviation.



Chapter 3:

Light deflection angle in the solar

system: general considerations

In Chapter 2, we investigated a particular class of Tensor Scalar cosmological models and obtained a prediction
concerning the Post-Newtonian deviation from General Relativity, namely, 1− γ|theo � 10−7. We will now focus
on the achievable experimental limits regarding this PN parameter. As already stated in the introduction, among the
solar system tests presently available, only light deflection and time-delay experiments provide a direct estimate of the
deviation 1− γ|exp.

The light ray propagation in the solar system corresponds to a case of weak gravitational lensing. There are no
caustics, which means no multiple images of the same light source, only a change in the apparent position of the light
source. Light bending in the gravitational field of the Sun constitutes the simplest and historically first investigated
consequence of gravitational light deflection.
In this chapter, we shall emphasize the importance of solar system experiments as well as their limitations regarding
this phenomenon, and throughout our discussion, we will emphasize the key role played by the PN parameter γ.

3.1 First order measurement

3.1.1 Why the solar system, and especially the Sun?

Presently, light deflection due to gravitational effects has been observed with various degrees of precision on dis-
tance scales ranging from 109 to 1021 m and on mass scales from 1 to 1014 MSun, the upper ranges being determined
by the extragalactic gravitational lensing of quasars and distant galaxies.
Changes in the apparent position of the stars (the light deflection angle) only probe the lowest ranges in mass and dis-
tance. In those lower scales, our sun is, of course, a ‘‘privileged’’ gravitational deflector, as its mass and distance to
Earth are known with a fairly good precision. The solar gravitational field seems thus, so far, the best laboratory to test
predictions for the light deflection angle. Notice that, as the precision shall increase dramatically with experiments
like the astrometric measurements with GAIA satellite, other characteristics of the Sun such as its quadrupole moment
and angular momentum may have to be taken into account. However, those parameters are not known with much ac-
curacy so far. We shall consider this problem later in Section 3.2.3.
Note too that, in solar system experiments, the possible presence of a cosmological constant is irrelevant, as cosmo-
logical data indicate that the value of Λ is at most a cosmological effect (Λ < 3 (H0/c)

2 with H0 the present value of
the Hubble constant). This small Λ value makes it unobservable in all non-cosmological gravitational experiments.
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The deflection angle

α̂weak field(b) =
(α+ γ)

2

4GN M

c2b
+O
(
V 2
N

c4

)
, (3.1)

with M , the gravitational mass (for example, the Sun),

GN , the Newtonian gravitational constant,

VN , the Newtonian potential,

b, the impact parameter of the light ray with respect to the deflector,

due to the Sun, in the setting of General Relativity (α = γ = 1, see (1.67)), decreases rapidly when observing at non-
grazing incidence. It is ≃ 1.750 arcsec at the solar limb, still ≃ 4 marcsec at 90◦ from the Sun center, ≃ 0.2 marcsec at
175◦, and is of course null at 180◦. So, measurements at small angles from the Sun are interesting as they increase the
deflection and reduce the correlation with parallax. Nevertheless, all differential measurements at large angles allow
a better randomization of the systematic errors (for a same experiment) and avoid additional plasma bending effects
from the solar corona.
We can also, as precision increases, consider planets as gravitational deflectors. For example light bending by the Earth
is at the level of ≃ 40 µarcsec, while at the Jovian limb, it is predicted to be ≃ 17 marcsec.

3.1.2 Present and future constraints on γ

Eddington and his British research group were the first to confirm GR prediction of light bending by the Sun, within
20 to 30% percent accuracy, thanks to a solar eclipse on the 29th May 1919. The scarcity of solar eclipses conjugated
with unfavorable weather, instrumental... and political conditions did not help though, to improve the precision of these
type of measurements during the last century.

The development of Very Long Baseline Interferometry (VLBI), however, brought light deflection measure-
ments to the status of precision tests, thanks to the capability of measuring angular separations and changes in angles
as small as 100 µarcsec. Indeed, early experiments specially designed to measure light deflection were monitoring the
change in apparent angular separation of some strong quasi-stellar radio sources as they pass close to the Sun (as seen
from the Earth), due to the Earth orbital motion. Using accurate ephemerides for the Earth and the initial position of
the quasars, a least square fit of the angular separation then provided a determination of (1− γ). Measurements in
1995 using quasars 3C273 and 3C279 [78] lead to

γ = 0.9996± 0.0017 . (3.2)

Now, VLBI type II experiments are in progress, no more dedicated to light deflection, but providing an indirect mea-
surement of γ, while monitoring polar motion and Earth rotation. The project has grown into a network of more than
29 observatories and is sensitive to light deflection over almost the entire celestial sphere. A recent analysis of over 2
million observations quoted by Will [143] from reference [53] (still unpublished) lead to the value of

1 + γ

2
= 0.99992 ± 0.00014 . (3.3)

Those VLBI observations provide so far the best measurements of the light defection effect and through the change in
apparent position of light sources (time delay), they give today’s most accurate determination of the Post-Newtonian
parameter γ [143]. Note however that the accuracy reached for the light deflection by Jupiter is only of 50%.

Today is the blossoming of astrometric measurements (through dedicated satellite surveys or pointing spacecraft
projects), as well as the dawn of the satellite experiment era for fundamental physics. Even though Hipparcos, a milli-
astrometric satellite launched in 1989, only reached a precision of the order of 0.3% on 1 − γ, it opened the way to
microarcsecond astrometry which can improve the precision on γ by several orders of magnitude. Hipparcos determi-
nation of γ was an indirect one. Indeed, astrometric measurements necessitated the inclusion of stellar aberration up to
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terms in (v/c)
2, and also a general relativistic treatment of light bending due to the gravitational field of the Sun and

Earth, which was done in the setting of General Relativity.
The satellite GAIA [15], to be launched in 2011 (or at least no later than 2012) for a five-year mission as a cornerstone
of ESA Space Science Program, will increase the domain of observations on light deflection by two orders of magni-
tude in length and six orders of magnitude in mass. Moreover, GAIA, improving Hipparcos performance, will reduce
the avoidance angle towards the Sun27, thus allowing to measure stronger light deflection effects with a reduced par-
allax correlation.
Notice that with such a precision, GAIA should be sensitive to light deflection due to the main planets. It will proba-
bly not be affected by the quadrupole moment of the Sun J2 though, as this contribution to the light deflection will be
negligible in the experiment, owing to the non null avoidance angle of GAIA28.
This should all result into an estimated accuracy of 5 10−7 on γ. This estimate (including only monopole and quadru-
pole first order terms in (3.32)) was obtained through a rough evaluation of GAIA’ s capabilities in the Study Report
[15], assuming individual precision in individual position of stars of 10 µarcsec. Nevertheless, scaling from Hippar-
cos results (accuracy, number of light sources) we can conclude to a possible improvement in the determination of γ
of by two to three orders of magnitude.
In the meantime, other astrometric satellite experiments should measure the parameter γ (FAME 2004, DIVA 2004-
2006, SIM 2009...) through the light deflection effect. On another side, fundamental space experiments of grav-
itational physics are planned, for example Cassini, Gravity Probe B, BepiColombo, I.S.S., using light deflection
or other methods like Doppler effect, geodetic precession, time-delay measurements, mostly with a precision around
10−5 − 10−6.

In Appendix B, we present a summary of various experiments measuring light deflection angles and more generally
the PN parameter γ. For each experiment, a description is given and the start/end, advantages/drawbacks, concerning
the attainable precision on the determination of γ, main causes of errors, are discussed. The reader might also check
the included references for more exhaustive technical details.

3.2 Second order measurement

As VLBI II experimental precision is increasing and future space experiments aim at microarcsecond precision,
should we consider the second order in light deflection, or even some other contributions?

3.2.1 Relevance of the impact parameter b

In most gravitational theories, the exact value of the predicted deflection angle requires some numerical integration.
Indeed, elliptic functions of the first kind are already necessary in the simple case of General Relativity. Therefore,
approximate analytical expressions are often used in the literature both in the weak and strong field limits.
In this paragraph, we would like to point out that when speaking about the asymptotic light deflection angle, α̂, at the
second order, only expressions in terms of the impact parameter, b, are meaningful29. Although this statement is rather
academic in the case of General Relativity, we illustrate how it might have quantitative consequences once one wishes
to compare GR predictions with extended theories of gravity.
The aim here is to provide an expression for the asymptotic light deflection angle which is invariant under coordinate
transformations; for example shifting from the Schwarzschild coordinates (r, θ, ϕ) to the isotropic coordinates (ρ, θ,
ϕ).

27 The GAIA project has been somewhat revised [91] and the avoidance angle is now larger, 40◦, than in the previous design, 35◦. Note that
throughout this work, the original value of 35◦ is used.

28 In the case of planets like Saturn or Jupiter being the deflector, the contribution of J2 planet to the light deflection effect is non negligeable, due
to the important magnitude of J2 planet and to the fact that grazing incidence is allowed.

29 When the impact parameter is significant, that is to say in theories where the gravitational strength vanishes asymptotically as for example in
MTS-SITS theories, but not in Weyl gravity.
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3.2.1.1 In general

Let us consider a static and spherically symmetric space-time in spherical coordinates (q, θ, ϕ), defined by the line
element

ds2 = A2(q) c2dt2 −B2(q) dq2 −D2(q) q2(dθ2 + sin2 θ dϕ2) . (3.4)

The geodesic equations in the θ = π
2 plane lead to the following equation for trajectories:

(
du

dϕ

)2
+

D2

B2
u2 =

E2

J2
D4

A2B2
− ̥

J2
D4

B2
(3.5)

where E and J are integration constants for the total energy and the total angular momentum of the particle respectively,
while we write

u ≡ 1

q
, ̥

{
≡ 0 for photons

> 0 for massive particles
, v ≡ c for photons.

If space-time is asymptotically flat and the trajectory unbound, the impact parameter b can be expressed in terms of E,
J , the radial coordinate of the point of closest approach30 (q0, ϕ0), and the asymptotic speed v of the particle:

b =
c

v

J

E
=

c

v

√
D2(q0)

A2(q0)
−̥ q0 . (3.6)

Particularizing expressions (3.5) and (3.6) to photons (̥ ≡ 0 and v ≡ c) gives the asymptotic light deflection angle
α̂, usually defined as the angle between the inner and outer asymptotes to the photon trajectory (Figure 3.1),

α̂exact(q0) ≡ 2

∫ ϕ0
0

dϕ− π

= 2

∫ ∞

q0

B(q)

D(q)

{(
q

q0

)2
D2(q)

D2(q0)

A2(q0)

A2(q)
− 1

}− 1
2
dq

q
− π . (3.7)

This exact expression requires in general a numerical integration.
When working in Schwarzschild coordinates (q ≡ r, A2 ≡ B−2 = 1 + 2V (r)/c2 + ... and D ≡ 1) with a

gravitational potential V (r), the exact expression reads

α̂exact(r0) = 2 |ϕ(r0)| − π (3.8)

with ϕ(r) =

∫ sinχ=r0/r

0

cosχ√
A2(r0)− sin2 χ A2(r)

dχ . (3.9)

In the weak field approximation at first order in V (r)/c2, it is sufficient to write

α̂weak field(r0) = 2
V (r0)

c2

∣∣∣∣∣

∫ π/2

0

[
− sec2 χ+

V (r)

V (r0)

(
sec2 χ− 1

)]
dχ

∣∣∣∣∣ . (3.10)

When looking at second order contributions, it is usually more convenient to use the Eddington-Robertson-

Schiff parametrization defined in the isotropic coordinates (q ≡ ρ and D ≡ B), see Paragraph 1.6.1. In this

30 In case of bound orbits, the point (q0, ϕ0) where du/dϕ = 0 can be either the closest approach distance (perihelion) or the farthest approach
distance (aphelion).
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Fig. 3.1 Definition of the asymptotic light deflection angle. I= Image; S= Source; O= Observer; L= Lens (gravitational potential); α̂=

asymptotic light deflexion angle; ρ0= closest approach distance, written here in the isotropic coordinates (ρ, θ, ϕ); b= impact parameter. The

solid line shows the light path while the dash line shows the inner and outer asymptotes to the geodesics.

approximation, the deflection angle as a function of the closest approach distance reads

α̂weak field(ρ0) =
4GM

c2ρ0

{(
α+ γ

2

)
+

[
−(α+ γ)2

2
+

(8α2 + 8αγ − 4β + 3δ)

16
π

]
GM

c2ρ0

}
+O

(
V 3

c6

)
. (3.11)

Notice that thanks to this formalism, one easily checks the absence of light deflection in a space-time endowed with a
conformally flat metric

gµν =

(
1 +

V

c2

)2
ηµν ,

a theory which thus must be rejected according to observations.

However, we could also think of writing the deflection angle in the weak field limit in terms of the impact parameter,
using expression (3.6) in isotropic coordinates. This leads to

α̂weak field(b) =
4GM

c2b

{(
α+ γ

2

)
+

[
0 +

(8α2 + 8αγ − 4β + 3δ)

16
π

]
GM

c2b

}
+O

(
V 3

c6

)
. (3.12)

We already notice the difference in the second order term between α̂weak field(ρ0), equation (3.11) and
α̂weak field(b), equation (3.12).

3.2.1.2 GR

In the case of General Relativity, the Schwarzschild coordinates (q ≡ r and B ≡ A−1) correspond to the choice

A2(r) = B−2(r) = 1− 2GM

c2r
,

D2(r) = 1 , (3.13)

for the well-known Schwarzschild metric.
Assuming that the closest approach distance (r0) verifies (4.17) with (4.16) and ΥGR ≡ 0 to ensure deflection (these
conditions will be explained when we will comment on the effective geodesic potential for photons, in Section 4.3.1.2),
we obtain from equations (3.7) and (3.13) the asymptotic angle as an exact function of the closest approach distance
[93]:

α̂(r0) = 4
(r0
w

) 1
2
[
F
(π
2
, k
)
− F (σ0, k)

]
− π . (3.14)
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Here, the elliptic integral of the first kind

F (σ, k) ≡
∫ σ

0

dx

{1− k2 sin2 x} 1
2

(3.15)

is characterized by the amplitude σ with

σ0 = arcsin

{
w − r0 + 2GMc2

w − r0 + 6GMc2

} 1
2

(3.16)

and the modulus

k =

{
w − r0 + 6GMc2

2w

} 1
2

(3.17)

where

w ≡





(
1− 2GMc2

r0

)(
1 +

6GMc2

r0

) 1
2



 r0 .

From this exact expression, we can obtain a weak field approximation, considering that

ǫ ≡
GM
c2

r0
≪ 1

and the modulus is small
k2 = 4ǫ(1− 3ǫ) +O(ǫ3) .

Hence, expanding the elliptic integrals

F
(π
2
, k
)

≃ π

2

(
1 + ǫ− 3

4
ǫ2
)

,

F (σ0, k) ≃ π

4

(
1 + ǫ− 3

4
ǫ2
)
− ǫ ,

we obtain

α̂weak field(r0) ≃
4GM

c2r0

{
1 +

[
−1 +

15

16
π

]
GM

c2r0

}
. (3.18)

Alternatively, using the expression (3.14), we could obtain a strong field approximation, noting that in this latter case

ǫ ≡ 1− 3GM

c2r0
≪ 1 ,

and the modulus is close to 1 :

k2 = 1− 4

3
ǫ+O(ǫ2) .

Thus, expanding again the elliptic integrals

F
(π
2
, k
)

≃ ln
4√

1− k2
,

F

(
arcsin

1√
3
, 1

)
≃ 0.65848 ,

a simple analytical expression for the deflection angle of a light ray grazing a black hole [93] is found:

α̂strong field(b) ≃ ln

(
3.482GM

c2b− 3
√
3GM

)
. (3.19)



Second order measurement_____________________________________________________________________________________________71

The impact parameter here appears naturally... but how does one measure it?
If we are working in the isotropic coordinates, using the Eddington-Robertson-Schiff parameters given in Section

1.6.5 and expression (3.6), we find the following weak field angle

α̂weak field(ρ0) ≃
4GM

c2ρ0

{
1 +

[
−2 +

15

16
π

]
GM

c2ρ0

}
. (3.20)

The apparent second order discrepancy between equations (3.18) and (3.20) can be understood in the following
way. The asymptotic deflection angle should be an observable by definition; it has to be fully expressed in terms
of measurable, i.e. coordinate independent, quantities. Here, the closest distance of approach (r0 in Schwarzschild
coordinates, ρ0 in isotropic coordinates) is obviously not such a measurable quantity. Its corresponding substitution
by the impact parameter b according to the identity (3.6) taken respectively in the Schwarzschild and in the isotropic
coordinates,

b ≃ r0 +
GM

c2

≃ ρ0 + 2
GM

c2
, (3.21)

reconciliates our results of calculations performed with two physically equivalent forms of the metric. In General
Relativity, the asymptotic deflection angle is correctly given by

α̂weak field(b) =
4GM

c2b

{
1 +

[
0 +

15π

16

]
GM

c2b

}
+O

(
G3M3

b3c6

)
. (3.22)

This is analogous to what has been noted by Roos and Shiff [117] for the radar-echo experiment where the observable
transit time has to be expressed in terms of the measurable orbital parameters (periods and eccentricities).
Equations (3.22) and (3.19) provide us with useful (weak and strong field, respectively) approximations to study lensing
effects in terms of the asymptotic deflection angle α̂(b) in the framework of GR. They readily replace the unpractical
exact expression obtained from equation (3.14) after substitution of r0 by b according to equations (3.21). However,
the second order contribution to the deflection angle in equation (3.22) only improves the weak field approximation
in a narrow domain of the impact parameter (Figure 3.2). In that sense, our comment on the ambiguous coordinate
dependence of α̂(r0) defined in equation (3.18) is rather academic as far as General Relativity is concerned.

3.2.1.3 MTS/SITS

In the Schwarzschild coordinates, equation (3.7) and the MTS metric (1.29) imply

α̂weak field(r0) ≃
4GM

c2r0

{
1 +

[
−2 +

1

Υ
+ (1− 1

16Υ2
)π

]
GM

c2r0

}
, (3.23)

in the weak field approximation, if the condition on the closest approach distance, (4.17) with (4.16), to insure light
deflection is fullfilled (see comments on the effective geodesic potential for photons in Section 4.3.1.2).
On the other hand, in isotropic coordinates, the MTS Eddington-Robertson-Schiff parameters in equation (3.11) lead
to

α̂weak field(ρ0) ≃
4GM

c2ρ0

{
1 +

[
−2 + (1− 1

16Υ2
)π

]
GM

c2ρ0

}
. (3.24)

Since a deviation from GR arises only at the second order, the use of the physical impact parameter b according to
identity (3.6) taken respectively in the Schwarzschild and in the isotropic coordinates,

b ≃ r0 +

(
2− 1

Υ

)
GM

c2
≃ ρ0 + 2

GM

c2
,
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Fig. 3.2 The asymptotic light deflection angle α̂ predicted by GR as a function of the impact parameter b/m with m ≡ GM/c2. The

smooth curve corresponds to the exact expression after substitution of the closest distance of approach r0 by b . Crosses (+) stand for the

strong field approximation. Diamonds (�) and circles (©) represent respectively the first and second order approximations in the weak field

limit.

is now crucial to obtain the asymptotic deflection angle:

α̂weak field(b) =
4GM

c2b

{
1 +

(
1− 1

16Υ2

)
π
GM

c2b

}
+O

(
G3M3

b3c6

)
. (3.25)

The same result for α̂weak field(b)would be obtained if working with the SITS theory whose Eddington-Robertson-Schiff
parameters are given in Section 1.6.5.

Notice that the authors of reference [136] only gave the coordinate dependent equation (3.7) to analyze the quan-
titative modifications of lensing characteristics in the presence of the massless scalar field Φ̃. We have just argued that
equations (3.7) and (3.6) should always be carefully handled to get rid of the closest distance of approach dependence.
The asymptotic deflection angle α̂ is then correctly expressed in terms of the physical impact parameter and does not
depend on the arbitrary choice of a coordinate system.

3.2.2 Measurability of the impact parameter b and asymptotic deflection angle α̂

Unfortunately, the impact parameter is not a measurable quantity in the framework of the change in the apparent
position of light sources. Indeed, to be able to measure the impact parameter, the observer should lie on the outer
asymptote of the trajectory of the photon (see Figure 3.1). In that case only, the impact parameter is given exactly by

b = ρobs · sinϑI ,

where ρobs is the radial distance from the gravitational deflector, say the Sun, to the observer; and ϑI is the angular
position of the image with respect to the lens-observer axis. Both ρobs and ϑI are measurable quantities. We can
now understand why, when considering changes in the apparent position of objects (when the gravitational source is
not sufficiently far so to consider that the observer lies on the asymptote of the trajectory of the photon), the quantity
α̂, the asymptotic light deflection angle, defined as the angle between the inner and outer asymptotes of the
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trajectory of the photon, is not an appropriate observable quantity (see Figure 3.1). Instead, one should prefer the
quantity∆ϑ, the finite distance light deflection angle, defined as the angle between the position of the object in

the sky when the gravitational deflector is absent (ϑ) and the position of its image when the gravitational source

is present (ϑI), still with respect to the lens-observer axis (see Figure 3.3). That is

∆ϑ = ϑI − ϑ

= ϑI − (π − ϕobs) , (3.26)

where ϑI is defined by the tangent to the light trajectory at the observer (see Figure 3.4),

tanϑI =
eϕ
eρ

∣∣∣∣
obs

=

(√
gϕϕ
gρρ

dϕ

dρ

)∣∣∣∣
obs

, (3.27)

and ∆ϑ is indeed the true displacement in the apparent position of the object.
Thus, when observing at infinity, we recover the asymptotic light deflection angle:

∆ϑ −→
ρobs→∞

α̂ ,

ϕobs −→
ρobs→∞

π ,

ϑI −→
ρobs→∞

0 .

Fig. 3.3 Definition of the finite distance light deflection angle. I= Image; S= Source in presence of the gravitational potential; S
′
= Source

when the gravitational potential is absent and the light goes straight to the observer; O= Observer; L= Lens (gravitational potential); α̂=

asymptotic light deflection angle;∆ϑ= finite distance light deflection angle; (ρobs, θobs ≡ π
2

, ϕobs)= the position of O written in isotropic

coordinates; b= impact parameter; ρ0= closest approach distance; ϑ
′
, ϑI = angular positions of S

′
and I with respect to the O-L axis. The

solid line shows the light path. Notice that ρ0 is defined from the lens to the trajectory of the photon, while b is defined from the lens to the

asymptote.

The distinction between α̂ and ∆ϑ is irrelevant when considering only the first order contribution to light de-
flection, as it is irrelevant to distinguish between r0, ρ0 and b at that level of precision. However, it may become
crucial when looking at the second order: see for example light deflection due to the Sun (compare the B- and the
E-contributions in Table (3.36)). Indeed the finite distance light deflection angle contains a term (B in (3.34)) that
scales as the inverse of ρ2obs, so that we recover the asymptotic light deflection angle only at a sufficiently large dis-
tance with respect to the square of the lens radius R (see expressions (3.32) and (3.34)).
Notice finally that in the case of gravitational mirages, where distances between the source, the lens and the observer
are large with respect to the radius of the lens, α̂ ≃ ∆ϑ with a sufficient accuracy.
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Fig. 3.4 Tangent to the light path at the observer.

3.2.3 Other effects: non sphericity of the gravitational source, angular momentum

In this section, we will calculate the finite distance light deflection angle, incorporating several effects like the
deflector quadrupole moment and angular momentum. We will consider Fully Conservative, Purely Dynamical theories
of gravity (in terms of PN parameters, α3 = ζ1 = ζ2 = ζ3 = ζ4 = ξ = 0).

Let us assume a quasi-spherically symmetric space-time in isotropic coordinates, defined by the line element

ds2 = A2(ρ) c2dt2 −B2(ρ) (dρ2 + ρ2dθ2 + ρ2 sin2 θ dϕ2) + 2H2(ρ) dt (dρ+ ρ dθ + ρ sin θ dϕ) (3.28)

and consider that the gravitational lens shows some oblateness (a quadrupole moment J2 contributes to the potential

expansion U = U(ρ)) and is in rigid homogeneous rotation (angular momentum
−→
J ) (see Figure 3.5).

It is sufficient when treating light deflection in the solar system to express the metric coefficients as [113, 130]:

A2(ρ) ≃ 1 + 2α
(
U
c2

)
+ 2β
(
U
c2

)2
+O
(
1
c5

)
,

B2(ρ) ≃ 1− 2γ
(
U
c2

)
+ 3

2δ
(
U
c2

)2
+O
(
1
c5

)
,

H2(ρ) ≃ 2 (1 + γ) GN
−→
J ×−→ρ
2ρ3c3 +O

(
1
c5

)
,

(3.29)

with the potential (at this order, the quadrupole contribution is sufficient)

U(ρ, θ) = −GM

ρ

[
1−

∞∑

n even

(
R

ρ

)n
Jn Pn(cos θ)

]

≃ −GM

ρ

[
1−
(
R

ρ

)2
J2 P2(cos θ)

]

= −GM

ρ

[
1−
(
R

ρ

)2
J2 (1−

3

2
sin2 θ)

]
,

where α, β, γ, are the usual PN parameters, and δ is a Post-PN parameter.
Notice that owing to the smallness of J2 among solar system bodies, we can neglect the quadrupole contribution in the
β- and δ-terms.
The corresponding metric being independent of the coordinateϕ, the angular momentum of the photon is thus conserved
and θ is fixed on the photon path. Let us consider the null geodesic equations in the equatorial plane of the gravitational
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Fig. 3.5 Isotropic coordinates system (ρ, θ, ϕ) centered on the Lens (L) with angular momentum
−→
J . The equatorial plane corresponds to

θ = π/2.

deflector ( θ = π
2 ). They lead to the following equation for the photon trajectory, with u ≡ 1/ρ:

H4

(
u− du

dϕ

)2
+A2 B2

(
u2 +

(
du

dϕ

)2)
=

[
H4

A2

(
u− du

dϕ

)
+B2
]2

[
H2

A2 − b u
]2 u2 .

Collecting terms up to O
(
1
c5

)
gives

(
du
dϕ

)2
+
{
1− 2
(
2α2 + 2αγ − β + 3

4δ
) (

GNM
c2

)2 1
b2

}
u2 − (α+ γ) J2

R2

b4
GNM
c2 u3
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∣∣∣
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The trajectory can be integrated:
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2
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∓
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(
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+cst ,
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or, knowing that at ϕ = 0, we have ρϕ=0 = ∞, in other words uϕ=0 = 0 , and

b u ≃ +sin(±ϕ)

+ (1− cosϕ) (α+ γ)
1

b

(
GNM

c2

)

+(1− cosϕ)2 (α+ γ)
J2
2

R2

b2
1

b

(
GNM

c2

)

+(1− cosϕ)
1

b2
2 (1 + γ)

(±) GN

∣∣∣
−→
J
∣∣∣

2 c3

+cosϕ (tanϕ− ϕ)

(
2α2 + 2αγ − β +

3

4
δ

)
1

b2

(
GNM

c2

)2
. (3.30)

We can expand expression (3.27) using identity (3.26) for its left-hand side and the expansion of the metric (3.28),
(3.29) for its right-hand side:

− tanϕobs +
1

cos2 ϕobs
∆ϑ− tanϕobs

1

cos2 ϕobs
∆ϑ2 ≃ −

[
b/ρ

dϕ

d(b/ρ)

]∣∣∣∣
obs

.

Replacing the trajectory solution (3.30) in this last result, we find

∆ϑ(b) ≃ +(1 + cosϑI) (α+ γ)

(
GNM

b c2

)

+(1 + cosϑI)
(
2 + cosϑI − cos2 ϑI

)
(α+ γ)

J2
2

R2

b2

(
GNM

b c2

)

+(1 + cosϑI) 2 (1 + γ)
(±) GN

∣∣∣
−→
J
∣∣∣

2 b2 c3

+(π − ϑI + sinϑI cosϑI)

(
2α2 + 2αγ − β +

3

4
δ

) (
GNM

b c2

)2

+O
(

1

c5

)
.

However, we still need to get rid of the impact parameter b, which is not measurable, and rephrase this expression using
the observables ρobs and ϑI . The trajectory solution (3.30) taken at the observation point (ρobs, ϕobs) together with
identity (3.26) provide an approximation for the impact parameter in terms of the observables at the required order:

1

b
≃ 1

ρobs sinϑI
− (α+ γ)

1

ρ2obs sinϑI

(
GNM

c2

)
+O
(

1

c3

)
. (3.31)

This allows us to rewrite the change in the apparent position of the light source as

∆ϑ(ρobs, ϑI) ≃ +




+

√
1 + cosϑI
1− cosϑI

(α+ γ)
︸ ︷︷ ︸

A+B

+

(
2 + 3 cosϑI − cos3 ϑI

)

sin3 ϑI
(α+ γ)

J2
2

R2

ρ2obs︸ ︷︷ ︸
C




(
GNM

ρobs c2

)
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+




1
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2 (1 + γ)
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−→
J
∣∣∣

2 ρ2obs c
3

+




+π−ϑI+sinϑI cosϑI
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4δ
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−
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(
GNM

ρobs c2

)2

+O
(

1

c5

)
. (3.32)

Note the appearance of the (α+ γ)2-term when we substitute the impact parameter. Similarly to our earlier observa-
tion for α̂ in Paragraph 3.2.1, the expression of ∆ϑ in terms of the isotropic radial coordinate of the observer (ρobs) is
not coordinate invariant, unlike the expression in terms of the impact parameter (b). We conclusively realize the im-
portance of having a coherent full PPN astrometric reference frame system in order to analyze the data to test for light
deflection at the second order. Presently, as mentioned by Klioner and Soffel [75], there is a contradiction between
the recommendation of the International Astronomical Union (IAU) concerning the relativistic reference system to be
used for data reduction - like in VLBI measurements - which are only valid in the framework of GR, and the common
practice to estimate the PN parameters (at least γ and β) from observations.
To obtain an estimation of the PN parameter γ from satellite measurements or VLBI data, expression (3.32) must be
considered as the deflection angle ∆ϑi due to the gravitational field of the i-th deflector characterized by Ri, Mi,

J2 i and
−→
Ji , when the light source is observed at an angle ϑI i from this i-th body. ∆ϑi is then summed over all the

i-th bodies (Sun, Moon and planets) and is part of a multiparameter model that will be fitted to the observations. Al-
though all the planets might be included in the model, mostly the Sun and Jupiter are important for the determination
at present. For VLBI measurements, for example, it is very rare for other planets to pass sufficiently close to suitable
radio sources. As far as the Earth contribution is concerned, in the case of VLBI, this contribution is static as seen
from each antenna, for Earth-based networks used at present, and it cannot be separated, in the solution, from the sta-
tion position and axis offset parameters. But this effect should be observable given future space-based observations,
future optical interferometers in space or astrometric satellites... (see Appendix B).

In order to compare the order of magnitude of the different contributions to the light deflection angle at a finite dis-
tance, it is usually useful to consider its maximum value. To do so, we need to replace the value of ϑI that maximizes
∆ϑ(ρobs, ϑI) in expression (3.32), to obtain the grazing incidence. Using (3.30) taken once at the grazing incidence
(ρ = 1/u = R, ϕ ≃ π/2) and once at the observation point (ρ = 1/u = ρobs, ϕ = ϕobs), we get

sinϑI grazing ≃
R

ρobs

{
1 + (α+ γ)

GNM

Rc2

[
1− R

ρobs

]}
, (3.33)

when equating the impact parameter in both expressions at the required order. Note that ϑI grazing is always nonva-
nishing. We then replace this latter expression in (3.32), expand up to O

(
1
c5

)
, and ignore terms such as (J2)

2 since
J2 ∼ 10−7.
The light deflection angle at grazing incidence in the weak field limit due to a gravitational deflector of mass M , radius

R, quadrupole moment J2, and angular momentum
−→
J is thus, for an observer at a radial distance ρobs (in isotropic

coordinates),
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+ ... (3.34)

Of course, we recover the maximum grazing asymptotic angle when sending the observer at infinity (B → 0).

3.2.4 Orders of magnitude of the different contributions

A/ When the angle between the observed image and the deflector varies

The graphs in Figure 3.6 and Table (3.35) will help us to discuss the different contributions to the light deflection
angle as obtained from formula (3.32). We present here the particular case of an observer located on Earth, in the
setting of GR (α = β = γ = δ = 1), and for light deflection taking place in the equatorial plane of a rigidly

rotating deflector (perpendicular to
−→
J ). The characteristics of different deflectors, namely M , R, J2,

−→
J and ρobs =

maximum/minimum Earth-deflector distances are taken from the factsheets in reference [16].
In Figure 3.6, the plots give the order of magnitude of the different contributions to the gravitational light deflection

angle due to the Sun and Jupiter.
We can see that at large angles (ϑI) from the gravitational deflector, the different contributions to the light deflection
angle decrease rapidly; and that corrections to the usual first order contribution with spherical symmetry (J2 = 0) are
soon negligible at the microarcsecond level. We also easily understand from these graphs and Table (3.36) why the
Sun is our best solar system laboratory.

Table (3.35) provides the maximum observation angle from the deflector (ϑI max) at which the terms A+B, C, D or
E in the light deflection angle (3.32) become negligible for microarcsecond astrometry; i.e. when the corresponding
term is inferior to 1 µarcsec for ϑI max 1 or to 10 µarcsec for ϑI max 10. In this table, a ‘‘−’’ sign means that the
corresponding term (C, D or E) is negligible (inferior to 1 µarcsec or 10 µarcsec respectively) at any angle from the
deflector. The elements in the table are given in decreasing first order contribution.
Remark that the influence of the distance between the gravitational deflector and the observer might be non negligible;
the largest distance from the observer to the deflector leads to the smallest maximum observation angle from the image
to the deflector (first value given), while the smallest distance leads to the largest maximum angle (second value given).
We also note that if satellites like Titania, Oberon... must be considered in microarcsecond astrometry (at least at the
1 µarcsec level), it is only within one arcsecond from those bodies.
One can alternatively consider an observer on a geostationary satellite on orbit at about 36 000 kilometers, or a satellite
like the future GAIA on its L2 orbit at about 1.5 million kilometers from the Earth. It is then only the maximum
observation angles to the Earth and to the Moon which are sensibly modified, owing to the accordingly non negligible
change in the observer-deflector distance. Indeed, we find for a geostationary satellite

for the Earth:

{
ϑI max 1 ≃ 177.4◦ ,

ϑI max 10 ≃ 154.0◦ ,

for the Moon:

{
ϑI max 1 ≃ 5.9◦ − 7.9◦ ,

ϑI max 10 ≃ 35.1′ − 47.1′ ;
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Fig. 3.6 Order of magnitude of the different contributions to the gravitational light deflection angle due to the Sun and Jupiter, as a function

of the observation angle relative to the deflector, in the framework of General Relativity. The particular case of an observer located on

Earth and for light deflection taking place in the equatorial plane of a rigidly rotating deflector (perpendicular to the angular momentum) is

considered. The square curve is for the first order contribution with J2 set to zero; the cross curve is for the first order contribution of J2
alone; the diamond curve is for the 3/2 order contribution of the angular momentum; and the circle curve is for the second order term. The

range for ϑI is from the corresponding nonzero grazing incidence (see expression (3.33)) to 180◦.
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while the values for the GAIA orbit shift to31

for the Earth:

{
ϑI max 1 ≃ 99.5− 103.3◦ ,

ϑI max 10 ≃ 13.5− 14.4◦ ,

for the Moon:

{
ϑI max 1 ≃ 81.5′ − 147.4′ ,

ϑI max 10 ≃ 8.2′ − 14.8′ .

GR

Earth observer

maximum observable angle

at 1 or 10µarcsec precision

ϑI max 1/ϑI max 10

(A+B)

*

1
st

order

C

*

1
st

order

D

*

3/2 order

E

*

2
nd

order

Sun 180◦/180◦ −/− −/− 51.8’-53.6’/−
Jupiter 62.0◦-89.3◦/7◦-11◦ 1.6’-2.6’/0.8’-1.3’ −/− −/−
Saturn 12.0◦-16.6◦/1.2◦-1.7◦ 34.1’’-47.4’’/15.9’’-23.0’’ −/− −/−

Neptune 46.0’-50.1’/4.6’-5.0’ 2.4’’-2.5’’/− −/−
Uranus 58.0’-70.8’/5.8’-7.1’ 3.2’’-3.9’’/− −/− −/−
Earth 179.6◦/176.0◦ −/− −/− −/−
Venus 0.7◦-4.5◦/4’-27’ −/− −/− −/−
Mars 3.4’-24.8’/0.4’-2.5’ −/− −/− −/−

Mercury 3.2’-9.0’/18.8’’-54.0’’ −/− −/− −/−
Moon 6.4◦-7.1◦/38.2’-42.6’ −/− −/− −/−

Ganymede 19.4’’-31.8’’/2.0’’-3.2’’ −/−
Titan 10.3’’-14.3’’/1.1’’-1.5’’ −/−

Io 11.7’’-19.2’’/1.2’’-1.9’’ −/−
Titania 0.2’’/− −/−
Oberon 0.2’’/− −/−
Charon 0.03’’-0.06’’/− −/−
Rhea 0.2’’-0.3’’/− −/−

Iapetus 0.2’’/− −/−
Ariel 0.06’’/− −/−
Dione 0.1’’-0.2’’/− −/−

Umbriel 0.05’’-0.06’’/− −/−
Ceres 0.3’’/− −/−

(3.35)

B/ Grazing incidence

For grazing incidence, in the particular conditions described above, we obtain the following magnitudes for the
maximum light deflection angle (3.34):

31 The maximum angles we give here are smaller than the values given in reference [73].
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GR

Earth observer

grazing

magnitude

(µarcsec)

A

*

1
st

order

B

*

1
st

order

C

*

1
st

order

D

*

3/2 order

E

*

2
nd

order

Sun 1.75 106 − (9.2− 9.8) 100 0.28− 0.42 ±0.69 3.5

Jupiter 1.627 104 − (2.2− 6.0) 10−5 43.9− 239.7 ±0.17 3.0 10−4

Saturn 5.78 103 − (1.9− 3.7) 10−6 94.2 ±0.04 3.8 10−5

Neptune 2533.6 − (1.8− 2.1) 10−8 8.6 7.3 10−6

Uranus 2081.0 − (3.4− 5.0) 10−8 7.0 ±4.0 10−3 5.0 10−6

Earth 5.74 102 −1.43 102 6.2 10−1 ±2.9 10−4 3.8 10−7

Venus 4.93 102 −6.6 10−8 → −3.1 10−6 2.2 10−3 ∓9.8 10−7 2.8 10−7

Mars 115.7 −0.2 10−8 → −0.1 10−6 0.23 ±3.4 10−5 2 10−8

Mercury 83.0 −2.1 10−7 → −2.5 10−8 5.0 10−3 ±1.0 10−7 1 10−8

Moon 25.9 −1.2 10−4 → −1.4 10−4 5.2 10−3 ±1.5 10−6 1 10−9

(3.36)

The list of deflecting bodies to be considered at least at the first order monopole term (A ), in case of maximum
grazing incidence for an astrometric precision of 1 µarcsec, is of course not exhaustive in Table (3.36). For example,
the first order monopole term is larger than x µarcsec if

Ri
1 km

√
̺i

1 g/cm3
� 624

√
x

1 µarcsec

for a lens of radius Ri and mean density ̺i. This means that when aiming at microarcsecond astrometry (even for a
10 µarcsec precision), smaller planets and several satellites of giant planets should be taken into account [73]. Table
(3.35) illustrates this point: the first order monopole term at grazing incidence decreases from 35 to 1.1 µarcsec for
minor planets and satellites, those being the contributions respectively of Ganymede, the satellite of Jupiter, and of the
asteroid Ceres.

We clearly see that the quadrupole term (C ) tends to increase the first order contribution to the light deflection.
At the microarcsecond level of precision, this contribution is non negligible in the case of Jupiter, Saturn, Neptune and
Uranus, while it is on the edge of this detection level for the Sun.
Note that for Jupiter, the first value of the C-term contribution is obtained with J2 ≃ 2.7 10−3 based on a theoretical
gaseous model [63], and the second estimation with J2 ≃ 14.736 10−3 provided by [16].
For the Sun, J2 = (2.0± 0.4) 10−7 is assumed (according to reference [109]). The evaluation of the solar quadrupole
moment from solar properties still faces some controversy: on the one hand, the theoretical values strongly depend on
the solar model used; whereas on the other hand, accurate measurements are very difficult to obtain from solar obser-
vations. Concerning this last point, let us recall some of the problems: the real differences of brightness of the solar
limb dependence on the latitude; the influence of faculae, sunspots and magnetic fields; correlatively, real effects due
to latitudinal variation of the solar limb darkening function. There is also the issue of the solar activity (solar cycle)
dependence of the solar oblateness [77, 120, 121, 119]. In addition, it is difficult to calibrate ground data with regard
to atmospheric disturbances and this is why space experiments have been suggested, like SoHO or the future Picard
mission to the Sun (expected precision of 10−8 on J2 Sun). In reference [109], Table 2 illustrates those difficulties: it
gives a critical compilation of the main determinations of the solar angular momentum, based on observations or solar
theory.
In the preceding reference, the importance of confronting a dynamical determination of the solar angular momentum,
independent of the solar model, to other solar model dependent values was thus emphasized. We have just seen that
the corresponding solar angular-momentum contribution to the relativistic light deflection is unfortunately too small
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to allow for a measurement of J2 Sun when General Relativity is assumed. However, relativistic perihelion advances,
precession of the orbital planes, or motion of spacecrafts are very promising. Presently, these dynamical determination
methods are still dependent on the gravitational theory. Indeed J2 Sun is too strongly correlated with the PN perihe-
lion precession combination (2α2+2αγ− β). The future GAIA or BepiColombo missions should be able to separate
those two effects though, and so obtain a determination of the solar angular momentum that is independent of the grav-
itational theory (with a precision respectively better than 10−7 and of 2 10−9 on J2 Sun). A detailed discussion of the
subject and a complete list of references can be found in [109].

On the contrary, the finite distance term (B ) ∝ R2

ρ2obs
decreases the first order contribution, and must be considered

at the microarcsecond level, when looking at second order contributions due to the Sun for an observer on Earth. The
same order of magnitude (B* 1st order≃ 9.3 µarcsec) is reached when the observer is not on Earth, but for example,
the astrometric satellite GAIA, located on a L2 orbit at 1.5 109 m from Earth. However, in the case of GAIA, grazing
incidence is not allowed for the Sun and the Earth (avoidance angle of 35◦) -see the corresponding graph in Figure 3.6
for the order of magnitude of the different contributions to the light deflection angle in the case of non-grazing inci-
dence for the Sun-.
At the microarcsecond level, the B-term is also important for the gravitational field of the Earth in Earth-based obser-
vations, but it is totally negligible when observing with GAIA.

The contribution due to the gravitational deflector angular momentum (D ) is differential (it is here estimated

from a rough rigid rotation model,
−→
J = I

−→
ω , with I, the inertia and ω, the rotation rate obtained from the sidereal

rotation period). Indeed, this term either increases or decreases the first order contribution, whether the light passes
on one side or on the other side of the gravitational deflector (see Figure 3.7). Thanks to this characteristic, this con-
tribution could be easily identified. One could think of an experiment that could be carried out when a satellite (the
light source) in conjunction with a gravitational source and the Earth (or another satellite playing the role of observer)
would send a laser signal to the observer, simultaneously from the left or from the right of the gravitational body.
Unfortunately, the contribution from the angular momentum of the gravitational source shall not be helpful in provid-
ing interesting constraints on the parameter γ of alternative theories. This is due to the already so small deviation of
γ from GR value of 1, for acceptable theories (see present VLBI experimental constraints on γ given in (3.2) or (3.3);
and note that in our chosen cosmological evolutionary model for TS theories, presented in Chapter 2, the predicted
deviation 1−γ (2.58) is even weaker). Hence, the angular-momentum term is more likely to give only interesting con-
straints on the angular momentum of the gravitational source. This is an important fact because, in the case of the Sun,
it would provide a dynamical estimation of the absolute value of the angular momentum, to confront with the some-
how controversial solar model estimations which depend on the density and rotational velocity models adopted.
However, the dynamical determination of the angular momentum might be easier for Jupiter, because the contribution
of the angular momentum (D) represents 1 10−3 % of the corresponding first order term (A) in this case; whereas it
represents only 4 10−5 % of the corresponding first order term in the case of the Sun.

As far as the second order contribution is concerned (E), we see that it is crucial when considering grazing inci-
dence for the Sun (Table (3.36)). However, it is negligible at any incidence for planets, and for non-grazing incidence
in the case of the Sun, even when looking at microarcsecond detection (see the graphs in Figure 3.6).
Knowing the non null avoidance angle of GAIA for the Sun (while grazing incidence is allowed for planets), we see
that the second order term is totally undetectable with such an experiment, although an incredible precision on the in-
dividual positions of light sources (∼ 5 10−1 µarcsec). The situation is analogous for all present and future astrometric
satellites like Hipparcos (Sun avoidance angle of 45◦ and ∼ milliarcsecond precision), FAME ( previously 45◦, now
changed to 35± 5◦, and precision better than ∼ 50− 500 µarcsec), DIVA ( 45◦ and precision 5 times better than Hip-
parcos), or SIM ( 45◦ and ∼ 4 µarcsec precision). To reach the second order in light deflection, one needs dedicated
space experiments. Some have been proposed but are not yet financed, like TIPO, SORT, or ASTROD. See Appendix
B for references and further details on light deflection measurements.

We also remark that the gravitational field of the Earth is important at the microarcsecond precision level, for

an observer located on Earth and thus subject to the Earth gravitational field. Earth’s A, B and C-terms are non
negligible. However, when the observing instruments are located for example on the GAIA satellite on a L2 orbit, the
B-term (B* 1st order∼ 10−3 µarcsec) becomes negligible at grazing incidence.
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Fig. 3.7 The contribution of the gravitational deflector angular momentum to the light deflection angle is differential.

3.2.5 Further remarks on ‘‘corrective’’ effects

Our calculation, to provide the orders of magnitude of the quadrupole- and angular-momentum contributions to
light deflection, is done for deflection taking place in the equatorial plane of the gravitational body, where the effect
of those contributions is maximal. The reader can find a generalization to deflection in any plane (not necessarily

perpendicular to the angular momentum) and to any multipole momentum in references [114] and [76] respec-
tively.
The first generalization should be useful when studying light deflection in the gravitational field of Jupiter for the
GAIA mission.

In this section, we considered a light source asymptotically far, whereas the observer could be at a finite distance
from the deflector. However, in astrometric measurements, this assumption might not always be appropriate. A first
example is the observation of solar system objects: the distance to the light source is finite. This remark is especially
pertinent for the GAIA experiment which should lead to high quality astrometric measurements of small planets. A
second example is the case of binaries, where the companion of the observed star plays the role of the lens. The
observer is, on the contrary, very far from the gravitational source. The change in the apparent position of the observed
star can reach 200 µarcsec for well separated binaries [92].

To be rigorous, let us notice that γ should be replaced by

γ∗ = γ − η (1 + γ)
Egrav
Mc2

+O
(

1

c4

)

in expressions (3.32) and (3.34), where η is the Nordtvedt parameter (presently constrained to 2 10−4± 9 10−4 [109]),
Egrav is the gravitational bending energy of the gravitational source and M is its mass. This change would take into
account the sensitivity of the gravitational deflector for theories where the Strong Equivalence Principle (SEP) is
violated [38]. However, this correction is negligible in the case of solar system tests: Egrav

Mc2 is only ∼ 2 10−6 for the
Sun, which means a correction smaller than 10−9 on γ.

Finally, we remark that, in addition to the gravitational effects (A, B, C and D-terms), some parasitic non-

gravitational effects might have to be taken into account.
First of all, there is some refraction caused by the solar corona (if the Sun is the gravitational deflector), and by the
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Earth ionosphere (if observations are made from the ground). To illustrate the order of magnitude of these non negligi-
ble effects, one should note that the refraction due to the solar corona at 3◦ from the Sun is 2−7 marcsec in the X-band,
depending on the level of solar activity. In the gravitational field of the Sun, its largest value is about 5% of the gravi-
tational deflection. However, this coronal contribution decreases rapidly at large Sun angles (δϑcoronal refraction ∝ 1/ϑ2I)
while the gravitational deflection decreases nearly linearly [61]. Thus, only experiments at very small angles to the
Sun, or at grazing incidence are subject to this effect.
Moreover, the Earth ionosphere and coronal deflections are dispersive (δϑcoronal diffraction ∝ 1/ν2obs). So one can avoid
using ionosphere and solar coronal models entangled with their own systematic errors to correct for coronal/ionospheric
diffraction, if making simultaneous observations at widely separated frequencies. This alternative is presently used in
VLBI measurements made in the X and S bands [115].
Secondly, even though parallactic displacements (δϑparallactic displacement ∝ sinϑI) and light deflection effects
(δϑgravitational first order term ∝ sinϑI/ (1− cosϑI)) differ in direction and in their dependence on ϑI , and despite a good
coverage in the observation angle ϑI , the separation is not perfect and the parallactic displacements remain largely cor-
related with the estimation of γ from Hipparcos data. A careful simulation in the case of GAIA, which might do better
owing to its extended capabilities in comparison with Hipparcos, still has to be done to confirm the rough estimation
of γ on the accuracy achievable with GAIA given in Paragraph 3.1.2.
Thirdly, if parallactic displacements result from the motion of the observer, we should not forget the aberration too. And
a comprehensive modelling of astrometric measurements taking into account light deflection must also include the mo-
tion of the source (proper motion), as well as the motion of the lens (microlensing event) according to the timescales
and distance scales of the experiment.

3.2.6 Current state of the art

The astrometric satellite GAIA is the most precise and already financed project presently available on the market.
An incredible precision on individual positions is expected for this mission: close to 2 µarcsec on the bright stars
(V < 12). However, GAIA might not be able to measure the second order of light deflection (thus not enabling us to
reach the PPN parameter δ) using individual measurements, because grazing incidence is not allowed for the Sun. To
reach the second order, we might probably need to wait for dedicated projects like SORT or ASTROD (see Appendix

B). For the same reason, GAIA might not be able to provide useful information on the solar values of J2 and
−→
J , but

this should not be the case for Jupiter and Saturn.

Note that such conclusions concerning GAIA are not definitive. A thorough and careful simulation of the data
analysis for GAIA is still needed to conclude whether it is possible to provide even some weak constraints on the
parameters intervening in the additional contributions to the first order monopole term in light deflection. Such a
simulation must include astrometric models complete to within 0.1 µarcsec to reach the announced accuracy of the
mission. Presently, the analytical perturbation model of Klioner [73] is only complete to 1 µarcsec. Nevertheless, it al-
ready nicely incorporates the motion of the observer, source and lens, and uses fully PPN astrometric reference frames
(while previous work [74] only developed this formalism in the setting of GR).
An alternative global modelling has been proposed (now implemented for terms up to (v/c2)) by the Padova-Torino
group in the ‘‘GAIA Relativity and Space-Time Working Group’’.
The efficiency and the ways to implement those two different models need yet to be compared and the models them-
selves refined.



Chapter 4:

Testing alternative theories in the solar

system using the light deflection angle?

In the previous chapter, we gave a general overview of what were, are and will be the experimental limits of light
deflection tests in the solar system. We now would like to confront them with our chosen set of alternative theories.

4.1 Relevant (P)PN parameters at first and second order in light deflection

According to the various expressions for the light deflection angle (asymptotic (3.1), (5.1), (3.12) or finite distance
(3.26), (3.32)), we can calculate the relevant combinations of (P)PN parameters for light deflection. Using Table (1.67),
we find

PN: Post-PN:

(α+ γ) (8α2 + 8αγ − 4β + 3δ)

MTS/SITS :

a = 2Υ ∈ ]0; 2]

G = GN

2 15 + a2−4
a2

TS Jordan frame :

a = 2/
√
1 + α2TS 0

G

2
1+α2TS 0

15− α2TS 0

(
15α2TS 0+31−4α

′
TS 0

)

(1+α2TS 0)
2

STRINGS

Jordan frame :

a =
√
2

�
αTS = 1

G

1 7
2

GR :

a = 2Υ = 1

⇓
αTS = 0

G = GN

2 15

(4.1)
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4.2 Theories leading to first order corrections

Let us first consider the predictions of some alternative theories of gravitation like Brans-Dicke theory (BD),
Strings, modified Brans-Dicke with ̟(Φ) (TS) and Large Extra-Dimension theories (LED), which already deviate
from the GR ones at the leading order.

4.2.1 TS theories

Using the expression for the weak field light deflection angle (3.12) and the Tensor Scalar PN parameters (4.1),
one recovers the predicted deflection angle for TS theories:

α̂weak field(b) = 1
1+α2TS 0

4GNM
bc2 +O

(
V 2

c4

)

(1.7)
= 2̟0+3

2̟0+4
4GNM
bc2 +O

(
V 2

c4

)
,

(4.2)

with ̟0, the present value of ̟(Σ). TS theories thus already deviate from GR at first order.
The light deflection experiments in the vicinity of the Sun (VLBI) and the fact that 1−γ is always positive for TS

theories (Table (1.67)) constrain the present value of the TS parameter:

̟0 exp � 463 according to (3.2),

̟0 exp � 2215 according to (3.3).
(4.3)

This minimum value corresponds to the measured maximum deviation of 1− γ from zero. Such constraints of course
exclude String theory with ̟0 STRINGS = −1 (which is a high energy theory, not adapted for present physics) and the
original BD theory. But we see that those present limits are still very far away from the predicted values of up-to-date
cosmological models as discussed in Chapter 2, with some value of ̟0 theo ∼ 105 − 107 given by Damour et al.
(see Table (2.71) with expression (1.7)), while the lower bound of our model is ̟0 theo ∼ 107. For this reason, space
experiments dedicated to the measurement of γ with such a precision have been proposed (see Appendix B), in order
for observations to fill the gap. Of course, getting information on the (P)PN parameters as a by-product of astrometric
missions like GAIA is also interesting, but we already know from Chapter 3 that GAIA will probably not even reach
the lower bound of our model.

To conclude this section, we would like to put the first order predictions from light deflection into perspective.
Figure 4.1 shows the present best constraints on the Tensor Scalar parameter space (αTS 0, α

′

TS 0) (1.66) from binary
pulsar experiments and solar system experiments. We remind the reader that, if a non constant scalar coupling is
considered, α

′

TS 0 contains a pertinent information for the cosmological models, because it is associated to the curvature
of the cosmological evolutionary potential around its minimum, N (equal to 1/3 in our particular model). Indeed, we
showed in Paragraph 2.2.5.1 that 1−β = −N/8 · (1− γ) · (1 + γ); and presently β is constrained to [0.9993; 1.0006]
or [0.9997; 1.0003]. Those limits are obtained when combining the bounds on γ from VLBI, (3.2) or (3.3) respectively,
with those on the Nordtvedt parameter η ≡ 4β − γ − 3 = +0.0002± 0.0009 [144] (assuming α = 1).
Let us come back to Figure 4.1. We can see that VLBI data (light deflection and time delay) provide the crucial
information for the αTS 0-dimension. Light deflection measurements would only provide constraints on the α

′

TS 0-
dimension if the second order was accessible to some dedicated experiments (see the PPN combination at second order
in Table (4.1)). This dimension in the parameter space is now taken care of by Lunar Laser Ranging experiments and
by pulsar data for negative values of the scalar coupling derivative.
Note that in the particular case of Damour et al.’s cosmological model given by (2.35), Chiba and his collaborators
translated the Cosmic Microwave Background data provided by the space mission COBE into constraints on the tensor
scalar theory parameters [31]. This method seems to be very efficient to shrink the allowed parameter space along
its α

′

TS 0-dimension (see Figure 4.2). We think that it would be very interesting to apply it to our exact analytical
cosmological solution in order to analyze its imprint on the density perturbations in inflationary cosmology, and to
see whether CMB constraints strongly depend on the cosmological model. Indeed, we have shown that the attractor
mechanism can be very efficient, so that the departure from General Relativity in present solar system tests is really
weak. The Cosmic Microwave Background data might be able to probe the cosmological models at a time at which
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they were very different from GR and from one another. Nevertheless, even if CMB constraints are considered in the
picture, VLBI solar system data still constitute the most efficient test in the αTS 0-dimension presently available.

Fig. 4.1 Constraints on the Tensor Scalar models from experiments. In fact, only the square of αTS 0 is physically measured. The regions

allowed by solar system tests, respectively time-delay measurements to the Viking lander [110] (VIKING∝ (γ + 1)), Lunar Laser Ranging

(LLR ∝ η = (4β − γ − 3)) [144], Mercury perihelion shift ( ∝ (2 + 2γ − β), not apparent on this graph) and Very Large Baseline

Interferometry light deflection or time-delay measurements (VLBI ∝ (γ + 1)) [53, 78] are beneath the corresponding dotted line. The

region allowed by binary pulsar tests, given by the dash lines [37, 38, 39], are respectively to the right of the corresponding curves for

PSR 1913+16 and PSR 1534+12, while it is in between the corresponding dash line for PSR 0655+64. The parameter space allowed by

pulsars strongly depends upon the equation of state adopted. Softer equations of state for nuclear matter lead to stronger constraints on the

theory parameters. In this graph, a polytropic equation of state for the neutron stars was assumed. It can be seen through the plots presented

in reference [39], how the constraints vary with the equation of state (Note that solar system tests in those graphs are a bit outdated). The

shaded region represents the parameter space (αTS 0, α
′

TS 0) allowed by solar system tests and binary pulsars simultaneously. Nevertheless,

VLBI data so far dominates constraints onαTS 0 and, for positive values of α
′

TS 0, solar sytem tests are still more efficient than pulsar data.

4.2.2 LED theories

4.2.2.1 Prediction using the result found for BD theory

At first order, we have seen that the effective action for the propagation and interaction of gravitational fields with
matter is the same as in BD theories (1.38) with the corresponding scalar coupling given by (1.37) and BD parameter
̟, (1.39). It is then straightforward to extrapolate the result we just obtained for TS theories (4.2), to Large Extra-
Dimension theories. Accordingly, the light deflection angle due to a massive object is, at first order,

α̂weak field(b) =
d+ 2

2 (d+ 1)

4GNM

bc2
. (4.4)
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Fig. 4.2 This graph is to be compared with the previous figure. It shows how the constraints obtained by Chiba and his collaborators [31]
on the Tensor Scalar parameter space from the Cosmic Microwave Background (CMB) with spectral index n>0.7 further shrunk drastically

theα
′

TS 0-dimension. However, this CMB analysis was made solely for Damour et al.’s model given by (2.35). The shaded region represents

the parameter space (αTS 0, α
′

TS 0) allowed simultaneously by solar system tests and CMB data for this particular class of Tensor Scalar

models. CMB contraints are about two orders of magnitude stronger than the pulsar or solar system limits on α
′

TS 0. But most recent VLBI

data still provide the crucial information for theαTS 0-dimension. (Or alternatively the LLR data if the unpublished results in reference [53]
are not confirmed).

This means that the PN parameter γ, when α = 1, would be

1− γ =
d

1 + d
,

in terms of the number d of extra-dimensions; even though strictly speaking one cannot define a PN expansion of LED
theories. The above expression makes it easy to compare with solar system experiments.

4.2.2.2 Prediction using a photon - scalar-field scattering process

Alternatively, we can compute the light bending by a massive object in the framework of field theory. This requires
to calculate the classical limit of the scattering amplitude of a photon and a massive scalar (the presence of which
will mimic the Sun as a deflector) through the gravitational interaction. Such a calculation is somewhat lengthy (see
Appendix C), but at first order we just need the ratio of this scattering amplitude in LED theories, Mphot.−scal.

LED , to
the same amplitude for General Relativity, Mphot.−scal.

GR .
For LED, we have

Mphot.−scal.
LED ∼ Mphot.−scal.

(&n=0) +
∑

&n

Mphot.−scal.
(&n�=0)

∼ GT (phot.)
m µν .

(
ηµαηνβ + ηµβηνα − 2

2 + d
ηµνηαβ

)[
1

q2
+
∑

&n

1

q2 −m2
nc

2

]
.T

(scal.)
m αβ .

As was explained in Subsection 1.4.3, the massive modes contributions to the propagator can be dropped. Using (1.37)
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and (1.45), we find

Mphot.−scal.
LED ∼ GT (phot.)

m µν .
(
ηµαηνβ + ηµβηνα − ηµνηαβ + α2LEDηµνηαβ

) 1
q2

.T
(scal.)
m αβ .

However, the tracelessness of the photon stress tensor prevents any coupling to gravitational scalars (see the effective
action for nonmassive modes (1.38)), which allows us to drop the α2LED-term in this amplitude.
On the other hand, the general relativistic amplitude is

Mphot.−scal.
GR ∼ GN T (phot.)

m µν .
(
ηµαηνβ + ηµβηνα − ηµνηαβ

) 1
q2

.T
(scal.)
m αβ .

The ratio of the scattering amplitudes simply corresponds to the ratio of the coupling constants. The ratio of deflection
angles (α̂LED weak field and α̂GR weak field) by a massive object is consequently

α̂LED weak field

α̂GR weak field
=

Mγ
LED

Mγ
GR

=
G

GN
. (4.5)

This ratio may be rewritten in terms of the number of extra-dimensions using (1.37) and (1.48) to recover our previous
result (4.4).

4.2.2.3 The zero-mode scalar field getting a mass

When the zero-mode scalar field is nonmassive (which is the case in the original theory), we see immediately
with expressions (4.4) or (4.5) that LED theories totally disagree with experiments. Indeed, they predict

α̂LED d=0 weak field = α̂GR weak field ,

α̂LED d=1 weak field = 3
4 α̂GR weak field ,

α̂LED d=2 weak field = 2
3 α̂GR weak field ,

α̂LED weak field −→
d→∞

1
2 α̂GR weak field ,

(4.6)

while VLBI experiments have confirmed GR prediction at the level 1/10000 (3.3). The LED coupling for a massless
scalar field (G �= GN ) is too strong. Indeed, the weak equivalence principle as well is strongly violated, in complete
contradiction with experiments. Hence, it is useless at this point to discuss a possible tiny contribution at next order
from the massive Kaluza-Klein states.
This problem concerning light deflection experiments was mentioned in reference [19].

The solution found in order to rescue the LED theories was to provide a mass to the zero-mode scalar field by

some mechanism (at or after the supersymmetry breaking)32. The argument is exactly the same as for Kaluza-Klein
massive modes: the mass has to be sufficiently large in order to avoid observing any modification to the Newtonian
law in laboratory experiments above one millimeter (see (1.47) in Subsection 1.4.3). If such a condition is fulfilled,
the now massive scalar zero-mode contributes in principle in the same way to gravitational observation as the massive
Kaluza-Klein states and

G = GN
above millimeter scales.
Notice that in the case of light deflection, the now massive zero-mode scalar field does not contribute at all. Indeed,
its only effect in the effective interaction term (1.36) would be to couple to the trace of the energy-momentum tensor
of the matter particles in the process. However, since we are considering light deflection by a massive object, the
energy-momentum tensor of the photon is traceless, so that only the massive spin-2 Kaluza-Klein states will contribute
to modify GR prediction. Of course, the massive zero-mode scalar field would contribute to the deflection of a massive
particle (orbital motion).

32 See references [17, 19, 35] about some mechanisms generating a mass. In the last reference, it is emphasized that such mechanisms often
face many cosmological problems which are generally countered with ad hoc solutions (see comments on page 7 of [35] as well as the mentioned
references).
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But let us come back to the case of photons. The following expression obtained from the scattering amplitude
(long) calculation at the third order (see Appendix C),

α̂LED weak field = 4GNM
bc2

{
G
GN

+ 2 (ℏω)2 ∆d(q2)
(
G
GN

)3 (
4GNM
bc2

)2
ln
(
G
GN

4GNM
bc2

)}
,

where ∆d(q
2) ≡ 1

c2

∑
n�=0

1
q2−m2

nc
2

small momentum transfer≃





0 for d = 0

− π2ℏ2c2

3 (GM3
s )

2c4
for d = 1

− ℏc
GM4

s c
4 ln

M2
s c

2

m2
minc

2−q2 for d = 2

− ℏc
GM4

s c
4

2
d−2 for d > 2

,

ℏω ≡ energy of the incident photon,

Ms ≡ mass scale of the theory ∼ TeV/c2 ,

mmin ≡ minimum mass among the massive gravitational modes

(in the following simulations, we took mmin ∼ 10−3 eV/c2),

q2c2
small momentum transfer≃ − (ℏω)2 θ2 ≃ − (ℏω)2

(
G
GN

)2 (
4GNM
bc2

)2
,

(4.7)

now with G = GN , of course leads to a reasonable deviation from GR predictions. It can be formally written as

1− γ = −4 (ℏω)2 ∆d(q
2)

(
4GNM

bc2

)2
ln

(
4GNM

bc2

)
, (4.8)

and was discussed in reference [66] where the authors assumed a minimal coupling (thus some implicit not specified
mechanism giving a mass to the zero-mode scalar field)33.
Hence, the massive states increase the light deflection angle in comparison with GR (indeed, we are working here in
the approximation 4GNM/

(
bc2
)
< 1 and ∆d is negative); this means that they could constitute an alternative to too

large an amount of dark matter in gravitational mirages.
We see that this deviation from GR (formally, |1− γ|) depends on the observation angle with respect to the deflector
(unlike in TS theories or MST-SIST theories as we shall see in the next sections). It reaches its maximum at grazing
incidence, but vanishes as ϑI increases faster than solar coronal diffraction. Moreover, for a given deflector, massive
modes have a signature which is not only dependent on the number of extra-dimensions (d ≥ 2), decreasing with d;
but which also exhibits a strong quadratic dependence on the energy of the incident photon, i.e. on the frequency at
which the observation is made34 (conversely to coronal deflection effects which are proportional to the inverse of the
squared frequency). According to those characteristics of LED predictions, to test LED theories coherently with re-
spect to light deflection observations, we should not use experimental data obtained at various or too large observation
angles relative to the deflector and then extrapolated at grazing incidence. Likewise, we should not use experimental
estimations of 1− γ that are averaged over very different observation frequencies.
Another important characteristic of LED light deflection predictions is that the predicted deviation from GR is a func-
tion of the deflector mass and distance. In our solar system, the Sun is the best laboratory, leading to the largest
(1 − γ)-deviation. We will now briefly discuss its contribution to light deflection in LED theories, knowing that just
one extra-dimension (d = 1) must be rejected since the corresponding compactification radius is too large, above the
millimeter scale.

From the point of view of solar grazing incidence predictions (b ≃ RSun), LED theories are safe in the radio-

waveband, predicting for example with two extra-dimensions 1− γ|d=2, Ms=3 TeV/c2

radio ≃ −7 10−9. This latter estimate
is made with the lowest frequency of VLBI (see the corresponding table for VLBI type I in Appendix B, and compare
with the constraint (3.2)), for a mass scale Ms ≃ 3 TeV/c2 as favored by collider physics. However, already in the

33 Notice that there is a sign error propagating from equation (6) to (11) in the work of He et al. [66] which means they obtain the opposite sign for
1− γ to the one we give in (4.8). See also Appendix C.

34 As already stated in article [66], radiative corrections in GR would also lead to a dependence in the frequency [46]. However, this correction is
much smaller ( ∼ 0.1 (α̂GR grazing Sun)

2 ∼ 10−11) than the one introduced by massive modes.
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visible-band, those theories disagree with observations at d = 2 for such a low mass scale. Indeed, they predict for

example 1− γ|d=2, Ms=3 TeV/c2

visible ≃ −427 at a frequency of 5 1014 Hz. To agree with the observations in the visible at
grazing incidence, the following lower bound has to be satisfied

to verify 1− γ|exp = 0.5± 0.11 [71] in the visible at 5 1014 Hz:





Ms � 28 TeV/c2 for d = 2 ,

Ms � 9.5
(

2
d−2

)1/4
TeV/c2 for d > 2 .

(4.9)

Notice that there exist more precise estimations of 1− γ in the visible from, for example, the Hipparcos satellite (see
Appendix B), but these are an average over different observation angles (relative to the deflector) and frequencies.
Increasing the precision of solar grazing experiments in the visible at a fixed frequency would push further the con-
straint on the mass scale of the theory or on the allowed number of extra-dimensions, as shown in simulation (4.10).

Constraints on the mass scale (Ms) and the number of extra-dimensions (d > 2) in LED theories as a function of

the observed deviation from GR predictions. From left to right, if the experimental deviation of 1− γ from zero

at grazing solar incidence was respectively 10−2, 10−3, 10−4, 10−5, 10−6, or 10−7, at a fixed frequency in the

visible waveband (5 1014 Hz for this simulation).

(4.10)

In a similar way, solar grazing observations at a fixed frequency in higher energy wavebands would help to constrain
LED theories. For example, in the ultra-violet,

if 1− γ|exp = 0 within 10% in the UV-band at 5 1015 Hz:





Ms � 78 TeV/c2 for d = 2 ,

Ms � 30
(

2
d−2

)1/4
TeV/c2 for d > 2 .

These constraints are even more stringent for gamma rays at grazing incidence, but, in such a frequency range, we are
beyond the limit of the approximation used to obtain (4.8).

Nevertheless, the constraints on LED theories and the predicted deviation quickly weaken if we consider solar non-

grazing incidence predictions, as can already be seen in (4.8) (with b ∼ ρobs sinϑI ) when ϑI increases. Indeed, for
the limiting mass scales verifying the observations in the visible (4.9), the predicted deviation at 35◦ for an observer
on Earth would be:

to verify (4.9)

{
in the visible at 5 1014 Hz: 1− γ ≃ −6 10−6 ,

in the UV-band at 5 1015 Hz: 1− γ ≃ −6 10−4 .
(4.11)
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Simulation (4.12) shows the constraints (Ms, d) on LED theories in the visible waveband IF a given observed devia-
tion 1− γ|exp is achieved.

Constraints on the mass scale (Ms) and the number of extra-dimensions (d > 2) in LED theories as a function of the

observed deviation from GR predictions. From the farthest to the nearest curve, if the experimental deviation of 1− γ

from zero at non-grazing solar incidence was 10−3, 10−5, or 10−7, at a fixed frequency in the visible waveband

(5 1014 Hz for this simulation). The graph is plot as a function of the observation angle ϑI in degrees.

This simulation is made for an observer on Earth (ρobs = REarth−Sun).

(4.12)

Concerning future experiments, we see that dedicated precision experiments measuring the light deflection angle
at frequencies in the optical waveband and above would be welcome. Of course, to avoid the absorption by the at-
mosphere at such frequencies, those have to be satellite missions. We know that (non-dedicated) astrometric satellites
like GAIA will only observe at large angles from the Sun (ϑI ≥ 35◦ for GAIA) where the LED corrections to GR are
weaker. However, the GAIA survey will be made from UV blue to far red (close to one micron) in order to allow the
classification of stars. The upper energy range might be useful to test LED theories. Indeed, at 35◦, the predicted devi-
ation from GR in the visible and UV range (4.11)35 is still within the reach of the precision of GAIA aiming at 5 10−7

on 1− γ.

An alternative to giving a mass to the scalar zero-mode is to introduce quantum corrections to the coupling
(String loops), so that the effective coupling of the scalar field to matter fields be weak and compatible with present
experiments. References [35, 33] give a general overview of the idea, while articles [44, 45] provide a detailed model
and motivate an improvement of the WEP experiments.

35 These values were estimated for an observer on Earth, but the order of magnitude does not change when observations are made from GAIA.
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4.3 Theories leading to second order corrections

We now consider two alternative theories, MTS and SITS, with a minimal scalar coupling contribution, that lead
to a correction in the light deflection angle only at the second order; the first order term is exactly the same as the GR
one.

4.3.1 Effective geodesic potential for light

4.3.1.1 General case

In the case of a general diagonal, spherically symmetric metric, the geodesic expression (3.5) with u ≡ 1/q (either
in Schwarzschild coordinates, q ≡ r; or in isotropic coordinates, q ≡ ρ), leads to an effective geodesic potential

1
q4

(
dq
dϕ

)2
A2B2

D4 + 1
q2
A2

D2 +̥
A2

J2 = E2

J2

⇔
(
dq

dλ

)2

︸ ︷︷ ︸
‘‘Kinetic Energy’’

+

{
1

q2
A2

D2
+̥

A2

J2

}

︸ ︷︷ ︸
Vgeodesic=‘‘Effective geodesic potential’’

=
E2

J2︸︷︷︸
‘‘Total Energy’’

. (4.13)

This mechanical analogy turns out to be quite useful to discuss the trajectories of photons (̥ ≡ 0) and of massive
particles (̥ > 0) in MTS/SITS and Weyl theories.

4.3.1.2 MTS/SITS theories

In the MTS or SITS theory, there is a transition value for the parameter, Υtransition ≡ 0.5, under which no black-
hole can exist. This can be seen when plotting the effective geodesic potential for light (̥ ≡ 0) in Schwarzschild
coordinates.
According to (4.13) and (3.6), we have indeed

(
dr

dλ

)2

︸ ︷︷ ︸
‘‘Kinetic Energy’’

+
1

r2

(
1− r

r

)2Υ−1

︸ ︷︷ ︸
Vgeodesic light=‘‘Effective light potential’’

=
1

b2︸︷︷︸
‘‘Total Energy’’

(4.14)

for the MTS as well as for the SITS theories, because expression (4.14) is invariant under conformal transformations
when the coupling of matter to gravity is unchanged.

A/ For Υ ∈ ]Υtransition ≡ 0.5; 1 ≡ ΥGR]

The exponent in the effective geodesic light potential is positive and we can calculate the different characteristics
of the potential curve, namely:

rmax = 2Υ+1
2 r ⇔ dVgeodesic light

dr

∣∣∣
rmax

= 0 and Vgeodesic light(rmax) =
4
r2

(2Υ−1)2Υ−1
(2Υ+1)2Υ+1

,

rinflection point =
6(2Υ+1)±

√
36(2Υ+1)2−24(2Υ+1)(2Υ+2)

12 r ⇔ d2Vgeodesic light

d2r

∣∣∣
rmax

= 0 ,

r = 0 ⇔ Vgeodesic light(0) = −∞ ,

r ⇔ Vgeodesic light(r) = 0 .
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The shape of the potential is analogous to the usual Schwarzschild black-hole with a generalized Schwarzschild radius
called

r ≡ 2GM

Υc2
. (4.15)

Remember that the Schwarzschild solution is recovered for ΥGR ≡ 1, and that r is then the usual horizon or Schwarz-
schild radius.
The instable orbit for photons is given by rmax. It represents a critical value for closest approach distance,

r0 c ≡ rmax =
2Υ+ 1

2
r , (4.16)

under which no light deflection can take place, since the light ray is captured by the black-hole. Equivalently, we can
define the corresponding critical impact parameter:

bc ≡
1

2

√
(2Υ + 1)2Υ+1

(2Υ− 1)2Υ−1
r .

Consequently, the condition for light deflection on the radial coordinate, r, is

r ≥ r0 > r0 c > r . (4.17)

Finally, we note that there is no minimum in this curve, unlike for the Weyl theory as we shall see later.

B/ For Υ = Υtransition ≡ 0.5

The effective potential is here simply Vgeodesic light = 1
r2 . Its behavior is totally different from the potentials

previously considered: the curve is monotonous, there exists no critical impact parameter, and thus no black-hole.
Light rays are always scattered, never captured by the gravitational mass. The effective potential behaves like a wall
(r = 0 ⇔ Veff = +∞) that prevents light rays to come too close to the massive body.

However, solutions to the MTS and SITS theories do not allow r < r, as can be seen from expressions (1.30) and
(1.63) for their respective scalar field. The condition on the radial coordinate, r, is hence

r ≥ r0 > r = r0 c .

C/ For Υ ∈ ]0; 0.5 ≡ Υtransition[

For those values of the theory parameterΥ, the potential exponent is negative and thus the properties of the effective
potential are fundamentally different from those of the first category. Like for Υ = 0.5, there exists no critical impact
parameter, and thus no black-hole. Light ray are hence always scattered, never captured by the gravitational lens.
The effective geodesic light potential behaves as a wall (r = r ⇔ Vgeodesic light = +∞), exactly like in the Υtransition
case. Decreasing values of the Υ parameter lead to a shift of that wall towards increasing values of r (r increases).
The condition on the radial coordinate, r, for light deflection to take place is then analogous to the one for Υ = 0.5:

r ≥ r0 > r > r0 c .

We also note that there exists a local maximum for this potential:

rmax =
2Υ+ 1

2
r ⇔ Vgeodesic light(rmax) =

4

(2Υ+ 1)
2
r2

(
2Υ+ 1

2Υ− 1

)1−2Υ
.

The associated energy is negative though. Hence, like for the whole region r < r, it corresponds to bound orbits.
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ΥGR ≡ 1 Υ = 0.75

Υtransition ≡ 0.5 Υ = 0.005

The effective geodesic light potential for light in the MST or SIST theories with parameter Υ.

(4.18)

4.3.2 Asymptotic weak field second order and finite distance deflection angle for MTS/SITS theories

Expressions (3.22) and (3.25) of the asymptotic light deflection angle, calculated to illustrate the importance of
the impact parameter in a coordinate invariant formulation, showed us that the change in the apparent position of a
light source only differs from GR predictions (when Υ �= 1) at the second order. This can also be seen immediately
when looking at the relevant (P)PN combinations for light deflection in Table (4.1).

From expressions (3.23) and (3.25), one can easily see that there exists a closest approach distance, r0 0, or alter-
natively a value of the impact parameter, b0 0, under which the light deflection is divergent, if Υ < 1/4 :

r0 0 ≡ −
(
1 +

2

π
− 1

Υπ
− 1

16Υ2

)
π
GM

c2
,

b0 ≡ −
(
1− 1

16Υ2

)
π
GM

c2
. (4.19)
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For any solar system body acting as a deflector though, to have a physical distance r0 0 (or b0) (in other words, r0 0
larger than the radius of the gravitational body) requires very small values of Υ, far from the general relativistic value
ΥGR ≡ 1. For example, in the case of the Sun, it would imply Υ � 6.5 10−4, and even smaller values of the
MTS/SITS parameter for other solar system bodies. Consequently, light deflection as predicted by those theories is
always convergent in the solar system, for not too small values of Υ. Also, with such a condition on Υ, light deflection
always takes place in the case of solar system bodies, because the critical closest approach distance (4.16) is unphysical
too.

The conclusion is that solar system light deflection experiments offer only a quantitative test of MTS/SITS theories
with not too small values of Υ (there are no qualitative deviations from GR in the solar system) if the second order is
measured. But as was discussed in Section 3.2.4 with regard to Tables (3.35) and (3.36), the only body whose second
order contribution is non negligible at the level of the microarcsecond is the Sun, for an incidence angle inferior or equal
to 51.8′−53.6′. However, we recall that astrometric satellites will not allow for observations at such a small angle from
the Sun. Dedicated experiments are thus needed to investigate near grazing incidence. Moreover, a predicted deviation
from GR in the second order contribution will be hard to distinguish from the angular-momentum, quadrupole-moment
and other corrective effects. As an example, a deviation larger than one microarcsecond in the second order contribution
at grazing incidence for the Sun, would requireΥ to be smaller than about 0.65 as estimated in the isotropic coordinates
in agreement with Table (3.36).

Let us recall that the parameter of the MTS and SITS theories, Υ belongs to the interval ]0, 1 ≡ ΥGR]. The light
deflection angle for MTS and SITS theories is hence always smaller (when Υ < 1) than the GR one. This particular
case confirms Bekenstein’s statement: without dark matter, the light deflection angle predicted in Tensor Scalar theories
is always smaller than that of General Relativity.

4.4 Theories leading to a modification of the Newtonian potential

4.4.1 Effective geodesic potential for the Weyl theory

In the Weyl theory, the shape of the effective geodesic potential for light crucially changes according to the sign
chosen for the parameter γW , and to whether the contribution of some parameters (γW , βW , kW ) is considered as neg-
ligible or not. There might exist no black-hole solution. Moreover, the effective geodesic potential for photons versus
that for massive particles presents different features that might enlighten us on the role of the effective sign of the para-
meter γW , measured through light deflection or galactic rotation curves. We can check those statements by comparing
the Weyl effective geodesic potential for light (̥ ≡ 0) with that for matter (̥ > 0) in Schwarzschild coordinates us-
ing (4.13) and the metric given in (1.51) with (1.52):

(
dr

dλ

)2

︸ ︷︷ ︸
‘‘Kinetic Energy’’

+

{
1

r2
+̥

χ2(r)

J2

}{
1 + 2

VW (r)

c2

}

︸ ︷︷ ︸
Vgeodesic=‘‘Effective potential’’

=
E2

J2︸︷︷︸
‘‘Total Energy’’

. (4.20)

First note that, as stated earlier, photon geodesics are independent of the conformal factor χ2(r), to be specified by the
symmetry breaking mechanism; this is not the case for massive geodesics.
To illustrate further the different behavior of massive versus massless geodesics, let us fix arbitrarily χ2(r) to 1 and
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consider the effective gravitational force. The derivative of the effective geodesic potential is given by [51]

− Fgeodesic(r) ∝
dVgeodesic

dr
= − 2

r3

+βW (2− 3βWγW )
{

3
r4 + ̥

J2r2

}

+3βWγW
{
2
r3

}

+γW
{
− 1
r2 + ̥

J2

}

+kW
{
0− 2̥rJ2

}
.

(4.21)

The interpretation of the first three terms contributing to the ‘‘geodesic force’’ is unambiguous: the first term is
asymptotically convergent with respect to the variable r and negative (repulsive) for any type of particle. Whereas the
factor corresponding to the Newtonian term (multiplying βW (2− 3βWγW )) is always positive (attractive), regard-
less of the type of particle. The same conclusion holds for the factor in front of the (βWγW )-term, which is always
positive (thus attractive) if γW is positive, or alternatively negative (thus repulsive) for a negative γW . Both the New-
tonian term and this last term are asymptotically convergent.
On the contrary, the fifth term clearly distinguishes between massive and nonmassive particles. The kW -term has a
null contribution for photons, unlike for massive particles; and for nonrelativistic particles, it is repulsive (negative)
for a positive kW or conversely for a negative kW . Moreover, the corresponding term in the potential, Vgeodesic(r), is
asymptotically divergent for massive particles at large r. However, in any case, we can neglect the kW -contribution
(set kW = 0) on non-cosmological distances.
Let us therefore focus on the original feature of the Weyl gravity, the fourth term, which cannot be neglected at inter-
mediate distances. We realize that the sign of the factor in front of the parameter γW depends on the type of particle:
it is always negative for photons (̥ = 0) and for sufficiently relativistic particles, i.e. for particles verifying

{
− 1

r2
+
̥

J2

}
< 0

if dr/dλ∼0 in (4.20) and (3.6)⇐⇒ J2/E2 � r20/2

{
1− 2

VW (r)

c2

}
for VW (r)/c2 small.

In contrast, it is positive for massive, not too relativistic particles. For photons, moreover, the contribution of the γW -
term in the potential Vgeodesic(r) is convergent on large radial distances; whereas it diverges linearly for massive, not
too relativistic particles. Again, for photons, this term is attractive for γW < 0 or repulsive for γW > 0; while it is just
the opposite for nonrelativistic particles.

We now analyze thoroughly the case of null geodesics (̥ ≡ 0 and we set kW to zero), that is, the trajectory of
photons and ultra relativistic particles. We find the following characteristics for the effective geodesic light potential,
which we approximate (Simulation (4.23)), assuming that βWγW is small in comparison with βW and γW alone:

rmin = 3βWγW−2
γW

∼ − 2
γW

⇔ dVgeodesic light

dr

∣∣∣
rmax

= 0 and Vgeodesic light(rmin) =
γ2W (βWγW−1)
(3βW γW−2)2 ,

rmax = 3βW ⇔ dVgeodesic light

dr

∣∣∣
rmax

= 0 and Vgeodesic light(rmin) =
3βW γW+1

27βW
,

rinflection point bis =
−3+9βWγW−

√
9−54βWγW+81(βW γW )2+48γW−72βW γ2W

2γW
∼ − 3

γW
,

⇔ d2Vgeodesic light

d2r

∣∣∣
rmax

= 0 and Vgeodesic light(rinflection point bis = − 3
γW

)
∣∣∣
βW=0

= −2γ2W
9 ,

r = 0 ⇔ Vgeodesic light(0) = ±∞ ,

rnull =
−1+3βWγW−

√
1+2βW γW−3(βWγW )2

2γW
∼ − 1

γW
⇔ Vgeodesic light(rnull) = 0 .

(4.22)
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γW > 0 γW < 0

The effective geodesic light potential in the Weyl theory, at large distances where the γW -term dominates, with

parameters βW ≃ GNMGalaxy/c
2, γW set to Mannheim and Kazanas’ order of magnitude given in (1.53)

and kW = −3.5 10−56 m−2.

On short distances, we recover the Schwarzschild potential (see simulation (4.18)

with ΥGR ≡ 1 and GNM/c2 ≡ βW ).

(4.23)

A/ For γW= 0 (̥ = kW = 0)

When γW is null, we essentially recover General Relativity: the effective geodesic light potential is that of a
Schwarzschild black hole. There thus exists a critical value of the closest approach distance (r0 c = rmax) under
which no deflection can take place:

r ≥ r0 > r0 c > r with β = GNM/c2 and ΥGR ≡ 1 in (4.16) and (4.15). (4.24)

B/ For βW= 0 (̥ = kW = 0)

When βW is assumed to be zero, the shape of the potential for light depends crucially on the sign of γW .
1/ γW> 0

For positive values of γW , the effective geodesic potential for light is a wall, and thus there exists no critical
value of the closest approach distance. Indeed, the characteristic points of the curve (minimum, inflection point) are
at negative radius and thus are non physical. Light deflection can occur at any radial distance:

for γW > 0: r ≥ r0 . (4.25)

2/ γW< 0
In case of a negative γW , we have, again, a potential wall with no critical value of the closest approach distance, but

it admits a minimum (rmin) and negative energies. This rmin constitutes the radius of a stable circular orbit for photons,

and together with other orbits of negative effective total energy ( E
2

J2

∣∣∣
photon

< 0) it belongs to the class of bound states.

There thus exists a maximum closest approach distance, rnull, allowed for asymptotically free trajectories, meaning
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for light deflection to take place:

for γW < 0: r ≥ r0 and r0 ≤ rnull . (4.26)

The role of rnull will be clarified in the next paragraph, particularly with expression (4.35).

C/ For nonzero values of γ
W

and β
W

(̥ = kW = 0)

On short distance scales (r << 1/ |γW |), the potential is Schwarzschild-like and analogous to case A/ discussed
above. The corresponding graph is given in simulation (4.18) with ΥGR ≡ 1 and βW ≡ GNM/c2.
On intermediate distances (r ∼ 1/ |γW |), if γW < 0, the effective geodesic potential for light presents a minimum as
described in case B2/. Otherwise, for γW > 0, the comments given in Paragraph B1/ above apply.
Corresponding graphs at intermediate distances are given in (4.23).

4.4.2 Asymptotic deflection angle for the Weyl theory

Let us now consider more specifically trajectories for photons in the Weyl theory, and in particular, light deflection.
The following analysis will be carried out with regards to the characteristic radius rmin and rnull that we have just
introduced.

4.4.2.1 Deflection angle and conditions for unbound photon orbits

A/ Weak field, first order deflection angle

We give here a first expression for the asymptotic light deflection angle due to a spherically symmetric gravitational
potential in the Weyl theory. This result is based on the weak field approximation (2VW /c2 ≪ 1), and hence is valid
only on the distance scales mentioned in (1.54). It is obtained when using the first order expression (3.10) given in
Schwarzschild coordinates, together with (1.52):

α̂weak field(r0) ≃ +
2βW (2− 3βW γW )

r0
+

3

2
βW γW π − γW r0 , (4.27)

where r0 verifies (1.54) with (4.24) and (4.25), if γW > 0: r0 ∈ ]r0 c,+∞[ ,

(4.24) and (4.26), if γW < 0: r0 ∈ ]r0 c, rnull] ,

b ≃ r0 .

We see that the (βW γW )-term contributes to a small constant deflection, independent of the radial distance, while
the linear term tends to decrease or increase the usual Newtonian contribution (first term in (4.27)), according to the
sign of the parameter γW .
If γW is negative, the asymptotic deflection angle is always convergent (positive); whereas if γW is positive, the
deflection angle cancels at r0 0(M), which is a function of the deflector mass, and becomes divergent (negative)
beyond that distance:

r0 0 ≡ 3π βW γW+
√
9 (βW γW )2π2+32 βW γW (2−3 βW γW )

4γW

∼ 2
√

βW
γW

∼
√
6 10

x+3
2

1√
|γW |

m for M = 10xMSun and γW in
[
m−1]

(1.53)∼





8 1014 m for M = MSun ,

2 1020 m for M = 1011MSun ,
}

a galaxy

2 1021 m for M = 1013MSun ,

8 1021 m for M = 1014MSun ,

2 1022 m for M = 1015MSun ,





a cluster

if χ2(r) = 1 .

(4.28)
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We also note that, whichever distance scales are, the cosmological kW -term of the Weyl potential naturally cancels out
in expression (3.7). Consequently, it does not contribute to the asymptotic light deflection angle. This agrees with the
fact that for photons, the derivative of the effective geodesic light potential is blind to kW , as stated in the preceding
subsection.
The following simulation (4.29) illustrates the behavior of the asymptotic deflection angle for the Weyl theory in the
gravitational field of the Sun, as a function of the closest approach distance.

γW > 0 γW = 0 γW < 0

The weak field asymptotic light deflection angle in arcseconds, α̂(r0), due to the Sun, in the Weyl theory.

The parameters are βW = GNMSun/c
2 and γW ( >< 0) set to Mannheim and Kazana’s order of magnitude (1.53)

with the underlying hypothesis that χ2(r) ≡ 1. This simulation can be confronted with GR prediction (γW = 0) at

the same distances. Note that r0 > RSun.

(4.29)
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B/ Strong field deflection angle

On larger radial distances, the weak field approximation is no longer valid. However, if distances are sufficiently
large with respect to the order of magnitude of 1/ |γW | and of the deflector mass M , that is to say,

rstrong field ≫
√

2βW
|γW |

≫
√
3 10

x+3
2

1√
|γW |

m for M = 10xMSun and γW in
[
m−1]

(1.53)

≫





2 1020 m for M = 1011MSun

}
a galaxy

2 1021 m for M = 1013MSun

6 1021 m for M = 1014MSun

2 1022 m for M = 1015MSun





a cluster
if χ2(r) = 1 ,

(4.30)

the gravitational Weyl potential can be approximated to its linear and quadratic contributions only:

VW (r)βW≡0 = +
γW
2

r c2 − kW
2

r2 c2 . (4.31)

Note that the radial variable r must belong to the following allowed ranges, to insure a proper definition of the line
element in Schwarzschild coordinates, (1.51), when βW ≡ 0:

proper definition of line element (1.51)

⇔ A2
βW≡0(r) = B−2

βW≡0(r) > 0 :

Let K ≡ −kW − γ2W
4 ,

if K > 0 ⇔ kW < −γ2W
4 < 0 : r ∈ [0,+∞[

if K = 0 ⇔ kW = −γ2W
4 :

{
γW > 0 ⇒ rmin < 0 : r ∈ [0,+∞[

γW < 0 ⇒ rmin > 0 : r ∈ [0, rmin[

if K < 0 :





kW > 0 ⇒ r− < 0 and r+ > 0 : r ∈ [0, r+[

kW = 0 :

{
γW > 0 ⇒ rnull < 0 : r ∈ [0,+∞[

γW < 0 ⇒ rnull > 0 : r ∈ [0, rnull[

kW < 0 :

{
γW > 0 ⇒ r− < 0 and r+ < 0 : r ∈ [0,+∞[

γW < 0 ⇒ r− > r+ > 0 : r ∈ [0, r+[ ∪ ]r−,+∞[

where rmin is the root of A2
βW≡0(r) when K = 0

r± ≡ γW±
√
−4K

2 kW
are the roots of A2

βW≡0(r) when K < 0

rnull is the root of A2
βW≡0(r) when kW = 0

... ∄ roots of A2
βW≡0(r) when K > 0 .

(4.32)
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Moreover, we need to add certain conditions on the distances r and r0, so that the square-root of the integrand be
positive36:

conditions for ∆(r) ≡ (1 + γW r0) r2 − γW r20 r − r20 ≥ 0 in (3.9) when βW ≡ 0 :

if γW > 0 : r ∈ [r0,+∞[

if γW < 0 :





0 < r0 < rnull ⇒ r∗ < 0 : r ∈ [r0,+∞[

r0 = rnull : r ∈ [r0,+∞[

rnull < r0 < rmin ⇒ 0 < r0 < r∗ : r ∈ [r0, r∗]

r0 = rmin ⇒ r∗ = r0

r0 > rmin ⇒ 0 < r∗ < r0 : r ∈ [r∗, r0]

where r∗ ≡ −r0
1+γW r0

and r0 are the roots of ∆(r) when r0 < rmin and r0 �= rnull

rnull is the root of ∆(r) when r0 = rnull

∄ roots of ∆(r) when r0 > rmin and γW < 0 .

(4.33)

The above conditions already provide a distinction between bound and unbound orbits.
Bearing discussions (4.32) and (4.33) in mind, the potential (4.31) permits an exact integration of the photon trajectory
(3.9) given by

ϕ(r)βW≡0 =

[
± arctan

(
r0 (γW r + 2)

2
√
∆(r)

)]r

rinitial

with

{
rinitial = +∞ for an unbound orbit

rinitial = r0 for a bound orbit

⇒ ± ϕ(r)βW≡0 ± ϕinitial = arcsin

(
2 r0/r + γW r0

2 + γW r0

)

⇔ rβW≡0 =
−2/γW

1− 2+γW r0
γW r0

· sin (±ϕ± ϕinitial)
(4.34)

where





ϕinitial ≡





+arcsin
(

γW r0
2+γW r0

)
∀ r0 if γW > 0 ; or for r0 < rnull if γW > 0

∓π
2 for r0 = rnull or r0 > rmin if γW < 0

±π
2 for rnull < r0 < rmin if γW < 0

e ≡
∣∣∣2+γW r0
γW r0

∣∣∣ eccentricity.

The types of allowed orbits can thus be classified [51] according to (4.35), with respect to rnull, rmin and r∗ given in
(4.22) and (4.33). Figures 4.3 and 4.4 illustrate this point.

36 It should be further restricted to a strict inequality for the integration variable r in (3.9).
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types of orbits in Schwarzchild coordinates :

for r verifying (4.33) and (4.32):

a/ if γW > 0 : ∀ r0, hyperbolic

b/ if γW < 0 : 1/ r0 < rnull, hyperbolic (e > 1)

2/ r0 = rnull, parabolic (e = 1)

3/ r0 > rnull, elliptic (e < 1)

... with perihelion/aphelion alternatively given by r0 and r∗

... particular case if r0 = rmin, circular (e = 0) .

(4.35)

Note that, strictly speaking, expression (4.34) cannot be used for the circular orbit. Instead, one needs to come
back to the geodesic equation for photons (̥ = 0) (4.20) and to its derivative with respect to r. Then, constant radius
orbits are found when imposing ∂r/∂λ = ∂2r/∂2λ = 0. The circular orbit radii obtained correspond to rmin and rmax
given in (4.22), of which rmax is unstable.

Consequently, the light deflection angle (3.8) which requires asymptotically free orbits (hyperbolic or parabolic as
described by (4.35) and summarized in conditions (4.25) or (4.26)) is given exactly by

α̂βW≡0(r0) = −2 arcsin

(
γW r0

2 + γW r0

)
, (4.36)

where r0 verifies (4.30) and (4.25), if γW > 0 : r0 < +∞
(4.26), if γW < 0 : r0 ≤ rnull

b �= r0

= r0√
A2βW≡0(r0)

from (3.6) particularized to photons, q0 = r0 and VW (r)βW≡0

is meaningless because gravity does not vanish asymptotically.

We thus recover the linear contribution of (4.27)37 for small enough values of γW r0.
We now understand thoroughly the role of the radius rnull, at which the effective geodesic potential for light is zero.
It truly defines an influence region and is the borderline between unbound and bound orbits. If we consider the order
of magnitude given to γW by Mannheim and Kazanas (1.53) which rests on the (arbitrary) choice χ2(r) ≡ 1, then
rnull ∼ 1026 m is a cosmological distance. On the other hand, if we consider the more conservative estimate of γW ,
to be derived in Paragraph 4.4.2.3 from light deflection measurements and which does not imply any restriction on
χ2(r), then rnull � 1018 m might be within galactic distances.

It is also interesting to notice that the strong field limit radius given in (4.30) is of the same order of magnitude as
the particular closest approach distance r0 0 (4.28). This means that each time we are allowed to work in the strong
field limit, we necessarily work in the divergent regime for γW > 0. This is why all the photon orbits given in (4.35)
for a positive parameter, or shown in Figure 4.3 are divergent.

37 Note that expressions (4.27) and (4.36) have been previously calculated and discussed in our work [107] in 1997, but were recovered in Edery
et al.’s articles [51, 50] in 1998.
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Fig. 4.3 Asymptotic photon trajectories for a positive value of the Weyl parameter γW and the deflector located at the origin of the

coordinate system. All the orbits are hyperbolic and divergent. In this simulation, r0 = 1
2 γW

, r0 = 1
γW

, r0 = 3
2 γW

, r0 = 2
γW

, and

r0 =
5

2 γW
respectively for the dash-dot curve, solid line, dash curve, bold curve and dotted line.

Fig. 4.4 Asymptotic photon trajectories for a negative value of the Weyl parameter γW and the deflector located at the origin of the

coordinate system. With respect to the characteristic distances rnull ≡ −1/γW and rmin ≡ −2/γW , the orbits are convergent and elliptic

for r0 > rnull ( in particular, circular for r0 = rmin), parabolic for r0 = rnull and hyperbolic for r0 < rnull. Hence, light deflection is

only possible when r0 ≤ rnull. Note that all the orbits have the same semi-lattice rectum (position located at an angle π/2 from the closest

approach distance position) value of 2/ |γW | . In this simulation, r0 = −1
2 γW

, r0 = −1
γW

, r0 = −3
2 γW

, r0 = −2
γW

, and r0 = −5
2 γW

respectively for the dash-dot curve, solid line, dash curve, bold curve and dotted line.
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4.4.2.2 Link to the asymptotic conformally flat space

In the following, we assume that conditions (4.25) or (4.26) allowing unbound states are fulfilled.
Before proceeding to the confrontation of the Weyl theory with light deflection experiments, it is important to

investigate further the typical asymptotic behavior of Weyl gravity.
The careful reader must have noticed, when using formula (3.7) or (3.8) to obtain expressions for the light deflection
angle in asymptotically flat space-times ((4.27), (4.36)), that the spherically symmetric solution (1.51) for the Weyl
theory is not asymptotically flat. Indeed, VW (r) diverges when r goes to infinity. However, this apparent contradiction
is solved once we realize that, at large radial distances, the Weyl metric is conformal to a Robertson-Walker metric with
spatial curvature K ≡ k

ℜ2 = −kW −γ2W/4. Indeed, when applying the following coordinate transformation [87] with
appropriate conditions for the new radius ρ to be positive,

Weyl Schwarzschild : (t, r) �→ conformal to RW : (τ, ρ)

if K ≶ 0 :





ct =
∫

cdτ
ℜ(τ)

ρ =
2+γW r−2

√
A2

βW≡0(r)

−Kr with condition r ∈ [0, rmin[ if γW < 0 and K < 0

where A2
βW≡0(r) ≡ 1 + γW r − kW r2

if K = 0 :

{
ct =
∫

cdτ
ℜ(τ)

ρ = 2r
2+γW r with condition r ∈ [0, rmin[ if γW < 0

⇒ r = ρ

(1−γW ρ
4 )2+kW ρ2

4

;

(4.37)

and respecting the allowed range (4.32) for the radial variable so that the Weyl metric is properly defined (in which
case, the polynomial A2

βW≡0(r) under the square root in (4.37) is of course positive), we obtain a Robertson-Walker
metric in isotropic coordinates multiplied by a conformal factor:

ds2 = Ω(τ, ρ)
WeylβW=0 → RW

∗
{
dτ2 − ℜ2(τ)

[1 + ρ2K/4]2
(
dρ2 + ρ2dΩ2

)
}

,

where Ω(τ, ρ)
WeylβW=0 → RW

≡ 1
ℜ2(τ)

[1+ρ2K/4]
2

[(1−γW ρ/4)2+kW ρ2/4]2

= 1
ℜ2(τ)

r2

ρ2

[
1 + ρ2K/4

]2
.

This Robertson-Walker metric can be recast in Schwarzchild-like coordinates (2.1) multiplied by the same conformal
factor. The corresponding radial coordinate is then given by rs = ℜ ρ/

(
1∓K ρ2/4

)
for K ≶ 0. The Robertson-

Walker metric constitutes the asymptotic background metric in which the photon moves on a straight line, as dϕ
dρ

∣∣∣
W

−→
ρ→∞

0 in (3.7). A hint to this is that the derivative of the effective geodesic potential for light ((4.21) with̥ = 0) vanishes
asymptotically. Or another way to understand the link to asymptotic conformal flat space is to realize that, as the radial
distance tends towards infinity, the Weyl tensor goes to zero because all its components are null or proportional to

Wrttr =
βW
r2

[
2− 3 βW γW

r
+ γW

]
−→
r→∞

0 .

Consequently, the asymptotic Weyl space-time is conformally related to a flat space.
The coordinate transformations to be performed in order to recover a conformally flat metric are given by the following:
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conformal to RW : (τ, ρ) �→ conformal to Minkowski : (ι,κ)

if K > 0 :





cη = 1√
|K|

∫
cdτ
ℜ(τ)

cι = sin cη
[√

|K|
√
1− ρ2

(1+ρ2K/4)2
+ cos cη

]−1

κ = ρ
1+ρ2K/4

√
|K|
[√

|K|
√
1− ρ2

(1+ρ2K/4)2
+ cos cη

]−1

if K = 0 :





cη =
∫

cdτ
ℜ(τ)

cι = cη

κ = ρ

if K < 0 :





cη = 1√
|K|

∫
cdτ
ℜ(τ)

cι = ecη
√
1 + ρ2

(1−ρ2K/4)2

κ = ecη ρ
1−ρ2K/4

.

These lead to

ds2 = Ω(τ, ρ)
WeylβW=0 → Minkowski

∗
{
dτ2 −
(
dκ2 + κ2dΩ2

)}
,

where Ω(τ, ρ)
WeylβW=0 → Minkowski

≡ Ω(τ, ρ)
WeylβW=0 → RW

∗ Ω(τ, ρ)
RW → Minkowski

,

and Ω(τ, ρ)
RW → Minkowski

≡ ℜ2(τ) ∗





[√
1− ρ2

(1+ρ2K/4)2
+ cos cη√

|K|

]2
if K > 0

1 if K = 0

e−2cη if K < 0 .

(4.38)

The conditions for the global conformal transformation WeylβW=0 �→ Minkowski to exist are essentially the
conditions necessary for the radial variable transformation ρ(r) (4.37) to be defined together with (4.32). An additional
condition, ρ < 2/

√
3K, must however be given for K > 0 with γW < 0. It is fulfilled automatically for K > 0 with

γW > 0, as ρ(r = ∞) < 2/
√
3K.

Because we wish to consider a metric which is properly defined at any radial distance r ∈ ]0,+∞[, with regard to the
conditions summarized in (4.32), we shall from now on restrict ourselves to the cases ( γW > 0, K ≥ 0), ( γW > 0,
K < 0, kW ≤ 0) and ( γW < 0, K > 0). Consequently, the conditions cited in (4.37) are verified and hence, a global
conformal transformation of the asymptotic Weyl metric into a conformally flat space is always possible for unbound
orbits.

Our demonstration, that the Weyl metric can be recast (at large radial distances) into a conformally flat metric
for which no deflection occurs, must sound like a new contradiction: we clearly see in expression (4.36) that the
asymptotic light deflection angle is nonzero when r0 → ∞. Indeed, if we recall that, for a negative γW , the radius
rnull is the maximum value allowed for the closest approach distance in order to have scattering states, the limit of the
light deflection angle is

if γW > 0 , α̂βW≡0(r0) −→
r0→∞

−π is divergent,

if γW < 0 , α̂βW≡0(r0) −→
r0→rnull

+π is convergent.

This agrees with the fact that, in terms of the conformally flat coordinates (ι, κ), the photon moves on a straight
line. And infinity cannot be reached in those coordinates because the corresponding values of (ι,κ) on the inner
and outer asymptotes to the trajectory ( r → +∞ when t → ±∞) are finite. The deflection angle is thus nonzero:
α̂βW≡0 = π−Â, where Â is the angle between the gravitational mass, the point (ι−∞,κ−∞) in the asymptotically flat
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coordinates corresponding to the inner asymptote, and the point (ι+∞,κ+∞) corresponding to the outer asymptote.
We now understand why the light deflection angle can be nonzero in a conformally flat space!

Fig. 4.5 The deflection angle is nonzero: α̂βW≡0 = π − Â, where Â is the angle between the gravitational mass (L), the point

(ι−∞,κ−∞) in the asymptotically flat coordinates corresponding to the inner asymptote (t = −∞, r = +∞), and the point (ι+∞,κ+∞)

corresponding to the outer asymptote (t = +∞, r = +∞).

4.4.2.3 Estimation of γW from VLBI data

In the previous paragraphs, we have analyzed the conditions for light deflection to take place in the Weyl theory
and obtained the expression for the asymptotic light deflection angle. The present paragraph aims at a confrontation
with solar system experiments.
We will now assume that the (βW γW )-contribution in the Weyl gravitational potential (1.52) is negligible when com-
pared with that of βW and γW alone. This leads to the following expression for the asymptotic light deflection angle:

α̂weak field(r0) ≃ +
4 βW
r0

− γW r0 . (4.39)

We see that the prediction about the weak field first order deflection angle already differs from the GR one as soon as
γW is nonzero.

Now, one can use the first order light deflection measurements (VLBI) to provide the following constraints on the
Weyl parameter γW . Let us assume that the parameter βW is given by GNMSun

c2 , in order to recover the Newtonian
potential in the solar system’s weak field limit, and let us extrapolate the VLBI results for light deflection at the solar
limb:

γW =
(1− γ)

2

4GNMSun

RSunc2
1

RSun
⇒
{

−7.9 10−18 m−1 ≤ γW ≤ 1.3 10−17 m−1 for (3.2),

−3.7 10−19 m−1 ≤ γW ≤ 1.4 10−18 m−1 for (3.3).
(4.40)

This estimation with most recent VLBI data provides a range of values for γW which contains the particular order
of magnitude needed by Mannheim and his collaborators to fit the galactic rotation curves. Notice that the range is
narrower than that given by Edery et al. [50], based on an article of 1976.
Although higher precision tests on light deflection (like with the future GAIA mission) could reduce the allowed range
of values for γW , the test of light deflection in the neighborhood of the Sun cannot help us to decide on the sign of the
parameter γW .

Considering that the light deflection angle calculated in the setting of GR for the visible gravitational mass in
galaxies or clusters at galactic distance scales is often inferior to the observed deflection, the presence of gravitational
dark matter is inferred. This phenomenon is even sometimes presented as evidence for the presence of gravitational
dark matter in the halo of galaxies. So, if one wishes the linear γW -term of the Weyl potential to be an alternative to (a
too large amount of) dark matter contributing to light deflection, then −γW r0 must be positive. This means that γW is
negative. However, this sign is just the opposite of the sign argued by Mannheim and Kazanas in their parametrization
(1.53). Two types of arguments might be given in order to solve this apparent contradiction and prevent from ruling
out the Weyl theory.
A first possibility is to consider γW to be positive (γW ∈

[
0 ≡ GR; 1.3 10−17 m−1 or 1.4 10−18 m−1], so that
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the theory would still need the ‘‘magic’’ contribution of dark matter to explain light deflection due to galaxies and
clusters, just like General Relativity does. This possibility leads to divergent deflection (4.39) on radial closest approach
distances from the deflector larger than r0 0(M,γW ) given by (4.28), where the linear divergent contribution becomes
dominant! This positive sign was considered in our graduate thesis work [107], without dark matter.
An alternative argument would be to claim that tests of the Weyl theory taking into account massive particles or bodies
are more ambiguous, in comparison with those based on nonmassive particles like photons, or ultra relativistic particles.
Indeed, the presence of matter breaks the conformal symmetry of the theory, and this symmetry breaking mechanism
is not well understood. In order to fit galactic rotation curves, we need to fix the arbitrary conformal factor of the line
element (1.51) because massive geodesics are not conformally invariant. Mannheim and Kazanas (arbitrarily) chose
χ2(r) ≡ 1 and obtained γW > 0 through those fits. Their work corresponds to a particular theory:

Mannheim-Kazanas theory ≡ Weyl theory +

{
χ2(r) ≡ 1

parametetrization of galactic rotation curves (1.53)
(4.41)

However, the physical conformal factor in the spherically symmetric metric (1.51), specified by the symmetry breaking
mechanism, could be different from a constant. Hence, the physical parameter γW present in the metric would be
different from the estimate of these authors. For example, Edery et al. [49] have shown that, in the weak field limit
(which applies to the galactic rotation-curve parametrization and to light deflection in the solar system), it is possible
to find an appropriate conformal factor χ2(r) and a radial coordinate transformation r

′
(r), so as to change the sign of

the γW -term in the Weyl gravitational potential when the (βW γW )-term is set to zero. One indeed can easily check
that,

ds2(r, t, γW )given by (1.51) ≃ +


1− βW

(
2− 3βW γ

′

W

)

r′
− 3 βW γ

′

W + γ
′

W r
′ − kW r

′2


 c2 dt2

−


1− βW

(
2− 3βW γ

′

W

)

r′
− 3 βW γ

′

W + γ
′

W r
′ − kW r

′2



−1

dr
′2 − r

′2 dΩ2

≡ ds2(r
′
, t, γ

′

W )Mann−Kaz

with





βW γW neglected,

χ2(r)
weak field≃ 1− 2γW r ,

γ
′

W ≡ −γW .

(4.42)

In conclusion, until a conformal factor is specified by a coherent study of the coupling of Weyl gravity to matter fields,
the conservative bounds deduced from solar system light deflection experiments (4.40) are preferable.
And if a negative sign is taken for γW for photons, then light deflection is always convergent.
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4.5 Summary of the main results

4.5.1 TS theories

In TS theories, the predicted angle is smaller than its counterpart in GR. Hence, TS theories offer no alternative to
dark matter.

Solar system experiments so far provide the best constraints on the scalar coupling, with VLBI measurements
providing the upper bound (Figure 4.1): α2TS 0 � 0.0011 (or 0.0002). The lower bound of the TS parameter ̟0 is
accordingly constrained to 463 (or 2215 but the corresponding reference is unpublished).

However, these experimental limits are still far from the theoretical ones, since, in our model, the lower bound on
|αTS 0| is ∼ 10−7 − 10−8 . Dedicated experiments are needed to fill the gap. The (undedicated) astrometric satellite
mission GAIA will probably not even reach the theoretical lower bound.

We also recall that improved constraints on the PN parameter β would be welcome, as they correspond to con-
straints on the curvature of the theoretical cosmological potential around its minimum.

4.5.2 LED theories

Originally, in Large Extra-Dimension theories, the coupling to matter is much too strong. It is in conflict with
light deflection experiments and the Weak Equivalence Principle is strongly violated, unless a mass is given to the
zero-mode scalar field.
In this latter case, the deviation from GR predictions regarding light deflection is at the third order. It is a function
of the mass of the lens, of the incidence angle, and more important, it depends quadratically on the frequency of the
observed photons. This allows to constrain the mass scale Ms of the theory and the number of extra-dimensions d.
To agree with observations [71] in the visible at grazing incidence, the lower bound on the mass scale must be of the
order of 28 TeV/c2 for d = 2 and of the order of 9.5 (2/(d− 2))1/4 TeV/c2 for d > 2.
Increasing the precision of solar grazing experiments in the visible at a fixed frequency would improve the constraints,
as shown in simulation (4.10). Also, solar grazing observations at a fixed frequency in higher energy wavebands would
be useful. For example, a measurement showing no deviation from GR within ten percent at an ultra-violet frequency
would lead to a lower bound like Ms ∼ 78 TeV/c2 for d = 2 and like ∼ 30 (2/(d− 2))1/4 TeV/c2 for d > 2.

Contrary to TS theories, LED theories increase the light deflection angle with respect to GR.

4.5.3 MTS/SITS theories

In MTS/SITS theories, there exists a critical value of the MTS/SITS parameter (Υ = 0.5) under which there exists
no black hole solution.

Also, we noticed that light deflection becomes divergent for closest approach distances smaller than r0 0 (4.19).
This radius is unphysical for solar system bodies with not too small values of Υ. Consequently, for such Υ, light
deflection is always convergent in the solar system. Furthermore, MTS/SITS theories only differ from GR at the
second order. Hence, solar system experiments offer only a quantitative test of those theories with not too small a Υ,
if the second order can be measured. As explained in Chapter 3, dedicated experiments would be welcome for such
a task... which should not be simple, because of various corrective effects and of angular-momentum or quadruple-
moment contributions.

We note also that MTS/SITS theories decrease the light deflection angle with respect to GR.

4.5.4 The Weyl theory

The Weyl gravity appears to be a very peculiar theory.
First of all, the contribution of the Weyl linear parameter (γW ) to the effective geodesic potential is opposite for massive
and nonmassive geodesics. We note also that photon geodesics do not depend on the unknown conformal factor, unlike
massive geodesics. Hence light deflection offers an interesting test of the Weyl theory.
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Secondly, the effective geodesic potential for light showed us that, if γW is negative, there exists a maximum closest
approach distance, rnull (4.22), for light deflection to take place. Beyond that distance, photon trajectories are bound.
There does not exist such a condition when γW is positive. Nevertheless, light deflection can then be divergent beyond
some closest approach distance r0 0 (4.28).

Also, we needed to distinguish between a weak field (1.54) and a strong field (4.30) approximation to compute
the asymptotic light deflection angle, because the Weyl gravity does not turn off asymptotically, and becomes even
stronger at larger distances.
The weak field regime applied to the VLBI data gave us an upper bound on the linear parameter: |γW | ∼ 10−18 m−1

(4.40). However, it did not settle its sign.
The asymptotic behavior of the Weyl space was also analyzed thanks to the strong field approximation.

Finally, we saw that a positive γW decreases the light deflection angle, while a negative one increases it with
respect to GR.



Chapter 5:

Gravitational lensing/microlensing

Previously, we argued for considering the Sun and other solar system bodies in the light deflection test, because
these constitute the most well-known deflectors. However, the preceding chapter showed us that measurements of
the change in apparent position of light sources due to solar system bodies were only able to test quantitatively our
chosen set of alternative theories (with the exception of Large Extra-Dimension theories endowed with a massive
scalar field which predict a dependence in the frequency of the deflected photon). But we have seen that MTS/SITS
theories and the Weyl gravity present a characteristic divergent to convergent, and convergent to divergent respectively,
transition in their predicted light deflection angle. Unfortunately, this feature is irrelevant for solar system mass and
distance scales. We have seen also that the linear contribution to the gravitational potential in the Weyl theory might
be dominant beyond extragalactic distances. This is why the idea that will now guide us throughout this chapter is
to seek qualitative deviations from General Relativity on large mass and/or distance scales, using microlensing events
and gravitational mirages.

5.1 Present and future of microlensing/gravitational lensing

Gravitational mirages [111, 139] are due to a mass concentration in galaxies or clusters of galaxies. They give
rise to the formation of (partial) Einstein rings, giant arcs and arclets, the characteristic Einstein cross consisting of
five images, clubs (four images), etc.
Historically, the possibility of forming multiple images was first considered by Eddington, as early as in 1920. Nev-
ertheless, despite a proposal in 1923 by Frost (Yerkes Observatory), no observational campaign took place to verify
this speculation. In 1924, Chwolson developed further the gravitational mirage theory: formation of rings, amplifica-
tion, specific intensity preserved... These characteristics were independently rediscovered by Einstein in 1936, who
lent his name to the ring mirages. Einstein himself was skeptical though about observing a star by star lensing case,
since alignment is very rare and angular separation of images was too weak to be resolved by telescopes. However, in
1937, Zwicky revived the interest in gravitational lensing by calculating the probability for a light source to be lensed
by a galaxy. He also proposed to use galaxies as natural cosmic telescopes that amplify the light of otherwise too faint
objects. Moreover, Zwicky already spoke about testing GR or weighing galaxy-lenses.
Despite Zwicky’s enthusiastic predictions, twenty years later, no mirage had been found. The discovery of quasars,
quasi stellar objects (QSO) that are very bright, at extragalactic distance (large lensing probability), brought back the
whole story onto the front stage. Finally, it is in 1979 that the first gravitational mirage of a QSO (0957+561A B)
lensed by a foreground galaxy was discovered by Walsh, Carswell and Weymann [138].
Since then, more than three thousand papers have been published on the subject, nearly one hundred mirage candidates
are recorded, and telescope time as well as systematic searches are devoted to mirages. For example, the Liquid Mir-
ror Telescope (LMT) project [7, 27] will contribute to increase the number of gravitational lens candidates.
Today, gravitational mirages are used to provide the most accurate mass determination of the central regions of galaxy-
lenses, gravitational mirages of a variable source (quasar) are used to constrain cosmological GR models (Λ, H0) as
first suggested by Refsdal in 1964, and natural galaxy lenses allow us to observe objects too faint to be seen otherwise.

On the opposite, microlensing consist of lensing events due to a small lensing object (or a small number of objects)
with a mass characteristic of a planet or a star (10−6 − 102 MSun) [95, 96]. Those events have a timescale between
two hours and two years. First thought to be unobservable by Einstein as we just recalled, they are now used to
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estimate the amount and the nature of the dark matter in the galaxy (for example the search for MAssive Compact
Halo Objects, MACHOs). Following Paczynski’s suggestion in 1986 that compact objects in the Galactic Halo may be
detected by the monitoring of the light curves of stars in the Large Magellanic Cloud, many groups are searching for
microlensing events: MACHO, EROS, OGLE, DUO... Several hundreds of microlensing events have been observed
so far. Moreover, the Space Interferometry Mission (SIM) will be able to exploit astrometric signatures created in a
microlensing event to reconstruct the mass and the kinematic properties of the lens, something that is not currently
possible with a vast majority of photometric-only detections.

5.2 Brief summary of the phenomenon

Before studying the prediction of our set of alternative theories regarding gravitational mirages and microlensing
events, we will recall the general characteristics of these phenomena.

5.2.1 Asymptotic first and second order light deflection angle

The expression of the asymptotic light deflection angle (α̂) as a function of the angular position (ϑI) and the
position of the observer (ρobs = Dol) can be easily obtained at the second order by replacing expression (3.31) for
the impact parameter into the invariant expression for the asymptotic light deflection angle (3.12):

α̂(ϑI ,Dol) =
4GM

c2Dol sinϑI





+
(
α+γ
2

)

+
[
− (α+γ)2

2 sinϑI +
(8α2+8αγ−4β+3δ)

16 π
]

GM
c2Dol sinϑI



+O

(
V 3

c6

)
. (5.1)

We note that while it is not appropriate at second order, at first order in 1/c2, we can use b ≃ Dol sinϑI .

5.2.2 Lens equation

The light deflection by a gravitational mass, called the lens (L), allows an observer (O) to detect one or several
images (Ii with i=1, 2, 3...) of the same light source (S) (see Figure 5.1). When there are only two images, those are
noted as + and − respectively.

Knowing the observer-lens (Dol) and observer-source (Dos) distance scales necessary for this lensing phenom-
enon to occur, it is reasonable to adopt the thin lens approximation as well as the asymptotic light deflection angle
approximation (weak field limit). Accordingly, we can consider the lens as localized in a plane called the ‘‘deflector
plane’’.
Similarly, we can in good approximation reduce the photon path to its asymptotes and suppose that all the deflection
takes place in the deflector plane. Doing so, we obtain a modelling of the O-L-S system for which O-L plays the role
of a reference axis to measure angular positions [111] (see Figure 5.2).

The exact expression for the angle α, formed by S-O-I (not to be confused with the asymptotic light deflection
angle α̂) can be obtained for either a converging lens (α̂ is positive and the ‘‘+’’ sign should be taken in the following
formula) or a diverging lens (α̂ is negative and the ‘‘-’’ sign should be taken in the following formula):





α = sg(
−→
ϑI ) sg(

−→
α̂ )
(−→
ϑI −

−→
ϑS

)
,

α = arcsin
[

Dls tan α̂
Dos cosϑI {1±tanϑI tan α̂}

]
,

where all the angles are taken as positive unless the possibility of considering positive and negative values is noted by
an arrow sign −→; and ‘‘sg( )’’ means the sign of ‘‘()’’.
The positions of the images can be written equally for a converging or a diverging lens as the crossing points of
two curves: F1, a straight line encoding the alignment/non-alignment conditions, and F2, a curve function of the
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I1

I2

SLO

I3

Fig. 5.1 Gravitational mirages: a massive object (L) placed between an observer (O) and a light source (S) can produce multiple images

(I1, I2, I3...).

gravitational theory and the lens model. This leads to the exact lensing equation:





F1 =
−→
ϑI −

−→
ϑS ,

F2 = sg(
−→
ϑI ) arcsin

[
Dls tan

−→
α̂ (ϑI ,Dol)

Dos cos
−→
ϑI
{
1+sg(

−→
ϑI) tan

−→
ϑI tan

−→
α̂ (ϑI ,Dol)

}

]
,

(5.2)

with the following conditions for a diverging lens (
−→
α̂ < 0),





sg(
−→
ϑI ) =sg(

−→
ϑS) ,

ϑS �= 0 ,

ϑS > ϑI .

Indeed in the case of a diverging lens, these conditions must all be fulfilled in order to provide an image. The first
condition accounts for the fact that there only exists the possibility for diverging image(s), on the same side of the lens
as the source. The second condition is expressing the impossibility of forming any diverging image in the alignment
configuration; thus no diverging ring can exist. Finally, the last condition expresses the fact that the divergent image
will be located at a smaller angle from the deflector than the source: the divergent image is in between the lens and the
source when projected onto the sky (see Figure 5.2).
Unless all three conditions above are verified, the F2 curve is not defined for a diverging lens, since the image (ϑI)
does not exist.

In the small angle approximation (ϑI , ϑS and α̂ ≪
√
3 [rad]), from the equation of the crossing points of F1

and F2, we recover the usual lens equation:

−→
ϑI −

−→
ϑS ≃ sg(

−→
ϑI )

Dls

Dos

−→̂
α (ϑI ,Dol) . (5.3)

The three essential conditions for a diverging lens (
−→
α̂ < 0) still apply.
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Fig. 5.2 Usual thin lens model of a gravitational mirage. Notice that in the case of a diverging lens, there is no image formed on the opposite

side of the source.
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In the small angle approximation, at first order in light deflection, one can even use

−→
b

1st order≃ Dol sin
−→
ϑI ≃ Dol

−→
ϑI ,

−→
b = Dol tan

−→
ϑS ≃ Dol

−→
ϑS ,

(5.4)

where b is the impact parameter of the lens onto the O-S direction, to rewrite the weak angle lens equation (5.3) in the
following way:

−→
b −

−→
b ≃ sg(

−→
ϑI )

Dls

Dos
Dol

−→
α̂ (ϑI ,Dol) . (5.5)

Finally, note that the distances (Dol, Dos and Dls) appearing in the lens equations (5.2), (5.3), (5.4) or (5.5) should
be taken as angular diameter distances.

The value of the asymptotic deflection angle should depend on the gravitational lens model and on the relativistic
theory of gravitation chosen.

5.2.3 Amplifications

Fig. 5.3 Projection of the image and the light source on the sky.

Amplification curves can also be useful to determine whether a given image should be observable or not, or to
deduce the microlensing light curve.
As the specific intensity is conserved during light deflection, if only gravitational lensing effects are considered [111],
the amplification (µ) is defined as the quotient of the solid angle of the images relatively to the source one (see Figure
5.3):

µ ≡ dΩI

dΩS
= sinϑI dϑI dκ

sinϑS dϑS dκ
=
(
sinϑI
sinϑS

)(
dϑI
dϑS

)
≡ (µt) (µr)

small angles≃ ϑI
ϑS

dϑI
dϑS

1st order≃ b
b
db
db

where

{
µr = radial amplification,

µt = tangential amplification.

(5.6)
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A singularity in the tangential amplification curve (i.e. at ϑ∗I so that µt(ϑ∗I) = ∞) signifies the presence of a ring,
which corresponds to the tangential fusion of two images in one single image.
On the contrary, a singularity in the radial amplification curve (i.e. at ϑ∗I so that µr(ϑ∗I) = ∞) denotes the presence
of a caustic. In other words, there is a radial fusion of the images.

If several images are present (consider for example the case of two images), the total amplification can be calculated
as the sum of the absolute amplification for each image. It is this total amplification which is to be considered as soon
as the observer cannot resolve the two (or several) images:

µtot = |µ+|+ |µ−| . (5.7)

5.2.4 Microlensing

Fig. 5.4 The microlensing effect: the lens (L) possesses a speed (v) in the deflector plane (say, a constant speed along the x-axis).

b0 represents the minimal impact parameter of the deflector, and b(t) is the impact parameter as a function of time.

The total amplification of the images will be now a function of time: µtot(t).

When the lens is moving in the deflector plane (suppose a speed v along the x-axis), the impact parameter of the
lens onto the O-S direction, b (not to be confused with the impact parameter of the photon onto the lens, b), is a function
of time (see Figure 5.4). Its expression is given by:

b
2
(t) ≃ b

2

0

[
1 + t2

T20

]

or

B
2
(t) ≃ B

2
0

[
1 + t2

T20

]
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with T0 ≡ time corresponding to the minimal impact parameter

= b0/v ,

v = speed of the lens in the deflector plane along the x-axis,

b = impact parameter of the deflector on the O-S direction,

b0 = minimal impact parameter of the deflector on the O-S direction,

B ≡ b/rE = dimensionless impact parameter of the deflector,

B0 ≡ b0/rE = dimensionless minimal impact parameter of the deflector,

B ≡ b/rE = dimensionless impact parameter of the photon,

rE ≡ radius of the Einstein ring given by GR

≃ ϑEDol ,

ϑE ≡ angular radius of the Einstein ring given by GR

=
√

4GMc2
Dls

Dol Dos .

(5.8)

When replacing these equations in the expression found for the amplification (5.6), we obtain a time-dependent total
amplification: µtot(t). This quantity is relevant to microlensing events, as those have a measurable timescale.

5.3 Testing alternative theories of gravitation with microlensing/gravitational lensing?

We are now ready to investigate the predictions of TS, MTS/SITS and Weyl theories.
Throughout this section, several simulations were realized for some typical values of the O-L-S parameters.

5.3.1 Parameters of the simulations

5.3.1.1 For microlensing events

The numerical example for a microlens is realized for a point-like lens (L) of one solar mass placed in the galactic
cloud, and a stellar source (S) present in the Large Magellanic Cloud. That is to say that when looking towards the
halo of our Galaxy, an O-L-S microlensing system characterized for example by

Dos = 2 1021 m ,

Dol = 5 1020 m . (5.9)

This corresponds to an Einstein ring of radius

rE = 1.5 1012 m (5.10)

and a typical angular separation between the images of the order of the milliarcsecond. Alternatively, if one was
considering microlensing towards the Galactic Bulge, the characteristic distances would be instead Dos ∼ 8 kpc=
2.5 1020 m and Dol = Dos/2. For a lens of one solar mass, this means an Einstein radius of 6.1 1011 m.

Microlensing by a point mass model is a good approximation of reality if we consider the simple limiting case in
which the lensing probability along the line of sight is small. A microlensing event in the massive halo of the Milky Way
is a good example of this. On the contrary, if the line of sight passes through the center of the galaxy, the lensing optical
depth (lensing probability) may approach 1, requiring a more complex lensing model with intricate mass contributions.

In the case of microlenses in the dark halo, the lens speed is negligible with respect to the speed of light. This
allows us to ignore the frequency shift of the light due to the changing of path length along the different lines of sight for
the different images. Hence, the surface brightness is the same for all the images, and the flux density is proportional
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to the solid angle of the images as described by formula (5.6), which can be used in expression (5.7) together with
(5.8).

5.3.1.2 For mirages

In the case of mirages, we shall use a point-like lens model representing either a galaxy (M ∼ 1011 MSun) or a
cluster of galaxies (M ∼ 1013 − 1014 − 1015 MSun), with the following distance scales:

Dol = 1010
GM

c2
,

Dos = 2 Dol . (5.11)

Such a choice for the O-L-S parameters, inspired by reference [136] and our graduate work, agrees with the Taylor

expansion of expression (5.18) in GM
c2Dol sinϑI

, as long as ϑI is not too small. That is to say that values of ϑI as small
as 10−3 arcsec are acceptable because they lead to GM

c2Dol sinϑI
∼ 10−2 in the expression for the asymptotic weak field

deflection angle (5.1).
The angular separation between the lensed images in a gravitational mirage is of the order of the arcsecond in General
Relativity. The radius of the corresponding Einstein ring38 is given by

rE = 14 104
GM

c2
≃





2 1019 m for M = 1011 MSun ,

2 1021 m for M = 1013 MSun ,

2 1022 m for M = 1014 MSun ,

2 1023 m for M = 1015 MSun .

(5.12)

Note that, in the following, the F1 curves will be plotted for position of the source (
−→
ϑS) of respectively 0 and +10

arcsec. Also, when a black hole potential is created, we need to consider closest approach distances, or alternatively
impact parameters, which are larger than the critical value (4.16), so that the photon does not fall into the black hole
and that light deflection is possible. Finally, recall that we work here in the weak field limit for α̂.
We are now ready to investigate the predictions of our chosen set of alternative theories.

5.3.2 TS theories

5.3.2.1 Asymptotic first order light deflection angle

At first order, the asymptotic light deflection angle in TS theories can be rewritten, according to Table (1.67),
constraints (4.3) and formula (3.1), as

α̂TS(b) =
4GM

b c2
g(̟) (5.13)

with g(̟) =
1

2

2̟ + 3

̟ + 2

(1.7)
=

1

1 + α2TS 0

∈





[3/2; 1] for ̟ ∈ [0,+∞] ,

[∼ 0.9989; 1] for ̟ ∈ [463,+∞] ,

[∼ 0.99978; 1] for ̟ ∈ [2215,+∞] .

It is important to emphasize that, at first order, the TS deflection angle is only modified by a scale factor in comparison
with GR prediction. This multiplicative factor, g(̟), corresponds to a redefinition of the gravitational ‘‘constant’’, as
can be seen in equation (1.14). This function is strictly increasing and positive with respect to the allowed parameter
space for ̟. Hence, we can already state here that, when looking at TS predictions for light deflection at the first order,
they are always qualitatively analogous to the GR ones. Furthurmore, at the first order, the predicted deflection angle

38 estimated for an Euclidean space-time: Dls = Dos−Dol.
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is always smaller for TS theories than for GR (̟GR = ∞), according to the limit

g(̟) −→
̟→∞

1 .

This result illustrates what was demonstrated by Benkenstein and Sanders [23], namely that in a scalar tensor theory,
the light deflection angle can never exceed the value predicted by GR.
We can thus immediately understand that TS theories cannot offer an alternative to the great amount of dark matter
needed and looked for, since without the assumption of dark matter, these theories already predict light deflection
angles which are smaller than those predicted by GR.

5.3.2.2 Lens equation

As an example, let us derive the predictions of TS theories relative to gravitational mirages. In the following, the
mass of the lens does not need to be mentioned for distances scales given by (5.11).
The lens equation in the small angle limit, at first order, is given by expressions (5.3) and (5.5):

−→
ϑI

2 −
−→
ϑS

−→
ϑI − g(̟) ϑ2E ≃ 0 with ϑE given in (5.8), (5.14)

−→
b 2 −

−→
b

−→
b − g(̟) r2E ≃ 0 with rE given in (5.8).

Alternatively, in terms of the dimensionless quantities defined in (5.8), we find

−→
B 2 −

−→
B

−→
B − g(̟) ≃ 0 . (5.15)

The lens equation for a point-like lens is analogous in TS theories and in GR theory. It provides a second order equation
giving either two separate or degenerate roots for the respective image(s) position.
An image-position diagram is given in (5.21) for ̟ = ̟GR ≡ +∞ which corresponds to Υ = ΥGR ≡ 1 in the
MTS/SITS parametrization (last graph).

A/ Perfect alignment O-L-S: ϑS = 0 (i.e. b = 0)

We easily obtain that the image (ϑI = g(̟) ϑE) is a ring of radius rTS given by the following formula, modulated
by the function g(̟) which reaches its maximum value in the setting of GR:

ϑI = g(̟) ϑE ,

rTS ≃ g(̟) rE ∝
√

GM

c2
.

The width of the ring (2 dϑI) given as a function of the angular diameter of the light source (dϑS) will be identical in

TS theory, for any value of ̟, to the value predicted by GR:

dϑI =
1

2
dϑS . (5.16)

B/ Non-alignment O-L-S: ϑS �= 0 (i.e. b �= 0)

In the case of non-alignment, the ring breaks up into two arcs whose positions, ϑI+ and ϑI−, are given by:

−−−→
ϑI+/− =

−→
ϑS ±
√−→

ϑS2 + 4g(̟) ϑ2E
2

.
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In the small angle approximation, at first order, we can alternatively write

−−→
b+/− ≃

−→
b ±
√−→

b + 4g(̟) r2E
2

,

or

−−−→
B+/− ≃

−→
B ±
√−→

B 2 + 4g(̟)

2
.

The image ϑI+ is on the same side of the lens as the source, while ϑI− is on the opposite side.
The angular separation between the two images,

∆ϑI ≡ ϑI+ − ϑI− =
√

ϑ2S + 4g(̟) ϑ2E ,

shows us that, in the case of a quasi-alignment (ϑS ∼ 0), both images lie very close to the ring position: one being
outside the ring, ϑI+, while the other one is inside. Of course, the angular separation between the two images is an
increasing function of ̟.
The width of the arcs, 2 dϑI+ or 2 dϑI−, is

dϑI+/− =
1

2


1± 1√

1 + 4 g(̟) (ϑE/ϑS)
2


 dϑS ,

so that the image on the opposite side of the source (ϑI−) tends to disappear, becoming too thin to be seen in case of
too strong an unalignment (ϑS ≫ g(̟) ϑE).

5.3.2.3 Amplifications

Let us now study the amplification of the images. If we consider the amplification as a function of the image
position, the amplification curves (using (5.14) to eliminate ϑS in (5.6), in the small angle approximation) are given
by

µ = µt · µr

with µt
(−→
ϑI
)
≃ −

(−→
ϑI/ϑE

)2

g(̟)−
(−→
ϑI/ϑE

)2 ,

µr

(−→
ϑI

)
≃

(−→
ϑI/ϑE

)2

g(̟)+
(−→
ϑI/ϑE

)2 .

We can observe the presence of a pair of singularities for ϑI =
√

g(̟) ϑE in µt, which locates the position of the ring
corresponding to the perfect alignment (ϑS = 0). In µr, we can remark the absence of singularities for any value of
the parameter ̟, which shows that in TS theories, like in GR, there are no caustics for a point mass lens.
Graphs of the amplifications in TS theories as a function of the image position are given in (5.29) and (5.31) for
̟ = ̟GR ≡ +∞ which corresponds to Υ = ΥGR ≡ 1 in the MTS/SITS parametrization discussed in Paragraph
5.3.3.3.
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If we now consider the amplification as a function of the source position, we get,

A/ Perfect alignment O-L-S

for a perfect alignment,

µ ≃ 2
√

g(̟) ϑE
dϑS

=
2
√

g(̟) rE

db
.

Hence, if there is an alignment of the light source (S) along the observer-deflector (O-L) direction, the amplification
is infinite in the case of a point-like source (dϑS = 0), like in GR.

B/ Non-alignment O-L-S

When the alignment is broken, the amplification of each image as a function of the source position (ϑS or b) is

µ+/− ≃ 1

4

[
2±
(
∆ϑI
ϑS

+
ϑS
∆ϑI

)]

=

±
(
b±
√

b
2
+ 4g(̟) r2E

)2

4b

√
b
2
+ 4g(̟) r2E

=

±
(
B ±
√

B
2
+ 4g(̟)

)2

4B

√
B
2
+ 4g(̟)

.

Suppose now that the observer can resolve the two images that are formed. We remark that in the limit of strong non-
alignment ϑS ≫

√
g(̟) ϑE , the image positions are given by ϑI+ −→

√
g(̟) ϑE and ϑI− −→ 0 respectively. So,

∆ϑI −→
√

g(̟) ϑE . This gives the respective amplification of the two separate images, µ+ −→ 1 and µ− −→ 0.
Hence, the image on the opposite side of the source (ϑI−, for ϑS > 0) disappears in this limit.
If on the contrary the observer does not resolve the two images, the total amplification is given by

µtot ≃
b
2
+ 2g(̟) r2E

b

√
b
2
+ 4g(̟) r2E

=
B
2
+ 2g(̟)

B

√
B
2
+ 4g(̟)

.

Note that the total amplification is always weaker in the case of non-alignment than in the case of a perfect alignment.

5.3.2.4 Microlens

When the images are not resolved and the distance scales allow to consider the motion of the lens, a point mass
lens leads to

µtot(t) ≃
B
2

0

[
1 + t2

T20

]
+ 2g(̟)

B0

√
1 + t2

T20

√
B
2
0

[
1 + t2

T20

]
+ 4g(̟)

=
B
2
TS 0

[
1 + t2

T20

]
+ 2

BTS 0

√
1 + t2

T20

√
B
2

TS 0

[
1 + t2

T20

]
+ 4

,

where we have defined BTS 0 ≡ b0/rTS with rTS =
√

g(̟)rE , the tensor scalar radius.
For this lens model, the time-dependent total amplification provides the following simulation (5.17), plotted for dif-
ferent values of the normalized minimal impact parameter BTS 0.
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Total amplification (µtot) as a function of time (microlensing event) for a ponctual mass in the setting of TS theories.

On this diagram, the angles are given in radians.

The curves are ploted for different values of the normalized minimal impact parameter:

BTS 0 = 0.5, 0.7, 0.9, 1.1, 1.3, 1.5, 1.7, 1.9, 2.1 and 2.3.

Values of the variables in the simulation are given by (5.9) when considering lensing towards the Halo of the Galaxy.

(5.17)

Let us remark that the maximum of the total amplification curve, located at t
T0

= 0 (i.e. when the O-L-S system is
in the closest configuration to alignment), is a decreasing function of BTS 0. This is logical since if BTS 0 increases,
the configuration moves away from the perfect alignment scenario where the amplification is maximal.

We see that the total amplification curve µtot(t) usually expressed with scales appropriate for General Relativ-
ity (B0 meaning the scale rE) can be redefined in terms of scales appropriate to Tensor Scalar theories (BTS 0 that
is to say, the scale rTS =

√
g(̟)rE). Consequently, the characteristic parameters of the light curve - its maximum

µtotmax, width-half-maximum L1/2 and average surface Saverage = L1/2 µtotmax - will be the same functionals, in-
dependently of the value of the parameter ̟. In other words, the characteristics of the microlensing curve do not allow
us to decide between GR and TS theories, as we cannot measure absolutely the light curve. We only measure it ac-
cording to a chosen scale corresponding to the visible ring (rE for GR, or rTS for TS theories).
In fact, the mass of the deflector is not a quantity directly accessible to observations. Indeed, the microlensing event
is used to infer the mass function, the total gravitational mass present (luminous or not), in the setting of GR. Even if
some color photometric measurements are made, providing the spectra of the lensing star, the uncertainty on the esti-
mated mass is in the best cases around ten percent, thus far from the precision needed to constrain g(̟) (see (5.13)).
Hence, we can say that the rescaling of the Einstein radius amounts to absorbing the TS factor g(̟) into the mass:

M �→ M g(̟) = MTS

�
rE �→

√
g(̟)rE = rTS
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We conclude this paragraph on TS theories by the characteristic expressions of the light curve:

µtotmax ≃ B
2
TS 0+2

BTS 0

√
B
2
TS 0+4

,

L1/2 ≃ 2
BTS 0

√
(
B
2
TS 0 + 2

)
4
√
F(BTS 0)−F(BTS 0)

F(BTS 0)
,

with F
(
BTS 0

)
≡
(
B
2
TS 0 + 2

)2
− 4B

2
TS 0

(
B
2
TS 0 + 4

)
.

5.3.3 MTS/SITS theories

Fortunately, a rescaling of the lens mass will not be possible for MTS/SITS theories. Simulations will enable us
to see that MTS/SITS predictions regarding gravitational lensing can be qualitatively different from those of GR for
some small values of the parameter Υ.

5.3.3.1 Asymptotic second order light deflection angle

To analyze how MTS/SITS theories differ from GR from the point of view of light deflection, we have seen that
it is necessary to consider the second order contribution.
The asymptotic light deflection angle (α̂), as a function of the angular position of the image (ϑI) and the position of the
observer (ρobs = Dol), is easily obtained from (3.12) using the corresponding PPN parameters for MTS/SITS (1.67)
with (3.31):

α̂(ϑI ,Dol) =
4GM

c2Dol sinϑI

{
1 +

[
−2 sinϑI +

(16− 1/Υ2)

16
π

]
GM

c2Dol sinϑI

}
+O
(
V 3

c6

)
. (5.18)

We can see that this angle can either be convergent (α̂ > 0) or divergent (α̂ < 0) (↔ GR) according to the respective

value of Υ and ϑI . Indeed, the angle ϑI0 (which has to be positive, as it is not written as
−→
ϑI ) at which the asymptotic

light deflection angle cancels is

ϑI0 = arcsin

{(
1

16Υ2 − 1
)
π GM
c2Dol

1− 2 GM
c2Dol

}
. (5.19)

Light deflection is divergent (convergent) for ϑI < ϑI0 (ϑI > ϑI0).
Seeing that the denominator 1 − 2 GM

c2Dol is positive for the mass and distance scales involved in microlensing events
(5.9) or gravitational mirages (5.11), and that the image position ϑI in (5.18) is defined as positive, the condition on Υ
for having a convergent to a divergent lens transition is

(
1

16Υ2
− 1

)
> 0 ⇔ Υ < 1/4 ≡ Υcritical .

If it is true that the ray of light diverges for angles (relative to the deflector) smaller than ϑI0, the angle ϑI0 is not on an
equal footing for gravitational mirages and for microlensing. Indeed, for gravitational mirages described by (5.11),
an angle ϑI0 of the order of the arcsecond relevant to gravitational mirages requires Υ ∼ 10−3 − 10−4 for ϑI0 ∼
10−1−10+1 arcsec. While in a microlensing event described by (5.9), an angle ϑI0 of the order of the milliarcsecond
relevant to microlensing events would require a very strong scalar contribution to the MTS/SITS theories, far from
ΥGR = 1: Υ ∼ 10−5 − 10−6 for ϑI0 ∼ 10−4 − 10−2 arcsec.
As we shall see in the next paragraph, very small values of Υ (< Υspecial (5.22), with Υspecial ≃ 0.0019 in our
simulation (5.11) of gravitational mirages, andΥspecial ≃ 2.26 10−5 in our microlensing simulation (5.9)) do not allow
for the formation of images in case of alignment, i.e. ring(s) if the images could be resolved. The case Υ = 0.001 in
Simulation (5.21) for gravitational mirages illustrates this point.
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Such a prediction is based on our very simple model (point-like lenses and sources), but is also valid for a sufficiently
small light source, with an angular radius smaller than the model dependant angle ϑSc in Simulation (5.21). Likewise,
no image of a point-like source shall form when the alignment is only slightly broken (ϑS < ϑSc).
The possible absence of image for Υ < Υspecial is of course directly related to the existence of a value ϑI0 relevant for
the microlensing event or the gravitational mirage scenario considered. In microlensing, Υ < Υspecial could thus lead
to an observed extinction of the light source if the source passes within the region centered on the lens and defined by
ϑSc (speaking in terms of projections onto the sky). This is a dramatic difference with the general relativistic prediction
for the same microlensing model.
If we thus exclude very strong scalar contributions (i.e. for Υ > Υspecial), in microlensing events, the corresponding
ϑI0 is too small to be effective, and light deflection is always convergent. This means that microlensing events do
not constitute in this case a qualitative test of MTS/SITS theories, as deviations from GR predictions will only be
quantitative. Hence, knowing the numerous unknowns in the O-L-S system, plus the fact that the deviation from GR
is only a second order effect already on the limit of detection in solar system light deflection experiments, microlenses
are totally irrelevant to test MTS/SITS theories for Υ > Υspecial. Consequently, we will only consider gravitational
mirages in the next paragraphs.

The following plots (5.20) of the asymptotic weak field second order deflection angle as a function of ϑI illustrate
the above remarks, in the setting of our numerical simulation for gravitational mirages. We can see that the asymptotic
deflection angle can become quite large for a diverging ray of light, and thus we have to be cautious with the small
angle approximation on α̂. On the contrary, α̂ remains small for a converging ray.
Note that the angle ϑI0 considered in this section corresponds, in terms of radial distances, to r0 (or b0) defined earlier
in (4.19).

Υ = 0.001 Υ = Υcritical ≡ 0.25

Asymptotic second order deflection angle in the weak field limit (α̂) for MTS/SITS theories in a gravitational

mirage scenario. The generic values adopted for the simulation of gravitational mirages are given by (5.11),

leading to ϑI0
Υ=0.001

= 4.05 arcsec. Remember that, for a microlensing event (5.9), the corresponding

angle would have been too small (ϑI0
Υ=0.001∼ 10−7 arcsec) for the same value of Υ.

Two different values of the MTS/SITS theories are compared at the same angles ϑI . Note that ϑI > 0.

(5.20)

5.3.3.2 Lens equation

The exact lens equation (5.2) together with the light deflection angle in the weak field limit (5.18) provide the
position of the images. In fact, the small angle lens equation (5.3) is sufficient most of the time for the simulations we
have performed, unless explicitly stated otherwise.
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A/ Different F2 curves for different values of Υ

With the help of the image-position diagrams, we realize that according to the value of the parameter Υ, for
any fixed position of the source (ϑs), the observer might see a very different mirage, whether Υ ∈ ]0;Υspecial[,
Υ = Υspecial, Υ ∈ ]Υspecial; 1/4[ or Υ ∈ [1/4; 1 ≡ GR]. The following graphs of the F1 and F2 curves given in
(5.2) for MTS/SITS theories illustrate this claim.

S cϑ

Υ = 0.001 Υ = Υspecial ≃ 0.0019

Υ = 0.002 Υ = 0.005

Υ = Υcritical ≡ 0.25 Υ = ΥGR ≡ 1

Image-position diagrams (F1 and F2 curves) for a point-like mass lens model in the framework of MTS/SITS theories

for different values of the parameter Υ. The crossings between the F1 and F2 curves give the image positions.

The case represented here is for
−→
ϑS > 0 and F1 is ploted at ϑS = 0 (alignment) and +10 arcsec.

The values of the variables in the simulation are given by (5.11).

(5.21)
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Let us first notice how the F2 curve should be plotted when
−→
ϑS 	 0, according to the fact that there exists only

one divergent image on the same side of the deflector as the source. The example is here given for Υ = 0.005:

Υ = 0.005 with
−→
ϑS 	 0, simulation (5.11).

We can now explain analytically those different features...

For very small values of Υ ∈ ]0;Υspecial[, the F2 curve allows for a divergent contribution (when α̂ < 0 which
implies that F2 is negative). The negative values of the deflection angle α̂(ϑI), for ϑI < ϑI0, are usually very large,
so as to prevent us to use the small α̂ approximation.

For Υ = Υspecial, the F2 curve will still allow for a value ϑI0 separating the divergent from the convergent con-
tributions. However, the set of intersections between F1 and F2 will dramatically change: the formation of one ring
will become possible at ϑI = ϑIc.
One can easily calculate this special minimal value of Υ using the small angle approximation which is consistent be-
cause ϑIc > ϑI0, and in this region, α̂ is positive thus small.
For Υspecial, the caustic position ϑIc (the angular position of the image for which the slope of the F2 and F1 curves is
the same - equal to 1-), given by the following equation

Dos Dol

Dls

1
4GM
c2

ϑ3Ic +

(
1− 2GM

Dol c2

)
ϑIc − 2

(
1

16Υ2
− 1

)
π

GM

Dol c2
≃ 0 ,

is tangent to the F1 curve taken at ϑS = 0. This provides another equation,

Dos Dol

Dls

1
4GM
c2

ϑ3Ic −
(
1− 2GM

Dol c2

)
ϑIc +

(
1

16Υ2
− 1

)
π

GM

Dol c2
≃ 0 ,

which can be combined with the previous one to lead to the value of Υspecial,

Υspecial ≃
3

4

1√
9 + 4

√
3

π
Dol c2

GM

√
GM
c2

Dls
Dos Dol

(
1− 2GM

Dol c2

)3
. (5.22)

In our simulation for gravitational mirages (5.11), we find Υspecial ≃ 0.0019; while the simulation for microlensing
events (5.9) would give Υspecial ≃ 2.26 10−5 for a lens of one solar mass.

For small values of Υ ∈ ]Υspecial; 1/4 ≡ Υcritical[, the F2-curve presents some foldings and allows for a diver-
gent contribution. This shape of the F2-curve provides a richer variety of mirages for different angular positions of the
source as described in details in the next paragraph.

For larger values of Υ ∈ [Υcritical ≡ 1/4; 1 ≡ GR]39, the shape of the F2-curve will be the same as for General
Relativity, that is to say, two hyperbolas. No divergent contribution is allowed in this case (ϑI0 does not exists when

Υ > 1/4). Indeed, extrema of F2 are prevented, as their positions are given by
−→
ϑ I max /min ≃ ±2ϑI0.
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B/ Change in the angular position of the source (ϑS) for a fixed value of the parameter γ :

the number and the type of images

The lens being non transparent, the number of images observed for any position of the light source except on a caus-
tic is always even, according to Burke’s theorem [29]. The characteristics of the image configurations are summarized
in the following tables.

For very small values of Υ ∈ ]0;Υspecial[:

MTS/SITS Υ ∈ ]0;Υspecial[ ⇒ ∃ϑI0, ∃ϑIc, ∃
−→
ϑ I max /min

Position of S

−→
ϑS � 0

# of I type of I:

convergent (C) if α̂ > 0

direct (O) if α̂ = 0

divergent (D) if α̂ < 0

parity of I:

same side as S (+)

if sg(
−→
ϑS) = +sg(

−→
ϑI )

opposite side of S (−)

if sg(
−→
ϑS) = −sg(

−→
ϑI )

remarks

= 0 0 alignment

∈ ]0;ϑSc[ 0

= ϑSc 1 C + caustic

∈ ]ϑSc;ϑI0[ 2 C +, +

= ϑI0 1

1

C

O

+

+

∋ null deflection

> ϑI0 1

1

C

D

+

+

(5.23)

An important feature of this range of values for Υ is that it will not allow for the formation of any ring. This last point
can also be seen with the absence of a vertical asymptote in the tangential amplification curve (see next paragraph).
Hence, only two images should be visible, both on the same side of the deflector as the source (↔ GR) in case of
non-alignment, and none in case of alignment.

For Υ = Υspecial:

MTS/SITS Υ = Υspecial ⇒ ∃ϑI0, ∃ϑIc, ∃
−→
ϑ I max /min

Position of S

−→
ϑS � 0

# of I type of I:

convergent (C) if α̂ > 0

direct (O) if α̂ = 0

divergent (D) if α̂ < 0

parity of I:

same side as S (+)

if sg(
−→
ϑS) = +sg(

−→
ϑI )

opposite side of S (−)

if sg(
−→
ϑS) = −sg(

−→
ϑI )

remarks

= 0 = ϑSc 1 ring C +, − alignment

∈ ]0;ϑI0[ 2 C +, +

= ϑI0 1

1

C

O

+

+

∋ null deflection

> ϑI0 1

1

C

D

+

+

(5.24)

This time, the F2-curve allows for one single ring in case of alignment, and again, two images on the same side of the
source in case of misalignment.
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For small values of Υ ∈ ]Υspecial; 1/4 ≡ Υcritical]:

MTS/SITS Υ ∈ ]Υspecial; 1/4 ≡ Υcritical[ ⇒ ∃ϑI0, ∃ϑIc, ∃
−→
ϑ I max /min

Position of S:

−→
ϑS � 0

# of I type of I:

convergent (C) if α̂ > 0

direct (O) if α̂ = 0

divergent (D) if α̂ < 0

parity of I:

same side as S (+)

if sg(
−→
ϑS) = +sg(

−→
ϑI )

opposite side of S (−)

if sg(
−→
ϑS) = −sg(

−→
ϑI )

remarks

= 0 2 rings C +, +, −, − alignment

∈ ]0;ϑI0[ 4 C +, +, −, −
= ϑI0 3

1

C

O

+, −, −
+

∋ null deflection

∈ ]ϑI0;ϑSc[ 3

1

C

D

+, −, −
+

= ϑSc 2

1

C

D

+, −
+

caustic

> ϑSc 1

1

C

D

+

+

(5.25)

For this range of values of the parameter Υ, the alignment leads to two concentric rings, while only one ring is possible
in the case of GR. The radii of the rings are given, for example for Υ = 0.005, by

rE inner ≃ tanϑ+/−inner Dol
Υ=0.005

= 0.787 104
GM

c2
,

rE outer ≃ ϑ+/−outer Dol
Υ=0.005

= 13.732 104
GM

c2
.

Those two rings break up into four colinear images when there is a slight misalignment. This again is very different
from GR predictions which predicts a maximum of two images for the same lens model!
Moreover, for this simple lens model and Υ < Υcritical, there exists a caustic (↔ GR). For example, for Υ = 0.005

and
−→
ϑS � 0, the caustic position is

−→
ϑIc = −0.3200 arcsec which corresponds to

−→
ϑSc = +12.8146 arcsec in F1.

On the caustic, the internal and external images located on the opposite side of the deflector with respect to the source
position merge to form one single image. A total of three images are present in this case (↔ GR).
Outside the caustic (ϑS > ϑSc), there will be two images like in General Relativity for the same lens model, but their
position relative to the lens (i.e. their parity) will be different: in MTS/SITS both images will be again on the same
side of the deflector as the source, whereas in GR, there is one image on each side of the deflector (see Table (5.28)
and simulations (5.21)).

Those characteristics of the mirages can also be described from the reading of the tangential and radial amplification
curves, showing respectively two singularities (i.e. two rings: ϑIE inner and ϑIE outer) plus one singularity (i.e. a
caustic ϑIc) located between the two first singularities.
Table (5.26) illustrates the positions of the images in arcseconds for a fixed value of Υ = 0.005, as a function of the
position of the source.
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MTS/SITS Υ = 0.005, simulation (5.11).

Outside image

position on the

opposite side of

the source
−−−−−→
ϑI−outer(arcsec)

Inner image

position on the

opposite side of

the source
−−−−−→
ϑI−inner(arcsec)

Source position

−→
ϑS (arcsec)

Inner image

position on the

same side as

the source
−−−−−→
ϑI+inner(arcsec)

Outer image

position on the

same side as

the source
−−−−−→
ϑI+inner (arcsec)

−2.8324 −0.1624 +0.0000 +0.1624 +2.8324

−2.5852 −0.1640 +0.5000 +0.1609 +3.1008

−2.3592 −0.1657 +1.0000 +0.1594 +3.3901

−1.8006 −0.1711 +2.5000 +0.1553 +4.3735

−1.1877 −0.1821 +5.0000 +0.1492 +6.3132

−0.8209 −0.1971 +7.5000 +0.1440 +8.4838

−0.5796 −0.2201 +10.0000 +0.1394 +10.7776

−0.3768 −0.2780 +12.5000 +0.1353 +13.1396

none none +15.0000 +0.1317 +15.5418

none none +17.5000 +0.1283 +17.9693

none none +20.0000 +0.1253 +20.4135

none none +22.5000 +0.1225 +22.8694

none none +25.0000 +0.1199 +25.3337

none none +27.5000 +0.1175 +27.8043

none none +30.0000 +0.1153 +30.2795

(5.26)

For larger values of Υ ∈ [1/4; 1 ≡ GR]:

MST/SIST Υ ∈ [1/4; 1 ≡ GR] ⇒ ∄ϑI0, ∄ϑIc, ∄
−→
ϑ I max /min

Position of S:

−→
ϑS � 0

# of I type of I:

convergent (C) if α̂ > 0

direct (O) if α̂ = 0

divergent (D) if α̂ < 0

parity of I:

same side as S (+)

if sg(
−→
ϑS) = +sg(

−→
ϑI )

opposite side of S (−)

if sg(
−→
ϑS) = −sg(

−→
ϑI )

remarks

= 0 1 ring C +, − alignment

> 0 2 C +, −

(5.27)

For such values of the parameter Υ, the mirages are qualitatively the same as for GR. That is to say that the unique
Einstein ring formed in case of alignment breaks up into two images when the alignment configuration is not respected;
there is no caustic point.
Table (5.28) provides the image position according to the position of the source for GR.
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GR or MTS/SITS with Υ = ΥGR ≡ 1, simulation (5.11).

Image position on the

opposite side of the source
−−→
ϑI− (arcsec)

Source position

−→
ϑS (arcsec)

Image position on ghe

same side as the source
−→
ϑI+ (arcsec)

−2.9171 +0.000 +2.9171

−2.6778 +0.500 +3.1777

−2.4596 +1.000 +3.4596

−1.9236 +2.500 +4.4236

−1.3418 +5.000 +6.3418

−1.0010 +7.500 +8.5010

−0.7888 +10.000 +10.7887

−0.6473 +12.500 +13.1472

−0.5474 +15.000 +15.5473

−0.4735 +17.500 +17.9734

−0.4168 +20.000 +20.4168

−0.3721 +22.500 +22.8720

−0.3359 +25.000 +25.3359

−0.3061 +27.500 +27.8060

−0.2811 +30.000 +30.2810

(5.28)

5.3.3.3 Amplifications

Regarding the amplification diagrams, we only plot them as a function of ϑI (not
−→
ϑI ). We can see the confirma-

tion of the characteristics of the gravitational mirages described earlier for different values of Υ: the presence of a
singularity in the tangential amplification curve signals the presence of a ring, while in the radial amplification curve,
it reveals a caustic.
However, the amplification curve complements the image-position diagram analysis, as it is crucial to predict the visi-
bility of images. Indeed, let us first say that the alignment configuration, for any Υ > Υspecial, is the configuration of
maximum amplification (when excluding caustic points). The amplification decreases as ϑS increases, but all the im-
ages are not amplified equally. Indeed, for Υ ∈ ]Υspecial; 1/4 ≡ Υcritical[, ϑS ր⇒
(ϑI− outer ց , ϑI− inner ր ,ϑI+ inner ց , ϑI− outer ր) as we see in Table (5.26). While correspondingly (simu-
lations (5.31) for Υ = 0.005, and (5.30)), outer-odd-parity (and respectively inner-even-parity) image becomes the
faintest. Moreover, we see that the inner images are way less amplified than the outer images; and that the amplifica-
tion decreases faster for the inner images than for the outer images, when moving away from the alignment position.
The inner images are thus always fainter, which means intrinsically more difficult to observe than the outer images.
This difficulty adds up to the fact that the inner images lie close to the deflector for a given position of the source, and
that the angle between them decreases as Υ increases (from a few tenth of arcseconds to a few milliarcseconds). On
the contrary, the outer images are well separated (a few arcseconds), and are fairly close to the position of the sole im-
ages predicted by General Relativity (compare Table (5.26) with Table (5.28)). Thus if the instrument resolution is not
too good, not knowing the mass properties of the lens, the observer might well conclude to observe GR predictions,
even for Υ �= 1!
We note that the angular separation between the two rings increases with Υ (ϑIE inner ց while ϑIE outer ր in Table
(5.26)), that is, the singularities in the tangential amplification curve move apart. Hence, the two inner images become
easier to separate from the outer images. However, we know that this advantage is balanced by a weaker amplification
for the inner images.
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Υ = 0.001 Υ = Υspecial ≃ 0.0019

Υ = 0.005 Υ = ΥGR ≡ 1

Diagrams of the tangential (µt, red line) and radial (µr , blue line) factors in the amplification for a point-like

mass lens model and for different values of the parameter Υ, as a function of ϑI and for
−→
ϑS positive.

The values of the variables in the simulation are given by (5.11).

(5.29)

Zoom on the amplification diagrams ( µt µr and µ, respectively red, blue, and green lines) for Υ = 0.005,

as a function of ϑI and for
−→
ϑS positive. The values of the variables in the simulation are given by (5.11).

(5.30)
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Υ = 0.001 Υ = Υspecial ≃ 0.0019

Υ = 0.005 Υ = ΥGR ≡ 1

Diagrams of the amplification (µ) for a point-like mass lens model and for different values of the parameter Υ,

as a function of ϑI and for
−→
ϑS positive. The values of the variables in the simulation are given by (5.11).

(5.31)

MTS/SITS

Υ
−→
ϑS � 0

simulation (5.11)

Singularity

in the tangential

amplification

curve µt

ϑIt inner (arcsec)

= ϑIE inner

Singularity

in the radial

amplification

curve µr

ϑIr (arcsec)

= ϑIc

Singularity

in the tangential

amplification

curve µt

ϑIt outer (arcsec)

ϑIE outer

0.001 none 3.4159 none

Υspecial ≃ 0.0019 none 1.6841 1.6841

0.002 1.2324 1.5700 2.0985

0.003 0.4615 0.8321 2.6588

0.004 0.2550 0.4921 2.7811

0.005 0.1624 0.3200 2.8324

0.01 0.0404 0.0808 2.8966

Υcritical ≡ 0.25 none none 2.9170

0.1 none none 2.9169

0.5 none none 2.9170

ΥGR ≡ 1 none none 2.9171 (5.32)
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5.3.4 The Weyl theory

We will now consider the Weyl theory and the physical consequences of its linear correction to the Newtonian
potential.

5.3.4.1 Constraints on a negative Weyl parameter from the existence of gravitational mirages

We have seen in the preceding chapter, in particular through discussion (4.35), that there exists no asymptotic state
for photons if the closest approach distance is larger than rnull, when the Weyl linear parameter γ

W
is negative. Hence

no light deflection can take place. The existence of gravitational mirages with an Einstein angle (corresponding to the
Einstein radius) of a few arseconds puts a stronger upper bound on the absolute value of the Weyl linear parameter.
Indeed,

r0
Dol ∼ rE

Dol ≃ ϑE �
rnull

Dol

(4.22)⇔ |γW | �
[

1
ϑE

h0
0.3
zL

]
1.7 10−31 m−1 for γW < 0

with





ϑE, the Einstein ring of the mirage (5.8) in [arcsec] ,

h0, the normalized Hubble parameter given in Appendix A,

zL, the redshift of the lens,

(5.33)

where a rough estimation of the distance as a function of the redshift was made,

D ≃ c

H0
z for z < 1 . (5.34)

Consequently, it seems reasonable to admit the following conservative limit on γW :

|γW | < 10−31 m−1 for γW < 0 . (5.35)

When γW is positive, on the contrary, we cannot find a better upper bound than the conservative value (4.40)
obtained from solar system experiments, unless we adopt the Mannheim-Kazanas parametrization (1.53) based on an
arbitrary constant value of the conformal factor.

5.3.4.2 Relevance of the weak field versus the strong field limit

If we wish to infer some further constraints on the Weyl parameter from microlensing or gravitational lensing
events, it is crucial to stick to the constraints so far available on the parameter, respectively (5.35) for a negative
parameter, or (4.40) for a positive parameter, and to respect the limits of the approximations we introduced in the
previous chapter.
In fact, the weak (or alternatively strong) field limit on the radial distance measured from the gravitational lens has to
be verified on the photon path, all the way from the light source to the observer. That is to say that the limit not only
applies to the distance from the lens to the observer (Dol) and to the distance from the lens to the source (Dls), but
also to the closest approach distance of the photon onto the lens (r0). The order of magnitude of this latter distance
will be considered to be the same as the Einstein ring radius (rE) associated with the O-L-S system.

Immediately, we see from expression (4.30) that the strong field limit is unfortunately of no use here, because we
only have in hand an upper bound on |γW |. The lower bound is given by General relativity (γW = 0) and leads to a
strong field limit only valid at infinity.

As far as the weak field limit is concerned, we see from expression (1.54) that we are again limited by our upper
bound on |γW |. Indeed, owing to the distance scales involved in microlensing events, (5.9) and (5.10), the conservative
estimate (4.40) of γW , from solar system experiments, will not allow us to improve our constraints on a positive para-
meter, because, strictly speaking, we are not allowed to use this weak field limit. On the contrary, the more stringent
bound (5.35) that we have just obtained for a negative parameter makes it possible to discuss the predictions regard-
ing microlensing when γW < 0.
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From the point of view of gravitational mirages, the distance scales involved, see (5.11) and (5.12), prevent us from
using the weak field approximation with our bounds on γW , either for a positive or a negative value of the parameter.
One could argue that our parametrization of the distance to the lens in terms of its mass given in (5.11) is somewhat
overestimated. Nevertheless, if we take the example of the distance to the closest galaxy (Andromeda) which is ap-
proximately of 2 1022 m, or the distance to the closest cluster (Virgo) of about 4 1023 m, we understand why the weak
field approximation cannot be used to try to further constrain γW .
It is important to notice also that, whichever type of lensing event (microlensing or gravitational mirages) we consider,
the conditions for light deflection to take place are fulfilled each time we work in the weak field limit, according to
(1.54), (4.26), (4.25) with (4.22).

5.3.4.3 Constraints on a negative Weyl parameter from Microlensing events

With the above remarks in mind, we shall try to extract some information from the microlensing events for a
negative value of the linear Weyl parameter.

A/ Asymptotic weak field light deflection angle

In the weak field limit, using (4.39) and the fact that the closest approach distance is given by r0 ≃ b ≃ Dol sinϑI
at zero order in VW (r)/c2, the asymptotic light deflection angle in the Weyl theory can be rewritten, at first order, as

α̂weak field(ϑI ,Dol) ≃ +
4βW

Dol sinϑI
− γW Dol sinϑI . (5.36)

Looking at this equation, we insist on the following points. The deflection angle in the weak field limit for the Weyl
theory cannot be rescaled to GR prediction by a redefinition of the mass, as it was the case in TS theories. So, we
might expect the predictions of the Weyl gravity to be qualitatively different from the general relativistic ones.
We also remind the reader that the deflection angle (5.36) might even be larger than the GR one, unlike predictions for
TS theories.

B/ Lens equation in the weak field limit

The lens equation in the small angle and weak field limit (5.3) associated with (5.36) is

−→
ϑI

2 −
−→
ϑS

1 + nW

−→
ϑI − ϑ2W = 0 , (5.37)

where we have defined

βW = GNM
c2 ,

ϑW ≡ angular radius of the Weyl ring

=
√

4GNM
c2

1
1+nW

Dls
Dol Dos ,

rW ≡ radius of theWeyl ring

≃ ϑW Dol ,

nW = γW
Dls Dol
Dos dimensionless with sg(nW ) = sg(γW ) .

(5.38)

The lens equation is again quadratic, like for GR. It is important to note that, because this lens equation is only valid in
the weak field limit (1.54), the parameter nW is always smaller in norm than 1. Thus the corrective factor with respect
to GR is

1

1 + nW
> 1 for γW < 0 .

It of course reduces to 1 when γW |GR = 0.
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In case of alignment, we see from equation (5.37) that the image is a ring of angular radiusϑI = 1/
√
1 + nW ϑE ≡

ϑW . The predicted width of the ring (2 dϑI) given as a function of the angular diameter of the light source (dϑS) will

be different from the GR one, even if we refer to the natural size in the physical problem (ϑW ):

dϑI =
1

2(1 + nW )
dϑS .

The Weyl ring will also be thicker than its general relativistic counterpart. Consequently, the amplification will be
larger:

µ ≃ 2 ϑW
(1 + nW ) dϑS

=
2 rW

(1 + nW ) db
,

and again infinite in the limit of a point-like lens mass.

In case of misalignment (ϑS > 0), the ring breaks up into two arcs located at

ϑ+/− =
ϑS ±
√

ϑ2S + 4 ϑ2W (1 + nW )
2

2 (1 + nW )
,

and separated by an angle

∆ϑI ≡ ϑI+ − ϑI− =

√
ϑ2S + 4 ϑ2W (1 + nW )2

(1 + nW )
.

We remark that, interestingly, those predictions not only depend on the parameter of the Weyl theory through nW , but
also on the physical properties of the O-L-S system via the relative size of Dls, Dol, and Dos.
The width of the arcs (2dϑI±) is given by

dϑI± =
1

2 (1 + nW )


1± 1√

1 + 4 (ϑW/ϑS)
2 (1 + nW )2


 dϑS .

Consequently, each image will be more amplified than in General Relativity according to (5.6), with

µ+/− ≃ 1

4 (1 + nW )2

[
2±
(
(1 + nW )

∆ϑI
ϑS

+
1

(1 + nW )

ϑS
∆ϑI

)]

=
1

(1 + nW )2

±
[
BW ±

√
B
2

W + 4 (1 + nW )
2

]2

4BW

√
B
2
W + 4 (1 + nW )

2

=
1

(1 + nW )2

±
[
BŴ ±

√
B
2
Ŵ + 4

]2

4B
Ŵ

√
B
2
Ŵ + 4

,

where we have defined the following dimensionless quantities:

BW ≡ B/rW ,

B
Ŵ

≡ BW/ (1 + nγ) .
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Hence, the total amplification, when the two images are not resolved, is again larger than the GR value:

µtot ≃ 1

(1 + nW )
2

B
2

W + 2 (1 + nW )2

BW

√
B
2
W + 4 (1 + nW )

2

=
1

(1 + nW )
2

B
2
Ŵ + 2

B
Ŵ

√
B
2

Ŵ + 4

.

The above expression and (5.8) are the relevant equations to be used for microlensing amplification curves.
We see that, strictly speaking, we cannot rescale the amplification curve to fit GR prediction because of the front factor.
In view of the upper bound given in (5.35) and of our simulation40, we find

GR ≡ 1 ≤ 1

(1 + nW )

∣∣∣∣
microlens (5.9)

(5.35)

� 1 + 10−11 (5.39)

We see that this corrective factor might be very small for microlensing events if |γW | happens to be much smaller than
our present upper bound. Nevertheless, we think that there is a possibility to further constrain the Weyl parameter from
a statistic on microlensing curves.

The optical depth of microlensing [95] is the probability, at a given time, that a light source be within the corre-
sponding ring radius of a given star lens; hence, it is the probability for this light source to be lensed. If we estimate
this optical depth in the setting of the Weyl theory, we must integrate over the surface included in the ring radius, thus,
over πϑ2W in this case. According to (5.38), this means that the corrective factor enters in the integral. Consequently,
one might have hoped that the Weyl theory would substantially increase the optical depth, so maybe to account for
the observations leading to a larger value than initially estimated with General Relativity. Unfortunately, even for the
upper bound on |γW | in (5.35), the correction is irrelevant with respect to the observational uncertainties.

5.3.4.4 The Mannheim-Kazanas parametrization (γW > 0)

We have argued, in Paragraph 5.3.4.2 that we could not so far use the weak field limit to further constrain a positive
γW . However, we can investigate the possibility to invalidate the Mannheim-Kazanas theory (4.41), or try to extract
useful predictions on microlensing or gravitational mirages from this theory where the weak field limit extends to
cosmological distances (1.54). Accordingly, we can use the weak field lens equation (5.37) with the corresponding
definition (5.38). Nevertheless, an additional condition is necessary, as the deflection angle might be divergent for
positive values of the linear Weyl parameter:

if γW > 0 with ϑI > ϑI0 (diverging lens:
−→
α̂ < 0), ∃ additional conditions to (5.37):





sg(
−→
ϑI ) =sg(

−→
ϑS) ,

ϑS �= 0 ,

ϑS > ϑI ,

with ϑI0 = arcsin
{
r0 0

Dol

}
,

r0 0 from (4.28).

(5.40)

This time, the corrective factor is

GR ≡ 1 ≥ 1

(1 + nW )
> 0 .

40 Remember that the corrective factor depends upon the O-L-S distances, the mass of the lens and the parameter γW .



Testing alternative theories of gravitation with microlensing/gravitational lensing?_____________________________________________________________________________________________137

As far as microlensing is concerned, the interesting closest approach distance r0 0 (4.28), at which the light de-
flection becomes divergent, is larger than the microlensing Einstein radius (5.10) and hence is irrelevant. Thus, light
deflection is always convergent on the microlensing scales, which means no qualitative deviations from General Rel-
ativity. Moreover, an estimation of the order of magnitude of the corrective factor,

1

1 + nW

∣∣∣∣
microlens (5.9)

(1.53)≃ 1

1 + 6.25 10−6
≃ 1 , (5.41)

shows us that microlenses are definitely not an appropriate tool to test the Mannheim-Kazanas theory.

Regarding gravitational mirages, the closest approach distance r0 0 (4.28) can be comparable or even smaller
than the corresponding Einstein radius (5.12). This means that the divergent regime becomes significant. However,
we can see that the O-L-S parameters chosen for our simulation (5.11) might not be appropriate for the weak field
limit. Indeed, if for a typical galaxy of 1011 solar masses, the distance observer-lens is smaller than the inverse of
the Weyl parameter (Dol ∼ 1024 m< 1026 m≃ 1/γW ), it is not the case for clusters of 1013 − 1015 solar masses
(Dol ∼ 1026 − 1028 m� 1026 m≃ 1/γW ).
We may consider an alternative simulation to (5.11), with this time Dol = 108 GM/c2. This reflects better the O-L-S
parameters of a lens like for example the Andromeda galaxy (approximately of 1011.5MSun, at a distance of about 2
1022 m) or the Abell 370 cluster (around 1014−1015MSun, at an estimated redshift of 0.373 [24] leading with (5.34) to
a rough estimate of 7 1025 m for its distance). With such a new simulation, the estimated Einstein radii (5.12) change
to 2 1018, 2 1020, 2 1021, and 2 1022 m respectively. The interesting closest approach distance r0 0, the weak field and
strong field limiting radii remain unchanged. We see that, in this latter simulation, r0 0 is relevant to the most mas-
sive clusters. But in this case, the O and L points of the photon trajectory lie about on the edge of the weak field limit,
while r0 ∼ rE is still well within it.
Nevertheless, let us discuss the corresponding image-position diagrams.

γW ≃ 10−26 m−1

Image-position diagrams (F1- and F2-curves) for a point-like mass lens model in the framework of the

Mannheim-Kazanas theory. The crossings between the F1- and F2-curves correspond to the image positions.

The case represented here is for
−→
ϑS > 0 and F1 is plotted at ϑS = 0 (alignment), +10 arcsec

and +30 arcsec. The values of the variables in the simulation do not correspond to (5.11), but

to a modified simulation explained in the text.

(5.42)

We see from simulation (5.42) that the F2-curve (5.2) allows for a value ϑI0 (5.40), at which the F2-curve crosses
the ϑI-axis, separating the divergent from the convergent contributions. F2 presents no foldings, unlike in MTS/SITS
theories for Υ ∈ ]Υspecial; 1/4[ (compare with simulation (5.21)). This means that the predictions of the Mannheim-
Kazanas theory will be the same as the GR ones from the point of view of the number of images and their parity, which
seems to prevent it to be tested using gravitational mirages. One can just say that the Mannheim-Kazanas gravity
even needs more dark matter than General Relativity (the Weyl radius being smaller than the Einstein ring), because
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the corrective factor is smaller than 1. To illustrate this, note that the modified simulation we discussed provides
1/(1 + nW ) ≃ 1/(1 + 0.75 10−15+x) for the Mannheim-Kazanas parametrization (1.53) where M = 10xMSun; and
1015MSun is on the edge of the weak field approximation, as we just explained.

5.3.4.5 Attempts in the literature to deduce a negative value for γW

We would like now to make a few comments about reference [50]. In this article, Edery and Paranjape are interested
in a negative value of the linear Weyl parameter in order to explain gravitational mirages without dark matter. They
extract an order of magnitude for γW from the observations of giant arcs in clusters. It happens to be just the same
order of magnitude (the inverse of the Hubble length) as needed in the Mannheim-Kazanas parametrization (1.53)...
but with the opposite sign.
The idea behind this estimation is to equate the predicted Einstein radius based on an estimated value of the total
gravitational mass (luminous plus an ad hoc amount of dark matter, to fit the observations in the framework of GR)
with the Weyl radius for the same O-L-S system, but this time with only the luminous matter.
In the Cluster lenses used for this purpose, namely A 370, A 2390 and Cl 2244-02, the ratios of the luminous over
the total mass were estimated respectively to be ML/Mtot ∼ 1/200, ∼ 1/120 and < 1/100, thanks to a complete
modeling of each lens in the setting of GR [24, 64, 97].

We first comment that it is the general relativistic estimate of the luminous mass that the authors implicitly

inserted into the Weyl radius when using the above luminous to total mass ratios.

Also, in their estimation of the Weyl radii, the authors use the general relativistic relation between the redshift

and the distance. In the framework of General Relativity, it is the Robertson-Walker metric, solution to the Einstein
equations in presence of matter, which is used to infer the concept of cosmological distance as a function of the redshift,
the matter density and the curvature of the universe. However, in the Weyl theory, the Robertson-Walker metric is not

a solution of the Bach equations with matter! Indeed, the Weyl tensor (Wµνρσ) associated with the Robertson-Walker
metric is null, hence the Bach equations (1.50) in presence of matter,

Bµν = −1/4
√
κ Tm µν ,

are not verified!
It is important to remember that the concept of distance in the Weyl theory (as well as the concept of time) requires
the specification of the conformal factor. This conformal factor is crucial in cosmology to obtain the appropriate Weyl
prescription relating the observed redshift to the cosmological distances. Otherwise, one can only work in terms of
distance ratios (or time ratios, or the mixed time to distance ratios) and angles.
Note that, in the limit of small redshifts, the rough relation between the redshift and the distance given in (5.34) together
with the approximation of an Euclidean space (Dls = Dos−Dol) are sufficient to recover the same order of magnitude
for γW as the one calculated by Edery et al. [50]. We obtain as well the natural connection between γW and the inverse
of the Hubble length:

|γW | =
(
1− ML

Mtot

)
Dos

Dls Dol

(5.34) and Euclidean approximation≃
(
1− ML

Mtot

)
zs

(zs−zl) zl
Ho

c

∣∣∣

A370, A2390 and Cl2244-02∼ 5 10−26 − 6 10−26 m−1 .

(5.43)

The approximation (5.34) can be obtained simply from the observational redshift which is related to the recession speed
of galaxies (vrecess) by a simple Doppler effect, and from the empirical Hubble law based on observations:

vrecess
cst D

≃ 1 with cst = H0 |exp .

Interestingly, the Hubble law cited above, and the measured redshift (which is a ratio of frequencies) do not require to
specify the conformal factor in (1.51).
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Another point concerns the weak field approximation that the authors use, through lens equation (5.37) and the
corresponding definitions of the Weyl radius (5.38).
The gravitational mirages considered in their article,

lens zL zS

A 370 0.375 0.724

A 2390 0.231 0.913

CL 2244− 02 0.331 0.83

correspond to observer-lens or to lens-source distances, as can be calculated using the rough estimation (5.34), that are
dangerously close to the weak field limit associated with the derived value of γW . This leaves us dubious about the
above result (5.43).

Finally, in another article [49], Edery et al. speak of the ‘‘theoretical arbitrariness’’ of the choice of the confor-
mal factor in the Weyl spherically symmetric solution (1.51). They furthermore use the conformal transformation
given in (4.42) to argue that the parameter γW might be measured as positive for matter particles with ds2matter ≡
ds2(r

′
, t, γ

′

W )Mann−Kaz in (4.42); and on the contrary, as negative for photons with ds2photons ≡ ds2(r, t, γW ) in
(4.42). Their aim is to try to connect their estimate of γW to the Mannheim-Kazanas theory and explain the discrep-
ancy in the sign of the linear Weyl parameter.
However, if the motion of ultra-relativistic particles and photons is independent of the conformal factor χ2(r) and the
choice of χ2(r) is arbitrary when restricting to those types of particles, we have seen that on the contrary, the motion
of matter as well as the definition of distance scales and timescales crucially depend on it. Because our world is made
of matter, it is not conformally invariant (we indeed have clocks and rods to make measurements). Hence, the con-

formal factor is not arbitrary, as long as we are looking for a theory to describe Nature! Nature has chosen a

specific conformal factor. We might even say that the Weyl theory should be called ‘‘Weyl theories’’, because it in
fact corresponds to a class of theories, with each theory being specified by a choice of χ2(r) and (γW , kW )41. The
Mannheim-Kazanas theory is a particular example.
Moreover, even though the linear γW -contribution to the effective potential might have an opposite effect on massless
in comparison with massive particles (Subsection 4.4.1), it is of course necessary to use the same radial variable in or-
der to have the same definition of γW when we compare the estimate of γW obtained from photon trajectories to the
one obtained from massive particle motion.

5.3.4.6 Amazing features of the strong field limit for a negative value of γW

Before concluding about microlensing and gravitational mirages, we would like to illustrate some amazing features
of this theory in the strong field regime, for a negative linear Weyl parameter.
To start with, we realize from the graph of photon trajectories (Figure 4.4) that the semi-lattice rectum, located at
r = −2/γW for any orbit in the strong field limit, is an accumulation point. Indeed, if we interpolate between the
weak field regime, in which the description of light deflection is qualitatively analogous to the description in General
Relativity, and the strong field regime, we might possibly find the following Figure 5.5. Consequently, the surface of
a sphere of radius r = −2/γW , centered on a given lens, is a very particular region of space.

Another remark is the existence of a particular O-L-S alignment configuration in the strict strong field regime
(βW = 0), in which the observer and the source are located on the semi-lattice rectum points. There would then be an
infinite number of photon trajectories coming from the source to the observer (see Figure 5.6)!

Of course, one needs to analyze further the intermediate regime between the weak field and strong field limits.
However, we remark that the limiting radial distance from the lens defining the strong field regime (4.30) is inferior
(in terms of orders of magnitude) to the limiting radial distance from the lens defining the weak field regime (1.54)
when

x < y − 3 with

{
M = 10x MSun ,

γW = 10−y m−1 .

41 While βW ≡ GNM

c2
.
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Fig. 5.5 The semi-lattice rectum, located at r = −2/γW for any orbit in the strong field limit, is an accumulation point. In the weak field

limit, light deflection for a point mass is similar to the general relativistic predictions: light converges on short distances when it passes close

to the gravitational mass, while it converges on farther distances when it has a larger closest approach distance from the lens. We may guess

the intermediate regime.

Fig. 5.6 In the strict strong field regime (βW = 0), there exists a particular O-L-S alignment configuration in which the observer and

the source aligned with the lens are located on the semi-lattice rectum points. There would then be an infinite number of photon trajectories

coming from the source to the observer.
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According to the constraint (5.35) that we derived for a negative γW from (5.33), we have y � 31.

It would also be interesting to investigate further which regions of space are observable (connected by light geo-
desics) in the different regimes. For example, in the presence of one single lens (L), when we wish to understand if
an observer, in the strict strong field limit (βW = 0), will be able to see some given source, we realize that it depends
on the position of the source with respect to the concentric spheres of radius rnull and rmin surrounding the lens. The
equation of orbits described in (4.34) and (4.35) are useful for such a discussion, see Figure 5.7.
Indeed, if the light source (S1) is inside the smallest sphere of radius rnull, then, the closest approach distance of any
photon originating from the source is necessarily smaller than rnull. This means that all these photons have unbound
orbits (hyperbolas centered on L).
Also, if the source (S2) is on the sphere of radius rnull, the closest approach distance of its photons can be either smaller
or equal to rnull, which means that all the orbits are again unbound (hyperbolas or a parabola). In those two cases (S1
and S2), the source can be seen from any region of space (except just behind the lens if it is not transparent). Whereas
if the source (S3) is located in between the two spheres, there are in addition photons originating from this source that
have a closest approach distance to the lens larger than rnull. Accordingly, those photons are captured on elliptical or-
bits. Hence, in this case, there will be some regions of space that cannot be reached by any photon of S3.
We have already evoked the particular case of a source (S4) situated on the sphere of radius rmin, which allows all four
types of orbits: hyperbolic, parabolic, circular and elliptic.
For a source outside the larger sphere (S5) there will also be some regions of space that cannot be reached by any pho-
ton originating from the source.
One could now complicate the game by considering many lenses and relax the strong field regime!
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Fig. 5.7 In the strong field regime, for a light source, (S1) located inside the sphere of radius rnull, the closest approach distance of any

photon originating from the source is necessarily smaller than rnull. This means that all these photons have unbound orbits: hyperbolas

centered on L.

When the source (S2) is on the sphere of radius rnull, the closest approach distance of its photons can be either smaller or equal to rnull,

which means that all the orbits are again unbound: hyperbolas or a parabola.

Whereas for a source (S3) located in between the two spheres of radius rnull and rmin, there are additionally photons originating from

this source that have a closest approach distance to the lens larger than rnull. Accordingly, those photons are captured on elliptic orbits.

The particular case of a source (S4) situated on the sphere of radius rmin allows all four types of orbits: hyperbolic, parabolic, circular and

elliptic. The photon trajectories will be again hyperbolic, parabolic or elliptic for a source (S5) outside the larger sphere of radius rmin.
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5.4 Summary of the main results of this chapter

5.4.1 TS theories

Predictions of TS theories on microlensing and gravitational lensing only differ from GR by a scale factor, g(̟) =
1/(1 + α2TS 0). This scale factor, already constrained to be very close to 1 (5.13), corresponds to a redefinition of the
gravitational ‘‘constant’’ (1.14). However, seeing that only the quantity GM is meaningful for physical measurements,
one can alternatively absorb this factor in a redefinition of the mass. Hence, TS theories are difficult to differentiate
from GR, because this requires quantitative measurements, and usually the characteristics of the O-L-S system (Mlens,
Dol, Dls...) are not known with sufficient precision; those parameters are even inferred assuming GR.

5.4.2 MTS/SITS theories

Speaking in terms of projections onto the celestial sphere, we have seen that MTS/SITS theories can predict the
extinction of a microlensed light source if the source passes within a certain region centered on the lens, and if Υ is
smaller than the value Υspecial corresponding to the microlensing event.

Also, some values of the parameter Υ lead to predictions regarding gravitational mirages that are qualitatively dif-
ferent from the GR ones. Namely: no or two concentric rings, up to four colinear images for a point mass lens, etc.
This is due to the fact that, for those specific values of Υ, the effective potential for photons has a totally different
shape than the usual Schwarzschild black hole one. The second order contribution in MTS/SITS theories can lead to a
negative deflection angle: the effective potential is not always attractive and can also be repulsive for small angles at
a given value of Υ (see Section 4.3.1.2).
Nevertheless, as the alignment configuration is highly improbable, one should not hope to test those theories by count-
ing the number of concentric rings seen (0, 1 or 2). Moreover, the detection of rings42 in the radio waveband, like
0218+357, MG 1131+0456, MG 1549+3047, MG 1654+1346, PKS 1830+211, or even in the optical waveband, like
0047-2808, does not allow us to exclude ranges of the parameter Υ smaller than Υspecial for this type of lens model.
Indeed, those observed gravitational mirages correspond to extended light sources and lenses, leading to thick rings.
We have seen that, unless Υ is small (smaller than the critical value of 1/4, but yet larger than Υspecial), it might also
be difficult to test MTS/SITS theories according to the number of colinear images seen (2, 3 or 4). If we recall the
present resolution of Earth-based instruments (∼ 1/100 arcsec in the optical and ∼ 1/1000 in the radio waveband),
we might say that the radio waveband seems more appropriate to detect the possible presence of inner images.
Being more optimistic, we have shown that the study of the image parity carries many promises if the lens position is
known (not inferred from GR). Two images of even parities detected, aligned with the lens and the source, for a sym-
metric point-mass lens model, would rule out General Relativity, but would invite to consider theories like MTS or
SITS.

In conclusion, unlike what was said for TS theories, gravitational mirages can be good qualitative tests of MTS/SITS
theories for Υ < 1/4, even if the mass and distances in the O-L-S system are not known independently with sufficient
precision. However, for Υ > 1/4, the gravitational mirages are not appropriate tests because they lead solely to slight
quantitative deviations from GR. For the same reason, we argued in Paragraph 5.3.3.1 that microlensing events are not
interesting either, for a value of the free parameter of the theory larger than Υspecial.

5.4.3 The Weyl theory

In the Weyl theory, we considered, when applicable, the weak field approximation to study microlensing and
gravitational mirages. The strong field limit was found to be useless for our purposes.

For a negative γW , the condition for unbound photon orbits derived in Chapter 4 and the existence of gravitational
mirages were used to improve the constraints obtained from solar system data on the γW -parameter. The upper bound
on the absolute value of γW was accordingly lowered to about 10−31 m−1 (see (5.33) and (5.35)).
Contrary to TS theories, the characteristics of the microlensing curve in the Weyl theory cannot, by a simple rescaling

42 See reference [4] for the properties of the O-L-S systems and a complete bibliography.
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of the mass or the ring radius, be recast into GR predictions. However, the corrective factor, function of γW and the
O-L-S distances, is small. Indeed, it is equal to 1 when γW is equal to zero (GR), and to ∼ 1 + 10−11 for our upper
bound on |γW | (5.39). This means that it might effectively be negligible. This point requires further study.

In the Mannheim-Kazanas theory (γW ≃ 10−26 m−1 > 0), gravitational mirages do not seem to be an appropriate
test. Indeed, the predictions will be the same as the general relativistic ones, from the point of view of the number of
images and of their parity. One can just say that the Mannheim-Kazanas gravity needs even more dark matter than GR,
because the Weyl radius is smaller than the Einstein ring.
In microlensing, the interesting closest approach distance separating the convergent from the divergent contributions
(r0 0) is cosmological in the Mannheim-Kazanas theory, and thus irrelevant. Moreover, the smallness of the corrective
factor (5.41) showed that one cannot distinguish between General Relativity and the Mannheim-Kazanas theory from
the point of view of microlensing, either.

In this chapter, we also commented on the concept of distance that needs to be defined coherently in the Weyl
theory. We then concluded by a few amazing features of the strict strong field regime.



Conclusions and perspectives

The purpose of this work was to study the possibility of constraining typical alternative theories of gravitation
using the light deflection tests. Throughout, we emphasized the key role played by the Post-Newtonian parameter
γ, present at the first order in light deflection (∝ (α+ γ) with α = 1 in Metric theories). We also analyzed the
contribution of Post-Post-Newtonian terms, the contributions due to the quadrupole moment and angular momentum
of the gravitational deflector, or finite distance effects. In addition, we briefly cited corrections due to the refraction
from the solar corona or the Earth ionosphere, parallactic displacements, aberration, and the motion of the source or the
lens. We furthermore tried to add some perspective by referring to some past, present or future experiments. However,
this work is not intended directly for measurements, as our simulations are very rough and based solely on a simple
point-mass model for microlensing events or gravitational mirages. The aim here was to provide some insight about
the peculiar features of some theories; hopefully, in some cases, orders of magnitude; or to motivate a systematic and
self consistent analysis of light deflection in the setting of an alternative theory.

We have seen that the change in the apparent position of a light source, that allows to test a relativistic theory on
solar system mass and distance scales; the microlensing events at galactic distances; or gravitational mirages requiring
galactic to cluster masses on extra-galactic distances; are not all on an equal footing for our purposes.
Certain light deflection events are more appropriate than some others to test a particular theory, or even a particular
range of the free parameter of the theory.

We now summarize the main results obtained in this thesis, concerning the predictions of Tensor Scalar (TS),
Minimal Tensor Scalar (MTS), Scale Invariant Tensor Scalar (SITS), Large Extra-Dimension (LED) theories and the
Weyl (W) gravity respectively.

1 TS theories

In Tensor Scalar theories, the key parameter, when discussing light deflection, is the present value of the scalar
coupling to matter, αTS 0, function of the Post-Newtonian parameter γ.
Brans-Dicke (BD) theories correspond to constant values of the scalar coupling, with the particular case of a null
coupling for General Relativity and a coupling equal to one in String theories.

We noted that the TS geodesic light potential, at first order, is analogous to the GR one. The Newtonian constant
GN is replaced by G = 1/(1 + α2TS 0) · GN . So light deflection always takes place, provided a minimum closest
approach distance (or impact parameter) is verified, so to avoid the capture by a black hole.

Let us first consider the change in apparent position of a light source. Light deflection experiments in the vicinity

of the Sun (VLBI experiments) and the fact that 1− γ is always positive for TS theories, allow to constrain the scalar
coupling to a maximum value: α2TS 0 exp � 0.0011 or 0.0002. It corresponds to the measured maximum deviation of
1 − γ from zero. In fact VLBI data so far dominate constraints on the scalar coupling, and for positive values of its
derivative, solar system tests are still more efficient than pulsar data (see Figure 4.1). Remember that all the physical
measurements are blind to the sign of αTS 0.

From a theoretical point of view, we have considered a cosmological evolutionary model for TS theories to pro-
vide an estimation of today’s value of the parameter γ(αTS 0).
The advantage of this proposed model, which admits General Relativity as an attractor, is that it is exact, analytical,
simple and natural. In fact it constitutes a class of solutions with respect to a free parameter. The value of this inte-
gration constant fixes the initial conditions of the model at the beginning of the dust era, when the scalar field starts
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to be coupled to matter (during the radiation era, it is totally decoupled) and to roll down the potential. Thus, it fixes
the dust-era starting point on the potential curve. Moreover, in the weak scalar-field limit, we recover Damour et al.’s
quadratic potential well. The corresponding curvature, which is independent of our integration constant, is that of a
non-oscillatory solution. However, like Damour et al.’s model, our class of solutions is restricted to a negative Post-
Newtonian deviation 1− β, because the derivative of the scalar coupling with respect to the scalar field is necessarily
positive in such models.
An additional advantage of this exact model, is that the expressions for the scalar field and its coupling at a given time
(αTS) do not depend on the type of matter dominating the universe. This means that we do not have to consider succes-
sive cosmological phases of different particles decoupling from the radiation, to study the evolution of the coupling.
On the contrary, Damour and Nordtvedt’s solution requires extensive discussions on the subject and the predictions
of their model are sensitive to those. Furthermore, we have shown that this model is on an equal footing with Gen-
eral Relativity regarding the constraint of an accelerating universe (SNIa): it needs the contribution of a cosmological
constant in the same quantitative way as General Relativity does. However, the addition of a cosmological-constant
contribution to this model will not influence the order of magnitude of the 1− γ deviation from zero. It is in the most
optimistic case of our model very small (∼ 10−7 − 10−8), and virtually not measurable by present and future satellite
experiments like GAIA (with a rough estimated precision on γ of 5 10−7), SIM, ect. On the contrary, we have seen
that the predictions on γ appear to be very dependent on the cosmological evolutionary model adopted. Too optimistic
estimations of 1 − γ ∼ 10−5 have been reached with some of Damour et al.’s models. If Nature favors this last type
of models, such a deviation could be measurable even in a near future with the Cassini mission, Gravity Probe B, etc.
(see Appendix B).
Nevertheless, future experiments would constitute an astonishing improvement on the experimental value of αTS 0,
and are in any way an interesting check of General Relativity corresponding to a null coupling. Moreover, any ex-
periment improving the present limits on the Post-Newtonian parameter β, contributing to the second order in light
deflection, would also help to constrain the curvature of the cosmological evolutionary potential (near its minimum)
chosen for the model.

In a more general framework, we confirm Bekenstein’s statement [23] that light deflection predictions for such
theories can never exceed those given by General Relativity. The angular displacement will always be smaller, and
the angular separation between two arclets as well as the radius of the ‘‘Einstein’’ ring are decreasing functions of the
parameter α2TS 0.
TS theories can thus never offer an alternative to dark matter.

As far as lensing is concerned, at first order, the number of images predicted by TS theories is the same as that
predicted by General Relativity. Indeed, the weak field asymptotic deflection angle at first order is analogous to the
GR one owing to a scale factor, 1/(1+α2TS 0). This factor corresponds to a rescaling of the Newtonian constant. When
the mass distribution is unknown, the factor can be absorbed in a redefinition of the mass to fit the general relativistic
predictions. Indeed, experiments are truly sensitive to the product GM , and not to those quantities taken separately!
The various models of gravitational mirages (whichever the mass distribution of the deflector, be it a black hole, an
SIS type of distribution, an infinite/truncated homogeneous plane, a spiral galaxy...) will not allow us to distinguish
between General Relativity and Tensor Scalar theories for a scalar coupling α2TS 0 ≤ α2TS 0 exp. The only way out
would be an O-L-S system for which the total gravitational mass could be determined independently (like for a binary
system...) with an extremely good precision according to the present allowed range for 1/(1 + α2TS 0).

This argument is valid also for microlensing events, in which crucial scales can be redefined to absorb the factor
1/(1+α2TS 0) characteristic of TS theories. This also means no longer referring all our distance scales to the radius of
the Einstein ring (inherited from General Relativity) but to the radius of the TS ring, which is the Einstein ring radius
multiplied by the factor 1/

√
1 + α2TS 0.
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2 MTS/SITS theories

In MTS and SITS theories, which share the same predictions regarding photon trajectories, the key Post-Newtonian
parameter γ, encoding light deflection predictions at first order, is equal to its general relativistic value of one. This
means that one needs to look at the specific combination of the (Post-)Post-Newtonian parameters (γ, β, and δ), that
appears in photon geodesics at the second order (see Table (4.1)). This latter expression can be rewritten in terms of the
single parameter, Υ, of the MTS-SIST theories. Our study of light deflection, in those theories, was thus centered onΥ,
in the allowed range ]0, 1 ≡ ΥGR]. We have seen how the shape of the effective geodesic light potential depends on
the value of this free parameter. Indeed, for Υ ∈ ]0.5 ≡ Υtransition, 1 ≡ ΥGR], we could already see, when looking
at this potential, that the predictions regarding light deflection would be qualitatively the same as those of GR: the
potential is analogous to a Schwarzschild black hole with its corresponding critical closest approach distance (4.16).
However, for Υ ∈ ]0, 0.5 ≡ Υtransition], there is no black hole, but a potential wall.

Moreover, in a more general framework, for Υ < Υcritical, with Υcritical ≡ 1/4 correctly identified, light
deflection is allowed to be divergent if the incidence angle is below a specific value, ϑI0. This is a new feature in
comparison with GR.
Whichever the value of the free parameter of the theory is, the bending angle in MTS/SITS theories will always be
smaller than the general relativistic prediction, for a given value of the incidence angle. Hence those theories offer no
alternative to dark matter.

From the point of view of solar system light deflection experiments, the free parameter Υ should be very easy to
constrain if the second order could be measured. However, the second order effect in the solar system is maximal for
the Sun at grazing incidence, and it is then only a contribution of the order of the microarcsecond; while it is negligible
for any planet and for non-grazing solar incidence. In fact, it is still just above (equal to) one microarcsecond at an
angle smaller than (equal to) about 51.8’-53.6’ from the Sun. Unfortunately, the future astrometric satellite experiments
aiming at microarcsecond precision have a non null avoidance angle towards the Sun of the order of 35◦-45◦. One will
thus have to wait for dedicated experiments allowing (near) grazing incidence.

As far as microlensing is concerned, an angle ϑI0 of the order of the milliarcsecond relevant to microlensing events
would require a very strong scalar contribution to the MTS/SITS theories (Υ ∼ 10−5− 10−6 for ϑI0 ∼ 10−4− 10−2

arcsec), thus far from ΥGR = 1. We have seen that such very small values of the MTS/SITS parameter, Υ < Υspecial,
do not allow for the formation of Einstein rings for a point-mass lens model. This may lead to an extinction of the
microlensed light source.
When Υ > Υspecial, the corresponding ϑI0 is too small to be effective for microlensing events, and light deflection is
always convergent. This means that microlensing events do not constitute a qualitative test of MTS/SITS theories in
this case, as deviations from GR predictions will only be quantitative. Hence, knowing the numerous unknown in the
O-L-S system, plus the fact that the deviation from GR is only a second order effect, already on the edge of detection
in solar system light deflection experiments, we conclude that microlenses are irrelevant to test MTS/SITS theories
when Υ is larger than Υspecial.

From the point of view of gravitational mirages, the range ]0,Υspecial] (note that Υspecial is a function of the
O-L-S mass and distance scales) does not allow for the formation of rings in the framework of our model (point-like
sources and lenses leading to thin rings). However, the observation of rings in the radio and in the optical wavebands
does not allow us to exclude the corresponding ranges of the parameter Υ. Indeed, those observed mirages correspond
to extended light sources and lenses, leading to thick rings.
For Υ ∈ ]Υspecial, 1/4 ≡ Υcritical], MTS/SITS theories also offer a whole set of predictions which are qualitatively
different from those of General Relativity. For a singular black hole lens model, they predict the formation of up to
four colinear images (or two concentric Einstein rings in case of alignment); which if observed, could not be explained
by General Relativity. Three images can even be formed, while General Relativity provides a maximum of two im-
ages for this same lens model.
Most interesting is the predicted parity of the images which differs from the general relativistic prediction. This should
allow to test the whole range ]0, 1/4 ≡ Υcritical] if the lens position is known (see Tables (5.23), (5.24), and (5.25)).
Indeed, MST-SIST theories do predict two images on the same side of the light source. Interestingly, the discussion
made in this thesis with a black hole lens can be easily extended to other lens models like a galaxy, a SIS or more com-
plicated models, as it was sketched in some of our previous work [108].
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Nevertheless, as we explained in Paragraph 5.3.3.3, the additional inner images lie close to the deflector for a given
position of the source and are less amplified in comparison with the outer images (that lie close to the image positions
predicted by General Relativity). This might render the observation of such qualitative original predictions a bit com-
plicated... and one could erroneously conclude to observe the general relativistic predictions.
Finally, the range ]1/4 ≡ Υcritical, 1 ≡ ΥGR] allows only for predictions which are quantitatively different from Gen-
eral Relativity and those unfortunately can only be checked if the O-L-S configuration and mass of the deflector are
known precisely.

3 LED theories

Large Extra-Dimension theories, with a number of extra-dimensions d ≥ 2 and a mass scale Ms, do not admit
a (Post-)Post-Newtonian expansion, because they originate from a (4 + d)-metric. However, the linearized massless
zero-mode action can be related to the Brans-Dicke one, with a scalar coupling to matter α2LED = d/(d+2). General
Relativity thus corresponds to d = 0 and String theories to d = +∞.
Light deflection experiments in the neighborhood of the Sun are hence sufficient to disqualify LED theories in
their original formulation, as 1− γ = d/(d + 1). Indeed, the predicted coupling, αLED, is much too strong. Such a
conclusion could also be obtained thanks to simple considerations on the 4-dimensional field content of the gravitational
sector, through a decomposition of the (4 + d)-graviton propagator.
Not only the light deflection angle, but also the Weak Equivalence Principle is strongly violated. Indeed, those theories
are non-Metric. This problem has been solved in the literature by providing a mass to the zero-mode scalar field,
through some (still obscure) mechanism, or by quantum corrections to produce an acceptable effective coupling.

When a mass is acquired by the zero-mode scalar field, the coupling is minimal (G = GN ) and only massive
spin-2 states contribute, in addition to the usual graviton, in such a way to increase the light deflection angle. This
means that LED theories could constitute an alternative to a too large amount of dark matter in gravitational mirages.
The deviation from General Relativity (formally |1− γ|) depends on the observation angle with respect to the deflector.
It reaches its maximum at grazing incidence and vanishes faster, as we observe at larger angles from the deflector, than
solar coronal diffraction. Moreover, for a given deflector, massive modes have a signature which is not only dependent
on the number of extra-dimensions, decreasing with d; but it also exhibits a strong quadratic dependence on the energy
of the incident photon, i.e. on the frequency at which the observation is made. This, conversely to coronal deflection
effects which are proportional to the inverse of the squared frequency. According to those characteristics, if we wish
to coherently test LED theories with light deflection observations, we should not use experimental data obtained at
various angles, or at too large angles from the deflector and then extrapolated at grazing incidence; nor should we use
experimental estimates of 1− γ that are averaged over very different frequencies.
Another important characteristic of LED light deflection predictions is that the deviation from General Relativity is a
function of the deflector mass and distance.

We have seen that from the point of view of solar grazing incidence predictions, LED theories are safe in the radio-
waveband, for the mass scale of about 3 TeV/c2 favored by collider physics. However, already in the visible-band, for
d = 2, those theories strongly disagree with observations for such a low mass scale. To agree with observations in the
visible at grazing incidence, 1− γ|exp = 0.5 ± 0.11 [71], the lower bound on the mass scale must be of the order of
28 TeV/c2 for d = 2 and of the order of 9.5 (2/(d− 2))1/4 TeV/c2 for d > 2. Increasing the precision of solar graz-
ing experiments in the visible at a fixed frequency would push further the constraints on the mass scale of the theory
or on the allowed number of extra-dimensions, as shown in simulation (4.10).
Also, solar grazing observations at a fixed frequency in higher energy wavebands would help to constrain LED theo-
ries. For example, a measurement showing no deviation from General Relativity within ten percent, at a ultra-violet
frequency of 5 1015 Hz, would constrain the lower bound on the mass scale to about 78 TeV/c2 for d = 2 and to about
30 (2/(d−2))1/4 TeV/c2 for d > 2. The constraints are even more stringent for gamma rays at grazing incidence, but
at such frequency we are beyond the limit of the approximation used to obtain the weak field light deflection angle.

Nevertheless, the constraints on LED theories and the predicted deviation quickly weaken if we consider solar non -
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grazing incidence. Simulation (4.12) shows the constraints on the mass scale and the number of extra-dimensions in
the visible waveband if a given observed deviation 1− γ|exp is achieved.

Concerning future experiments, we see that dedicated precision experiments measuring the light deflection angle
at and above the optical waveband frequency would be welcome. Of course, to avoid atmospheric absorption at such
frequencies, those have to be satellite missions. We know that (non-dedicated) astrometric satellites like GAIA will
only observe at large angles from the Sun (beyond 35◦ for GAIA) where the LED corrections to General Relativity
are weaker. However, the GAIA survey will be made from UV blue to far red (close to one micron) in order to allow
the classification of stars. The upper energy range might be useful to test LED theories, indeed, at 35◦, the predicted
deviation from General Relativity in the visible and UV range might be within the reach of GAIA’s precision aiming
at 5 10−7 on 1− γ.

4 The Weyl theory

The Weyl gravity does not admit a Post-Newtonian parameterization, because the corresponding gravitational
potential holds terms that are linear and quadratic in the radial distance. However, the quadratic term does not contribute
to photon trajectories. Hence, the parameter γW , corresponding to the linear contribution, is the crucial parameter in
our discussion. Of course, in General Relativity, γW = 0.

It is in the Weyl theory, that the study of the effective geodesic light potential leads to the most interesting infor-
mations. Indeed, it shows the richness of the case γW < 0 in comparison with the case γW > 0. The latter only allows
unbound orbits (light deflection) for closest approach distances larger than the critical value imposed by the Schwarz-
schild black hole seen at short distances. On the contrary, for γW < 0, the light geodesic potential provides the key
distance, rnull (4.26), to separate unbound from bound orbits permitted in this case; as well as the minimum radius
corresponding to a circular orbit (4.22).
All our study of the Weyl theory was articulated coherently around those key distances.
In addition, a comparison between the geodesic potential for light and that of massive particles enlightened us as to
the opposite effect of the linear term in the Weyl potential on massive particles in comparison with massless or suf-
ficiently relativistic particles. We showed also that massive geodesics, unlike photon trajectories, need the conformal
factor in the metric (1.51) to be specified. Only a coherent study of the conformal symmetry breaking mechanism,
through the coupling of Weyl gravity to matter fields, would allow to specify the physical conformal factor. We re-
minded the reader that the Mannheim-Kazanas parametrization of the rotation curves rests on the (arbitrary) choice of
a constant conformal factor (we called it the Mannheim-Kazanas theory).
The study of light deflection is interesting as it is free from such considerations.

In a general framework, analyzing the expression for the asymptotic deflection angle in the Weyl theory, it was
found to allow for a diverging effect at closest approach distances larger than r0 0 (4.28), function of the mass of
the lens, if γW is positive. However, the convergent to divergent transition is not explicitly relevant to solar system
experiments.
The case of a negative γW is always convergent, whichever the distances and the mass of the deflector are. It also
predicts a larger deflection than General Relativity. A negative parameter might thus be an alternative to a too large
amount of dark matter.

After deriving the expression for the light deflection angle, we then investigated in details the asymptotic behavior
of light geodesics. The conformal transformations to asymptotic flat space were provided.

We also distinguished between a weak field approximation (1.54), originally introduced for computing the light
deflection angle, and a strong field approximation (4.30), later introduced to study the asymptotic behavior of the Weyl
space-time.
We noticed that the limiting minimum strong field radius is of the same order of magnitude as r0 0. Hence, in the strong
field regime, light deflection is always divergent for a positive γW . Also, the limiting maximum weak field radius
corresponds to rnull, and thus, light deflection is always possible for a negative γW , when working in the weak field
regime. However, the maximum weak field radius unfortunately also corresponds to the distance at which the Weyl
theory becomes essentially different from General Relativity.
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We reminded the reader too that, to be coherent, the weak (or alternatively strong) field limit on the radial distance,
measured from the gravitational deflector, has to be verified on the photon path, all the way from the light source to
the observer. Thus, the limit does not only apply to the distance from the lens to the observer, to the distance from the
lens to the source, but also to the closest approach distance of the photon onto the lens.
The strong field limit is unfortunately of no use to constrain γW , because we only have in hand an upper bound on
|γW |. Remember that the lower bound is given by General Relativity (γW = 0) and it leads to a strong field limit only
valid at infinity.
In the very last section of this work though, we illustrated a few amazing features of this strong field regime.

Yet at the end of the last chapter, we made a general, but crucial, comment about the concept of distance in the
Weyl theory. We recalled that in the framework of General Relativity, it is the Robertson-Walker metric, solution to the
Einstein equations in presence of matter, which is used to infer the concept of cosmological distance as a function of
the redshift, the matter density and the curvature of the universe. However, in the Weyl theory, the Robertson-Walker
metric is not a solution of the Bach equations with matter. Hence, the general relativistic expression for the distance
cannot be used in the Weyl gravity!
Here, we would like to recall that the concept of distance in the Weyl theory (as well as that of time) requires the
specification of the conformal factor: our universe contains matter and thus conformal invariance is broken. This
conformal factor is crucial in cosmology in order to obtain the appropriate Weyl prescription relating the observed
redshift to the cosmological distances. Otherwise, one can only work in terms of distance ratios (or time ratios, or the
mixed time to distance ratios) and angles.

Coming back to the more specific tests of light deflection, we saw that, in the neighborhood of the Sun, they gave
us strong constraints on the parameter of the theory as listed in (4.40), with an upper bound on |γW | around 10−18 m−1.
Nevertheless, they did not help us to settle its sign. Even though the bounds so obtained on γW are conservative in
comparison with Mannheim’s estimated value of γW ∼ +10−26 m−1, they are preferable because they are not biased
by any arbitrary assumption on the conformal factor. We noted too that the particular value of Mannheim and Kazanas
belongs to the allowed range that we derived.

For a negative γW , the existence of gravitational mirages with an Einstein angle of a few arcseconds allowed us
to put a stronger upper bound on the absolute value of the Weyl parameter, around 10−31 m−1. Indeed, the existence
of gravitational mirages means the possibility for light deflection to take place, and hence a constraint on rnull(γW ).
When we analyzed The Mannheim-Kazanas theory ( γW > 0) regarding gravitational mirages, we saw that the di-
vergent regime can become significative for massive lenses. Unfortunately, the predictions of the Mannheim-Kazanas
theory will be the same as the general relativistic ones from the point of view of the number of images and of their
parity. This seems to prevent this theory to be tested using gravitational mirages. Indeed, one can just say that the
Mannheim-Kazanas gravity even needs more dark matter than General Relativity, because the Weyl radius is smaller
than the Einstein ring. Furthermore, there is the problem of the unknown mass and distances involved, and the fact
that one cannot observe the difference between a photon received from a divergent or a convergent path.

For γW < 0, we used the weak field limit to show that, contrary to Brans-Dicke and Tensor Scalar theories, the
characteristics of the microlensing curve in the Weyl theory cannot, by a simple rescaling of the mass or the ring radius,
be recast into the general relativistic predictions. There exists a corrective factor depending not only on the parameter
γW of the theory, but also on the characteristic distances of the O-L-S system. Consequently, the width of the images
(or the ring) will be larger in the Weyl theory than in General Relativity, and hence the total amplification too. This
corrective factor, between 1 (GR) and around 1+10−11, might be very small (even irrelevant) for microlensing events
if |γW | happens to be much smaller than our present upper bound. Regarding the optical depth of microlensing events,
unfortunately, even for the upper bound on |γW |, the correction is irrelevant with respect to the observational errors.
We then investigated the possibility to test, in the weak field limit, the Mannheim-Kazanas theory ( γW > 0). It
appears that as far as microlensing is concerned, the interesting closest approach distance r0 0 is cosmological and thus
irrelevant. Consequently, light deflection is always convergent on the microlensing scales, which means no qualitative
deviations from General Relativity. Moreover, an estimation of the order of magnitude of the corrective factor showed
us that one cannot distinguish between General Relativity and the Mannheim-Kazanas theory from the microlensing
point of view.
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5 General

We have seen that the Sun is still a privileged laboratory for constraining the (Post-)Post-Newtonian para-

meters of a theory through angular deflection measurements. Indeed, it is the best-known and contributes to

the largest deflection.
Solar system tests are more appropriate for theories leading to a deviation from General Relativity at first order, like
Tensor Scalar theories. However, remember that, if experimental precision is increasing, one has to consider additional
gravitational effects (quadrupole, angular-momentum contributions) and many parasitic effects which complicates the
determination of PN parameters (and especially of Post-PN parameters at the second order).

When considering microlensing or gravitational mirages, whichever of the theories we consider, we face the prob-
lem of the determination of masses and distances involved in the O-L-S system. Indeed, the lens position is not always
detected, and most of the time, its redshift and mass are not known. In fact, lensing is presently used as a way to eval-
uate the total mass of the lens (luminous and non luminous, meaning detected and ad-hoc dark matter), assuming the
theory of General Relativity is verified. This is why we say that when looking at experiments outside our solar sys-

tem, it is only predictions qualitatively different from the general relativistic ones which can help us exclude some

range of the free parameter(s) of an alternative theory, according to some level of confidence (number of ob-

servations...); or theories leading to statistically different distributions of gravitational mirages or microlensing

events, which should be tested. From that point of view, we are lucky that the sample of microlensing/gravitational
mirages is rapidly enlarging.
Remark that if, in a microlensing event, the lensing star is observed so that its spectral type can be measured, the
estimate we get on the mass might not be precise enough (presently within 10% at the best) to fix the scale factor
1/(1 + α2TS 0) in TS theories .
Additionally, if for microlensing events, the cosmological geometry can reasonably be assumed to be flat to evalu-
ate the distances from the redshifts, for gravitational mirages, on the contrary, the angular diameter distances involved
have to be evaluated consistently in the framework of the alternative theory (in terms of the Hubble constant, the cos-
mological deceleration parameter, the cosmological curvature, and the free parameter(s) of the theory). In this case, it
might not be appropriate to assume an Euclidean geometry. In 1972, Weinberg [140] provided us with the correspond-
ing formula valid only in the framework of General Relativity. Too often, in tests of alternative theories of gravitation,
General Relativity is implicitly used to evaluate quantities indirectly observed. The corresponding formula giving the

angular diameter distance in terms of the redshift (plus the Hubble constant, the cosmological deceleration pa-

rameter and curvature, together with the free parameter(s)) appropriate for the alternative theory being tested

has to be used.

It also needs to be reminded that astrophysicists are confronted with the maximum resolution of their instruments,
so that an additional image (remember the example of MTS/SITS theories) predicted by an alternative theory of gravi-
tation might not be observed (because too faint or not resolved from the other images, from the lens), even if it is indeed
present and even though gravitational mirages constitute in this case a qualitative deviation from General Relativity.

6 Perspectives

Some alternative theories of gravitation lead to lens equations or deflection angle functions that are analytically
difficult to solve (see for example the exact expression for the light deflection angle in MTS/SITS theories). It might

be interesting to use topological arguments, Morse theory or critical points of the functional to extract some

relevant information from the exact expression. Consult references [90, 99, 100, 101, 102] for this formalism.

In this work, we looked at gravitational weak field deflection. It might be interesting to consider, at least from

a theoretical point of view, the strong field predictions. For such a task, the PPN formalism is not appropriate
(remember that it is not suited for describing the emission/detection of gravitational waves, either).
One could think of investigating strong field deflection in Tensor Scalar theories with a formalism similar to that used
by Damour [34], who replace G by an effective body dependent gravitational ‘‘constant’’ GAB, γ by γAB, etc. There
is also an interesting remark to make at this point about TS theories. Weak field predictions are all proportional to
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α2TS 0 and thus deviations from General Relativity should be weak, as cosmological evolutionary models predict a
weak present scalar coupling α2TS 0. However, it has been shown by Damour and Esposito-Farèse [37, 39] that, on
the contrary, strong field deviations from General Relativity do not tend to zero with the scalar coupling if α′TS 0, the
present value of the scalar coupling derivative with respect to the scalar field, is sufficiently negative. Unfortunately,
the class of exact analytical cosmological solutions presented in this thesis is restricted to positive values of α′TS 0.
This means that strong fields predictions for such models should be small too.
In the case of the Weyl theory, we know that the gravitational field can be strong at large distances, and we have already
given the exact expression (4.36) for the asymptotic deflection angle in that case. It would be interesting though, to
study the intermediate regime to the weak field and the strong field approximations that we introduced. Some numerical
study of the image diagrams and of the light deflection angle might be useful. Concerning strong gravitational fields
at short distances, like that due to a black hole, the metric can be considered to be that of Schwarzschild/GR, for which
we have an analytical strong field approximation, (3.19).

Concerning the exact TS analytical attractor mechanism to General Relativity in a flat universe, the analysis
could be pushed a bit further. One could study for example the influence of non flat geometry, or consider the addition
of a scalar-field quintessence potential (2.7) as an alternative to the cosmological constant.
However, what seems the most promising is to apply Chiba’s analysis to our model; namely to translate the Cosmic
Microwave Background data provided by the space mission COBE into constraints on the TS parameters [31]. This
method used by Chiba and his collaborator in the case of Damour et al.’s cosmological model seems to be very efficient
to shrink the α

′

TS 0-dimension in the allowed parameter space (compare Figure 4.1 with Figure 4.2). It would be
interesting to analyze the imprint of Tensor Scalar cosmological evolution on the density perturbations in inflationary
cosmology, and to see whether CMB constraints strongly depend on the cosmological model or not. Indeed, we have
seen that the attractor mechanism can be very efficient, so that the departure from General Relativity in present solar
system tests is really weak; but the Cosmic Microwave Background data might be able to probe the cosmological
models at a time at which they were very different from General Relativity and from one another.

The work done with a rough point mass model could also be refined. A realistic statistical study of existing
gravitational mirage observations to further constrain, for example, the upper bound of a negative Weyl parameter (see
equations (5.33) and (5.35)), or the interesting MTS/SITS range ]Υspecial, 1/4 ≡ Υcritical], with Υspecial depending
on the lensing system, should be carried out.

In this work, we did not investigate the weak lensing phenomenon. Early measurements of the galaxy-galaxy
lensing signal were limited by the small amount of lenses/sources. However, with the advent of panoramic cameras
on 4 m telescopes, measurements of weak lensing by galaxies has become feasible. The simplest approach to this
phenomenon is to measure the ensemble averaged tangential distortion as a function of the radius around the sample
of lenses. This provides interesting constraints on the shape and size of dark matter halos, because it probes the
gravitational potential on large scales. One can also think to use such measurements to test alternative theories of
gravitation (without dark matter). According to a recent reference [67], the best constraint comes from the anisotropy
of the lensing signal around lens galaxies, suggesting that the dark matter halos are flattened. The authors of reference
[67] applied a maximum likelihood analysis, using point model lenses (because they assumed no dark matter), to the
MOND theory (Modified Newtonian Dynamics). They were able to exclude it with 99% confidence. However, the
MOND theory is not a relativistic theory of gravitation. One could recycle the idea though, to test interesting relativistic
theories like for example the Weyl theory, which, we recall, introduces interesting corrections to General Relativity on
galactic distances.

Finally, there are still many other alternative theories, the predictions of which, in the field of light deflection,
could be investigated: like fractal universes, variable dimension universes [89], etc.
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APPENDIX A:

Conventions

Orders of magnitude and present estimate of cosmological parameters

1 parsec = 3.0856 1016 m

1 arcsec ≃ 1/206255 rad

GN = 6, 672 59(85) 10−11 m3 kg−1 s−2 from [14]

MSun = 1.98892(25) 1030 kg from [14]

MMilky Way = 1.8 1011 MSun from [93]

aB = 7, 56 10−16 J K−4 m−3 from [14]

H0 = 100 h0 km s−1 Mpc−1 = (9, 778 13)−1 10−9 h0 years−1

with h0 ∈ ]0, 55; 0, 75[
from [133]

T
◦

CMB 0 = 2, 728± 0, 002 K from [14]

Ωdust 0 exp ∈ [0, 3; 0, 5] present-time pressure-less matter density

ΩΛ 0 exp ∈ [0, 6; 1] present-time cosmological density

Ωm 0 exp ≡ 1−Ωk 0 exp ∈ [0, 8; 1, 2] present-time matter density





from [133]

Tensorial calculus

Our sign convention for the metric is (+, -, -, -, ...).
The coma, ‘‘,µ’’ or ‘‘∂µ’’, denotes the usual derivative, while ‘‘|µ’’ denotes the covariant derivative with respect to

coordinates xµ and the metric gµν .
Equally, we adopt the dot ‘‘·≡ d

dτ ’’ for the proper time derivative and the larger dot ‘‘•≡ d
dt ’’ for the time coordinate.

The apostrophe, ‘‘
′
’’, is for the derivative with respect to the radial coordinate.

The box symbol, ‘‘�’’, is used for the Dalembertian with respect to the metric, ‘‘� ≡ |σ
|σ’’.

Finally, the Latin indices from the lower part of the alphabet are reserved for the spatial coordinates only (i.e.: i, j, k, l =
1, 2, 3); the Greek indices are used for space-time coordinates (i.e.: µ, ν, ρ, σ = 0, 1, 2, 3); and we use Einstein’s sum-
mation convention for each type of indices, between an upper and a lower identical indice with respect to the appropriate
metric.

The Minkowskian flat space-time metric is ηµν .

Generalities about light deflection

We have adopted the following convention for the sign of the deflection angle written as α̂: a positive sign is for
a convergent lens (bending towards the gravitational deflector) while a negative sign means a divergent lens (bending
away from the gravitational deflector).

The angular positions of the image, ϑI , and of the source, ϑS , are taken as positive angles unless the possibility of
considering positive and negative values is noted by an arrow sign ‘‘−→’’; and ‘‘sg( )’’ means the sign of ‘‘()’’.

Usually, we shall use r to denote the Schwarzschild radial coordinate and ρ for the isotropic coordinate. General
radial coordinates are denoted as q.

Normally, the Greek letters α, β, γ, δ and ε, are reserved for the Eddington-Robertson-Schiff parameters, unless
used as indices for the space-time dimensions.
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MTS/SITS theories

Υ = a/2 is the constant parameter that characterizes the static spheric asymptotically flat solution to MTS/SITS
theories in the Einstein frame.

TS theories

Quantities in the Einstein frame are designed by ‘‘˜’’, while the other ones are in the Jordan frame.
The symbols Σ or σ are reserved for the gravitational scalar field in the Einstein frame, and Φ or ϕ for the one in the
Jordan frame. φ, Ψ, Fµν design the matter fields, respectively scalar, fermionic and electromagnetic.
We will note respectively the cosmological scale factor as ℜ, the conformal transformation factor as A, and the scalar
coupling to matter as αTS . When we write αBD, this means the constant coupling of Brans-Dicke.

When doing some cosmological evolution, we distinguish the different reference times using subscripts, like tl
for the beginning of the radiation era, teq for the end of the radiation era (when dust and radiation densities are equal
-equilibrium-), and t0 for the present time. Or alternatively, we use the cosmic time p̃, and in particular, p̃BBN−eq, the
cosmic time elapsed since the relevant epochs prior to Big-Bang Nucleosynthesis till the end of the radiation era.
A subscript ‘‘r’’ is for quantities evaluated during the radiation era, while ‘‘d’’ is for the dust era.

LED theories

The number of extra-dimensions is given by d. Quantities in the (4+ d)-dimensional space-time coming from the
(4 + d)-Hilbert-Einstein action are designated by ‘‘ ̂ ’’ , with the exception of α̂ which is the light deflection angle in
a 4-dimensional space-time.

Latin indices from the upper part of the alphabet are used for the total (4 + d)-dimensions (i.e.: s, u, v, w =
0, 1, 2, 3, ..., 3 + d). The lower part of the Latin alphabet is reserved for the usual three dimensional space, while
Greek indices are reserved for the usual 4-dimensional space-time. We also use Greek indices with an upper bar for
the extra-dimensions only (i.e.: µ, ν, ρ, σ = 3 + 1, ..., 3 + d).

The (4 + d)-dimensional space-time part of the coordinates that live in the non compactified space is noted xµ as
usual; the other part that lives on the compactified extra-dimensions is noted as yµ, this part is thus cyclic because the
compactification is made on a torus.

The coupling of the massless scalar mode is written as αLED and that of the massive scalar modes as βLED.
The Minkowskian metric in (4 + d)-dimensions is ηuv and the one restricted to the extra-dimensions is ηµν .

The Weyl theory

βW , γW and kW are the constant parameters that characterize the three parameter family of static and spherically
symmetric solutions to the Bach equations (in vacuum) in the Weyl theory.



APPENDIX B:

Fact sheets of γ-tests through light deflection and other

experiments

Different measurements constraining the value of the Post-Newtonian parameter γ , representing the depar-
ture of gravitational
light bending from Newtonian gravity . Its general relativistic value is 1. The figure shows the value derived with the
Hipparcos optical
astrometric satellite, which has reached a precision of 0.1%. The arrows in the upper part of this graph denote anom-
alously large values from
the early solar eclipse observations. VLBI observations of the light deflection angle leading to the best precision (about
0.01%) so far are
illustrated. Comparison is also made with the Viking spacecraft which, thanks to Shapiro time-delay measurements,
yielded an agreement
with General Relativity within 0.1%. This figure is extracted from reference [143].
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1 In the optical waveband

Experiment Solar eclipses

Description

Those experiments took advantage of the solar eclipse to observe relative angular position

of stars in the solar neighborhood;

Photographic plates were taken at �= locations (eclipse plates ≡ star field

containing the eclipse location, and comparison/check plates ≡ star field 10◦ to the south,

where gravitational bending is considered to be negligible) and at different times of the

year (eclipse-epoch fields ≡ fields taken during the eclipse, and night time plates ≡ fields

taken at night, a few months after the eclipse).

A subsequent comparison of the same stellar field on the eclipse and on the night plates

would lead to the measurement of light deflection, while comparison fields during the

eclipse or night time would serve for calibration of the instruments scale factors. (This

independent determination of the scale factors was not always possible because the check

plates were not (always) reliable, even though several different methods were used to

obtain them).

For the 1973 experiment, plates were taken with the same telescope, on the 30th June

(eclipse in Chinguetti, Mauritania) and in November. Measurements were made on

Galaxy II comparator at the Royal Greenwich Observatory, and on a PDS micro-

photometer at the University of Texas.

The light deflection angle was obained with least squares adjustments to a GR model.

1st intended

goal

To measure the gravitational deflection due to the Sun and test GR.

How it happens

to be

measuring γ

Through change in the apparent position of the stars close to the Sun, where the effect is the

strongest.

Start-End Sporadic experiments in 1919, 1920... the last one in 1976, for a total of ∼ 9 experiments.

Advantages The first confirmation of General Relativity.

Drawbacks

Scarcity of the solar eclipses (and an eclipse is of max. duration of 7 minutes; most of them

being shorter). Thus a short total observing time in order to make absolute measurements.

Different eclipse experiments were not repeated with the same instruments.

Observations have to be made at the location of the eclipse: so they are made with a

rough temporary station and sometimes, political/weather conditions prevent them.

During a same experiment, different exposures of the same field had different instrumental

scale values (mainly due to different setting of the focus, the tilting of the telescope and

photographic emulsions) => delicate calibration of scaling factors of the instruments.

During the eclipse, the Sun has to pass close enough to some suitable stars (of

sufficient magnitude), as the bending signal decreases with the distance and the scaling

errors increase with the distance from the center (Sun) of the photographic plate.

Intrinsic difficulty of observing at small distances from the Sun (increasing brightness of

the solar corona during the eclipse).

(...)
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(...)

Drawbacks

The full maximum value of 1.75’’ light deflection (at the solar limb) is thus not measured, but

extrapolated from a few measurements at larger distances from the Sun. Einstein’s theoretical

curve being hyperbolic, a small change in the scaling errors or others would lead to different

predictions for γ, even though stemming from the same data.

It experiences the perturbations from the atmosphere, the lack of all-sky visibility, the gravitational

and thermal flexure of telescopes, like all ground-based astronomical observatories ( ↔ satellites).

Precision

Very large error generally >10% and in average 30%. The precision was just sufficient to

distinguish between Newton’s law and GR.

Experiment of 1973: γ = 0.95± 0.11, or α̂ = 1.66”± 0.18”, extrapolated at the solar limb.

Main cause

of errors

Delicate calibration of scaling factors.

References Jones [71]

Von Klüber [137] and references therein.

Light deflection mesured by the Lick expedition (1922) versus the star distance to the Sun in solar radii [137].

Eclipse experiment of 1922 by the Lick expedition [137].
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Experiment
High Precision PARallax COllecting Satellite

(Hipparcos Satellite from ESA)

Description

Space optical satellite mission performing an astrometric survey.

Equipped with a novel ‘‘beam combining technique’’ (a two-part mirror) which brought

the light from the 2 fields of view (separation 58◦and 0.9× 0.9◦) to a common focal

surface, achieving thus large/small field measurements simultaneously.

The satellite did sweep out great circles over the celestial sphere, spinning (T = 2 hours)

with a continuous slow change in its rotation axis, in order to scan the complete celestial

sphere several times during the mission ≡ Hipparcos scanning mode.

Though initially it was designed to have a geostationary orbit (failure).

1st intended

goal

It is a pioneering astrometric space experiment to measure precisely the position, parallaxes

and proper motions of stars ( ± 120 000 stars to a precision of ± 2 to 4 marcsec

planned and an actual precision of 1 marcsec achieved), plus astrometric and color

(B-V) photometric properties of some additional 400 000 stars (an actual precision of

20− 30 marcsec achieved) (Tycho experiment).

A rotation free or ‘‘quasi-inertial’’ system is then represented by relating the final

catalogue to observations of extragalactic objects, and a link to the radio reference frame

is provided by direct/indirect observations of radio stars/quasars by VLBI.

The first aim was to monitor the Earth motion.

How it happens

to be

measuring γ

It also provides stringent new tests of GR (including lensing): as the very accurate

positional measurements of Hipparcos require the inclusion of stellar aberration

corrections, as well as the treatment of light bending due to the gravitational field of the

Sun and the Earth (the dominant effect).

GR is then assumed and deviations from it are measured (1− γ).

Start-End

Launched on 8th August 1989.

Planned operational lifetime of 2.5 years.

Actual operational lifetime > 3 years: communication lost on 15th August 1993.

Final Hipparcos-Tycho Catalogue completed in August 1996, published in June 1997 (ESA).

Advantages

It does not experience the perturbations from the atmosphere, the lack of all-sky

visibility, the gravitational and thermal flexure of telescopes (thanks to a controlled thermal

environment), like all ground-based astronomical observatories ( ↔ VLBI).

All differential angular measurements are at large angles from the Sun (47 to 133◦)

( ↔ eclipses) which allows a better randomnisation of the systematic errors thanks to

the large coverage in elongation. Also, the coronal bending is weaker at such angles.

Moreover, optical waves are less affected by coronal bending than radio waves ( ↔ VLBI).

Measurements with the same instrument (well calibrated all over the sky) were made

at many different orientations and different epochs, thus the parallaxes are absolute and

regional or systematic errors in position/annual proper motion are expected to be< marcsec.

It is the first optical measurement of γ without the need for eclipses.

It is a pioneering experiment which demonstrated that Global Space Astrometry was feasible.
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Drawbacks

The measurements are at large angles from the gravitational deflector (45◦ avoidance angle for

the Sun), thus the signal (deflection) is weaker ( ↔ eclipses).

The individual accuracy was obtained only when the mission was fully completed and the

accuracy on a special target could not be ր by ր the observing time, nor could special

targets be selected as the scanning law was fixed, unlike what is possible with pointing missions

( ↔ SIM).

Precision

It results in γ = 0.997± 0.003 ( ∼ 10−3precision) based on multiple observations of

±12 104 stars (limiting mag. (V) ∼ 12, completeness (V) 7.3− 9.0), with individual

accuracies of 1− 2 marcsec.

Main cause

of errors

A correlation between the deflection and parallactic displacements (parallax zero point).

References
Hipparcos homepage [6]

Froeshle et al. [57]

Hipparcos Satellite.
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Experiment

Full sky Astrometric Mapping Explorer

(FAME)

previously coordinated by NASA, as a MIDEX mission,

with the U.S. Naval Observatory and several other institutions,

but financial support from NASA was withdrawn in October 2002.

Several changes in FAME are discussed to lower the costs

and revive the FAME project.

Description

Small, low cost, astrometric survey satellite, equipped with a telescope looking at 2 fields

of view separated by 81.5◦, with CCDs used in a TDI method.

Waveband: 550-850 nm.

The scanning law is analogous to Hipparcos.

1st intended

goal

To fill the gap between Hipparcos and GAIA missions.

To provide positions, proper motions, parallaxes, photometry.

How it happens

to be

measuring γ

In the same implicit way as Hipparcos does.

Start-End

Launch uncertain.

Planned operational lifetime of 2.5 (minimal mission) or 5 years (extended mission).

Results uncertain.

Advantages

Same advantages as Hipparcos over ground-based experiments ( ↔ VLBI).

Multiple observations with the same instruments ( ↔ eclipses).

Low cost mission.

It will complement the observational program of the pointing SIM instrument.

Drawbacks

The measurements are at large angles from the gravitational deflector (previously 45◦

avoidance angle for the Sun, now changed to 35± 5◦), thus the signal (deflection) is

weaker ( ↔ eclipses).

Same drawbacks as Hipparcos in comparison with pointing missions ( ↔ SIM).

Individual accuracy not as good as SIM.

Precision

It should measure light deflection not only due to the Sun, but also to Jupiter and Saturn.

It should result in ∼ 0.005% precision with 1 σ uncertainty on γ (crude analysis for

an extended mission, based on previous avoidance angle and assuming a single

measurement uncertainty of 1 marcsec at V=9, as well as no correlation between γ

and estimates of other parameters), multiple observations of ± 40 106stars within our

galactic neighborhood (mag. (V) ∈ ]5, 15[ ), with individual accuracies better than

Hipparcos. For example, for V = 9: individual positions ≃ 50 µarcsec, and

500 µarcsec for V = 15; photometry ∼ 10−3 mag.

Main cause

of errors

Systematic errors: pixel variations/detector read noise for faint stars, fewer observations

for brightest stars, photon noise for fainter stars (V∼ 10− 14).

References
FAME homepage [2]

Johnston [70]
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Experiment
Deutsches Interferometer für Vielkanalphotometrie und Astrometrie

(DIVA from Germany)

Description

The first time an homogeneous astrometric sky survey will be performed in at least 6

wavelength bands in the optical regime.

A small satellite equipped with, as main instrument, a beam combining mirror analogous to

Hipparcos, which brings the light from 2 simultaneous fields of view (separation ∼ 100◦

and 0.6◦×0.6◦) to a common focal surface.

Spectral dispersion in a direction to the direction of the scan is enabled by a diffraction

grating on the folding mirror.

It will operate in a similar revolving scanning mode as Hipparcos on a highly eccentric orbit,

with a 24 hour revolution, and an apogee at about 70 000 km.

1st intended

goal

To fill the gap between Hipparcos and GAIA missions.

To measure positions, motions and parallaxes of 35 106 stars, plus spectrophotometry.

This should allow learning about the structure of the Galaxy, star forming

regions, extragalactic objects, kinematics of stars clusters/associations/LMC/SMC,

cosmic distance scale, etc.

How it happens

to be

measuring γ

In the same implicit way as Hipparcos does.

Start-End

Launch in 2004.

Planned operational lifetime of 2 years.

Results in 2008.

Advantages

Same advantages as Hipparcos over ground-based experiments ( ↔ VLBI).

Multiple observations are made with the same instruments ( ↔ eclipses).

Individual observations are 5 times more precise ↔ Hipparcos.

Fringe dispersion enables simultaneous astro-/photo-metric measurements with the same

equipment.

It will probe a larger volume of our Galaxy: 300 times more objects ↔ Hipparcos.

The survey is unbiased from any a priori selection/input catalogue, thanks to an on board

real-time object detection ( ↔ Hipparcos).

It is a low cost space mission (10% of Hipparcos), successor of Hipparcos, an important

step towards GAIA that will allow intermediate results and test data reduction methods for

GAIA.

Drawbacks

The measurements are at large angles from the gravitational deflector (45◦ avoidance

angle for the Sun), thus the signal (deflection) is weaker ( ↔ eclipses).

Same drawbacks as Hipparcos in comparison with pointing missions ( ↔ SIM).

For a short mission length, the scanning law gives a coverage of the sky which is not

completely homogeneous.
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Precision

It should result in ∼ 10−4 precision on γ, based on multiple observations of ± 35 106 stars

(limiting mag. (V) ∼ 17.2, completeness to at least (V) ∼ 15), with individual accuracies

±5 times better than Hipparcos. For example for V=10, K0 stars: parallaxes

∼ 0.19 marcsec, proper motions ∼ 0.24 marcsec/year, photometry ∼ 0.0007 mag.

For more than 100 000 stars, its observations could be combined with Hipparcos to lead to an

accuracy of ∼ 0.1− 0.2 marcsec/year on proper motions.

Main cause

of errors

Attitude determination, instrument calibration; photon noise for bright stars, readout noise for

fainter stars.

References
DIVA homepage [1]

Röser [122, 123, 124, 125]

SIM satellite (NASA).
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Experiment
Space Interferometric Mission

(SIM from NASA ’s Origin Program)

Description

First pointing spacecraft mission to use optical (400-1000 nm) interferometry.

Complementary to GAIA mission.

Equipped with 3 colinear, long-baseline, Michelson stellar interferometers (2 for

precise measurement of the spacecraft attitude and one for science targets) mounted

on a 10-meter long boom. SIM field of view is 15◦ with a basic reach of about

25 kpc.

Equipped with an achromatic on-axis nulling technique (precision 10−4at 5000 Å)

to block out light from bright stars to observe the faint environment around them.

It allows rotational synthesis imaging V resolution ∼ 10 marcsec at 500 nm.

It allows wide-angle astrometry, by creating an astrometric reference grid with a

precision of ∼ 4 µarcsec, a model of the positions and motions of

particular objects that evenly covers the entire sky ( ± 4000 stars, quasars, of

magnitude 13 to 20, and at least one object by 10 square degrees). Relative angles

between objects are not directly measured, but interrelated time delays are.

Will observe the grid a few times/year ( ∼ 25% of mission time) to recalibrate.

Will operate in an Earth trailing solar orbit, slowy drifting away from the Earth at

±0.1 AU per year.

Equipped with propulsion systems that will allow scientist to change/choose its

pointing direction for different science targets (with pointing axis > 45◦ from the

Sun to protect the viewing optics).

1st intended

goal

To measure precisely the position, parallaxes and distances of stars throughout the

Galaxy ( ± 105 science and grid targets), to probe nearby stars for Earth-sized

planets (nulling technique, good resolution in imaging), study time criteria targets

(variables, binaries...) and complex sources (multiple points, extended sources...),

improve the knowledge of the gravitational potential of the Galaxy and evaluate the

rotation curve.

The first point will determine the composition, formation and evolution of our galaxy,

by providing tests to the various theories and models.

How it happens

to be

measuring γ

In the same implicit way as Hipparcos does.

Choosing the pointing direction of the spacecraft would allow an additional active

measuring of the change in angular separation of light sources due to the gravitational

bending of light.

Start-End

Launch in 2009.

Calibration period of 6 months after launch.

Planned operational lifetime of 5 years.
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Advantages

Same advantages as Hipparcos over ground-based experiments ( ↔ VLBI).

Multiple observations are made with the same instruments ( ↔ eclipses).

Ability to point at a single source for an extended period of time, unlike survey missions.

Scientists can choose the pointing direction if their experiment is voted, an active

measurement of gravitational light deflection, detection of microlensing events, is thus

possible ( ↔ Hipparcos, DIVA, GAIA).

Individual observations are much more precise ( ↔ Hipparcos) and the possibility to point

at a single source for a longer period, together with real-time monitoring of the baseline,

allow higer accuracy on targets so faint (V ∼ 20) they cannot even be deteced by GAIA.

It can reach similar individual accuracies as survey missions (where the accuracy is obtained

when the mission is fully completed) but in one single observation ( ↔ Hipparcos, DIVA,

GAIA).

Ability to serve as a potential test bed for new technology developments (nulling capability).

Drawbacks

The measurements are at large angles from the Sun (pointing axis > 45◦from the Sun),

thus the signal (deflection) is weaker ( ↔ eclipses).

It is not constantly obtaining data as it scans the sky: time is limited by pointing

manoeuvres and settling time (200 s for a 12 magnitude measurement, 14 hours at

magnitude 20)( ↔ Hipparcos, GAIA). A large fraction of the mission time will also be

devoted to maintaining the grid.

Precision

A factor 10 or 100 more accurate than Hipparcos.

Fainter limiting magnitude (V ∼ 20) and better individual accuracy even than GAIA.

It should be sensitive to light bending by Jupiter and the other massive planets. Solar J2

might be detected, as well as frame dragging from the rotation of the Sun and planets.

Determination of distances in the Galaxy with a precision of 10 % out of 25 kpc: parallaxes

∼ 4 µarcsec, proper motions ∼ 1− 2 µarcsec/year.

In small angles/differential astrometry (<15◦), the individual accuracies are 1 µarcsec over

a small 1◦ field. At larger angles (>15◦), the precision on absolute positions is ∼ 4 µarcsec.

With such a precision, light modulation effects due to gravitational lensing by MACHOs must

be considered.

Main cause

of errors

Unmodelled errors, mostly field dependent errors in the metrology fiducials.

References

SIM homepage [9]

SISWG report [13]

Boders et al. [26]

Peterson [105]

Peterson and Shao [106]
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Experiment
Global Astrometric Interferometer for Astrophysics Satellite

(GAIA from ESA)

Description

Space optical satellite performing an astrometric survey complementary to Hipparcos.

Equipped with two astrometric viewing dirrections (separation 106◦and

1700× 700 mm2, either using a beam combiner, like Hipparcos, in front of an

interferometer; or several interferometers with baselines set at a fixed angle to

each other). Its payload is also composed of multicolor photometric instruments and

velocity spectrometers.

It employs interferometry (single baseline ⇒ one dimensional angular measurements

in optical/near-infrared) to enhance resolution and hence astrometric accuracy.

It should operate in a spinning (T ∼ hours) Lissajous-type, eclipse free orbit around

the L2 point (1.5 106 km from Earth) of the Sun-Earth system, characterized by a very

high observing efficiency (since the Sun, the Earth and Moon are behind the instrument

field of view) and low radiation environment. It should allow a continuous scanning

of the whole sky.

1st intended

goal

To improve on Hipparcos results in terms of accuracy, object number, limiting magnitude.

To determine the composition, formation and evolution of our galaxy, by providing tests

to the various theories and models. This will be achieved by providing a stereoscopic,

kinematic and photometric map (an accurate set of reference directions) of more than one

billion stars in our Galaxy and throughout the Local Group.

Additional results shall include the detection and characterization of tens of thousands of

extra-solar planetary systems, a comprehensive survey of objects (ranging from huge

number of minor bodies in our solar system, through galaxies in the nearby universe, to

some 10 millions of distant quasars)...

How it happens

to be

measuring γ

In the same implicit way as Hipparcos does.

Start-End

It should be launched before 2012 in ESA’s ‘‘Horizon Plus’’ program.

Planned operational lifetime of 5 years.

Results are expected in about 8 to10 years after launch.

Advantages

Same advantages as Hipparcos over ground-based experiments ( ↔ VLBI).

Multiple observations with the same instruments ( ↔ eclipses).

Individual observations much more precise ( ↔ Hipparcos).

It will probe a larger volume of our Galaxy: a large fraction of the Milky Way within its

parallax horizon, including much of the halo, and even touching on the nearest companion

galaxies, such as the MCs ( ↔ pointing missions like SIM, previous Hipparcos

astrometric mission for which < 0.1 % of the volume of the Galaxy was probed

by direct distance measurements).

Observations are at smaller angles from the Sun (35◦ avoidance angle) ( ↔ Hipparcos,

DIVA, SIM), which increases the deflection signal.

(...)
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(...)

Advantages

The limiting magnitude is sufficiently faint to allow a direct link with the extragalactic

system by observation of quasars to establish the inertial reference frame ( ↔ Hipparcos).

The basic angular variations of the beam combiner (a source of errors in angular

positions) are reduced/monitored, thanks to a powerfull set of laser metrology.

Drawbacks

The measurements are at large angles (35◦ avoidance angle) from the Sun

( ↔ grazing incidence is possible for the planets), thus the signal (deflection) is

weaker ( ↔ eclipses).

Same drawbacks as Hipparcos in comparison with pointing missions ( ↔ SIM).

Precision

It will extend the domain of observations by two orders of magnitude in the length scale

(now 109 − 1021 m) and six orders of magnitude in the deflector mass scale (now

1− 1014 solar masses). For example, it should be sensitive to light bending by the Earth.

It should result in a precision of about 5 10−7 (or better) on γ, based on multiple

observations of about 35 106(V=15) to 3 108 (V=18) stars (limiting magnitude and

completeness (V) > 15− 16), at wide angles from the Sun, with individual

measurement accuracies of 5− 20 µarcsec. This will go along with multi-color, multi-

epoch photometry of each object.

As a result too, distance and kinematical motions of tens of millions of objects should be

known with an accuracy such that direct (trigonometric distance to galactic center) estimates

would be accurate to 10% at 10 kpc, and transverse motions to 1 km/s at 20 kpc.

At this level of accuracy, light modulation effect due to gravitational lensing by MACHOs

and possible metric perturbations due to gravitational waves must also be considered. Also,

subtle effects will start to become apparent: quadrupole moment of the gravitational

deflectors and the ‘‘frame dragging’’ effect of their motions and rotations.

Main cause

of errors

Still a correlation between the deflection and parallactic displacements.

References

GAIA homepage [3]

GAIA Study Report [15]

Lindegren and Perryman [80, 81]

Perryman et al. [104]

The GAIA satellite orbit.
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GAIA satellite.

GAIA satellite, split picture of the different payload components.
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Experiment

Télémétrie Inter-Planétaire Optique (TIPO)

coordinated through OCA/CERGA (France)

a proposal to be submited to CNES in response to a call for mission proposals

for ‘‘Mars Sample Return’’.

Description

One way (Earth - Mars orbiter) laser telemetry. The Mars orbiter is equipped with an ultra-

stable rubidium clock (stability in frequency: 6.5 10−13 T−1/2 with T < 10 000 s or

T < 100 000 s if the oscillator frequency is corrected; precision in frequency: 10−12 or

respectively 10−14), a dater and an optical receptor with an aperture of 100 mm pointing

towards the Earth to be used when orbiting mars. There is an identical optical receptor on the

first level of the vehicle to be used during the Earth-Mars journey.

The laser is a doubled NdYag 532 nm providing pulses at a frequency of ∼ 10 Hz.

1st intended

goals

Scientific: - validate optical interplanetary telemetry,

- Mars orbit determination,

- Mars’ mass determination,

- study electromagnetic wave propagation,

- measure PN parameter γ,

- measure solar and Martian atmospheres,

- validate future telemetric studies with more precise clocks (10−16 in ν)

Technological developments.

.

How it happens

to be

measuring γ

Time-delay measurements: short laser pulse signals sent from the Earth are recorded by

precise clocks on board of a Mars orbiter and dated. This set of dates is downloaded via the

usual Orbiter-Earth link, and compared with the set of dates of Earth emissions. The

signature of the relativistic time delay is superimposed to the orbit signature in particular.

The experiment will be carried out around the period of the solar conjunction with Mars (at

two solar radii) on5th December 2008.

Start-End
Orbiter to be launched in 2007.

Start of Mars orbit mission in September 2008.

Advantages

Drawbacks

Precision
2.5 10−5 on γ for T < 10 000 s, or 7 10−6 for T < 100 000 s (rough estimate based

solely on the accuracy of clocks, neglecting the errors in orbit determination).

Main cause

of errors

Errors in the orbit determination.

References Samain [126, 127]
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Experiment

Astrodynamical Space Test of Relativity using Optical Devices (ASTROD)

a proposal submitted to ESA in response to ‘‘Call for Mission Proposals for

2 Flexi-Missions F2/F3’’.

Description

A desirable implementation is 2 spacecrafts in separate solar orbits, carrying a payload of a

proof mass, 2 telescopes, 2 1-2W lasers, laser detectors, a stable clock, and a drag-free

system together with an earth reference system.

However, a minimal project for the mission, mini-ASTROD, has also been proposed, with

only one spacecraft ranging optically with ground stations.

1st intended

goal

Testing the relativistic gravity with 3-6 orders of magnitude improvement (γ, β, G).

Detect and observe gravitational waves from massive black holes and galactic binary stars

in ∆ν ∈ [50 µHz, 5 mHz], as well as background gravitational waves.

High precision measurements of solar system parameters (J2 Sun, masses,
−→
J Sun).

How it happens

to be

measuring γ

Through time-delay measurements using the same principle as the SORT project.

(Atomic Clock Ensemble in Space) on the IIS (International Space Station) by 2003-2004.

Start-End
The project has been proposed, not yet accepted.

Normal lifetime of the mission: 3 years, with possibility to extend to 8 years.

Advantages

Laser ranging extended to the whole solar system (↔LLR only) using a dragfree spacecraft

dramatically improves GR tests and allows many applications: solar physics, measurement

of J2 Sun that contributes to light deflection, etc.

Drawbacks

Precision
Certainly 10−6 − 10−7 on γ and possibly 10−9 if the stability of the laser clocks can be

improved to 10−18, and the range data is used.

Main cause

of errors

As the stability of clocks and ranging improves, the limitations of the precision on γ will be

mainly due to the atmosphere.

Monitoring of atmospheric effects and ground motion through two-ways tracking, or

using either an Earth satellite or a spacecraft near the Earth- Sun Lagrange point might

help eliminate atmospheric effects from time-delay measurements.

References Bec-Borsenberger et al. [22]
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Experiment
Solar Orbit Relativity Test (SORT)

coordinated through ESA

Description Rely on drag-free control and high precision accelerometers.

1st intended

goal

Measuring the light deflection and the time delay.

How it happens

to be

measuring γ

Time-delay measurements: laser signals sent from the Earth are recorded by precise clocks

on board 2 satellites orbiting the Sun on separate orbits. This time-delay variation is re-

corded over a time interval to minimize the systematic errors.

Light deflection experiment through interferometric measurement on Earth of the angle

between 2 light flashes emitted from the 2 satellites orbiting the Sun.

This project has led to the development of the PHARAO clock (Projet d’Horloge Ato-

mique par Refroidissement d’Atomes en Orbite) and of T2L2 (Transfer de temps par Lien

Laser) with a predicted accuracy of ∼ 30 ps, that should be tested on the ACES project

(Atomic Clock Ensemble in Space) on the IIS (International Space Station) by 2003-2004.

Start-End Only after 2010.

Advantages

Drawbacks

Precision 10−7 on γ.

Main cause

of errors

References Reinhard [112]

2 In the radio waveband

The VLBI γ-estimates in the following tables are either based on a relatively small number of observations at
small angles from the Sun, during the quiet phase of the solar cycle (VLBI I) [78]; or on a larger number of observa-
tions collected for other purposes43, generally at larger angles from the Sun (VLBI II). But, as we quote from reference
[78],‘‘...(There is a plan) to combine the independent data obtained from VLBI I and VLBI II in order to lower sub-

stantially the uncertainty in γ. Collaboration is also investigated with the Jet Propulsion Laboratory for an improved

version of the VLBI I experiment that would utilize several compact reference sources surrounding (on the sky) an oc-

culted source, and employ more and more sensitive antennas. (...) (this) should yield a result for gravitational deflection

several folds more accurate than the one presented here’’.

43 Like for the ‘‘POlar-motion Analysis by Radio Interferometric Surveying’’ (POLARIS) and the ‘‘International Radio Interferometric Surveying’’
(IRIS), which are projects conducted by the National Oceanic and Atmospheric Administration; or the ‘‘Crustal Dynamic Project’’ (CDP) launched
by the National Aeronautic and Space Administration. Notice that, in their publication of 1984 [115], Roberston et al. also included results from
the ‘‘Monitor Earth Rotation and Intercompare the Techniques of observation and analysis’’ project (MERIT).
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Experiment

Very Long Baseline Interferometry (VLBI) type I (original classical experiments)

coordinated through

the International VLBI Service for Geodesy and Astrometry (IVS)

Description

Ground-based radio-interferometry.

Over a period of 1-2 weeks, a set of VLBI antennas tracks 2 or more radio sources (usual

angular separation ± 5− 10◦) around the time one of them is occulted (or nearly) by the

Sun. The classical experiment consists of observing 3C273B (reference source) and

3C279, 10◦ appart, 1 or 2 weeks before and after the occultation of 3C279 which occurs

around 8th October each year. (The quasar 3C48 and the group O111+02, O119+11 and

O116+08 where also used in other measurements).

The sources are observed simultaneously in at least 2 widely separated frequency bands

(e.g., 2 and 8, 23 GHz) in order to correct the measured additional differential delays in

the antennas resulting from the bending effect in the solar corona. It also helps to guard

against frequency-specific nulls in the fringe visibility of either source.

The antennas used were the 40 m and one of the 27 m ∅ at the Owens Valley Radio

Observatory, CA, USA, and the 37 m and 18 m ∅ antennas at the Haystack

Observatory, MA, USA. Two antennas are used (each larger antenna at 23 GHz, and

smaller antennas at 2, 8 GHz) at each site because no single antenna was equipped for

simultaneous observations in 3 frequency bands.

Both observatories use the Mark-III VLBI system for data acquisition and correlation.

1st intended

goal

Specifically designed to measure gravitational light deflection through the apparent

displacement of a chosen light source with respect to another reference light source.

How it happens

to be

measuring γ

Data obtained simultaneously at the same frequency from 2 antennas, each on different sites,

are cross-correlated to estimate the difference in the phase of the signal as a function of time

( ≡ fringe phase). Group delays ( ≡ the derivative of the fringe phase with respect to the

angular frequency) are used instead of phase delays ( ≡ the fringe phase divided by the

angular frequency), even though the second ones are inherently more precise, they have

narrowly spaced ambiguities stemming from the 2π ambiguities in the fringe phase.

A parametrized theoretical model of the delays is then fitted to the measurements in order

to obtain γ. This is an active determination.

Start-End

Advantages Large bending signal ( ↔ VLBI II).

Drawbacks

Smaller data sets ( ↔ VLBI II).

It does experience the perturbations from the atmosphere, baryometric pressure loading,

gravitational and thermal flexure of telescopes... Hence, at some point, improvements in

measuring γ will depend critically on the ability of modelling those effects ( ↔ satellites).

Observations were made with antennas that had different characteristics.
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Precision
γ = 0, 9996± 0, 0017 ( ∼ 10−3precision), corresponding to a deflection

0, 9998± 0, 0008 times that predicted by GR.

Main cause of errors

Uncertainties in the knowledge of pole position, time delays due to Earth atmosphere

and to the difference in the atomic-clock readings at the two observational sites.

However, in general, uncertainties on γ are more sensitive to those factors in the

experiment that affect the delays differently on different days (e.g. delays due to the

atmosphere), and are virtually insensitive to factors that affect the delays in the same

way each day (e.g. delays related to the observational site).

References

Creyn [32]

Lebach et al. [78]

Will [143]

VLA array structure.
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Experiment

Very Long Baseline Interferometry (VLBI) type II

coordinated through

the International VLBI Service for Geodesy and Astrometry (IVS)

Description

Ground-based radio-interferometry.

A cooperation between more than 29 observatories (between 1980 and 1990; since then,

more might have joined in the various programs), working on the projects POLARIS, IRIS,

and CDP, and involving routine application of VLBI observations devoted to geodesy.

All use the Mark-III VLBI system for data acquisition and correlation.

Typically, an experiment lasts 24 hours and involves observations of 20-50 sources spread

over as much of the sky as can be seen from the observing sites.

1st intended

goal

To monitor the polar motion, Earth rotation, construct a geodetic network to study plate

tectonics.

How it happens

to be

measuring γ

The observing schedules were not planned to optimize the determination of γ but

fortunately, a large set of radio sources used laid near the ecliptic and thus had small Sun

angles at certain time of the year. The change in angular separation between two or more

radio sources was thus recorded. Moreover, these observations, in dual X-S

frequency (enabling removal of deflection due to the solar corona and the Earth ionosphere),

have the requisite angular resolution and are broadly distributed at different angles from the

Sun: a set of 342 810 group-delay observations, 74 radio sources, 214 observations at an

angle from the Sun < 3◦ and 592 observations at < 6◦.

Data from multiple experiments spaced over a year or more can be combined and thus

changes in the apparent source positions can be measured, even for sources that never

come close to the Sun.

Least-squares adjustments of the �= parameters (including γ, but also source coordinates,

baseline coordinates, polar motion and the Earth rotation parameters, clock error

coefficients, atmospheric Smith-delay parameters) are then made to determine γ. The

determination is implicit.

Start-End

The data taken into account by D.S. Robertson et al. in their article of 1991 comes from

observations between 1980 and 1990. The project is still working with more than 20 years

of activity now.

Advantages

Over almost the entire celestial sphere ( ↔ eclipses).

The project is still running! The set of observations is enlarging ( ↔ eclipses). With time,

we might expect a more precise measurement of γ.

The apparent displacement of the light sources is 1 year periodic, which allows to decrease

the correlation between γ and other parameters in the fitted solution (mostly source

coordinates). The usual sources of systematic errors for VLBI observations (atmosphere,

clock effects station and source coordinates errors) are really weakly correlated with

γ estimates.

(...)
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(...)

Advantages

Measurements are more accurate thanks to:

- a longer baseline (mainly 3 103 km in the 1984, 7 103- 104 km in the 1990 results),

- improved data processing software (modelling of atmospheric refraction; adjustments in

tectonic plate velocities, to the Earth tide Love numbers, nutation, relativistic

propagation of the radio-wave in the Earth gravitational field),

- dual band X-S frequency allows to remove solar corona and Earth ionospheric deflection,

- improved instruments (double spanned bandwidth, and eightfold increase in the

recorded bandwidth and an improved delay/phase-calibration equipment).

Basing the determination of γ on the observation of many light sources leads to very little

correlation between γ and the source parameters ( ↔ original classical VLBI).

The number of observatories involved is increasing (improved sky coverage):

- observatories from the southern hemisphere are joining (southern hemisphere radio

sources not yet included in these 1991 results),

- new observing stations.

The next sunspot minimum should be accompagnied with reduced solar corona activity,

allowing observation closer to the solar limb.

Drawbacks

It does experience the perturbations from the atmosphere, errors in the nutation model used

to reduce the observations, baryometric pressure loading, gravitational and thermal flexure of

telescopes... Hence, at some point, improvements in measuring γ will depend critically on the

ability of modelling those effects ( ↔ satellites).

Precision

γ = 1.000± 0.002 ( ∼ 10−4precision) in results given by [116],

or according to [143], 1+γ2 = 0.99992± 0.00014 for the

Sun. The precision since 1991 has increased since the number N of geodetic experiments has

increased. However, only 50% accuracy is reached for the light deflection by Jupiter.

D.S. Robertson et al. foresee an inevitable improvement in measurements by a factor

2 or 5 in the decade (from 1991!), or maybe a full order of magnitude.

Even though the angular positions of the sources are only accurate to ∼ 1 marcsec

(the accuracy obtained from a few geodetic experiments is much worse than that from only

one classical VLBI experiment), it is the very large number of geodetic experiments that

decrease the error, simply by means of root-N ( ↔ VLBI type I).

Main cause

of errors

Refraction of the radio-waves in the solar corona, at small angles form the Sun, leads to an

additional bending correction which is stronger in the radio than in the optical waveband

( ↔ Hipparcos, GAIA), thus observations are collected during solar quiet periods.

However, the main problem at large angles lies in effects like unmodelled atmosphere refraction,

despite their small correlation with γ; together with relative time offset between stations clocks.

References
Robertson and Carter [115, 116]

Will [143]
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Experiment

VLBI Space Observatory Program (VSOP)

coordinated through

JPL Space Very Long Baseline Interferometry project (NASA)

and several collaborations

Description

The project associates space telescopes to the existing VLBI network of Earth

observatories (40 telescopes from more than 15 countries in 1999) to create a virtual

radio telescope > 3 times the Earth diameter.

A Japanese satellite, HALCA, was launched into an elliptical Earth orbit to co-observe

with the international collaboration of radio telescopes.

1st intended

goal

Routine radio science observations with scientific goals such as:

- high resolution imaging of Active Galactic Nuclei (AGN),

- monitoring structural changes in superluminal sources,

- measuring proper motion as a function of z in AGN,

- distribution of spot sizes in OH maser sources,

- high resolution imaging of radio stars.

How it happens

measuring γ

In the same way recent VLBI observations did.

Start-End

- HALCA (Japan) launched in 1997,

- Radioastron (Russia) to be launched in 2002,

- VSOP2 (Japan) to be launched in 2007, 10 times more sensitive than HALCA,

- ALFA (Astronomical Low Frequency Array), a cluster of small satellites operating as

a single radio telescope, far from Earth,

- ARISE (Astronomical Radio Interferometry between Space and Earth), JPL project

to be launched in 2008,

- 30 meter antenna on board the Space Station Freedom (ESA) for 2010,

- Milimetron (Russia),

- (...)

Drawbacks

Advantages

Increasing precision over VLBI terrestrial results.

The elliptic orbit of HALCA provides a wide range of distances between the satellite

and the Earth, allowing high quality image of radio sources.

References

Space VLBI homepage [10]

US Space VLBI homepage [11]

VSOP homepage [12]
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3 Other experiments measuring γ

The PN parameter γ of course does not solely contribute to light deflection, but also to the gravitomagnetic frame
dragging effect/Lense-Thiring effect ∝

(
γ + 1 + α1

4

)
, to the de Sitter precession ∝

(
γ + 1

2

)
, to the time delay of radio

signals ∝ (γ + 1), to the precession of celestial bodies ∝ (2 + 2γ − β), or to the Nordtvedt effect testing the Weak and
Strong Equivalence Principles ∝ η = (4β − γ − 3) [143]... As such, various tests in the past, like ranging data using
the time delay to landers (Viking [110], etc) or spacecrafts (NEAR [52]), the precession of Mercury and Icarus, lunar
laser ranging..., have been used or are still used. However, VLBI experiments using light deflection or time delay so
far provide the best determination of γ. In the future, some experiments will improve on the present determination of γ
by other means than the change in apparent position of a light source (preceeding paragraph), see the following table.

Proposed space missions leading to an improvement in the estimation of γ

References Method Mission Expected

precision

on γ

[25]

[61]

[68]

Doppler measurement of

the Solar gravitational deflection,

the first time this method is used

Cassini launched in 1997,

experiment in 2002-2003

10−4 − 10−5

[5]

[15]

[54]

relativity gyroscope experiment,

geodetic precession measurement

Gravity Probe B (2002) 6 10−5

[8]

[131]

[134]

output of orbit determination

of the orbiter, time-delay and

Doppler-shift measurements

Mercury Orbiter, within

BepiColombo (2007/2009)

chosen as the 5th or 6th

Cornerstone Mission of the

Horizon 2000 Scientific Plan

of ESA

2.5 10−6

[112]

[130]

Projet d’Horloge Atomique par Re-

froidissement d’Atomes en Orbite

(PHARAO clock), a swiss hydro-

gen maser clock to provide a long

term frequency standard, associated

with the IIS, to form the Atomic

Clock Ensemble in Space (ACES)

for time-delay measurements

International Space Station

(IIS) (2004/2005)

1 10−5



APPENDIX C:

Light deflection angle in the framework of field theory

Calculating the light deflection angle using the Feynman quantization rules of the theory is of no use in the case
of Tensor Scalar (TS), Brans-Dicke (BD) and General Relativity (GR) gravitational theories. The formalism obtained
leads to the same result as found when working with (P)PN parameters, but is too complex for this purpose. Neverthe-
less, Feynman rules and the study of propagators are interesting in the case of Large Extra-Dimension (LED) theories,
as we illustrated in Paragraph 4.2.2.2. Indeed, we showed there, thanks to a simple argument based on the reduction
of the (4+ d)-graviton propagator, that the case of a strong coupling in LED theories with a nonmassive scalar field is
to be rejected.
In this appendix, we shall provide the complete derivation of expression (4.7).The latter expression gives the predicted
light deflection angle up to the third order for LED theories, with the gravitational coupling G that is initially given
by the large 1/

(
1 + α2LED

)
·GN value for a nonmassive zero-mode scalar field. However, we evoked the fact that G

lowers down to GN as soon as the zero-mode scalar field gets a mass (Paragraph 4.2.2.3).
Note that for simplicity, throughout this appendix, calculations are made with the convention c = h = ℏ = 1.

1 Feynman rules from the linearized LED gravitational action

Propagation terms and propagators

The gravity propagators are given by the inversion of the Lagrangian corresponding to the freely propagating
gravitational particles in the appropriate traceless and transverse gauge; or from the reduction of the (4 + d)-graviton
propagator into 4-dimensions. The last method proves to be simpler and immediate.
If the transfer momentum is q; the mass of massive (1n �= 0) Kaluza-Klein modes, mn; the polarization matrix of the
usual graviton, oµν(q); that of a helicity-2 massive KK state, oµνKK n(q); we recall that for a

• Massless, helicity-2, graviton propagator, see expressions (1.38) and (1.45):

iGµν,αβ(&n=0) (q) = i
ηµαηνβ + ηµβηνα − ηµνηαβ

q2 + iε

• Massless gravitational scalar-field propagator, see expressions (1.38) and (1.45):

iG(&n=0) (q) =
1

q2 + iε
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• Massive, helicity-2, KK propagator, see expressions (1.40) and (1.46):

iGµν,αβ(&n�=0) (q) = i
ηµαηνβ + ηµβηνα − 2

3η
µνηαβ

q2 −m2
n + iε

• Massive gravitational scalar-field propagator, see expressions (1.40) and (1.46):

iG(&n�=0) (q) = i
1

q2 −m2
n + iε

External lines

The normalization factor ( 1√
2V Enervy

) where V is the volume of space, times the polarization matrix for photons
(εαr ) are used to write the external lines of the

• Matter massive scalar field:

Ψm k
1√

2V ωk

• Electromagnetic field (photon):

γp,r
εαr (p)√
2V ωp

Vertices

We have seen, in the linearized action (1.40), that the interaction of the massive helicity-2 Kaluza-Klein states with
matter reduces to:

−
√

κ

2

∑

&n�=0

∫
dx(4)
(
h(&n)µνT

µν
m + βLED Φ(&n)Tm

)
,

while for zero-mode graviton and scalar field, according to (1.38), it is given by

−
√

κ

2

∫
dx(4)
(
h0µνT

µν
m + αLED Φ0 Tm

)
.

The expression of the electromagnetic-field action,

I(phot.)m =

∫
d(4)x

√−g

(
−1

4
gµνgρσFµνFρσ

)
,

leads to the energy momentum for a photon

T (phot.)
m µν = − (gρσFµρFνσ) +

1

4
gµν (g

µνgρσFµνFρσ) with Fµν = ∂µAν − ∂νAµ ;
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while from the matter action for a massive scalar field Ψm,

I(scal.)m =

∫
dx(4)

√−g

(
1

2
Ψm,µΨm

,µ − 1

2
m2
ΨΨm

2

)
,

one deduces the following tensor:

T (scal.)
mµν =

1

2

(
−Ψ,σm Ψm,σ +m2

Ψ Ψ2
m

)
gµν +Ψm,µΨm,ν .

Consequently, to obtain the corresponding vertices, one just needs to proceed through the following steps:

1. Fourier transform the respective linearized interaction terms,
2. symmetrize over the initial and final states 1 ↔ 2,
3. associate the appropriate coupling constant −√κ

2 , −αLED
√

κ
2 or −βLED

√
κ
2 to each vertex, plus a factor −i.

The result is given by the following expressions, for a photon of polarization εαr (p) and 4-momentum pµ, or a
massive scalar field of mass mΨ and 4-momentum kµ.

• Photon − helicity-2 gravitational fields vertices:

or

Vαβ,ρσ (p1, p2) ≡ (−i)

(
−
√

κ

2

)




+

{
−p1αp2βηρσ

−p2αp1βηρσ

}
+

{
+p1αηβσp2ρ

+p2αηβρp1σ

}

+

{
+ηµαp2νp1β

+ηµβp1νp2α

}
+

{
−ηµαηνβ (p1.p2)

−ηµβηνα (p1.p2)

}

−ηαβ (p1.p2) ηρσ

−ηαβp2ρp1σ




= (−i)

(
−
√

κ

2

)



+ηµν (ηαβp1.p2 − p1βp2α)

+

{
−p1.p2ηµαηνβ + ηνβp1µp2α + ηναp1βp2µ − ηαβp1µp2ν

+(µ ←→ ν)

}

 .
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• Matter massive scalar field − helicity-2 gravitational fields vertices:

or

Vµν (k1, k2) ≡ (−i)

(
−
√

κ

2

)[
−ηµνk1.k2 + ηµνm

2
Ψ + (k1µk2ν + k1νk2µ)

]
.

• Matter massive scalar field − gravitational scalar field vertices:

V (&n=0) (k1, k2) = (−i)

(
−αLED

√
κ

2

)[
−2(k1.k2) + 4m2

Ψ

]
,

V (&n�=0) (k1, k2) = (−i)

(
−βLED

√
κ

2

)[
−2(k1.k2) + 4m2

Ψ

]
.

2 Light deflection process in LED theories

The corresponding diagrams

Light deflection can be seen as the scattering of a photon (γ) onto a gravitational potential represented by a massive
scalar field (the Sun for example, Ψm), and mediated by the gravitational interaction:

γp1 +Ψmk1
gravity−→ γp2 +Ψmk2 .

However, among the KK states, only the helicity-2 and scalar states couple to matter by construction. The photon stress
tensor being traceless and the scalar modes coupling only through the trace of the matter fields, solely the helicity-2
will contribute to the cited process.
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Also, the massive graviton diagrams are analogous to the one associated with the usual massless graviton.
Hence, we can represent light deflection by the following Feynman diagrams:

Mphot.−scal.
(&n=0)

+
∑

n

Mphot.−scal.
(&n�=0)︸ ︷︷ ︸

Mphot.−scal.
KK

with





the photon, γp ,

the gravitational potential, Ψmk ,

Mphot.−scal.
(&n=0) mediated by the massless helicity-2 graviton,

Mphot.−scal.
(&n�=0) mediated by the helicity-2 KK massive states number n,

Mphot.−scal.
KK , the contribution of all massive helicity-2 KK states,

the transfered energy momentum, qµ = pµ2 − pµ1 = kµ2 − kµ1 .

The amplitude

From the diagrams and the Feynman rules, we obtain the following amplitude for the light deflection process:

Mphot.−scal.
LED = Mphot.−scal.

(&n=0) +Mphot.−scal.
KK

= incoming-outcoming lines of massive scalar

∗vertex of massive scalar ∗ gravitational propagators ∗ vertex of photon

∗incoming-outcoming lines of photon

= 1√
2V ωk1

1√
2V ωk2

∗
[
Vµν (k1, k2) ∗

{
Gµν,αβ(&n=0)(q) +

∑
nGµν,αβ(&n�=0)(q)

}
∗ Vαβ,ρσ(p1, p2)

]

∗ ερr1(p1)√
2V ωp1

ε∗σr2 (p2)√
2V ωp2

.

In the gravitational propagators, the (ηµνηαβ)-terms will not contribute, because of the null trace of the photon:

0 = T (phot.) ≡ ηαβT
(phot.)
αβ

Fourier transform
=⇒ ηµνηαβ ∗ Vαβ,ρσ = 0 .
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The amplitude thus reduces to

Mphot.−scal.
LED = 1√

2V ωk1

1√
2V ωk2

∗
[
Vµν (k1, k2) ∗ (−i)

[
ηµαηνβ + ηµβηνα

] {
1
q2 +
∑
n

1
q2−m2

n

}
∗ Vαβ,ρσ(p1, p2)

]

∗ ερr1 (p1)√
2V ωp1

ε∗σr2 (p2)√
2V ωp2

,

=
1√

2V ωk1

1√
2V ωk2

1√
2V ωp1

1√
2V ωp2

ερr1 (p1) ∗ ε∗σr2 (p2)

∗
(
−i 4 κ

2

)
∗
{

1
q2+
∑
n

1
q2−m2

n

}
∗




+ηρσ {(k1.p1)(k2.p2) + (k1.p2)(k2.p1)− (k1.k2)(p1.p2)}
+(p1.p2) {k1ρk2σ + k2ρk1σ}
+(k1.k2) {p2ρp1σ}

−1

{
+p2ρk2σ(k1.p1) + k2ρp1σ(k1.p2)

+k1ρp1σ(k2.p2) + p2ρk1σ(k2.p1)

}








Aphot.−scal.LED ρσ





Aphot.−scal.LED .

Sum and average over the polarization (helicity) of photons

Seeing that the incoming photon is not polarized, we need to sum the amplitude over the two possible polarizations
of the incoming photon (

∑
pol ). Moreover, we must average over the polarizations of the outcoming photon as we do

not measure it (12
∑
pol ). This leads to

∣∣∣Aphot.−scal.LED

∣∣∣
2

=
1

2

∑

pol ε1
pol ε2

∣∣∣Aphot.−scal.LED

∣∣∣
2

=
1

2

∑

pol ε1
pol ε2

(
ε1µε

∗
2ν Aphot.−scal. µνLED

)(
ε1ρε

∗
2σ Aphot.−scal. ρσLED

)∗

=
1

2
Aphot.−scal. µν Aphot.−scal.∗ ρσLED

∑

pol ε1

ε1µε1ρ

︸ ︷︷ ︸
−ηµρ

∑

pol ε2

ε∗2νε
∗
2σ

︸ ︷︷ ︸
−ηνσ

=
1

2
Aphot.−scal. µνLED Aphot.−scal.∗LED µν .

Using the fact that p2i= 0 for the photon and k2i= m2
Ψ for the scalar field, we find

∣∣∣Mphot.−scal.
LED

∣∣∣
2

=
1

2V ωk1 2V ωp1︸ ︷︷ ︸
�

V 2 ∗ incoming flux

∗ 1

2V ωk2 2V ωp2︸ ︷︷ ︸
�

V 2 ∗ outcoming flux

∗12
(
4κ2
)2 ∗
{

1
q2+
∑
n

1
q2−m2

n

}2

∗




+8(p1.p2)
0 {(k1.p1)(k2.p2)(k1.p2)(k2.p1)}

−4(p1.p2)
1 m2

Ψ {+(k1.p1)(k1.p2) + (k2.p2)(k2.p1)}
+2(p1.p2)2

{
m4
Ψ

}








∣∣∣Aphot.−scal.LED

∣∣∣
2

;
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while the 4-momentum conservation law δ4((k1+p1)− (k2+p2)) leads to

∣∣∣Aphot.−scal.LED

∣∣∣
2

= 4
(
4
κ

2

)2
∗
{

1

q2
+
∑

n

1

q2−m2
n

}2
∗




+(p1.p2)
0
{

(k1.p1)
2(k1.p2)

2
}

−(p1.p2)
1 m2

Ψ {(k1.p1)(k1.p2)}
+(p1.p2)

2
{
m4
Ψ

4

}


 .

In the lab frame where the Sun is initially at rest

In a particular frame where the massive scalar field, the Sun, is initially at rest,

pµ1 = (ωp1 ,
−→
p 1 = ωp1 · 1z0)

pµ2 = (ωp2 ,
−→
p 2 = ωp2 · 1z0)

kµ1 = (ωk1 = mΨ, 0)

kµ2 = (ωk2 ,
−→
k 2 =

−→
p 2 −−→

p 1) (C.1)

where 1z0 is a unit vector in the direction of the incoming photon, mΨ is the solar mass, ωp1 (ωp2 ) is the energy of the
incoming (outcoming) photon, θ is the angle between the momentum of the outcoming photon and that of the Sun after
interaction, and ωk1 (ωk2) is the total energy of the Sun before (after) interaction.
The following momentum product reduces to

(p1.p2) = ωp1ωp2(1− cos θ)

and can be replaced in the preceding expression for the amplitude:

∣∣∣Aphot.−scal.LED

∣∣∣
2

= 4
(
4κ2
)2 ∗
{

1
q2+
∑
n

1
q2−m2

n

}2
∗m4

Ψ




+1
{
ω2p1ω

2
p2

}

−ωp1ωp2(1− cos θ) {ωp1ωp2)}
+ω2p1ω

2
p2(1− cos θ)2

{
1
4

}


 ,

with ωk2 =
√

m2
Ψ + ω2p1 + ω2p2 − 2ωp1ωp2 cos θ .

Weak angle and massive deflector approximation

If we suppose that the deflection is weak,
sin θ ≃ θ ,

and we further assume a very massive scalar field (solar mass), so that we may consider that the energy of the photon
is conserved as the scalar particle experiences almost no recoil, the following approximations are valid:

ωp1 ≃ ωp2 ≡ ωp ,

q2 ≃ −ω2pθ
2 ,

(1− cos θ) ≃ θ2 .

(C.2)
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We shall thus neglect the terms proportional to θ2 and (p1.p2)
x with x ≥ 1 in the amplitude. This leads to

∣∣∣Aphot.−scal.LED

∣∣∣
2

≃ +16 · 64π2G2 m4
Ψ

{
1

θ2
− ω2p ∆d(q

2
)

}2
,

with





∆d(q
2) ≡ ∑

n�=0
1

q2−m2
n
,

1n = (n1, n2, ..., nl) , the wave vector with ni = −∞, ..., +∞ ,

n ≡ |1n| , the wave number,

κ ≡ 8πG
c4 , the gravitational coupling in 4-dimensions,

where G �= GN a priori.

(C.3)

3 Cross-section of LED light - massive scalar-field scattering

The differential cross-section

Let us define

dσ ≡ incoming flux ∗
∫

dΠ2 ∗
∣∣∣Aphot.−scalLED

∣∣∣
2

,

where the phase space integral is given by

∫
dΠ2 ≡

∫ ∫
dp32
(2π)3

1

2ωp2︸ ︷︷ ︸
outcoming photon

dk32
(2π)3

1

2ωk2︸ ︷︷ ︸
outcoming scalar

(2π)4δ4(k2+p2−k1−p1)︸ ︷︷ ︸
energy-momentum conservation

.

We can calculate this phase space integral, that is, integrate the outcoming flux on the phase space of the outcoming

particles (V dp
3
2

(2π)3 and V dk32
(2π)3 ), using the energy-momentum conservation law:

∫
dΠ2 =

∫
dp32
(2π)3

1

2ωp2 2ωk2
(2π) δ(ωk2 + ωp2 −mΨ − ωp1)

=

∫ ∣∣−→p 2

∣∣ d
∣∣−→p 2

∣∣ dΩ2

(2π)3
1

4ωp2ωk2
(2π) δ(ωk2 + ωp2 −mΨ − ωp1)

=

∫
ωp2 dωp2 dΩ2

(2π)3
1

4ωp2ωk2
(2π) δ(ωk2+ωp2−mΨ−ωp1)

=

∫
ωp2 dΩ2

(2π)2
1

4

1

ωp2 − ωp1 cos θ + ωk2

=
1

8π

∫
d cos θ

ωp2
mΨ + ωp1(1− cos θ)

,

with

{
ωk2 =
√

m2
Ψ + ω2p1 + ω2p2 − 2ωp1ωp2 cos θ ,

Ω2 (dΩ2= sinθ dθ dϕ) , the solid angle around −→
p 2 .
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In the laboratory frame previously described by (C.1), we find the energy of the outcoming photon:

k22 = (k1 + p1 − p2)
2 ⇒ 1

mΨ + ωp1(1− cos θ)
=

ωp2
ωp1mΨ

.

In addition, if we use the weak angle and massive field approximation (C.2), we get

dσ =
1

2mΨ 2ωp
∗ 1

8π

∫
d cos θ

ωp
mΨ

∗
∣∣∣Aphot.−scal.LED

∣∣∣
2

.

We recall that the differential cross-section is the probability of scattering per unit of time for
−→
p 2−−→p 1

|−→p 2−−→p 1| fixed. It

is given by
dσ

dΩ2
=

1

2mΨ 2ωp1
∗ 1

2π

1

8π

ω2p2
mΨωp1

∗
∣∣∣Aphot.−scal.LED

∣∣∣
2

.

This thus leads to the following result in the weak angle and massive deflector approximations:

dσ

dΩ2
≃ +16 G2 m2

Ψ

{
1

θ2
− ω2p ∆(q2)

}2
. (C.4)

The cross-section

To recover the angular cross-section,

σ(θ) ≡ dσ

dθ
, (C.5)

we just need to remember that dΩ2 ≃ θ dθ dϕ, and integrate over the angle ϕ. Doing so, we find

σ(θ) ≃ +32π G2 m2
Ψ

θ3
.

4 Light deflection angle in LED theories

The impact parameter, the scattering angle and the light deflection angle

The scattering angle, θ, is linked to the impact parameter b by the following reasoning

(
# incident particles with

an impact parameter ∈ [b, b+ db]

)
=

(
# particles scattered at an angle

∈ [θ, θ + dθ]

)

⇔ Intensity ∗ 2π b db = −Intensity ∗ dσ
dΩ2

∫
ϕ
dΩ2

⇔
∫
b db = −

∫
dσ
dΩ2

sin θ dθ
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which leads, in the small angle approximation, to

b2

2
≃ −
∫

16 G2 m2
Ψ

{
1

θ2
− ω2p ∆d(q

2)

}2
θ dθ ,

b2 ≃ +16 G2 m2
Ψ

{
1

θ2
+4 ω2p ∆d(q

2) lnθ − ω4p ∆
2(q2) θ2

}
,

b ≃ +4 G mΨ
1

θ

{
1+2 ω2p ∆d(q

2
) θ

2
lnθ
}

,

using the result (C.4) previously obtained for the differential cross-section.
Inverting this last expression, we get

θ ≃ +
4GmΨ

b

{
1 + 2 ω2p ∆d(q

2) (
4GmΨ

b
)
2

ln(
4GmΨ

b
)

}
.

We still need to remember that the scattering angle, θ, is the angle between the directions of the momentum of
the incident and that of the outcoming photon; while, α̂, the light deflection angle, is the angle between the incoming
and outcoming directions of the momentum of the scattered particle for a target at rest. Consequently, in the particular
chosen lab frame, where the scalar field is massive and thus stays at rest, the angle θ is equal to the light deflection
angle α̂. Hence,we have demonstrated expression (4.7) with the mass of the deflector given by mΨ ≡ M .
It is interesting to recall that this result for the light deflection angle contains the particular case of BD and GR theories.
Indeed, there exist no massive states in those theories, hence ∆d TS/GR ≡ 0; the gravitational constant G is given by
(1.48) with αBD ≡ αLED from (1.37); and the corresponding Brans-Dicke parameter, ̟, is found in (1.39). GR is
recovered for αBD → 0 or ̟ → ∞.

Estimation of ∆d(q2) for LED theories

We now have to estimate the sum over the massive propagators (1n �= 0) given in (C.3), for the case that interests
us, i.e. for q2 < 0 (space like propagators (C.2)). For d=0, it is of course null.
When d=1, the vector mode reduces to 1n = n1 and the sum over the massive propagators can be computed explicitly.
However, one has to be cautious to remove the zero mode contribution (first term in the following). We obtain the
expression given in (4.7) for ∆d=1:

∆d=1(q
2 = −Q2) = − 1

q2+
n1=+∞

Σ
n1=−∞

1
q2−m2

n1

= + 1
Q2−

n1=+∞
Σ

n1=−∞
1

Q2+m2
n1

(1.44)
= + 1

Q2 − 1
Q2

RQ
2 coth

(
RQ
2

)

QR small≃ + 1
Q2 − 1

Q2

(
1 + R2Q2

12

)

≃ − π2

3(GM3
s )

2 ,

(C.6)

where the expression for the gravitational coupling in 4-dimensions obtained from the (4 + d)-action reduction 66 ,

G =(4π)d/2 Γ (d/2) R−d M−(2+d)
s , (C.7)

was used in the last step.
For d>1, we note that massive KK states with mass mn given by (1.44) are quasi degenerated in mass because if
the radius of compactification, R, is a submillimeter scale in LED theories, the separation between two consecutive
masses, proportional to 1/R, is, on its side, much smaller than the other physical scales in our problem. Consequently,
we can approximate the discrete sum by a continuous integral. There exists a number dr(d) of Kaluza-Klein states in
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the mass interval [mn, mn+dmn] with r ≡ n, so to give

∆d(q
2 = −Q2) ≃ −zero mode contribution +

∫∞
0 dr(d) 1

q2−m2
n

≃ −zero mode contribution −
∫∞
0

dr(d) 1
Q2+m2

n

≃ −zero mode contribution −
∫∞
0

Rdmd−2
n

(4π)n/2 Γ(d/2)
dm2

n
1

Q2+m2
n

≃ −zero mode contribution − 2 Rdqd−2

(4π)d/2 Γ(d/2)

∫∞
0

yd−1 dy
1+y2 ,

where y ≡ mn/Q.

To remove the zero mode contribution, we integrate from the minimum mass, mmin
(1.44)≡ 2π/R; and because the above

integral diverges logarithmically for d > 1, we insert a cut off at mn = Ms, the mass scale of the theory. We obtain

∆d(q
2 = −Q2)

(C.7)≃ 2

GM4
s

(
Q2

M2
s

)d/2−1 {
Id(

Ms

Q
)− Id(

mmin

Q
)

}
, (C.8)

where





Id(x) ≡ −
∫ x
0
yd−1 dy
1+y2 ,

=





−1
2 ln
(
x2 + 1
)

for d = 2 ,

(−1)d/2−1
[∑d/2−1

k=1
(−1)k
2k (x)2k + 1

2 ln
(
x2 + 1
)]

for d > 2 even,

(−1)(d−1)/2
[∑(d−1)/2

k=1
(−1)k
2k−1 (x)2k−1 + arctan (x)

]
for d > 2 odd.

In the scattering process that we envisaged here to model light deflection, MS≫ Q = |p2−p1| and MS≫ mmin.
Using (C.8) and (C.7) in this approximation leads us to the expression for ∆d>1(q

2) given in (4.7).
Note that a calculation with the integral for d = 1, without the cutoff,

∆d=1(q
2 = −Q2) ≃ +

∫−n1 min

−∞
dn1

q2−m2
n1

+
∫+∞
+n1 min

dn1
q2−m2

n1
,

= −
∫−n1 min

−∞
dn1

Q2+m2
n1

−
∫+∞
+n1 min

dn1
Q2+m2

n1
,

(1.44)
= −2 R2π

∫ +∞
+mn1 min

dmn1

Q2+m2
n1

,

= − R
2Q + R

πQ arctan
(
π
Rq

)
QR small≃ − R2

2π2 ,

gives us an idea of the approximation done when comparing this latter result with (C.6). The approximation seems
better when integrating from mmin/2, which leads to −R2/π2, closer to the exact result of (C.6).




