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Introduction

In the last forty years high-energy physics has been dominated by the Standard
Model (SM), which describes the strong and electroweak interactions of the
fundamental fermions and vector bosons. These interactions are described
by an SU(3)¢c x SU(2)r, x U(l)y gauge theory, where the SU(2)r, x U(1)y
symmetry gets spontaneously broken so that the weak gauge bosons and the

fermions acquire a mass.

Despite the great success of the SM, all physicists agree that, even if the last
missing fundamental particle predicted by the SM, the Higgs boson, is dis-
covered, the SM cannot be the final theory as many questions are left unan-
swered. Therefore one of the main challenges, both on the theory and on the
experimental side, is to look for new physics beyond the SM. Due to its great
experimental success and despite the fact that new physics is expected to arise
at the TeV scale, physicists believe that the principles underlying the SM are
correct and that gauge symmetries are among the fundamental symmetries
of Nature. In particular, the theory of strong interactions, Quantum Chro-
modymamics (QCD), is described by an unbroken gauge symmetry based on
the gauge group SU(3)c. The study of gauge symmetries is hence among the
most important tasks in theoretical physics and has a twofold interest. First,
a thorough understanding of gauge theories allows to pursue our efforts to-
wards uncovering of the underlying principles of Nature. The second interest
is purely phenomenological and stems from our need to make predictions for

future collider experiments. In particular, the Large Hadron collider (LHC)
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starts operating this year at CERN and will search for new physics linked to
the breaking of the electroweak symmetry. Since however the LHC is a proton-
proton collider, the major fraction of events observed will be pure QCD events
and a good understanding of this QCD background to new physics signals thus
requires a thorough understanding of how to make predictions for gauge theory

scattering amplitudes.

During the last decade, significant progress has been made in the computa-
tion of gauge theory scattering amplitudes, both at tree-level and beyond. At
tree-level, the field has got new momentum in 2003 when Witten conjectured a
duality between Yang-Mills theories and a certain type of string theory based
on twistor space [I]. The main outcomes of this conjecture, the BCFW recur-
sion and the MHV rules [2], 3, [4], have led since then not only to new explicit
results for gluon scattering amplitudes for up to eight gluons, but have also
provided a new insight into the internal structure of Yang-Mills tree-level scat-
tering amplitudes by revealing their intrinsically recursive nature. The ideas
inherent to these twistor approaches were soon also applied beyond tree level,
where they have been combined to the pioneering work of Bern Dixon and
Kosower on the unitarity based approaches of the early nineties [5] [6]. This
new way of tackling one-loop amplitudes has led to a revolution in the way we
think (loop) amplitudes should be computed in an efficient way and a large
number of new results have recently been published that were thought impos-
sible just a few years ago. Furthermore, two independent groups implemented
this approach into a numerical code allowing for the first time an automatic
evaluation of one-loop amplitudes and therefore finally bringing within reach

the full automatization of next-to-leading order computations in QCD [7, [§].

Despite the impressive progress that has been made regarding one-loop scat-
tering amplitudes in QCD, not much is known, however, about Yang-Mills
amplitudes at two-loop accuracy and beyond. Progress in this direction has
been made, however, in recent years in the context of planar NV = 4 super
Yang-Mills theories (MSYM). The study of this particular gauge theory has a
twofold interest. First, it is known that one can always arrange the computa-
tion of QCD loop amplitudes in a way such as to make the MSYM contribution
manifest, i.e., MSYM amplitudes are a part of the full QCD amplitude and
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so their knowledge reveals part of the full QCD result. Second, since MSYM
is a supersymmetric conformal quantum field theory, it is much simpler than
full QCD and therefore serves as a playground to investigate the properties of
Yang-Mills theories in this simpler framework and the hope is to extend these
properties to the study of QCD amplitudes. One of the most intriguing results
in this context is a conjecture put forward by Bern, Dixon and Smirnov (BDS),
based on the previous work of Anastasiou, Bern, Dixon and Kosower, that an
MSYM gluon amplitude in a so-called mazimally helicity violating configura-
tion must fulfill a set of iteration relations which allow to express a generic
{-loop amplitude for an arbitrary number of legs in terms of the one-loop am-
plitude [9, [10]. The BDS ansatz was shown to hold in the case of the two and
three-loop four-point amplitude by direct analytical computation and in the
case of the two-loop five-point amplitudes by a numerical evaluation. How-
ever, it was shown to fail independently by several groups in the finite part of
the two-loop n-point case, with n > 6 [I1], 12, I3]. The question whether the
ansatz is just a mirage or whether it is enough to modify the ansatz by some
(yet unknown) function in order to correct it for any number of external legs

is currently the aim of intense research activity.

An aim of this work is to contribute to this challenge of understanding Yang-
Mills theories, both from the theoretical and from the phenomenological point
of view. We concentrate in particular on the computation of gauge theory
scattering amplitudes. In the first part, we investigate tree-level amplitudes
and we give a review of Witten’s twistor techniques in Chapter I Those
techniques are defined at the level of the color-stripped amplitudes and need to
be dressed with color when computing full QCD matrix elements. In Chapter 3]
we therefore introduce a technique to dress recursive relations for color-ordered
tree-level amplitudes with color and we derive the corresponding color-dressed
recursive relations, showing in this way explicitly that the recursive nature of
gauge theory scattering amplitudes is preserved also for the full QCD matrix

elements, including color [14].

For many phenomenological applications, however, tree-level approximations
to physical observables are insufficient and only orders of magnitude can be

obtained. In such cases it is necessary to include higher-order corrections
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coming from loop amplitudes. QCD computations beyond leading-order ex-
hibit two different types of divergencies which have to be dealt with before
any prediction for a physical quantity can be obtained. On the one hand,
ultraviolet-divergencies appearing when particles with large momenta circulate
inside a loop can be handled by the renormalization procedure. On the other
hand, QCD loop amplitudes are also infrared divergent. The Kinoshita-Lee-
Nauenberg (KLN) theorem implies that the infrared singularities coming from
the real and virtual corrections arising when two or more particles become
soft and / or collinear in phase space cancel out for inclusive enough quanti-
ties (cross sections, decay rates,...) at any order in perturbation theory. In
the second part of this work we therefore investigate the infrared behavior of
gauge theory amplitudes. In Chapter 4 we review how the infrared divergen-
cies coming from the real and virtual corrections are handled using so-called
subtraction schemes before performing any numerical calculation. The subtrac-
tion method relies on the fact that the infrared behavior of QCD amplitudes
is universal and can be described by the so-called splitting amplitudes and soft
factors. A precise knowledge of these universal quantities is thus needed to per-
form higher-order calculations in QCD. Besides the splitting amplitudes and
soft factors, there is another set of objects that describe the infrared behav-
ior of QCD amplitudes. These so-called antenna functions were introduced in
Refs. [15], [16] and describe in a unified way the soft and collinear divergencies
in QCD. In Chapter [f] we present a novel way of introducing tree-level antenna
functions, based on Witten’s twistor techniques [17]. We show how the MHV
formalism provides a natural way of defining antenna functions as a sum over
MHYV diagrams, extending in this way the corresponding result by Birthwright
et al. derived for splitting amplitudes [I8,[19]. We then apply our technique to
derive for the first time the a full set of tree-level gluon antenna functions up
to N3LO and we present a set of recursive relations for antenna functions and
splitting amplitudes, showing in this way once more that splitting amplitudes
inherit all the properties of the full amplitudes: gauge invariance, symmetry

relations and even a fully recursive formulation.

A general process-independent subtraction scheme at NLO was already in-

troduced more than a decade ago [20]. Tts generalization to NNLO and the
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counterterms regularizing the real emissions for up to two unresolved particles,
however, have only been proposed recently [21], 22}, 23, [24]. In practise, it is nec-
essary to know also the analytic expressions of these counterterms integrated
over the phase space of the unresolved particles. In this work we address this
problem and explicitly integrate a subset of the real virtual counterterms ap-
pearing in the generic NNLO subtraction scheme. In Chapter[@ we present our
method of performing the integration, which is a generalization of techniques
introduced in the last decade for the computation of (multi-) loop integrals and
we extend this technique to the computation of generalized hypergeometric in-
tegrals which appear in the integrals over the phase space of the unresolved
particles. We illustrate our approach on the example of the soft counterterm,
which can be expressed in terms of Gauss’s hypergeometric function. Details

on the more general integrals are given in Appendix [l

In the third part of this work we analyze the BDS conjecture in MSYM. We
review the ansatz and what is known about its breakdown in Chapter [ Since
the computation of the two-loop six-point amplitude in Ref. [12] was numerical,
not much is known about the breakdown of the ansatz for n = 6. The question
could be settled by the a direct analytical computation of the two-loop six-point
amplitude, involving the analytic calculation of two-loop hexagon integrals, a
computation which is beyond our technical capabilities for the moment. We
therefore propose to perform the computation not in general kinematics, but
in simplified kinematics, based on the high-energy behavior of gauge theory
amplitudes, where the loop integration might become simpler. In the high-
energy limit, the produced gluons are strongly ordered in rapidity and the
corresponding scattering amplitudes are conjectured to factorize in terms of
universal building blocks, the so-called coefficient functions and Lipatov ver-
tices, similar to the splitting amplitudes and soft factors in the case of the
infrared limits [25]. In Chapter [§ we review the high-energy factorization of
tree-level gluon amplitudes and introduce our notations and conventions. We
then proceed and present a novel way to compute tree-level coefficient functions
and Lipatov vertices. This new approach is based on the MHV formalism and
is a generalization of the methods introduced in Chapter [0 in the context of

antenna functions. We explicitly use this new technique and derive for the first
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time the complete set of tree-level gluon Lipatov vertices for the emission of up
to four gluons. In Chapter [ we generalize the high-energy factorization beyond
tree-level (in fact we conjecture that it holds true to any number of loops in
the perturbative expansion [26, [27]) and we present explicit examples of how
the universal building blocks can be extracted from MSYM loop amplitudes.
In Chapter [0 we then combine the results of the preceding chapters and ana-
lyze the high-energy behavior of the BDS ansatz. We show in particular that
the BDS ansatz in the euclidean region where all the invariants are negative
is fully consistent with high-energy factorization for any number of loops and
legs. By relaxing the strong rapidity ordering of the final state gluons we can
disguise the limit of simplified kinematics where a discrepancy with the BDS
ansatz should arise. Since this limit involves the explicit computation of the
one and two-loop hexagons (in simplified kinematics), we study in Chapter [I]
for the first time the behavior of one-loop MSYM amplitudes to higher orders
in the dimensional regulator €, a necessary ingredient for the BDS ansatz. In
particular, we compute the one-loop scalar massless pentagon in D = 6 — 2¢
dimensions in the high-energy limit, which appears in the higher order contri-
butions in € to the five-point MSYM amplitude. We show that the result can
be expressed in terms of generalized hypergeometric functions, whose Laurent
series needs the introduction of a new set of transcendental functions, the so-
called M functions [28]. The knowledge of the scalar massless pentagon allows
us to derive for the first time an analytic expression for the two-loop five-point
amplitude, albeit in simplified kinematics and we finally use this result to ex-
tract the two-loop Lipatov vertex in planar MSYM [29]. Further appendices
including technical details omitted throughout the main text as well as details

on the special functions used throughout this work are also included.
This work is based on the following papers, as well as on conference proceed-
ings [30]:

- C. Duhr, S. Hoeche and F. Maltoni, “Color-dressed recursive relations for

multi-parton amplitudes,” JHEP, vol. 08, p. 062, 2006, [hep-ph/0607057].

- C. Duhr and F. Maltoni, “Antenna functions from MHYV rules,” JHEP,
vol. 11, p. 002, 2008, [arXiv:0808.3319].
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- U. Aglietti, V. Del Duca, C. Duhr, G. Somogyi and Z. Trocsanyi, “Ana-
lytic integration of real-virtual counterterms in NNLO jet cross sections

1" JHEP, vol. 09, p. 107, 2008, [arXiv:0807.0514].

- V. Del Duca, C. Duhr and E.W.N. Glover, “Iterated amplitudes in the
high-energy limit,” JHEP, vol. 12, p. 097, 2008, [arXiv:0809.1822].

- V. Del Duca, C. Duhr, EEZW.N. Glover and V.A. Smirnov, “The one-
loop pentagon to higher orders in epsilon,” 2009, submitted to JHEP,
[arXiv:0905.0097].

- V. Del Duca, C. Duhr and E.W.N. Glover, “The five-gluon amplitude in
the high-energy limit,” 2009, submitted to JHEP, [arXiv:0905.0100].

Some of the results in Chapter [§ and Appendix[El are original and have not yet
been published.
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Tree-level techniques in
gauge theories






Chapter

Tree-level scattering amplitudes
In gauge theories

1.1  Feynman rules and diagrams in gauge the-
ories

The theory of strong interactions is a Yang-Mills gauge theory based on the
gauge group SU(3). In the following we give a short review of SU(N.) gauge
theories in general, having Ny quark flavors in the fundamental representation.

The Lagrangian for an SU(N.) gauge theory reads

1 1
L= =7 Tr (B F™) +apilbas —mydras + 2 (0"Gy)” +2°0" Dyuc”, (1.1)

where ¢y denotes the quark field with flavor f and mass m , G}, is the gauge
field (the gluon in the case of QCD) and ¢* denote the ghost fields. The
covariant derivative D,, and the field strength tensor F),, are defined by

D, =0, —igT"G,

; 1.2
Fur = - 1D D] = (0465 — 0,65 + 9 VR GGy ) T -

*In this work we only consider massless quarks, my = 0.

11
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n 2 3 4 5 6
# diagrams 4 45 510 5040 40320

Table 1.1: Number of Feynman diagrams contributing to gg — ng at tree level.

where T denote the generators of the Lie algebra of SU(N.), with the nor-

malization
Tr (T°7%) = 6°° and [T, T°] =iV2 f*Te. (1.3)

The Lagrangian in Eq. (L)) describes all the gauge interactions between the
quarks and the gluons, and all (tree-level) Feynman rules can be derived from
it. The complete set of Feynman rules of an SU(NN,.) gauge theory can be found
in Ref. [3T]. Feynman rules are at the basis of the computation of Feynman
diagrams, the ‘Queen’ of all techniques to compute scattering amplitudes in
quantum field theory (QFT), which has been one of the most important activi-
ties in theoretical physics over the last fifty years. Although Feynman diagrams
provide a very intuitive approach to the calculation of scattering amplitudes,
their use may become inefficient due the factorial growth in complexity with
the number of external particles (See Table [[LT). The main reason for such
an extremely fast growth stems from the fact that each individual Feynman
diagram is not a gauge-invariant quantity and subsets of diagrams combine to
yield a gauge-invariant result, and gauge-invariant subsets are repeated many
times. On the other hand, it is known that even if the number of diagrams
can be quite large, the gauge-invariant results for QCD amplitudes can very
often be written in a rather simple form, and large cancellations can happen
between the different non gauge invariant contributions. For this reason, new
techniques have been developed over the last fifteen years that allow to take the
gauge-invariant structure into account from the beginning and to avoid in this
way the bad algorithmic behavior of the Feynman diagram expansion. The
first chapter of this work is a short review of these alternatives to Feynman

diagrams.
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1.2 Color decomposition

In this section we review the main ingredients that allow to overcome the prob-
lem of the factorial growth in the number of Feynman diagrams. As already
mentioned, the bad algorithmic behavior of the Feynman diagram-based ap-
proaches comes from organizing the computation in a way that is not compliant
with the underlying gauge symmetry of the theory. The main idea is to keep
all the information separated from the start, i.e. , to factor out the gauge
structure from the kinematical dependence of the amplitude in order to pre-
serve gauge invariance at every step in the computation. The starting point
for this approach is color decomposition, which allows to write any scattering
amplitude as a sum over the different color structures that appear in the am-
plitude, multiplied by a coefficient that contains the kinematical dependence of
the scattering. In the following, we focus on the different color decompositions
for pure gluon amplitudes at tree-level, and we briefly comment at the end of

this section on generalizations to include quarks as well.

Let us consider the tree-level amplitude for the scattering of n gluons with
momenta p;, helicities h; and color quantum numbers a;. This amplitude can

be written as [32]
Ao ({pishisai})
—g? Y m(Tre 1) A, (s(1), (),

Uesn/Zn

1.4)

where the sum runs over all non-cyclic permutations of the gluons. The coeffi-
cients A, of the color traces are gauge-invariant quantities called color-ordered
amplitude which only depend on the gluon momenta and helicities, but not
on colotl. The color-ordered amplitudes are invariant under crossing symmetry
if all external momenta are taken to be outgoing, which is the convention we
will follow in the rest of this work. Furthermore, they are invariant under a

cyclic permutation of the gluons and they fulfill the reflection identity,

Ap(n,.. 1) = (=1)" Au(1, ..., n). (1.5)

T Also known as partial amplitudes.
¥Note that we follow the convention to label the arguments of the color-ordered amplitudes
only by the gluon indices, i.e. , Ap(1,...,n) has to be understood as A, (p1,...,Pn)-
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Finally, there are linear relations among the partial amplitudes, known as the
Kleiss-Kuijf relations, which allow to reduce the number of independent par-
tial amplitudes from (n — 1)! to (n — 3)! [33], B4}, B5]. Several ways exist to
compute the partial amplitudes, but we only mention at this point the color-
ordered Feynman rules, extending Feynman diagram-based approaches to color-
ordered amplitudes [32]. In the next chapters we will review several alternative

approaches, both recursive and diagrammatic.

Since the number of partial amplitudes in Eq. (I4) grows factorially with the
number of external gluons, it is more convenient to express the amplitude in
a basis where we can identify a priori the terms in the color sum that give
a non-zero contribution. In Eq. (I4) each gluon was labelled by an adjoint
color index ranging from 1 to N2 — 1. Since N, ® N, = (N2 — 1) @ 1, we can
alternatively label the gluons by a pair of fundamental and anti-fundamental
color indices (7,7). In Ref. [36] it was shown that in this color-basis a tree-level
gluon amplitude can be written as
Ao ({pishisai})
—g" 2 >l A (e (1), a(n")),
€Sy /L

where the partial amplitudes are the same as those appearing Eq. (IL4)). This
color decomposition, also known as the color-flow decomposition, is well suited
to be used in numerical algorithms, because the color factors in front of the
partial amplitudes all evaluate to either zero or one. Hence, one can identify a
priori the zero color flows and restrict the computation only to partial ampli-
tude with non-zero color flow. Squaring and summing is particularly easy in

the color-flow decomposition, e.g. ,

S Sl 5?""*1)T

loq log (3 oo Ton
gt g (S ) (17
o1 o9 on Jon Joqg Jopn—1
_ n
= Nc ,

and for the cross terms between different color flows one gets in a similar way
monomials of the form N}~ where m is even. This is to be contrasted to the
fundamental color decomposition, where products of traces of color matrices

have to be computed.
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The two color decompositions (IL4]) and (L6) both use the fundamental rep-
resentation of SU(N,) for the color factors. Since the gluons transform in the
adjoint representation of the gauge group, we can ask for a decomposition of
the amplitude that takes advantage of the adjoint nature of the gauge bosons.
In Ref. [37] it was shown that a pure gluon scattering amplitude can be written
as
An (‘{pi, hs, ai}) =g"? Z (Fo2  Fonen), o
0ESn_2 (1.8)
x Ap (1h1,a(2h2), co((n— 1)h"*1),nh”),

where (F?),. = if®¢ denote the generators of the fundamental representation
of SU(N.). Note that in contrast to the decompositions discussed earlier, only
(n — 2)! terms appear in the sum in Eq. (IL8). However, although the number
of color-ordered amplitudes which need to be evaluated is much smaller than in
the fundamental or the color-flow decompositions, the adjoint color basis turns
out to be less efficient because it involves matrix products for the (N2 — 1)-

dimensional matrices F'®.

Let us conclude this section by making some comments on how color decompo-
sition can be extended to quarks. We give the explicit example of a tree-level
amplitude containing a single quark-antiquark pair and an arbitrary number of
gluons. Since quarks transform in the fundamental representation of SU(N,),
we can immediately write down the amplitude by replacing in Eq. (L) the

generators F'® by the generators T of the fundamental representation [32],
An (14,2027 {pi, i i} )

:g"‘Q Z (T““S...T““n)ijAn(lgl,QZfz,a(Shs),...,U(nh")).

cESh_2

(1.9)

For amplitudes involving more than one quark pair, we can derive a similar

result, the color factors being products of strings of color matrices.

1.3 Spinor-helicity formalism

In the previous section we showed how the problem of computing an n-point

amplitude can be reduced to the computation of the corresponding (n — 3)!
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independent partial amplitudes. In the rest of this chapter we thus concentrate
on techniques for the computation of partial amplitude. Since color-ordered
amplitudes only depend on the gluon momenta and helicities, they can be
easily calculated using the spinor-helicity formalism, based on the fact that

each lightlike momentum p can be decomposed into two spinors,

Poo = 0h,pp = Ao Ais (1.10)
where A and A denote two Weyl spinors with opposite chirality. We refer to
Aa and \g as the holomorphic and antiholomorphic spinor components of the
momentum p. It is easy to see that if p, is real, then the matrix F,; must
be hermitian, which implies in turn that the holomorphic and antiholomorphic
components must be complex conjugated to each other (up to a sign). We define
spinor products as the antisymmetric contractions of these Weyl spinors, e.g. if

p; and p; denote two massless momenta, then we define
(i) = €ap A )\g’- and [ij] :eabj‘?j‘?- (1.11)

From the antisymmetry of the Levi-Civita tensor it follows immediately that

spinor products are antisymmetric,
(ij) = —(j1) and [if] = —[ji], (1.12)

and for real momenta the two kinds of spinor products are complex conjugate
to each other (up to a sign). Furthermore, they have a very simple physical
interpretation, because the two spinor products can be identified as the complex

square roots of the two-particle invariants s;; = (p; + p;)? = 2p; - pj,
sij = (i) [i]- (1.13)

Spinor products enjoy many algebraic properties (See for example Ref. [32]).
Let us mention here only the Schouten identity, a relation that will play an

important role in Chapter [B]

(ig) (kD) = (ik)(Gl) + (il) (k3j)- (1.14)

8From here on, if there is no ambiguity, we use indifferently the words ‘amplitude’ and
‘partial amplitude’.
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The definitions of the previous paragraph make it possible to express every tree-
level gluon amplitude as a rational function of spinor products. This result is

easily obtained by making the following observation:

1. Any momentum coming from a (color-ordered) vertex and any propagator

can be written in terms of spinor products using Eqgs. (ILI0) and (TCI3).

2. We can find a representation of the polarization vectors for a gluon with

momentum pag = A g in terms of spinor products [38],

— Aa Ha Ha 5\('1
€aa(Diq) = V2 and €, (p,q) = —V2 : 1.15
P = V2O ) =V 19

where goq = pafle denotes an arbitrary lightlike momentum (but linearly

independent from pgg).

Eq. (LI5) needs some more explanation. It is easy to check that the vectors e,

defined in this way fulfill all the properties of transverse polarization vectors,

e p,q) € (p,q) =€ (p,q) € (p,q) =0
e (p,q)- € (p,q) =1,
(1.16)
p-es(p,q) =0,

(5(p.q))" =€ (p,0),

and they also fulfill the closure relation

Pudy tPvlu

1.17)
pq

e (p.9) (6 (1, 0)" + €, (p.0) (6, (1, 0))" = —gpuw +

Finally, one can show that the choice of the arbitrary lightlike vector ¢ is
equivalent to a gauge choice, and hence it must cancel for gauge-invariant

quantities. This property can be used as a cross-check in explicit computations.

For some specific helicity configurations a closed form valid for an arbitrary

number of gluons can be derived:

1. At tree-level there is no way to distinguish a pure gluon amplitude in QCD
from the corresponding amplitude in supersymmetric theories. Hence, the

tree-level QCD amplitude must fulfill the same supersymmetric Ward
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identities as in the SUSY case, which imply in turn that all tree-level
amplitudes where the gluons have the same helicity or only one gluon has

a different helicity must vanish [32],

A, (1% 2%, ')
(1.18)
-

0,
A,(17,27,...,n7) =0.

2. The first non-zero helicity configurations correspond to exactly two glu-
ons of different helicity. Those mazimally helicity violating (MHV) am-
plitudes were first conjectured by Parke and Taylor in Ref. [39] and
later proven recursively by Berends and Giele using their recursive re-
lations [40] (See Section [[4]). They take an extremely simple analytic
form,

_ _ (ig)*
A (T i, i, ) = 02(23) - ((n = D) (ol (1.19)

Using parity, we can find the corresponding amplitude for exactly two
positive-helicity gluond,

]4

_ . . - n [ZJ
An(17 80§77 = () e Ty el

. (1.20)
Note that once these formulas are established for pure gluon amplitudes,
we can deduce the corresponding MHV amplitudes for quarks using the

effective tree-level supersymmetry of QCD.

3. Recently, a generic formula for all split-helicity amplitudes of the form
An(17,...,i7,(i+1)",...,n") has been derived [41]. Since this formula
will not play any role in this work, we do not comment on this result

further, but only quote it for completeness.

For n = 4 and n = 5 all partial amplitudes are MHV (or MHV) amplitudes.
Starting from n > 6, however, no generic formula valid for arbitrary n can be
given. We classify the new structures in terms of the number n_ of negative-

helicity gluons in the amplitude:

1. n_ =2: MHV amplitude.

I These amplitude are sometimes referred to in the literature as MHV amplitudes.
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2. n_ = 3: Next-to-MHV (NMHV) amplitude.
3. n_ = 4: Next-to-next-to-MHV (NNMHV) amplitude.

4. etc.

There are several techniques to compute a generic non-MHV amplitude, and

the first part of this work is in fact devoted to these techniques.

1.4 Berends-Giele recursive relations

In this section we discuss a recursive algorithm to compute color-ordered am-
plitudes for a given number of external particles. This algorithm, introduced
by Berends and Giele in Ref. [40], relies on the concept of an n-point off-shell
current J, defined as the sum over all tree-level Feynman graphs with n exter-
nal on-shell legs and a single external off-shell leg. On-shell amplitudes can be
obtained from off-shell currents by putting the off-shell leg on shell,

A (L, n, (n+1)F) = i iPY, e JH(1,...,n), (1.21)
where p denotes the Lorentz index of the off-shell gluon, and where we defined
Py, =p1+...4+pn. The currents can be built recursively from similar objects
with fewer external legs, and the Berends-Giele (BG) recursive relations for

pure gluon amplitudes rea

J 1,...,77, = v Plz; i+1,n JV 1,,Z)J (’L+1,,77,)
14
1n =1

— n—2

Z VI T, ) TG+ 1 )T (G ) |
+ =1
(1.22)

where by convention one defines one-point off-shell currents to correspond to

the polarization vectors of the external gluons, J,(i*) = eff (pi, qi), and where

IlIn the following we review this recursive approach in the case of pure gluon amplitudes.
The generalization to quarks is then straightforward.
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) - +

Figure 1.1: Pictorial representation of the color-ordered BG recursive relations.
Blobs indicate off-shell currents, crosses off-shell lines.

V3 and V, denote the color-ordered three and four-gluon vertices

V5P (P, Q) = —= (9" (P — Q) + 29"Q" — 29" P?) |

S8

(1.23)

‘/4,uvpa — (2g,upgya o g,uvgpa o g,uagl/p) .

DO | =

A pictorial representation of the BG recursion can be found in Fig. [Tl

For numerical purposes Eq. (.22)) is not yet in its most optimal form, because
it involves both the three and the four-gluon vertices in the recursion. In order
to reduce the complexity of the algorithm, we decompose the four-gluon vertex
in terms of three-point building blocks. This can be achieved by introducing a
fictious tensor particle which only couples to the gluons [42]. In terms of the

tensor-gluon vertex, the color-ordered four-gluon interaction can be written [14]
V{¥P7 = Vit iDops Vi + VETP iD g5 VO, (1.24)

where V"7 and iDygs denote the tensor-gluon vertex and the tensor prop-
agator summarized in Table We also introduce an n-point off-shell tensor
current J,,,, as the sum of all Feynman graphs having n external on-shell gluons
and a single off-shell tensor leg. Note that this definition implies that there
is no one-point tensor current. Inserting the decomposition of the four-gluon
vertex into Eq. (L22), the BG recursive relations immediately become

. n—1

—i ,
JH(1,2,...,n) = 7 Z {Vg“ P(Prg, Prosin) Ju(1, .. k) (k+1,...,n)

1,n k=1

F VB g, k) Jap(k 41, n)

+ VRO g1, k) ek + 1, ,n)},
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n—1

Jag(L,...;n) =iDagys VL' D Ju(1,. ) oG +1,...,n).  (1.25)

j=1

The recursive relations for the gluon and tensor currents can be solved simul-
taneously up to the desired order in the number of external legs. Putting the
external leg on-shell, we obtain an explicit representation for a given partial
amplitude. The BG algorithm is known to have a very good algorithmic behav-
ior. However, in order to build the full amplitude, we need to perform the sum
over the color permutations of the external gluons. So, even if the complexity of
the recursion for the partial amplitudes is very good, we end up with a factorial
growth when it comes to summing over colors. This important issue will be
discussed in more detail in Chapter [3] when discussing color-dressed recursive

relations.
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ny -- po iDyvpo = ,%' (g,upgva _ gvpg,u.a')

H ~— v VPO = _% (gupguo _ gupgua)

po

Table 1.2: The color-ordered Feynman rules for the fictious tensor particle
appearing in the decomposition of the four gluon vertex. Straight lines indicate

gluons, dashed lines indicate tensors.

) % — xX--

0432
@:

Figure 1.2: Berends-Giele recursive relations where the four-gluon vertex has
been decomposed in terms of a fictious tensor particle. Straight lines denote

gluons, dashed lines denote tensors.



Chapter

Twistor techniques in gauge
theories

2.1 Introduction

In the previous chapter we introduced the color-ordered Feynman rules and the
BG recursion as two examples of how to compute tree-level partial amplitudes.
Recently, two additional techniques have been developed, known as the MHV
formalism and the BCFW recursion. They are the outcome of a conjecture
by E. Witten of a duality between gauge theories and a certain type of string
theory in twistor space [I]. Although originally formulated in the context of
string theory, the MHV formalism and the BCFW recursion have been proven
rigorously within the framework of gauge quantum field theories, and they
do not need the reference to twistor space any moreH. We follow here this
approach and only present the results within the framework of quantum field
theory, without commenting on the original conjecture to string theory used to

derive them in first place.

Before reviewing these two new approaches in more detail, let us make some
general comments about their common features. The main idea is that on-shell

amplitudes can be built recursively from amplitudes with fewer external legs,

*The name ‘twistor techniques’ is however still used nowadays to quote those results.

23
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where some of the external legs have to be evaluated in complex momenta.
Loosely speaking, we can see an off-shell real momentum as an on-shell leg
in complex kinematics. In contrast to the Berends-Giele recursive relations
for example, where each current contains by definition an off-shell leg, the
building blocks in this approach are full gauge-invariant amplitudes, enjoying
all the properties inherent to gauge invariance. As a consequence, the ana-
lytic results obtained from the twistor techniques have a much more compact
and simpler analytic structure, because some of the cancellations between non
gauge-invariant pieces are built in from the start. In the next two sections we
give an overview of the BCFW recursion and the MHV formalism, and how to

proof them within the framework of quantum field theory.

2.2 The BCFW recursive relations

The BCFW recursive relations were first conjectured by Britto, Cachazo and
Feng in Ref. [3] and later proven analytically by the same people together with
Witten in Ref. [4]. They state that an on-shell tree-level amplitude can be
built recursively from gluon amplitudes with fewer external legs, where two or
more of the momenta have been shifted into the complex plane. To be more

concrete, the recursion reads

A,(17,2,...,n7)

n—2
. L\ 1 . N (21)
=3 Ay (1, 2 ...k —PL,?) A (P{fk,k; ¥1,... n) ,
k=2 1.k

where a sum over the helicities h of the intermediate gluon is implicit, and

where
2
P :Pl E+ L A 5\1
1,k s < |P17k:|1] n )
PZ, -
A — , A, 2.2
p1=p1+ Py all] 1 (2.2)
P, .
n — Pn ’ )\n>\ ,
IR M
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and )\; and \; denote the spinor components of the momentum p;. In Eq. (Z2)

we introduced the shorthands
(ilj|k] = (ij)[jk] and (n|Py k1] = (n]1]1] + ...+ (n|k|1]. (2.3)

In the following we review the proof of the recursion (2.1I), which relies on stan-
dard complex analysis. Let us consider an n-point gluon amplitude A,(1,...,n)
and let us shift the spinor components of the momenta p; and p,, into the com-

plex plane,
P=MA — p1(z) =M\ (5\1 — zj\n)

~ (2.4)
n = AnAn — Pn(2) = (A + z)\1

It is easy to check that the shifts conserve momentum and on-shellness, p1(z)+
Pn(2) = p1 + pn and p1(2)? = pu(2)? = 0, Vz € C. After shifting of the
momenta, the amplitude is a function A(z) of the complex parameter z. BCFW

showed that this function has the following properties:

1. A(z) is a meromorphic function of z.

2. A(z) has only simple poles.

3. A(z) vanishes at infinity.
The first point is trivial, it arises naturally from the fact that a color-ordered
amplitude is a rational function of spinor products. The next two points are
more subtle, and we suggest the interested reader should refer to Ref. [4].
To continue, let us consider the following contour integral, where the contour

is taken at infinity in the z-plane. Since A(z) vanishes at infinity, Cauchy’s

theorem implies,
d
0= 7{—’2 A(z) ) + Z Res.—., —), (2.5)

where the sum runs over all the polesH of A(z). The poles of a tree-level

amplitudes stem from internal propagators going on-shell, P? = 0, and since at

fNote that we implicitly assumed that A(z) has no pole in z = 0. This is always true in
general, because for z = 0 the complex function A(z) reduces to the original amplitude.
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tree-level each propagator divides a diagram into two disconnected parts, the

residue of the pole is simply given by the formula

A(L,...,n) — > AQ1,...,P") % A(=P7", ... n). (2.6)
h

Inserting this relation into Eq. (2.3) we find, after some algebra, the recur-
sion (21)).

The main feature of Eq. (2)) is that it is an on-shell recursion, i.e. the subam-
plitudes appearing in the recursion are full gauge-invariant on-shell amplitudes.
Note however also on-shell three-point amplitudes appear that in the recursion
that vanish in real kinematics. In complex kinematics, however, these quan-
tities are non zero and have to be taken into account. Also note that, since
there is nothing special about the momenta p; and p,, we could have made a
different choice in Eq. ([24) for the shifted momenta. Since the proof is only
based on Cauchy’s theorem, we could repeat the argument and derive a ver-
sion of the BCFW recursion with different shifts, a property that will be used
in the next section when we discuss the MHV formalism. Let us conclude by
mentioning that the proof we presented here is valid for pure gluon amplitudes,
but it is straightforward to extend it to more general cases, such as quarks and
scalars, as well as massive vector bosons and QED processes [43] [44], [45] [46].
In Chapter B we will present another generalization of the BCFW recursive
relations, and we will show that the recursion does not only hold for partial
amplitudes, but the recursion stays true at the level of the full scattering am-

plitude, including color.

2.3 The MHYV formalism

The MHV formalism is the second outcome of Witten’s duality to twistor
space and consists in a diagrammatic technique, similar to Feynman diagrams,
but where the vertices correspond to the on-shell MHV amplitudes given in
Eq. (LT19) and the propagators are just scalar propagators [2]. When using
MHYV amplitudes as vertices, we have to face the problem that Eq. (LI9) needs

to be evaluated for off-shell momenta. Since the factorization of a momentum
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into two opposite-chirality spinors only holds for lightlike momenta, we have
to find a new way to evaluate the spinor products in Eq. (II9) when off-shell
momenta are involved. We can, however, note that MHV amplitudes have
a quite peculiar structure, because they only depend on holomorphic spinor
products, and it is hence enough to have a prescription to construct a spinor

of the corresponding type. The prescription was given in Ref. [2] and reads:

Rule 2.1. Fach off-shell momentum P in an MHV amplitude has to be inter-

preted as P,en®, where n® is an arbitrary massless spinor.

In practise, this means that all spinor products involving an off-shell momentum

P = P; ; have to be interpreted as

(kPyj) = (k[P jln] = (ki)lin] + ... + (kj)[jn]. (2.7)

Since 7 is arbitrary, this dependence is unphysical and must cancel out in the
sum over all diagrams. This property can be used as a cross-check in explicit
computations. An important property of the decomposition of an amplitude
into MHV diagrams is that for every diagram there is a relation between the
number n_ of negative-helicity gluons in the amplitude, the number p of scalar

propagators and the number v of MHV vertices in the diagram,
p=v—1=n_—2. (2.8)

This relation will be used extensively in Chapter [fl when deriving the infrared
behavior of MHV diagrams. Note that in the trivial case of an MHV amplitude
n_ = 2 and Eq. (2.8) implies p = 0, in agreement with our expectation for MHV

amplitudes.

Both in the BCFW recursive relations and in the MHV formalism the basic
building blocks are full on-shell amplitudes connected by scalar propagators
and with off-shell legs being evaluated in complex kinematics. In Ref. [47]
Risager showed that there is in fact a deeper connection between the MHV
formalism and the BCFW recursion. More precisely, Risager showed that the
MHYV formalism is a consequence of the BCFW recursive relations for a very
specific choice of the complex shifts. To see this, let us shift all the momenta of

the negative-helicity gluons whereas all other momenta stay real. For example,
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in an NMHV amplitude containing exactly three negative-helicity gluons with

momenta P, Pm, and P, the BCFW shifts considered by Risager are

l

Pmy = AmyAmy — Pmy (2) = Am,y (:\ml + 2 Ay Amg ) 77)7
Pm, = )‘mzj‘mz = P, (Z) = A (5‘7712 +z (Amg)\nu) 77)a (29)
Pms = Amg S‘ms = Pms (2) = Mg (de + 2 (Amy Am, ) 77)a

where 7 is an arbitrary antiholomorphic spinor, and all other momenta are
evaluated in real kinematics. From the Schouten identity it follows that these
shifts conserve momentum. Computing the contour integral (25) and taking

residues, we find

ANMEV (i my e my ) =Y AT,y 5 P
i.j

A(= P (k+1)T, .y, .. g, (= 1))

(2.10)

The right-hand side of Eq. (ZI0) expresses an NMHV as a sum of MHV ampli-
tudes connected by scalar propagators. A straightforward computation shows
that the shifts (2.9]) reproduce exactly the off-shell continuation 2.7). As a
consequence, every NMHV amplitude can be written as a sum of MHV dia-
grams. We can now repeat this procedure for a generic N*"MHV amplitude and

proof recursively that the MHV decomposition holds for arbitrary n.

Many generalizations beyond pure gluon amplitudes exist for the MHV formal-
ism, in particular for scalars and fermions [48] [49] [50]. Furthermore, it was
shown that the MHV formalism is not only convenient for the computation of
full scattering amplitudes, but it has been used to compute splitting amplitudes
for quarks and gluons [19, [18]. In this work we will present two more appli-
cations of the MHV formalism and extend it to the computation of antenna

functions, impact factors and Lipatov vertices.
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2.4 Recursive formulation of the MHV formal-
ism

In the previous section we presented the MHV formalism, which allows to write
any tree-level gluon amplitude as a sum of MHV diagrams. Although this
diagrammatic technique is very simple and intuitive, it may become inefficient
for diagrams with a large number of external legs, because two different graphs
may contain identical subgraphs. As a consequence, identical subgraphs are
evaluated multiple times, which can slow down numerical codes. In order to
improve the efficiency of numerical implementations, a recursive formulation in
terms of currents, similar to the BG recursion, is desirable. In this way, each
current is only computed once, avoiding in this way multiple evaluations of the
same quantity. In this section we present a recursive formulation of the MHV

formalism in terms of currents originally introduced in Ref. [14] [17].

Our goal is to obtain a recursion whose structure is similar to the BG recursive
relations. Let us start by defining an n-point off-shell current Jj,(1,...,n) as
the sum over all MHV diagrams having n external on-shell legs and a single
off-shell leg with helicity . We refer to such a current as a single-line current.
A specific (n+ 1)-point amplitude can then be obtained by putting the off-shell
leg on-shell,

Apii(L,..c,(n+ 1)) = P;mlo P?,J_n(1,...,n). (2.11)

1,n

Looking back to ordinary Feynman rules and the BG recursion, it is easy to

write out a recursion for the single-line current,

Jn(l,...,n)
n—1
1 N
- o | A (fpljj;, P, ngm) Ty (Lo i) I (i + 1,y m)
Lno | =1

(2.12)

In the context of the MHV rules, it makes sense to talk about the helicity of an off-shell
particle. Note that, as the off-shell continuation of the spinors involves an arbitrary reference
spinor 7%, these currents are not gauge-invariant objects. However, the n® dependence drops
out in the end.
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n—2 n—1

- h h h .
+ 30 DAY (P PLL P P T ()

i=1 j=i+1

X Jpy (i 4+ 1,0, 0) s (G+ 1.0 ,n) + ...

The dots indicate terms with higher-point MHV vertices and a sum over the
helicities (h, h1, ho,...) with —h4+hq+ho+... = n—4 is implicitly understood.
Although Eq. (2I2)) provides a recursion for the single-line current, it suffers
from the fact that for large values of n high-multiplicity MHV vertices enter the
recursion. This problem is similar to the BG recursion, where it was overcome
by decomposing the four-gluon vertex in terms of a fictious tensor particle
and where we arrived in the end at a recursion that only involves three-point
vertices. In the rest of this section we describe how to extend this decomposition
to the MHV formalism.

Since the building blocks of MHV diagrams are MHV amplitudes, let us start
by analyzing how we can decompose a generic n-point MHV amplitude in
terms of effective three-point vertices. It is easy to show that an n-point MHV

amplitude can be written in terms of eikonal factors
An(lJrv 2+a R (TL - 2)+7 (n - 1)75 ni)

- ((n—1)n)* e (2.13)
(1 (n—=2)){(n—2)(n—1)){(n—1)n){nl) H Dy

k=3
where the eikonal factors are defined by ij = (ilj;{lij) . As a consequence, for
an MHV-type current we can write
Je(t 2t . (n=2)T,(n—1)7)
— 1 ((n_ 1)5P1,n—1>4
P12,n71 <1a 2> cee <(TL - 1)7 Pl,n*1><P1,n—17 1>
n—2
_ 1 ((n—1), Prn-1)* I P4
PP,y (L (n=2))((n—2),(n=1)){(n 1), PLp-1){Pryp-1,1) J1
1 n—2
=5 Va(l,n=2,n=1,Pi 1) | 2
1,’!171 k=3

(2.14)
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n—1 n—2 4 3 2

Figure 2.1: Decomposition of an MHV-amplitude where the MHV vertex has
been stretched out into a double-line. The cross indicates the off-shell line.

where we define

(cd)?
(ab){bc){cd)({da)
In Fig. 21l we introduce a graphical representation for Eq. (ZI4]) in terms

Va(a,b,¢,d) = (2.15)

of an internal double-line to which the external gluons may couple. We also
introduce double-line currents J77 (1,...,n) defined as the double-line diagram
with an external (off-shell) double-line which the gluons 1 to n are attached
to. The indices u and v refer to the indices of the first particle one encounters
if one follows each line of the double-line into the current, and m refers to the
number of negative-helicity gluons attached to the double-line H As a double-
line is part of an MHV-amplitude with exactly two negative-helicity particles,
Jm(1,...,n) =0if m > 3. The double-line currents contributing to the MHV
single-line current J4(17,...,(n — 2)",(n — 1)7) can be easily constructed
recursively by successively adding eikonals,

Jo. (kT
(2.16)
= Dyt gy (1 (= 1)),
where we define that all one-point double-line currents are zero, and all two-
point double-line currents are given by JC, (17,2%) = §1,02,. The MHV single-
line current is then given by

Je(t . (m—=2)T,(n—-1)7)

(2.17)
=Vi(l,n—2,n =1, P1,) Ji(, oy (1F, ..., (n—2)7T),

8Up to now these indices are redundant. The double-line currents contributing to an
MHYV single-line current of the form J4(17,...,(n — 2)*,(n — 1)7) are all of the form
Jm@t,..., k1)) with u = 1, v = k and m = 0. The meaning of these indices will become
clear when we generalize double-line currents to the MHV formalism.
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J102(1+a 2+) =1

1L

3+ o+ J103(1+’2+’3+):D%3

=1

4t g o+ J?4(1+’2+a3+a4+) = D§4D%3

+

el

JT(T, 27, 3%,47 57) = V4(1,4,5,6)D3, D3,

Figure 2.2: Construction of Ag(17,2% 3% 47 57 67) using the recursion for
the double-line current. A cross indicates an off-shell leg.

and the MHV amplitude can then be obtained by putting the off-shell leg on-
shell. This procedure is illustrated in Fig. for the six-point MHV-amplitude

Up to now we have only considered a very special class of MHV-amplitudes,
namely those where the two negative-helicity gluons are adjacent in the MHV-
amplitude. We now generalize this procedure to an arbitrary MHV-amplitude
Ap(1r,...,i7,...,77,...,nT). The factorization ([2I3) stays no longer true
in this case, because an MHV-amplitude only factorizes when a soft positive-

helicity gluon is radiated. A closer look at our recursive procedure reveals that



2.4. Recursive formulation of the MHYV formalism 33

we only used this method to construct the denominator of the MHV-amplitude,
whereas the numerator is completely encoded in V4(1,n—2,n—1,n). Thus we

can generalize this procedure using the following rules:

1. Each time we add a negative-helicity particle j to a double-line current
containing already m negative-helicity particles, add a 6;,,, to the double-
line current, where i = 1 if m passes from 0 to 1, and ¢ = 2 if m passes

from 1 to 2.

2. At the last step in the recursion sum over all possible values for m; and

ma,

Jn(1,...,n—2,n—1)

= Z Va(l,n —2,n—1, P p;mi,ma) []{?n_Q)(L con—2), (2.18)
where we defined
<m17m2>4
V. b d; = T T g 2.19
1@ by e, dima ma) = 2o el (da) (2.19)

We have now derived a way to decompose each MHV amplitude completely in
terms of three-point building blocks. Since the vertices in Eq. (2.12) have the
same functional form as an MHV amplitude, we can in the same way decompose
all the vertices in the recursion (2.I2]) into three-point objects. Before turning
to this task, let us introduce some notations which are useful to write down the
recursion. Each line in a MHV diagram, as well internal as external, can be
uniquely characterized by the momentum P;, ;, flowing through the line, i.e. ,
each line can be labelled by a pair of integers I = (i1,142), with 1 < i3 <is < n.
We refer to such a pair I as a multiindex. In particular, external lines can be
characterized by their momentum p;, and we formalize this by associating the

multiindex I = (4,7) to this line. In general, we have

1. To each line with momentum F;, ;, we can associate in a unique way a

multiindex I = (i1, 42) with i; < iy defined by Pr = P;

1,82

2. A line in a MHV diagram with multiindex I = (i1, ¢2) is an external line

if and only if i; = is.
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(b) F@ = =Z %
Figure 2.3: Recursion for the single-line currents (a) and the double-line cur-
rents (b). A cross indicates an off-shell line.

For later convenience, we introduce the following definitions:

- An on-shell particle with momentum p; = P; ; is labelled by the multiin-

dex
7= (4,19). (2.20)
- Kronecker-delta:

§h = 5t siz. (2.21)

Jir "J2
- Ordering relation:

Let us now turn to the decomposition of the higher-point vertices in the re-

cursion (212). Merging the recursion relations (210 - 2I7) and (2I2) and

replacing indices by multiindices, we obtain a system of recursive relations for

the single and double-line currents,

Jmo (1, n) (2.23)
=0, VThghzm((l, uz), (v1,n), U, V) Jny (1,000 ug) Jpy(v1, .0 ym)

+A=6y) Y VEM(UW (01,n),U, V)
wo=v1—1

X Ji (1. v — 1) Ju(vr, .., n), (2.24)
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Jn(1,...,n) (2.25)
n—1
1
—— > > | VA k), (k + 1,m), (1,n); My, Mo)
Ln g=1 My, M,
X Jhl(l,...,k‘)JhZ(k’—l—1,...,7’L) (2.26)
+ > VERM UV, (k+1,n), (1,n); My, My)
U<v
ngk
x JP(1, ... k) Jhl(k+1,...,n)], (2.27)

where a sum over all repeated helicity indices is understood. A graphical rep-
resentation of the recursion can be found in Fig. 23 The vertices appearing
in the recursion are given in Table 2] and the e-functions appearing in the

recursion keep track of the helicities,

M . ,
m — _ <
Sy = Jorm ith=—lm=mitlm <2
0 , otherwise,
5%5% JAfhr=hy=—1,m =2,
5}”1 7ifh,1:7h.]:717m:17
e (D) =4 8t Jifhy = —hy=1,m =1, (2.28)
1 ,ifh[:h‘]zl’rn:()7
0 , otherwise,
My My
ehIthK(I’J’K) _ { gx 5y lfht)}(l:}.lY:*th‘i’hQ‘i’hgifl,
, otherwise.

Note that the recursion is formally the same as the BG recursion (L2, the two
recursions differing only by the exact definition of the currents and the vertices.
Let us conclude this section by noticing that the recursive relations (2.23]-[2.25)
cannot only be used to compute tree-level scattering amplitudes, but, modulo
some small modifications that will be discussed in Chapter [, they are also

useful to study the infrared behavior of an amplitude.
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IY] VRt (1 g K My, M) = et hiho (g K)—<M1M2>4
58 P PO IV IKY(KT)
K
I J
h'd ViGN T U V) = ent M (U, V) 61,67
uv
U/V, I 7 7 !
v v g U V) = €t () DY 65 6
uv
v J M M- >4
Vi (UL, J K My, My) = € 5 (K (M M
E/ ST ( s Vo s Iy 1 2) 6‘27m‘( ) )<UV><VJ><JK><KU>

Table 2.1: Vertices appearing in the recursion for the single and double-line
currents. A cross indicates and off-shell leg.



Chapter

Color-dressed recursive
relations

3.1 Recursive relations in gauge theories

In the previous chapters we introduced three different recursive relations to
compute tree-level partial amplitudes. Since partial amplitudes are gauge-
invariant quantities, their computation allows to overcome the problems of
the traditional Feynman diagram expansion, where large sums of non gauge-
invariant diagrams have to be performed. At the end of the day however, the
partial amplitudes must be combined into the full physical amplitude using
the color decomposition formulas presented in Section [[2l Since the sum in
Eq. (4) runs over all non-cyclic permutations of the gluons, at least (n — 3)!
different partial amplitudes need to be computed in order to rebuild the full
physical matrix element. The conclusion is that, whatever the algorithmic
complexity of the recursion is, the last step in the computation, the sum over
color permutations, scales factorially with the number of external particles and

so this approach thus naturally leads to factorial algorithms.

The considerations of the previous paragraph show that the recursions pre-
sented in the previous chapters are not fully suitable for implementations into

computer programs. In this chapter we present a general technique to dress

37
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recursive relations for partial amplitudes with color. We show that it is possible
to write down recursive relations valid at the level of the full colored amplitude,
taking color into account from the start and avoiding in this way the problem
of a factorial growth when summing over colors. Although we only illustrate
this technique on the examples of the BG and BCFW, the technique itself is
generic and could be extended to other cases as well. In particular, in Ref. [14]
the color-dressed version of the recursive formulation of the MHV formalism
was derived. Since the color dressing of these recursive relations does not add
anything new to the discussion and follows exactly the same lines as the color
dressing of the BG recursive relations, we do not include its derivation here

but refer the reader to the literature.

3.2 Color-dressed Berends-Giele recursive re-
lations

In this section we show how to dress the BG recursive relationsH with color.
We start by defining a color-dressed n-point off-shell current by analogy to the
color decomposition (L)) valid at the level of the full amplitudd,

J5(1,2,000n) = Z 57§l ...6§°"J“(01,02...,0n), (3.1)

oy Yicy,
gESy

where (I,.J) is the color of the off-shell leg. Similarly, a color dressed tensor

off-shell current reads
T2, m) =Y 6L s T (01,00 o). (3.2)
gESy

After inserting the BG recursive relations (I.25]) in the color-flow decomposition

of the color-dressed currents, the three gluon vertex part reads

. n—1
_Z T 7, 7
5;] 6J_a1 o 6Jan, V.pve pa1 . ,PU on
—Pﬁn G;ﬂ kz:; o1 %oy I 3 ( Ok k415 ) (3.3)

x Jy(o1, .., 06)Jp(Okt1, -, On),

*We only study here the case where the four-gluon vertex is decomposed by means of a
fictious tensor particle, Eq. (1.25).
TFor clarity, we suppress in this chapter the coupling constant in Egs. (L8] and (LS.
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Figure 3.1: Diagrammatic representation of the decomposition (B.5]) of the color
factor of the three gluon vertex part.

where

Py 00 = Doy + Doy + -+ Doy (34)

Poiiv,00 =Poryy tPopys +-o o+ Doy

The color factor appearing in Eq. (33) can be decomposed into (See Fig. B.TI)

5L o opm = oo ofoRoN ok ..ok 5§Zk+1...55’;;. (3.5)

In this decomposition, the color factor can be interpreted as follows:

- 5&5? is the color structure of the propagator appearing in the Berends-

Giele recursive relations.

- 5£1 - 5;;”“ is the color structure of the subcurrent J, (o1, ..., o0k), where
the off-shell leg v has color (K, L).
N
oyt

where the off-shell leg p has color (M, N).

...5?\2" is the color structure of the subcurrent J,(ox11,...,0n),

- 696K 5M is part of the color structure of a three gluon vertex to which
the off-shell legs p, v, p with colors (G, H), (K, L), (M, N) are attached.
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At this level, we have to introduce the concept of ordered partitions of a set F
into two independent parts. An ordered partition of a set E into two indepen-
dent parts is a pair (71, m2) of subsets of F such that m @ mo = F, which means
(m1,m2) # (w2, ). Furthermore, we call (unordered) partition of a set E into
two independent parts a set {m1,m2} of subsets of F such that m & m2 = F and
{m1,m2} = {me,m}. These definitions can be easily extended to partitions of
a set F into n > 2 independent parts, for both the ordered and the unordered
case. In the case encountered here, F = {1,2,...,n}, and we denote the set of
all ordered partitions of n consecutive numbers {1,2,...,n} into p independent
parts by OP(n,p), and the set of all (unordered) partitions of n consecutive
numbers {1,2,...,n} into p independent parts by P(n,p).

Using these definitions, the sum over permutations appearing in Eq. (83) can
be decomposed as follows: For a given value of k,
- Choose an ordered partition 7 = (w1, m2) in OP(n,2) such that #m =
k,where #m; is the number of elements in the set 7.

- Fix the first k£ elements of the permutation to be in the subset ;.

- Sum over all permutations of the first k£ elements and over all permuta-

tions of the last n — k elements.

- Sum over all possible choices for the ordered partition © = (71, 72).

This is equivalent to the replacement

)y 2o 22 2 (3.6)
k=1 TEOP(n,2) 0€Sy 0'E€ESn_k
The three gluon vertex part now reads

Aol e XN X ERoH W (P P o)

1,n T€OP(n,2) 0€SL o'E€Sn_

L Jo N To! ’ ’
Oin O Ju(omrs o somn) 6, 0y Jp (05 07 ) (3.7)
w wkt1
where m = {7, 7%...,7F} and mp = {71 7* 2 1} Clearly, Py , o,

and P, i1 Thn only depend on the choice of the ordered partition 7 = (71, m2),
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but not on the order of the elements of 71 and mo. We therefore define

Pﬂ"l = Pnt + Pzt + Dy, (38)
P7T2 = Drkt1 T Prrtz + .o+ Pan. (39)

It is now possible to identify several subcurrents in this expression, namely

TENm) = S0 6E e Do o), (3.10)
€Sk "
. _ jg/
TN () = >0 6N,y (O On), (3.11)
o’ €Sy _k wht

so that the three gluon vertex part reads

- 77/ JE— _ » - _
%01 R > SFoNOH VP (Pry, Pry) TEE(m) TN (m2), (3.12)
Ln ©€OP(n,2)
In Ref. [36] it was shown that the (color-dressed) three gluon vertex can be

expressed in the color-flow decomposition a:
V"7 (P, Pry) = 076K 63 V3" (Pry, Py +05671 635 V3™ (Pry, Pry) . (3.13)

So, finally the three gluon vertex part can be written

B T DT VB (Prys Pr) T (m) TN (7). (3.14)
M reP(n,2)

Let us now turn to the tensor-gluon part in the BG recursive relations (L25]).
From Fig.[B.2lit can be seen that for the s-channel appearing in the decomposi-
tion of the four gluon vertex, each tensor-gluon vertex has the same color-flow
structure as a three gluon vertex. The t-channel contribution is similar. There-
fore the tensor-gluon vertex can be written in the color decomposition

Vel = gl 675 vl 4 sl e v, (3.15)

i1 12 12711

where (I,.]) is the color of the tensor particle. As the tensor-gluon vertex part

has the same color-flow structure as the three gluon vertex, the color dressing

tFor clarity, the color indices of the vertex are not written explicitly.
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N, .
P

Figure 3.2: Color-flow structure of the s-channel contribution to the for gluon

vertex.

for the tensor-gluon part is exactly the same as for the pure gluon part, and

the result is

> {656%6% Vel TRE () TN (2
TEOP(n,2) (316)

+0GoR ol vl gKE (o 1)~7VMN(7T2)}-

As the sum runs over all elements in OP(n,2), we can exchange in the last
term 7; and 7. The same holds true for the color indices (K, L) and (M, N).
The tensor part now becomes, using Eq. (315,

> VTS () TN (). (3.17)
T€OP(n,2)
Hence the color-dressed recursive relations with all four-gluon vertices replaced

by tensor particles read

=Dy (Pra) | D> VP (Pr,. Pr,) TFE () THY (72)
reP(n,2) (3.18)

+ Y VP g () TN () |-

T€OP(n,2)

To complete the color dressing of the Berends-Giele recursive relations, we have
to apply the color dressing method introduced above to the recursive relations
for the off-shell tensor-current. Both the color-dressed vertex and the color-

dressed off-shell tensor-current have the same form as in the pure gluon case
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and the recursive relations for the tensor particle have the same structure as
for the three-gluon vertex part in the previous section. Therefore, one can
immediately write down the color-dressed recursive relations for the off-shell

tensor-current

L1, n) = iDuap VT > TEE () TMN (). (3.19)
rEP(n,2)

The two recursive relations, Egs. (8I8) and I9), can be solved simultane-
ously to construct color-dressed gluon off-shell currents for arbitrary n. The full
color-dressed scattering amplitude is then recovered by putting the off-shell leg
on-shell. This result is equivalent to the recursion presented in Ref. [40], as well
as to the Dyson-Schwinger algorithm of Ref. [42] and the ALPHA-algorithm
of Ref. [5I]. Recently, the color-dressed BG recursion has been implemented
into the matrix element generator COMIX [52]. It should be noticed that
the color-dressed recursive relations have the same form as the color-ordered
Berends-Giele recursive relations, Eq. (IL25), the only difference between the
color-ordered and the color-dressed case being that in the latter we sum over
unordered objects and no permutations need to be taken into account. This is
a general feature which turns out to be common to all color-dressed recursive

relations.

3.3 Color-dressed BCFW recursive relations

In this section, we apply the same method employed to construct the color-
dressed BG recursive relations to the BCFW recursive relations, presented in
Section[2Z2l As in the BCFW recursion, Eq. (2.]), we have to choose two refer-
ence gluons, 1 and n, the color-flow decomposition and the color decomposition
in the fundamental representation are not well suited to dress the BCFW re-
cursive relations with color, because they allow us to fix only one of the two
reference gluons. The most natural color decomposition which allows one to fix

both reference gluons is the color decomposition in the adjoint representation,
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Eq. (L8). Inserting Eq. (2.1)) into Eq. (I.8) for the color-ordered part, one finds

An(1,...,n)

n—2

= Aoy Aoy 1 1 _p—h

=3 Y (Fe P, Arn (1,02, . Oh, Plygk_) (3.20)
k=20€S, _2

1 Hh ~

X =5 An—k+1 (Pl 0, Ok+1s- -+ 7Un—15n) )

Pl,o’;c ’
where
Pio, =p1+ Do, + -+ Poy- (3.21)

For a given value of k, the sum over permutations appearing in Eq. (320)
can be decomposed in a similar way as for the three-gluon vertex part for the

Berends-Giele recursive relations

Choose an ordered partition 7 = (m,m2) of {2,3,...,n —2,n — 1} such
that #m =k — 1.

- Fix the first k — 1 elements of the permutation to be in the subset 7.

- Sum over all permutations of the first k — 1 elements and over all permu-

tations of the last n — k — 1 elements.

- Sum over all possible choices for the ordered partition © = (71, 72).

This is equivalent to the replacement

SIS SESED SENED SEND Sl 32)

k=2 o€Sp_2 T€OP(n—2,2) 0€Sk_1 0’'€Sn_k_1

where by OP(n—2,2) we mean the set of all ordered partitions of {2,3,...,n—

1}. Furthermore, for a fixed value of k, the color factor can be written

(Fao2 .. Foon—1) = (Ff%2 Fok) (F%k . Fon-1)  (3.23)

aian 1z an ?

where a sum over z = 1,..., (N2 — 1) is understood. Finally, the propagator

clearly only depends on the choice of the ordered partition ©# = (71, m2) and
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3

not on the order of the elements in 7 and mo. If m = {72, 7 ,...,ﬂ'k}, we

define

Pl,ﬂ'l =p1+Pr2 +Pr3 + '-'+p7r’“a
P7r2,n = *Pl,wl-

(3.24)

At this point it is possible to identify subamplitudes in the expression for A,,,

namely

a Ao 2 D—h
S (FTe L FY), A (1,a,r2,...,awk,fplm)
g€ESK_1
& H—h,x
= Ak+1 (l,ﬁl,fpl,ﬂ_l ) 5
’ a

Fa“ k41 F “pn—1 A p-h 5 ’ A
™ ™ n—k+1 | — 71,21”,0'71,)64,1,...,0'7‘,”71,”
Tan

0'€Sn k-1
- An—k-l—l (_pﬂ'_z}j’;‘l/lﬂ T2, ﬁ) )
(3.25)

where z is the color of the intermediate gluon. Collecting all the pieces, the

color-dressed BCFW recursive relations read
An(1,2,...,n)

= Y e (L -PE) PQL Anir (Pl 2, (3.26)
TEOP(n—2,2) Lm
We see that using the adjoint color basis, we were able to derive new recursive
relations which allow us to construct the full color-dressed scattering amplitude.
Although the proof of these new recursive relations uses the adjoint color basis,
the final result, Eq. (3:26]), is independent of the basis choice. Furthermore,
as in the case of the BG recursive relations, we see that the form of the color-
dressed BCFW recursive relations is the same as in the color-ordered case, with
the difference that in Eq. (3:226]) the sum goes over all partitions of {2,3,...,n—
1}, i.e. , over unordered objects. This implies that the color-dressed BCFW

recursive relations have the same properties as in the color-ordered case, namely

1. The definition of the off-shell shifts, Eq. (2:2), is independent of the color.
The shifts are exactly the same in the color-ordered and in the color-

dressed case.
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2. As in the color-ordered BCFW recursive relations, the pole structure of

the scattering amplitude is manifest in Eq. (3:26]).

3. Similar to the color-ordered case, the subamplitudes in Eq. (3.26]) are not
independent, but they are linked via the off-shell shifts.

The result [3.26) obtained for amplitudes containing only gluons can be easily
extended to include a single quark pair. The BCFW recursive relations for
color-ordered amplitudes still hold when a quark pair is included, where either
a quark or a gluon can be chosen as the intermediate particle [45]. If a quark
is chosen for the internal line, no sum over helicities has to be carried out,
because helicity is conserved all along the fermion line. The BCFW recursive

relations then read

n—2
A2, ng™) =3 A (12,2, o —P{;{Lk)
k=2 (3.27)
X PQLA,HC+1 (nglk,k+ 1,...,n— 1,ﬁgh) ,
a1k
where h is the helicity of the quark. Both the recursive relations and the
color decomposition (L9) have the same form as in the case of a pure gluon
amplitude, with the only difference that instead of working in the adjoint rep-
resentation one now has to work in the fundamental representation of SU(N.).
So the recursive relations derived in the case of pure gluon amplitudes can be

easily extended to include a single ¢g pair

h —h
An(1,2,...,n7")

N . 1 ~ o 3.28
h,x h,x
— E Ak-‘,—l (12’,77', _P(j,lﬂ' ) —P2 An—k-‘rl (P(Llﬂ'?ﬂ.) nq h) . ( )
rEOP(n—22) o

The formula is exactly the same as in the pure gluon case, up to two small

differences:

- no helicity sum has to be carried out

- xz=1,..., N, because quarks carry a fundamental color index.

It is possible to extend this relation to include photons, by simply taking

(7)) =6/ (3.29)

K2
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From this it follows that a QED amplitude containing a single ¢q pair and

(n — 2) photons can be written in terms of color-ordered amplitudes as

AQEP(14,2,3,....n) = > An(lg,24,03,...,00). (3.30)
ocESp 2

and so the above recursive relations ([B.27) still hold true for QED amplitudes.

This particular result has already been pointed out in Ref. [53]. However, as

shown there, for QED processes it is more efficient to take one of the fermions

and one photon as reference particles. In fact, as there is no photon-photon

vertex, all the terms in the recursive relations where both fermions are in the

same subamplitude vanish, which may save a lot of calculation.

3.4 Discussion and conclusion

In the first part of this work we discussed the computation of tree-level scat-
tering amplitudes in SU(N.) gauge theories, appearing for example in the
computation of multi-jet cross-sections at hadron colliders. We reviewed sev-
eral techniques that bypass the problem of a factorial growth in the number
of Feynman diagrams, a problem inherent to the non-abelian structure of an
SU(N.) gauge theory. The main idea is to keep the information coming from
the gauge structure separated from the kinematical dependence. This allows
to define gauge-invariant color-ordered amplitudes that have the information
on the gauge symmetry built in. Several powerful techniques have recently
been developed that have lead to new analytic results for multi-leg scattering

amplitudes that were thought inconceivable a decade ago.

We concentrated in particular on several recursive techniques for the compu-
tation of partial amplitudes. First, the almost traditional BG recursion is very
intuitive from the technical point of view and at the basis of many modern
implementations for the automatic generation of matrix elements. Second, we
reviewed the BCFW recursive relations which have been used to derive new
results that enjoy the property of a particularly simple and compact analytic
structure. Finally, we introduced a new recursive approach based on the MHV

formalism. We showed how to obtain an efficient recursive formulation for MHV
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diagrams by introducing a fictious particle that allows one to build higher-point
MHYV vertices recursively. The recursion itself is formulated in terms of cur-
rents, and has a structure which is strikingly similar to the well-known BG

recursive relations.

Even though these recursive techniques are powerful tools for the computation
of partial amplitudes, their use can become inefficient when partial amplitudes
are combined with their relative color factors, an operation which naturally
scales factorially. This step is nevertheless unavoidable to make predictions for
physical quantities, and we therefore introduced a new version of the recursions
that take color into account from the start. The main feature of our approach
is that the form of the recursion is left unchanged, the only difference being
that sums run over unordered objects in the color-dressed case. Furthermore,
if the color-ordered recursion followed by color-decomposition leads naturally
to a factorial growth, the new color-dressed approach in general only scales
exponentially with the number of external particles. This result follows imme-
diately from the fact that the number of building blocks entering the recursion
grows with the number of (ordered) partitions, a number which is well known

to scale exponentially.

In Ref. [I4] [54] a (numerical) comparison of the various recursions was per-
formed. In particular, in Ref. [14] explicit numerical implementations of the
color-dressed BG, BCFW and MHV recursive relations were confronted. The
result is that, for numerical purposes, the traditional BG recursion has by far
the best algorithmic behavior for a large number of external particles. The
reason why the twistor-inspired results perform worse has several reasons. On
the one hand, the BCFW recursion suffer from its top-down structure, i.e. ,
due the off-shell shifts we have to reevaluate the subamplitudes for different off-
shell continued momenta at each step in the recursion. On the other hand, the
MHV-inspired recursion looses efficiency due to the larger number of different

vertices that appear in the recursion compared to the BG algorithm.

In conclusion, we have shown how it is possible to dress recursive relations for
partial amplitudes with color. The resulting color-dressed recursive relations

can easily be derived by employing an appropriate color decomposition, and
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retain the same very elegant form of their color-ordered counterparts. In this
respect, it is suggestive to speculate that similar colored relations might be de-
rived also for one-loop amplitudes, for which an analogous color decomposition
holds.
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Chapter

Infrared singularities in
scattering amplitudes

4.1 Perturbative expansion of physical observ-
ables

In the first part of this work we presented several techniques for the com-
putation of tree-level scattering amplitudes. In quantum theories, however,
approximating a physical observable by a tree-level computation is very often
insufficient and only orders of magnitude can be obtained. Precise predictions
for physical observables then require the inclusion of quantum corrections, i.e. ,

of higher-order terms in the perturbative expansion.

We start by analyzing the perturbative expansion for a two-particle scattering
with colorless initial states (typically eTe™ collisions), and we will comment on
hadron colliders at the end of this section. Let O, (p1,...,p,) be a function of
n momenta representing an observable O. Then the distribution of O is given
by the perturbative expansion

do _

oo . ~ 5
40 _Z Qg / dq)n(plaapn7c‘2) |'A71+2(p15'"7pn;pe*7pe+)| On; (41)
n=2

93
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with O,, = 6§ (O — O, (p1,...,pn)) and ‘fln+2|2 denotes the squared matrix
element for 2-to-n scattering, summed over final state and averaged over initial
state quantum numbers, and d®,, is the n particle phase space measure for a
total incoming momentum @ = p.— + pe+,

n

APy (p1, ... p; Q) = (2m)* 6 <Q - Zm) II (271r)3 ﬁp:' (4.2)
k k=1

=1

Using the perturbative expansion of the amplitude in the number of loops,
o0
¢
Ay =) b AL, (4.3)
£=0

we see that the leading-order (LO) approximation to Eq. (@) is just given by
the tree-level resul,

2

dULO 9 —(0)
= a5 [ dP2(pg,pg; Q) | Ay’ (Pgs Pgs Pe— s Pet )| Oa. (4.4)

do

Expanding Eq. (@) to next-to-leading order (NLO) we find contributions from
both the virtual one-loop corrections to the process eTe™ — ¢7 as well as the

real corrections coming from the emission of an additional gluon in the final

state,
dO_NLO B 2
10 :ai’/d%(pq,pq,pg;Q) A (Dg, g Pyi Pe- 1 Per )| O3
+ 203 Re/ AP (pg, g Q) ALY (Dgr i Pe- s Pet )AL (Dgr Pgi Pe- s Pet )* O,

(4.5)

The NLO result is thus expressed as a sum of two terms with a different number
of final-state particles. As a consequence the two phase space integrals must
be performed independently, but it turns out that each of these two terms is

separately divergent:

1. The loop integral in Afll) in general contains infrared singularities.

2. The matrix element Aéo) describing the real correction is singular if a

quarks emits a collinear or soft gluon. The amplitude for such an emission

*In some cases the LO result is already a one-loop process, e.g. Higgs production via gluon
fusion.
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contains a propagator of the form 1/(p, + py)? = 1/(2E,E,(1 — cos?)),
where 6 denotes the angle between the quark and the gluon. It is easy
to see that this quantity is divergent if either p, is collinear to p4, 8 = 0,
or if the gluon is soft, £, — 0. As a consequence the three-body phase

space integral in Eq. (@) is divergent.

Let us have a closer look at this problem, and let us start with a very spe-
cial observable, namely the total cross section, obtained by setting O, = 1
in Eq. . Although the real and virtual corrections are separately di-
vergent, the Kinoshita-Lee-Nauenberg (KLN) theorem implies that the total
cross-section is finite order by order in perturbation theory. In particular, the

NLO correction to the total cross-section must be finite,

oNO =203 Re/ AP (pg, pa; Q) AL (Dg Pas Pe— s et ) A (Dgy i Pe— s D)
3 7(0) 2
+a; [ d®3(pg,pg: g Q) A5 (Pgs Pg> Pgs Pe— s Pet)
= finite.
(4.6)

Let us now turn to more general observables. In this case, the KLN theorem
does not imply that Eq. (@3] is finite straightaway, because the two terms differ
by the definition of the observable O,. In fact, not all physical observables
are well-defined in the sense that their distributions are finite to all orders
in perturbation theory. In order to get a cancellation between the singular
terms in the real and virtual corrections we need a more restrictive class of
observables. We define a collinear and infrared safe observable O by the two

conditions:
1. Collinear safety:

hlI‘n On-‘rl(pla Y STRRERY 2 PR 7pn+1) = On(pla s 7pl+p]a s 7pn+1)'
Pillpj

(4.7)

TWe omit the flux factor in the present discussion, because it does not add anything new.
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2. Infrared safety:
pl-iEO On-‘rl(pla SRRy 2 P 7pn+1) = On(pla -y Pi—1,Pit1y - - - 7pn+1)- (48)

For a collinear and infrared safe observable, the quantities Oy and Oz in
Eq. [@3) become equal in the singular regions, and so the cancellation of the
divergences happens in exactly the same way as for the total cross-section.
Note in particular that this implies that the total cross-section is a collinear

and infrared safe observable.

From the previous discussion it is clear that a thorough understanding of the
infrared behavior of scattering amplitudes is needed to perform higher-order
corrections to physical observables. In particular, as the infrared structure of
the real corrections is determined by the radiation of additional partons in the
final state, the divergences cannot be dependent of the underlying hard scat-
tering, but must be universal and independent of the LO process. In the next

section we will review the description of these universal infrared divergences.

Let us conclude this section by briefly commenting on how to generalize the
previous discussion to hadronic initial states. In the case of colorless initial
states we only had to consider radiation coming from the final state particles.
For hadron collisions, however, the initial state particles are in general them-
selves colored particles, so we need to take into account initial state radiation
as well. Let us consider for example a collision of two protons with momenta
P, and P; respectively. Since the proton is a non-perturbative bound state of
partons (quarks and gluons), we cannot directly use the wave functions of the
incoming protons in our perturbative computation. Nevertheless, we can model
the collision by assuming a factorized form for the cross section, given as the
convolution of a (perturbative) partonic cross section with a non-perturbative

quantity describing the probability to find a certain parton inside the proton,
1
oop—X) = 3 [ dordes fulen) fle) oad - X), (4.9)
a,b 0

where the sum runs over all species of partons a and b. (ab — X) is the
partonic cross section, calculable in perturbation theory and describing the

collision of two partons a and b with momenta p, = x1 P; and p, = 22 P
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respectively. fo(z1) and fp(2z2) are the so-called parton distribution functions
(PDF’s) and represent the probability to find a parton a (b) inside the proton
carrying a fraction x; (x2) of the proton momentum. The PDF’s reflect the
internal structure of the proton and are non-perturbative quantities that must
be taken from experiment. The partons a and b are in general colored objects,
and so they can radiate additional gluons that can give rise to additional in-
frared singularities. It can be shown that the divergencies due to initial state
radiation can be reabsorbed into the definition of the parton distribution func-
tions (PDF’s), to the price of making the PDF’s scale dependent. This scale,
known as the factorization scale pp describes the scale at which long-distance
(IR) effects are reabsorbed into the PDF’s. As in this work we are only inter-
ested in final state radiation, we do not investigate this direction further, but

we only quote it for completeness.

4.2 Infrared singularities

421 Infrared factorization

In this section we analyze more closely the infrared singularities associated to
the emission of soft or collinear gluons. In Section 2.2l we mentioned that poles
in a tree-level partial amplitude arise when an intermediate propagator goes

on-shell, and the residue of the pole Pﬁn — 0 is given by,

_ 1
Am(l, N ,m) — Z An-‘,—l(l; ey, _P’n,ﬁz) ? Am—n"l‘l(Plh,n’n—’—l’ N ,m).
h n
(4.10)
In the limit where the particles 1,...,n are unresolved (i.e. , soft or collinear),

we can identify in the right-hand side of Eq. (£I0) the amplitude for the hard

scattering of (m — n + 1) particles, Am_n+1(P{fn, n+1,...,m). The factor
multiplying the hard scattering depends only on the unresolved particles and
is independent of the hard scattering. Hence, close to a singularity for n un-
resolved particles, a partial amplitude factorizes into a product of a universal
singular factor times the matrix element for the hard scattering. This impor-

tant property is known as infrared factorization. We start by analyzing the
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collinear factorization of color-ordered amplitudes arising when two or more
partons become collinear, and we will analyze the soft and soft-collinear di-
vergencies in subsequent sections. Note that we follow here the conventions of
Ref. [25] [55] and study the factorization properties at the level of the color-
stripped amplitudes. Alternatively, we could also study the infrared behavior
of the matrix element squared |A|2 [56, [57]. In the case of collinear divergences
this approach leads to the factorization of the matrix element into the matrix
element for the hard scattering times the Altarelli-Parisi splitting function,
which also appears as the kernel of the DGLAP equation. For soft divergences,
however, no exact factorization holds at the amplitude squared level because
the soft particles do not completely decouple from the hard partons, but they
remain color-connected to the hard scattering. We therefore restrict ourselves
to the study of the infrared factorization properties at the color-ordered level,
where the amplitude factorizes exactly in all infrared limits. In the rest of this
section we review how these universal factors describing the soft and collinear
emissions can be extracted from tree-level amplitudes, and we briefly comment

at the end on how to generalize these quantities beyond tree-level.

4.2.2 Collinear factorization

Collinear singularities arise when two or more adjacent particles, say 1,...,n,
in a color-ordered amplitude become collinear. In this limit, the amplitude

factorizes as

A (L, m) ~ Y Split_,(1,...,n) Ap_psr (PP n+1,...,m), (4.11)
h

where P denotes the combined momentum p; + ...+ py, i.e. , the collinear di-
rection. Split_,(1,...,n) denotes the tree-level splitting amplitude describing
the collinear splitting of a particle with momentum P and helicity h into n par-
ticles with fixed helicity. The factorization property (£I1)) implies that in the
region of phase space where the particles 1,...,n are collinear, the amplitude
A (L,...,m) can be approximated by the right-hand side of Eq. (£11). Ex-
plicit results for tree-level color-ordered splitting amplitudes involving quarks

and gluons have been derived in Ref. [25] up to n = 4 from tree-level impact
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factors and in Ref. [19, (18] using the MHV formalism up to n = 4 for quarks
and up to n = 6 for pure gluon splitting amplitudes. Splitting amplitudes
inherit many properties from the full color-ordered amplitudes. In particular

they are gauge-invariant and fulfill the reflection identity

Split_,(n,...,1) = (=1)" Tt Split_,(1,...,n). (4.12)

Since splitting amplitudes are universal quantities, they can be computed once
and for all, independently of the underlying hard scattering process. In the
following we describe a simple algorithm to extract splitting amplitudes from
the full scattering amplitude based on a simple power counting. First we restrict
ourselves to the simplest of all cases, m —n+1 =4, i.e. , the factorization over

the four-point amplitude,
Apys(1, ... n,aT, 07" ) ~ Split_,,(1,...,n) Ay(P",a™, 07", ¢7). (4.13)

Note that due to the supersymmetric Ward identities (I.I8), no sum over the
helicities of the intermediate particle has to be carried out. Furthermore, from
Eq. (II9) it follows that the hard four-point amplitude always has the simple
analytic structure of an MHV amplitude. The splitting amplitudes can then

be extracted using a simple algorithm, based on a simple power counting:

1. If ¢ and j are particles from the collinear set, rescale the corresponding

spinor products according to

(4.14)

2. Expand the amplitude in powers of ¢,

Anis(l,... ,n,a+,b_h,c_)

1
= —tnfl Spllt_h(l, .. .,n) A4(Ph,a+,b_h,c_) + O (1/tn—2) )
(4.15)

The splitting amplitude corresponds to the leading term in the expansion,

i.e. , if 7 is in the collinear set and a is not in the collinear set, then the

3
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splitting amplitude corresponds to the coefficient of 1/t~ with
(4.16)

where z; denote the longitudinal momentum fractioneH, p; = z; P.

Let us illustrate this procedure on the simple case of an MHV amplitude,
Eq. (II9). For h = +1, the scaling ([@I4) gives

An+3(1+7 cee ,Tl+, a+a b77 07)
1 (be)t
tn=1 (12) ... ((n — 1)n) \/z,(Pa)(ab) (bc) /z1(cP) (4.17)
1 1
= APt at b7, c7).
T 13y (= Dy AP et bnen)
From this expression we immediately read off the MHV-type splitting ampli-
tude Split_(17,...,nT),

1
Vi (12) . {(n— Djn)’

Repeating the same argument for h = —1 we find a second MHV-type splitting

Split_(17,...,n") = (4.18)

amplitude,

2
Split, (1F,...,i,...,n") = a . (4.19)

ez (12) . {(n— L))

Similar relations can be derived for MHV-type splitting amplitudes. Note how-

ever that for more general helicity assignments no generic formula for arbitrary
n can be given. In Chapter [f] we will present a recursive algorithm that allows
to compute splitting amplitudes for an arbitrary number of gluons for a given

helicity configuration.

4.2.3 Soft factorization

The factorization of an amplitude in the soft limit is very different from the
collinear one. Let us consider a pure gluon color-ordered amplitude at tree-

level. This amplitude displays an infrared divergence as some of the gluons

fFrom momentum conservation it follows immediately that z1 + ...+ zp = 1.
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become soft, i.e. , some of the gluon energies vanish. Two different cases might
occur, the color-connected and the color-disconnected one, that need to be

considered separately [55].

Let us first consider the color-connected case where the soft gluons are all
adjacent in the color-ordered amplitude, say si,...,8,. The amplitude then

factorizes as

Am(L, ... a,81,...,8n,b,...,m)
(4.20)
~ Soft(a, $1,. .., 8n,0) Am—n(l,...,a,b,...,m),

where Soft(a, s1,. .., sn,b) is a universal function, called soft factor, describing
the emission of n unresolved soft gluons from the hard amplitude. This factor-
ization implies that in the region of phase space where the particles s1,..., s,
become soft, the amplitude A,,(1,...,a,81,...,8,,b,...,m) can be approxi-
mated by the right-hand side of Eq. (£20). The (color-ordered) soft factor
Soft(a, 81, ..., Sn,b) defined in this way depends on the momenta and the he-
licities of the soft particles, and also on the particles a and b color-connected to
the soft set. The soft factors are, however, independent of the helicities of the
particles a and b [32]. Furthermore, it is quite easy to see that the soft factors

again satisfy the reflection identity,

Soft(b,n,...,1,a) = (=1)" Soft(a,1,...,n,b). (4.21)

The color-disconnected case corresponds to the situation where the soft parti-
cles are not all adjacent, but separated by at least one hard gluon. In this case

the factorization is, e.g. for two sets of soft particles,

Am (1.0 0,81, 80, byt ot d . m)

~ Soft(a, $1,...,8n,b) Soft(c, t1,...,t;,d) Ap—n—1(1,...,a,b,...,¢c,d,...,m),
(4.22)

i.e. , the color-disconnected soft factors are just products of the corresponding
color-connected soft factors. In the rest of this work we will thus only deal with

the color-connected case.

Similar to the case of splitting amplitudes, soft factors are universal quantities

that can be calculated once and for all. We therefore again restrict the com-
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putation to the simplest of all cases, namely where the hard amplitude is an

MHYV amplitude,
Apyaat,1,...,n,0",¢7,d7) ~ Soft(a,1,...,m,b) Ag(a™,bT,c™,d7). (4.23)

Note that as the soft factor is independent of the helicities of the hard particles
a and b, it is unaffected by the helicity assignment in the hard part. The soft

factors can be obtained by a simple power counting algorithm:

1. Rescale all spinor products according to

(i) — t*{ij),
(aj) — t{aj),
]
]

v (4.24)
[aj] — t[aj],

Sij — 4 Sij,

Saj — t Saj-

2. Expand the amplitude in powers of ¢,
Apiala®™, 1, 0,0 ¢ ,d7)
— ﬁin Soft(a, 1,...,m,b) A4(a+,b+,c_,d_) Lo (1/152"_1) 7
(4.25)

where the dots indicate terms which are less divergent than 1/t>". The

soft factor then corresponds to the leading term in the expansion.

Let us again illustrate this procedure on an MHV example. Using the scal-

ing (£24)), we find

Apiala™ 170 0T 0T e, d7)
1 (be)t
— 20 (a1)(12) . .. (nb)(bc) {cd)(da) (4.26)
1 (ab)

- + 4t — g
= 2 {a1). . up) (@0 e dT):

Hence, the tree-level MHV-type soft factor reads,

{ab)

+ th)=— "t
Soft(a,17,...,n",b) = (al)...(nb)’

(4.27)



4.2. Infrared singularities 63

Note that we could have derived the same result using a different helicity assign-
ment for the hard particles a, b, ¢, d. Also note that an MHV amplitude only
exhibits soft divergencies when a positive-helicity gluon becomes soft, because
for a negative-helicity soft gluon the scaling (£24]) only generates subleading
terms in 1/t?"=%. We could have anticipated this result from the fact that in
this case the hard amplitude only contains a single negative-helicity gluon, and
hence vanishes due to Eq. (LIg).

4.2.4 Infrared factorization beyond tree-level

We conclude this section by briefly commenting on how collinear and soft fac-
torization generalizes beyond tree-level. In Ref. [58] it was shown that collinear
factorization holds to all orders in perturbation theory, and in the limit where
two particles becomes collinear, an L-loop amplitude factorizes according to

AL(1,2,... n) =

n

M=

> split!) (1,2) ALY (P 3, n). (4.28)
h

~
I

0

In this formula Split(_ez denotes the ¢-loop splitting amplitude, and Split(_o,)l cor-

responds to the tree-level splitting amplitudes defined in Section 2.2l Splitting
amplitudes are known up to NNLO [6], (59, [60, [61, [62], and in particular, the
NLO splitting amplitudes in dimensional regularization through O(€°) read
(the result is given in the euclidean region where all invariants are taken to be

negative),
split™ (17,27) = (¢F + @) split'” (17, 27),
split{) (1+,27) = ¢ split{? (1%, 27), (4.29)
1 [12]
\/ 2172 <12>27

where the coefficients G and G™ are given by

1 N
Gl = yr (1 - Ff) z122 + O(e),

split (17, 2%) = —Gf

(4.30)

1 2 € 2
G" =cr [——zfﬁz; ( F ) +2lnz11n22—% + O(e),
€

—S12
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with

P+l —¢)
T am)2=T(1 - 2¢) (4:31)

and I'(z) denotes the Euler T function,
I'(z) = / det*te " (4.32)
0
Note the appearance of the splitting amplitude Splitsrl)(lJr, 27) which vanishes

at tree-level due to the supersymmetric Ward identities.

Unlike collinear factorization, soft factorization was only shown to hold up to
one-loop accuracy in the perturbative expansion,
AN ,2,...,n)
=Soft™M(1,2,3) A (1,3,...,n) + Soft@(1,2,3) AV (1,3,... n),
(4.33)
with

e

(4.34)

. )
SN e

1 12 (=sap) \°
Soft™) a,1,b) = —Soft(® a,1,b)cr = ( =
( ) ( ) r 62 (75a1)(751b)
where Soft™") denotes the one-loop soft factor, and Soft(” is the tree-level soft

factor defined in Section [4.2.3l

4.3 Subtraction schemes

In Section Tl we discussed that the infrared singularities in the real and virtual
corrections contributing to the NLO correction mutually cancel for a collinear
and infrared safe physical observable. Although the full NLO result is finite,
we cannot use Eq. () directly in numerical computer programs because the
real and virtual phase space integrals have to be performed independently. To
regularize the integrals, we add and subtract an approximate cross-section to

Eq. (£3) which exactly cancels the divergencies in the real correction [63],

dO’NLO

do

= [aoYor+ [k o+ [ [aok —aolk] 0 (139
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where we defined
2

doy = d®y2Re AV A" and dol = de, ‘ftgf’)’ (4.36)

and doi"*P denotes the approximate cross-section such that (do? —doy ’app)
is finite in every phase space point. If O denotes a collinear and infrared save
observable, the KLN theorem implies that the sum of the first two terms in
Eq. (@35) is finite as well. We have seen in the previous section that the
infrared behavior of tree-level amplitudes can be described by the universal
splitting amplitudes and soft factors, and so the approximate cross-section can

be constructed completely from these quantities,

dofPP — 4y 3 [Z %C +5,-Y sciT} ’,Ztg‘” ‘2 . (4.37)

T i i#r
The sum runs over all (pairs) of unresolved particles, and C;, and S, denote
universal collinear and soft counterterms constructed from the splitting ampli-
tudes and soft factors defined in the previous sectio. The term SC;, accounts
for the overlapping between the soft and collinear regions of phase space and
has to be added in order to avoid double counting of divergent phase space

points.

Eq. (£37), however, cannot yet serve as an approximate cross section because
the factorization formulas presented in Section are only true in the strict
singular limit. To overcome this issue, we perform a change of variable in the

three-body phase space integral,

{pi} = {pq:pa, vg} — {Pispr} = {Pg> Das Pr} (4.38)

such that all particles stay on shell and momentum is conserved, p? = p2 = 0
and Py + Pg = pg + Pg + Pg. An explicit example of such a change of variable
can be found in Ref. [63]. In these new variables the approximate cross-section

reads

da?,app = [dp1.2] C(pr) dO’QB, (4.39)

§Note that in practise the counterterms have a slightly more complicated form because of
color connections between the unresolved and the hard partons. Since in this work we only
want to give a flavor of how to construct a subtraction scheme at NLO, we neglect all color
connections in Eq. (£37]).
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ooy |2
where dof = d%‘A;O)‘ denotes the Born-level cross-section and C denotes

the counterterm in the new variables,

C{pitpr) = [Z %c +8 =) scir} o) (4.40)

T iET iET
and

_ 1 dp,
[dpra] = Jo ({Bi}, pri P) =z ="

(2m)3 2E, (441)

denotes the phase space measure of the unresolved particle and J5 is the jaco-
bian of the change of variable. Using this representation for the approximate

cross-section, Eq. (£35]) becomes

dO‘NLO

e / |0y + dof / [dpi]C| s + / |40 — dof [dp1] €| 05,
(4.42)

The two phase space integrals in Eq. (£42) are both finite, and they can be
integrated numerically independently from each other. Note that not only the
counterterm C appears in Eq. (£42), but also its integral over the phase space
of the unresolved particle. Since this one-particle integral is independent of
the hard matrix element, it can be done analytically once and for all. This
integral is however divergent and needs to be regularized, an issue that will
be addressed in Chapter [fl where we discuss the integration of some real vir-
tual counterterms for an NNLO subtraction scheme. That the counterterms
in Eq. (£42) are independent of the underlying hard scattering. For this rea-
son, the scheme described above is universal, and does not only apply to the
specific process ete™ — ¢ at NLO. A generic algorithm for next-to-leading
order subtraction has already been developed a decade ago in Ref. [20], where
also initial state radiation was taken into account. Recently, a generic NNLO
subtraction scheme has been proposed [21], 22, [24]. The construction of a sub-
traction scheme at higher orders is much more complicated than in the NLO
case, because of several overlapping singular regions of phase space. In order to
overcome this problem, a new type of factorization has been proposed, called
antenna factorization, which takes into account the overlapping of the singular

regions from the start.
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4.4 Antenna factorization

In the previous section, we reviewed the basic ideas of an NLO subtraction
scheme. The counterterm used to regulate the soft and collinear divergences
was constructed from the universal factorization properties of gauge theory
amplitudes in the soft and collinear limits, and we pointed out that beyond NLO
this procedure may become cumbersome due to overlapping singular regions
of phase space. In this section we present an alternative way to construct
counterterms for subtractions schemes, not based on the universal soft factors
and splitting amplitudes, but on a more general object, the so-called antenna
function [15] (16, [64].

Let us consider an m-point pure gluon amplitude A,,(a,1,...,n,b,...,m). The
singular limit for the particles 1, ..., n is defined as the limit where the particles
1,...,n are either collinear to a, collinear to b, or soft. An antenna function for
n unresolved particles is defined as any function Ant(dh@,l;hiv —a,1,...,n,b)
that reproduces the correct singular limits. If splitting amplitudes and soft
factors represent the residues of an amplitude, antenna function can be seen,
loosely speaking, as the sum of all residues for n unresolved particles. Note that,
at variance with the splitting amplitudes and the soft factors, this definition
does not lead to unique functions, because two antenna function could contain
all the correct poles but differ by the finite part. Nevertheless, in the singular

regions of phase space the amplitude can be approximated by
Ap(a,1,...,n,b,...,m)

~ > Ant(a" b a1, n,b) Ay (@7 bR m), (4.43)
ha,hg

where p; and p; are the so-called reconstruction functions,
Pa = fd(a, 1, . ,n,b),
Py = fia,1,...,n,b).

The reconstruction functions satisfy the following properties:

(4.44)

1. On-shellness, p2 = pg =0.

2. Momentum conservation, p; + Dy =DPa+pP1+...+DPn+ Db
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3. They reduce to the right expressions in the various singular limits, e.g. if

1,...,n become collinear to a, then pg — pg +p1+...+p, and p; — pp.

4. They leave the leading pole unchanged.

The explicit expressions for the reconstruction functions of Ref. [16] are col-
lected in Appendix[Al The reconstruction functions play the role of the change
of variables introduced in the previous section. In this sense, antenna functions

have the phase space mapping needed to define a subtraction scheme built in.

As already pointed out, the definition of an antenna function is not strict
enough to uniquely fix its functional form and several definitions can be found in
the literature. In Ref. [16], Kosower presented a way to build antenna functions
based on the BG recursive relations presented in Section[[4l In Refs. [65] [66]
67], Gehrmann et al. defined antenna functions as ratios between the full and
the hard squared matrix elements and applied their antenna functions to the
computation of the event shapes for ete™ — 3 jets at NNLO. In the next
chapter, we present an alternative definition for antenna functions based on

the MHV formalism, and we study the properties special to this approach.



Chapter

Antenna functions from MHV
rules

5.1 Power counting for antenna functions in the
MHYV formalism

In Section 23] we presented the MHV formalism and the BCFW recursion, two
powerful tools to calculate partial amplitudes. Since the twistor inspired tech-
niques are built around the collinear factorization properties of an amplitude,
one can naturally ask whether they can also be used to compute splitting am-
plitudes and/or soft factors. In Refs. [19, [I§], Birthwright et al. derived a rule
to compute splitting amplitudes by means of the MHV formalism and applied
this technique to obtain very compact formulas for several classes of splitting
amplitudes. In the following we extend this rule such that they do not only
describe the collinear behavior of an amplitude, but the full infrared behavior,

i.e. , the antenna functions.

We start by introducing the notion of MHV pole structures of an amplitude.
We know that in the MHV formalism the building blocks are MHV ampli-
tudes, continued off shell using Eq. (21) and connected by scalar propagators.

Since MHV amplitudes are purely holomorphic objects, antiholomorphic spinor

69
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products can enter the final expression for the amplitude only in a very limited
way. A first source are the scalar propagators, where antiholomorphic spinor
products enter through the relation s;; = (ij)[ji]. There is a second source,
related to the off-shell continued spinor products inherent to the MHV formal-
ism, Eq. (Z1). Since 7 is arbitrary and the physical result must be independent
of it, all spinor products involving  must cancel in the end. Hence, the only
source of antiholomorphic spinor products are the scalar propagators in the
MHYV diagrams. Furthermore, we know that the number of propagators in an
amplitude is linked to the number of negative helicity gluons through Eq. (2.8)).
Thus, we conclude that the only place where antiholomorphic spinor products
enter an amplitude for n_ negative-helicity gluons (and an arbitrary number of
positive-helicity gluons) are the p = n_ — 2 scalar propagators. We formalize
this by saying that the MHV pole structure of an amplitude is of the form

1
AN

FCD- (5.1)

Let us now extend this definition to splitting amplitudes. We know that in the
collinear limit, the amplitude must factorize according to Eq. ({I1]). Since the
MHYV pole structures of the amplitudes are known, it is a trivial exercise to
match the pole structure on both sides of Eq. (411]) and to extract the MHV

pole structure of splitting amplitudes,

1

BE
Split, ~ # (N

where n_ is the number of negative-helicity gluons in the collinear set. This

Split_ ~

(5.2)

result was first derived in Ref. [19, [I8] and has far reaching consequences. To
see this, let us consider the simplest of all cases where we choose the hard
amplitude to be a four-point amplitude, Eq. (ZI3)). The hard amplitude on
the right-hand side is an MHV amplitude, so the MHV pole structure is trivial,
1
[
or equivalently, the splitting amplitude must have the same MHV pole struc-
ture as the amplitude on the left-hand side of Eq. (4I3]). Since the splitting

A4(Phaa+ab_hac_> ~ ]0 f(< >)7 (53)
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amplitude captures only the leading collinear singularity, we conclude that in
the collinear limit only those MHV diagrams contribute where all scalar prop-
agators go on-shell. In other words, we can refine our algorithm to compute
splitting amplitudes of Section in such a way that we do not need to
compute the full amplitude on the left-hand side of Eq. (Z13)), but it is enough
to consider only a subset of MHV diagrams, namely those where all scalar

propagators go on shell.

After having identified this limited set of MHV diagrams that contribute in the
collinear limit, let us see what the scaling rules (@I6]) become in the collinear

limit. It is easy to show that,
J
(aPij) = (@P)[Pn] ) za,

(k Pij) = [Pn])_vza(ka), (5.4)

a=t

j o1
(Pij Pea) = [P0 > Y ZazalaB),

a=1i 3=k

where a is a particle which is not in the collinear set, k is in the collinear set,
and P; ; and P only contain particles from the collinear set. Introducing the

following notatio

A(i, ji k) = Z Vza(ka),

o (5.5)
Aliyjik 1) =Y zaza(a ),
a=1i =k
Eq. (54) becomes
(k Prj) = [PlAG, ji ). 56)

(Pyj Pea) — (PP A, ji k) 1).

As already stated in Chapter [2, 1 is an arbitrary spinor that can be thought
as parametrizing the gauge-dependence of a quantity. As in the collinear limit

the only 7 dependence is in [Pn], we can neglect these spinor products, i.e. ,

*These notations differ slightly from those used in Refs. [19, [18].



72 Chapter 5. Antenna functions from MHV rules

we set [Pn] = 1. We can summarize the previous discussion in the following
rule, which was first presented in Ref. [19, [I8] and which gives a refinement to

the algorithm to compute splitting amplitudes presented in Section
Rule 5.1 (Collinear MHV rules).

1. Consider all MHV diagrams contributing to the collinear limit of the (n+
3)-point amplitude Anis(1,...,n,(n+1)", (n+2)"" (n+3)7). This
set is obtained by including the diagrams where all the scalar propaga-
tors go on-shell in the collinear limit, or equivalently, the diagrams where

(n+1), (n+2) and (n + 3) are attached to the same MHV vertex.
2. Go to the collinear limit by applying the rules in Eq. (57).

8. Divide out the hard four-point amplitude Ay (Ph, (n+1)*, (n+2)7" (n+

3)).

In the rest of this section we show how it is possible to extend this procedure
to the extraction of antenna functions. To do so, first one has to find the
MHYV diagrams that contribute to a given singular limit, i.e. , the MHV pole

structures of the antenna function, similar to Eq. (5.2)), have to be identified.

Let us start with the soft limits in the MHV construction. To be concrete, let
us consider an (n + 4)-point gluon amplitude A, 4(a,1,...,n,b,¢,d), where
the gluons 1,...,n become soft. The amplitude then factorizes according to
Eq. (£23). The soft factor can be easily calculated using the following re-
sult [57],

Rule 5.2 (Gluon insertion rule).

In the soft limit, only Feynman diagrams where the soft gluons are radiated

from the external legs of the hard amplitude contribute.

The proof of the gluon insertion rule, based on simple power counting argu-

ments, is presented in Appendix [B.l



5.1. Power counting for antenna functions in the MHV formalism 73

d- at d- at d- at
s - -~ +
c” bt c” bt c” bt

Figure 5.1: Possible MHV diagrams where a soft gluon is radiated between the
external legs a and b. The dashed line corresponds to a soft gluon.

Rule[5.2 allows an easy identification of the Feynman diagrams corresponding to
the emission of additional soft gluons. In order to establish the MHV pole struc-
ture of the soft emission, we need to generalize this result to MHV diagrams.
Let us consider an (n+4)-point gluon amplitude A, +4(a,1,...,n,b,¢,d), where
the gluons 1,. .., n become soft. Rule[B.2states that in the soft limit only those
Feynman diagrams contribute where the soft particles are radiated from the
external legs a and b. However, it is easy to see that, given the helicity con-
figuration, only negative-helicity gluons can be radiated from the external legs
in the MHV formalism (a positive-helicity gluon would lead to a three-point
MHV vertex with two positive-helicity gluons). The positive-helicity gluons
must thus be radiated only from the MHV vertex which builds up the hard
amplitude. Note that this is consistent with the gluon insertion rule (¢f. the
soft factorization of a pure MHV-amplitude). Similar considerations hold true

for different helicity assignments of the particles a, b, ¢, d in the hard amplitude.

This leads us to the following new formulation of the gluon insertion rule, valid
for MHV diagrams (See Fig. 1)),

Rule 5.3 (Gluon insertion rule in the MHV formalism).

In the soft limit, only MHV diagrams where negative-helicity soft gluons are
radiated from the external legs a and b or positive-helicity soft gluons from the

MHYV wvertex that forms the hard amplitude contribute.

Note that the gluon insertion rule is very restrictive on the possible diagrams
(Fig. [5.1)), because it forces the hard gluons ¢ and d to be attached to the same
MHYV vertex. Thus only a small number of MHV diagrams contribute in the
soft limit. Furthermore it is easy to see that, similar to Rule 5] this class of

diagrams is exactly that where all scalar propagators go on-shell.
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We now turn to the MHV pole structure of soft limits. Consider the situation
where the set {1,...,n} contains n, negative-helicity gluons. The set {a, b, ¢, d}
contains two additional negative-helicity gluons, so that the hard amplitude
Ay(a, b, c,d) is an MHV-amplitude. Using Eq. (2.8)), we obtain the number of
MHYV propagators in the (n+4)-point amplitude, p = (ns+2) —2 = n,. As the
hard four-point amplitude does not contain any MHV propagator, we come to
the conclusion that a soft factor containing ns negative-helicity gluons has the

following MHV pole structure

Soft ~ ﬁ ey (5.7)

Note that this result is in agreement with the MHV-type soft factors derived
in Chapter (]

Soft(a,17,...,n",b) = <a1><;“.b.><nb> ~ [ 1]0 F N,
[ab] 1

soft(a,r,...,n*,b):(71)”[a1]_._[nb] ~“TT F D

We can extend this result to the case of color-connected soft/collinear limit.
Let us consider to this effect the amplitude A,,13(a,1,...,k,...,n,b,c) in the
limit where 1,...,k are soft and k + 1,...,n are collinear. In this limit the

amplitude can be approximated by [55]

Anys(a, 1, 0k, ... ,n,b,c)

~ Z S(a;1,... . kik+1...,n)Split_,(k+1,...,n)A4 (a, P",b,c),
h
(5.9)

where S denotes a universal soft factor. In Ref. [55] it was shown that S
can be obtained by taking the leading soft behavior in the splitting amplitude
Split_,(1,...,n), i.e.

Split_,(1,...,n) ~S(a;1,...,k;k+1...,n)Split_,(k+1,...,n). (5.10)

We now determine the MHV pole structure by applying the gluon insertion
rule[53to the splitting amplitude Split_, (k+1,...,n). From Rule[5Ilwe know

TThe color-disconnected case is trivial.
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that in the limit where k +1,...,n are collinear, only those MHV diagrams of
Ap—gys(a, k+1,...,n,b,¢) contribute where a,b, ¢ are attached to the same
MHYV vertex. We apply Rule to attach additional soft gluons to this set of
diagrams. It is easy to see that, in consistency with Eq. (28],

e as soft negative-helicity gluons can only be emitted from the external
lines, we add a new divergent propagator to the diagram each time we

add a soft negative-helicity gluon.

e for the emission of soft positive-helicity gluons, the number of MHV prop-

agators is left unchanged.

Hence, if ngs denotes the number of soft negative-helicity gluons in the set

{1,...,k}, we add ns new divergent propagators do the diagrams, and so

o if h=+1,

S(a;1,....k;k+1...,n)Split_(k+1,...,n)
11 1 (5.11)

~ ~

(T T

e if h =—1,

S(a;1,... ksk+1...,n)Split, (k+1,...,n)
1 1 1 (5.12)
(T [t [ oo

~

where n_ is the number of negative-helicity gluons in the collinear set
{k+1,...,n}.

We can now turn to the case of antenna functions. By definition, an antenna
function contains all possible infrared singularities, both soft and collinear. We
analyze the MHV pole structures of the antenna functions, using the fact that
they reproduce the known MHYV pole structures in the various soft and collinear

limits.

Let us start with Ant(d’,lAf — a,1,...,m,b), and let us consider the MHV

pole structures of the different soft and collinear singularities contained in this
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antenna function. Let n_ denote the number of negative helicities in the set
{1,...,n} and N_ the number of negative helicities in the set {a,1,...,n,b}.

Then we have the following possibilities:

® pis-o P || Pa
In this limit we have p; — P = pq +p1 + ...+ p, and p; — pp, and
Ant(&f,if —a,l,...,n,b)
1 (5.13)
[ ] [N
where n, is the number of negative helicities in the set {a,1,...,n}, and

nq = N_. Note that if p; — py, then hy = —h; = +1.

— Split_(a,1,...,n) ~

.pla"'aanpb

In this limit we have ps — p, and p; — P =p1 + ...+ pn + pp, and
Ant(d_,l;_<—a,1,...,n,b)

1 1 (5.14)

N R

where ny, is the number of negative helicities in the set {1,...,n,b}, and

— Split_(1,...,n,b) ~

ny = N_. Since py — pg, then hy, = —hg = +1.

® pi,....,pn —0
In this limit we have ps — p, and p; — py, and
Ant(d_,l;_ —a,1,...,n,b)
1 1 (5.15)
[
and n_ = N_ because if ps — pq, then h, = —hg = +1 and if p; — ps,
then hy = —h; = +1.

— Soft(a,1,...,n,b) ~

® pi,...,Di—1 || pa and ps,...,p; — 0 and pj11,...,0n || Po.
In this limit we have ps — po+p1+...+p;i—1 and p; — pjr1+...+Pn+DPb,
and
Ant(&_,é_ —a,l,...,n,b)

— Split_(a,1,...,4—1)Split_(j +1,...,n,b)

xS(a,1,...,i—1;4,...,5;5+1,...,n,b) (5.16)

N 1 1 1 N 1
(=TT T
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where n,, ns and n, are the numbers of negative-helicity gluons in the
sets {a,1,...,4 — 1}, {i,...,7} and {j + 1,...,n,b} respectively, and
Ng +ns+np = N_.

We are therefore able to conclude that

1
[ -
Similar arguments for the other helicity assignments lead to

Ant(d_,l;"" —a,1,...,n,b) ~ []%f“ ))s

Ant((f,lAf —a,l,...,n,b) ~

FEC)) (5.17)

Ant(a*, b — a1y n,b) ~ []% O, (5.18)

Ay 3 1
Ant(a+,b+Ha,1,...,n,b)~ []ﬁf(< >)
Egs. (517 - BI8) are the analogues for antenna functions of Eq. (52) for
splitting amplitudes. We now show that, as it was already the case for splitting
amplitudes, the MHV pole structure allows us to identify a priori the set of
MHYV diagrams that contributes to the singular limit.

Let us start with Ant(a—, b= — a,1,....n, b), and consider an (n + 4)-point
amplitude A, 44(a,1,...,n,b,¢7,d”). In the limit where the particles 1,...,n

become singular, the amplitude exhibits the factorization ([£.43),

Apya(a, ..., bc”,d7) ~ Ant([f,lAf —a,l,...,n,b) A4(&+,l;+,cf,d7).
(5.19)

If N_ denotes the number of negative-helicity gluons in the set {a,1,...,n,b},
then the number of MHV propagators in the (n + 4)-point amplitude is p =
(N_+2)—2= N_. From Eq. (5I7) we know that the MHV pole structure of
this antenna function is
. 1

ADt(di,bi <—a,1,...,n,b)~ Wf“ >), (520)
and thus the MHV diagrams contributing to the antenna function are exactly
those where all scalar propagators go on-shell. Similar conclusions can be drawn
for the other helicity configurations. This brings us to the first important

conclusion that Rule 5] can be generalized to antenna functions:
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Rule 5.4. The MHYV diagrams that contribute to the singular limit of the
(n 4+ 4)-point amplitude A,y4(a,1,...,n,b,c”,d”) are exactly those were all

scalar propagators go on-shell.

5.2 Diagrammatic evaluation of antenna func-
tions

In the previous section we showed that in the MHV formalism the MHV
diagrams which contribute to the singular limit are exactly those where all
scalar propagators go on-shell. This result is an extension of the corresponding
Rule BT for splitting amplitudes. For the antenna functions, however, it is
possible to go one step further. We note that keeping only those MHV dia-
grams where all propagators go on-shell is equivalent to requiring that ¢ and d
must be attached to the same m-point MHV vertex with m > 4. We therefore
formulate the following rule, which provides at the same time a possible new

definition for antenna functions by means of MHV diagrams,

Rule 5.5 (MHV rules for antenna functions).

The antenna function Ant(&h@,l;hiv —a,l,...,n,b) can be calculated by evalu-
ating all MHV diagrams contributing to Apta(a,1,...,n,b, ala, Ehﬁ) and where

a and b are attached to the same m-point MHV vertex, with m > 4.

This result, which is proven analytically in Appendix [B.2, allows to directly
build all antenna functions using the MHV formalism and the related MHV
diagrams. It is possible to identify a priori the MHV diagrams that contribute
to the singular limit, and it is thus not necessary to evaluate all the MHV
diagrams that contribute to the full amplitude A, t4(a,1,...,n,b,¢,d). This
class of MHV diagrams is uniquely defined by the requirement that all the
MHYV propagators must go on-shell in the singular limit, which turns out to be
very similar to Rule B.1] for splitting amplitudes. The advantage of our result
is, however, that the functional form of the antenna functions is exactly given
by the MHV diagram, whereas in Rule [5.] one still has to go to the collinear

limit. Antenna functions can hence be represented as a special class of MHV
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diagrams, the class of diagrams being the one defined by Rule[5.5l Let us make

a few comments about the antenna functions obtained from Rule

1. The antenna functions may still contain non-divergent pieces, coming
from MHV diagrams that are not divergent in any limit. For example,
let us consider the antenna function Ant(a—,b* «— a=,17,2%,b%). In
Ref. [16] it was shown that this antenna function is zero. Using Rule
we generate a set of four non-zero MHV diagrams. It is easy to check
however that all four diagrams are finite in all the singular limits we are

interested in.

2. As the antenna functions are built from MHV diagrams, it is easy to see
that the antenna functions obtained from Rule will always fulfill the

reflection identity

Ant(dha,?)hl? —a,1l,...,n,b) = (—1)"Ant(l}h5,dha —bn,...,1a).

(5.21)

3. The antenna functions are in general dependent of an arbitrary spinor 7.
In practise, however, 1 cannot be chosen among the momenta appearing
inside the antenna functions, because this would be inconsistent with the
assumption that there are no infrared poles in the amplitude coming from
antiholomorphic spinor products of the form [.n], e.g. if we chose n = a,
then [1n] = [1a] could lead to a pole in the limit where these two particles
become collinear, which is not included in the class of diagrams defined
by Rule

4. The proof in Appendix [B:2 of our result crucially relies on the fact that
(a@) goes to zero in the singular limit. We were able to show this ex-
plicitly for the reconstruction functions given in Eq. (AJ)). However, if
different reconstruction functions are chosen, it should be checked that

this statement still holds true for the new analytic expressions.

In Chapter 2] a recursive formulation of the MHV formalism in terms of single

and double-line currents was introduced. As Rule allows us to identify a
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prior: the MHV diagrams that contribute to a given singular limit, we can use
this result to write down a recursive algorithm for antenna functions in terms
of the single and double-line currents. As the antenna functions contain all
kinds of collinear and soft singularities, it is straightforward to derive the cor-
responding recursions for splitting amplitudes and soft factors. This algorithm

is discussed in Section [5.4].

5.2.1 General formulas for NMHV antenna functions

In this section we apply Rule to derive generic formulas for all MHV
and next-to-MHV (NMHV) type antenna functions. We give explicitly the
results for antenna functions of the form Ant(d‘,l;_ — a,1,...,n,b) and
Arlt(ff,l;Jr — a,1,...,n,b). The remaining antenna functions are related to

the previous ones by parity and reflection identity (&.21I).

MHV-type antenna functions The simplest antenna functions are those

obtained from a single MHV vertex. Applying Rule we immediately find

Ant(a=, b~ «—a®, 1%, 0", b")
:An+4(a+,1+,..-,n+,b+7d7a67) (5.22)
(ab)®
(a1)(12) ... (nb)(ba) (ba)’
Ant(a=, bt —at 1%, 7, ntbT)
:An+4(a+,1+,._.’ji’_,_’n+,b+,d7,é+) (523)
(aj)*

(a1)(12) ... (nb)(ba)(ab) (ba)

NMHV-type antenna functions The NMHV-type antenna functions are
derived from MHV diagrams containing exactly one propagator. The MHV
diagrams obtained from Rule are shown in Fig. and Fig. B3l The
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Figure 5.2: MHV diagrams contributing to NMHV-type antenna function
Ant(a=,b~ —at, 1%, .. 57, ... 0t bh).

generic formulas for NMHV-type antenna functions are

Ant(d_,l;_ —at, 1", .57, T b
3 (ab)* j Pa)*
1= Sa(Pau(l 4+ 1)) ({4 1)0))(0Fa,1){Pa,a){(al)){{ Pa,)
" Z (ab)*(j Py p)?
* Skt 1,6 (Pht1,60) ((@F)) (k Prt1,0) (Prr1,p (B + 1) ({(k + 1)b)) (bPrr1,0)

(ab)*(j Prg1,)*

+ kzalz Skr1,1{(Per1,0 U+ YU+ D)E)) (B Prg1.0){(Peg1,i(k + 1))

1
* Uk + D) (P’

(5.24)

Ant((f,f)Jr —at 1t i, T T
(aPui1,0) (i)
* Skt 1.0 (Pht1,00) ((@F)) (kPrt1,0) (Pr1,p (B + 1) ({(k + 1)b)) (bPrr1,0)
(P (i)
* Sa,1(Pa,i(L+1){{(I +1)b))(bPai)(Paya)((al)) (1 Pa)
(aPyi1,)*(ij)*

- ; k1,1 (Prt 1,0 (0 + 1))+ 1)k)) (kPrt1,0) (P10 (k + 1))

~
|
—_

b
Il

4
M:

S~
—_ .

el
I
e

1
Wk + D) (I Peyr)

(5.25)
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k+1

by J 41

Figure 5.3: MHV diagrams contributing to the NMHV-type antenna function

Ant(d’,l;JrHa*,l*,...,f,...,jf,...,n*,b*).

j—1 b
(@i)" (j Pr+1,0)
" ;; Sk1,0 (P10 (L+ 1)+ 1)) (FEPrgr i) (Prga,i (k + 1))

1
<<( + D) (I Pry1)
() (i Pey 1)’
* kz_;l — sk1,0(Prpr(0+ 1))+ 1)E)) (kPrgr i) (Prgri (k + 1))
1

Uk + D) (Pt

where we introduced the notations
j—1
sig = (Pi+pivi+ o +p))* and ((i5) = [[(k(k+1)). (5.26)
k=i
Note that the above generic formulas for NMHV-type antenna functions (to-
gether with the results for the MHV-type antenna functions) are sufficient to
derive the full set of NNLO and N®*LO gluon antenna functions [17]. We checked
explicitly that these antenna functions reproduce the correct infrared limits and

that the limits are numerically independent of 7 using the Mathematica pack-
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age S@M [68]. Note that our antenna functions have a slightly simpler and more
compact analytic form than those presented in Ref. [16]. This fact might sim-
plify the phase space integration of the counterterms when antenna functions

are used in a subtraction method.

5.3 From antenna functions to splitting ampli-
tudes

In this section we show how the antenna functions obtained from Rule 5.5 can
be used to derive Rule Bl for splitting amplitudes presented in the previous
section. Let us start with Split_(a,1,...,n). We know that for the antenna
function Ant(d’,l;’ —a,l,...,n,b), we have in the limit where 1,...,n be-

come collinear to a,
Ant(a—, b~ —a,l,.. .,n,b) — Split_(a,1,...,n). (5.27)

Furthermore, we know that the MHV pole structure of the antenna function
built from Rule is

Ant(a=,b~ —a,1,...,n,b) ~ T ). (5.28)

[

In the limit under consideration, we have N_ = n, because in this limit
p; — kp, and so hy = +1. Thus only those MHV diagrams in Ant(a~, b= —
a,1,...,n,b) contribute where all N_ = n, MHV propagators go on-shell in
the collinear limit. These diagrams correspond exactly to those where b is at-
tached to the same MHV vertex as @ and b, which is equivalent to Rule .11
The derivation of the corresponding result for Split, is similar to the Split_

case, so we do not report its derivation.

Note that unlike antenna functions, the splitting amplitudes are uniquely de-
fined. The arbitrariness in the definition of the antenna function is lost when a
specific collinear limit is taken, because the class of MHV diagrams contributing

to the antenna function can be divided into two different subclasses:
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Figure 5.4: Diagrammatic expansion of the splitting amplitude. The blobs
indicate MHV diagrams with a smaller number of legs.

1. The MHV diagrams where b is attached to the same MHV vertex as a

and b: These diagrams are divergent in the collinear limit

2. The MHV diagrams where b is not attached to the same MHV vertex
as @ and b: These diagrams are not divergent enough and are omitted.

They contribute to the arbitrary piece from the antenna function.

5.3.1 Diagrammatic approach to splitting amplitudes

In the previous section we showed that in the limit where 1,...,n become
collinear to a only those MHV diagrams of the antenna contribute where a, b
and b are attached to the same MHV vertex. In this section we show how this
result can be interpreted in terms of MHV diagrams, where the vertices are
modified.

The set of diagrams defined by this condition can be easily expanded in terms
of the structure of the collinear poles appearing in the diagram ( i.e. , 1/sq.n,

1/84.kSk+1,n, €tc.). This expansion is shown in Fig.[5.4. We find

1
Split_,(a,1,...,n)As(P" bc,d) ~ Zvﬂ,jns—pyf(ﬁx, (5.29)

partitions j ™
where the first sum goes over all partitions (including the set {a, 1,...,n} itself)
7w = (m;) of the set {a,1,...,n}, and the second sum runs over all diagrams

corresponding to this partition. Vy ; is the MHV vertex which a, b and b are
attached to and s,, denotes the invariant formed out of the momenta which
are in the subset 7;. Note that in this way we reproduce the pole structure of

the splitting amplitude: For the partition into one subset, 7 = {a,1,...,n},

fNote that these diagrams may still contain subleading pieces.
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the pole is 1/84.y, for the partition into two subsets, 7 = {(a,1,...,k), (k +

1,...,m)}, the pole is 1/s4 kSk+1,n, and so on.

The diagrams D?/I(Ifrx are MHV diagrams. They however still contain pieces
that are subleading in the collinear limit. We show how it is possible to modify

the definition of the MHV vertices such that the diagrams in Eq. (529) only
DMHV

contain the leading collinear pole. Let us consider a specific diagram ()

All the vertices in D; (Ijry) only depend on

- particles from the collinear set a, 1,2,...,n.

- off-shell legs of the form Py ¢, where k and ¢ are in the collinear set.

Let us first consider the case of a vertex which only depends on off-shell contin-
ued legs. We will give as an example the four-point vertex. The generalization
is straightforward. An example of a four-point MHV-vertex with all legs con-

tinued off-shell is

o (IJ)*
A(I7,J-, K+, L%) = TATIED T (5.30)

where we used the multiindex notation introduced in Chapter[2 i.e. , the am-
plitude A4 (1=, J=, KT, L) has to be understood as A4(P; , Py, Pit, P).
Applying Eq. (£.0), this vertex gives the following contribution in the collinear
limit

AL, J)*

Ag(I7, T KT L) — AL, J)A(J, K)A(K, L)A(L, I)’

(5.31)

The A-function has been defined in Eq. (51]), and we again use the multiindex

notation,
A(I,J) = A(iv,ia; j1, J2)- (5.32)

We would now like to define the object on the right-hand side of Eq. (G.31])
as an effective MHV vertex in the collinear limit, which splitting amplitudes

could be built up from. The idea rests on the following observations:

1. An on-shell particle with momentum p; can be seen as labelled by the
multiindex 7 = (4,7), defined in Eq. (2.20)).
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2. The A-functions are not independent, but it is easy to see that

A k) = Vai(ki),
AGT) = JaA(i) =—A(J,9), (5.33)

Aw)) = VzAl1) = Zz))-

Thus we would like to extend the definition Eq. (B31) to the case where on-
shell particles are present in the vertex. For example, if the first particle (with
negative helicity) in Ay is on-shell, I = 7 = (4,4) and applying Eq. (533]) we
find,

Ag(i™, J7, KT LY) = A, J, K', L") (5.34)
. Az, J)*
A, J)A(J, K)A(K, L)A(L,7)
B ~A(J, i)

“UANT)A, K)AK, L)AL, Q)

On the other hand, a direct application of the collinear rules (54 leads to
—A(J,0)*

A, DA(J, K)A(K, L)A(L, i)

The difference between Eqgs. (534 and (5.35]) amounts to a factor z;. This can

reabsorbed into the one-point current attached to the vertex, by defining the

Ag(i™, J7, K+, LY) — (5.35)

“wave function”
J_(i) = —, (5.36)

which cancels the factor z; in Eq. (5.34). It is easy to see that for an on-shell

particle with positive helicity the wave function must then be defined as

J+ (1) = 2. (5.37)
and finally that Eq. (536) and (537) can be summarized as

Jn(i) = 2. (5.38)

The diagram D?/I(EIFV) has however an additional external leg, corresponding to
the incoming momentum Pr,. We define the wave function of this external leg

as

Jn(Pr,) = 1. (5.39)
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We now turn to the vertex V ; in Eq. (5:29). Two cases are to be identified,
corresponding to the value of h in Eq. (5.29).

1. If h = +1, then
(ab)®
(0Pr) ((Pry Pry )) (P, b) (b2)

where k denotes the length of the partition. Using the properties of the

(5.40)

™ =

reconstruction functions and the definition of the A-function, we find

R 1

AmiAme py A(PM,PWH)

Vej— (5.41)

where we defined

=D (5.42)

Lem;
2. If h = —1, then
(b
(bPr,) ((Pr, Pr, ) {Pr, b) (bit)

where now M denotes the propagator with negative helicity attached to
Vr,j- This yields

(5.43)

™ T

4 k—1
2y 1

Zﬂlzﬂk /=1 A(PW[7P7\'13+1)

Vﬂ—,j — (544)
Putting everything together, we can write down the following diagrammatic

formula for splitting amplitudes:

Split_(a,1,...,n) = > ZV(’” §’“) (5.45)

partitions j

where

2(1—h) k—1

1
v = Zu (5.46)
7 Zﬂ'lzﬂ'k g A(PW[7P7\'13+1)

Let us illustrate this formula on the example of the MHV-type splitting ampli-
tudes of Eqgs. (I8 - [EI9). For MHV-type quantities there is only one MHV

diagram, so the sum over partitions is trivial. Using Eq. (5.33) we obtain,
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e for h = +1,
Split_(17,...,n™)

1 [ 1 n
T Zi7n <E \/MWH») (E”) (5.47)

_ 1

~ VEen 12) - ((n—Dm)’

e for h=—1,

Split, (1F,...,i7,...,n")

2 (T 1 ﬁ 1
= P
2120 \ oy VEE ((e+1)) h “z (5.48)

i

N

2
_ Zi

= Vi (12) . ((n— D)’

in agreement with the results given in Chapter 4.

5.4 Recursive relations

5.4.1 Recursive relations for antenna functions

In this section we apply the recursive formulation of the MHV formalism in-
troduced in Section 2.4 to the calculation of antenna functions. From Rule 5.5
we build the antenna function Ant(dh@,f)hfv —a,1,...,n,b) by calculating all
MHYV diagrams that contribute to A,,14 (a, 1,...,n,b,ahe, l;hé) and where a and
b are attached to the same n-point MHV vertex, n > 4. In the language of
the recursive formulation of the MHV formalism this amplitude can be built
recursively using Eq. (223 - 2:25), and by putting the off-shell leg on-shell.

The part of this single-line current where @ and b are attached to the same
n-point MHV vertex, n > 4, corresponds exactly to those diagrams where a

and b are attached to the same double-line current (See Fig.[L.H). We can then
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a
=
°
o
b

Figure 5.5: Contribution of J4(a,1,...,n,b,¢7) in the singular limit. The off-
shell leg is denoted by a cross, and the double-line represents the MHV vertex
to which @ and b are attached.

write immediately
Ant(ahe b —a,1,... n,b) =

SN VAU Via b My, M) e e gt P 0,1, ) (5.49)

U<v M
’U2:b
where
8% 0%, if hg = hy = —1,
ehahy — 5§[2 7# ha =t =1 (5.50)
5]%2 ,lfha:7h5:+1,
1 ,ifh[l:hg:-i-l.

Note that we could have used the recursive relations in a different way to

calculate the antenna function:

1. First build the full amplitude A,,+4(a,1,...,n,b,¢,d).

2. Second extract the infrared divergent piece in the limit were 1,...,n are

unresolved, i.e. , the antenna function Ant(d,IA) —a,1,...,n,b).

The calculation of the full amplitude A,14(a,1,...,n,b,c,d) needs the evalu-

ation of the (n + 3)-point single-line current J(a, 1,...,n,b,c), which contains
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Figure 5.6: The contribution from Ant(d_,l;_ — a,1,...,n,b) in the limit
ki,...,kn || ka. The off-shell leg is denoted by a cross, and the double-line
represents the MHV vertex to which @ and b are attached.

(n 4 2)-point double-line currents as subcurrents. Eq. (5.49) proves that we
only need to evaluate the (n + 2)-point double-line current Jyv(a,1,...,n,b).
This current contains all the information that is needed to build the antenna
functions, i.e. , we do not need to solve the full recursion, but we stop after we

have built the infrared divergent piece.

Having a recursive formula for antenna functions we can go on and derive
recursive relations for splitting amplitudes, by taking the corresponding limits

on Eq. (49)). The rest of this section will be devoted to this task.

5.4.2 Recursive relations for splitting amplitudes

In this section we derive the recursive relations for splitting amplitudes by tak-
ing the collinear limit of the corresponding recursive relations for the antenna
functions, Eq. (5:49). We already know that in the limit where a,1,...,n are
collinear, only those MHV diagrams contribute where a, b and b are attached
to the same MHV vertex. In terms of the single and double-line currents, this
means that @, b and b must be attached to the same double-line current (See
Fig. B6). In addition we can recast the splitting amplitude as a sum over
products of MHV diagrams, where the MHV vertices are replaced by A func-
tions and the external particles have “wave functions” corresponding to the

momentum fraction z;.
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Combining these two observations with the recursive relations for the antenna
functions introduced in the previous section, we are naturally led to a set of

recursive relations for the splitting amplitudes themselves. We find
Split_ (a,1,...,n)

= Ju(a,1,.. )+ Y VROV M) JG P, ), (5.51)
U<V,M

Va2=n

with V7" is similar to the quantity defined in Eq. (5.46),
L2(1=h)
VMUV, M) = — M 5.52
SOV = (552)

Let us conclude this section with a few comments.

1. The recursive relations state that a splitting amplitude can be written as
a sum of a single and a double-line current. These currents fulfill formally
the same recursive relations as gluon amplitudes and antenna functions,
the vertices however correspond to the MHV vertices in the collinear
limit introduced in Eq. (531]) and the one-point currents correspond to

the “wave functions” introduced in Section [5.3.1],

Jn(i) = 2P (5.53)

K2

2. Once again we could use the recursive relations, Eqs. (223 - [225]), in a

different way to calculate an n-point splitting amplitude:

(a) First calculate the full (n+43)-point amplitude A, 13(1,...,n,a,b,c).

(b) Then extract the splitting amplitude according to
Apys(1,...,n,a,b,¢) ~ Split_,(1,...,n) Ay(P" a,b,¢). (5.54)

The calculation of the full amplitude needs the calculation of an (n + 2)-
point single-line current J(1,...,n,a,b), which contains the (n+ 1)-point
double-line current as a subcurrent. On the other hand, Eq. (&.51) tells
us that it is sufficient to evaluate n-point single and double-line currents

to obtain an n-point splitting amplitude.

3. We checked the splitting amplitudes calculated using these recursive re-
lations against the pure gluon splitting amplitudes obtained in Refs. [25]

19]. For all of them we found complete agreement.






Chapter

Analytic integration of some
real-virtual counterterms

6.1 A general subtraction scheme at NNLO

In Chapter [ we presented the basic ideas behind subtraction schemes at next-
to-leading order. Recently a general subtraction scheme at NNLO has been
presented [21], 22] 23] [24]. As we already gave a review of subtraction schemes
at next-to-leading order in Section [£3], we do not review the NNLO case in

detail, but only highlight its features.

Using the notations of Chapter [4, we can write,

dO_NNLO g
—d0 :/ do,¥ OnJr/dO—SXl On+1+/d0552 Ona, (6.1)

where RR, RV and VV refer to the doubly real (two real emissions), the real-
virtual (one-loop single emission) and the double virtual (two-loop) corrections.
The three terms in this sum are separately divergent. We proceed in exactly
the same way as in the NLO case and we add and subtract approximate cross-
sections in order to get infrared-finite integrals. We work in dimensional regu-

larization, and consider phase space integrals in D = 4 — 2¢ dimensions. After

93
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having regularized all the integrals, we can write
dgNNLO NNLO NNLO NNLO
LA / doNNLO / doNNEO 4 / doNNLO, (6.2)
with
100 = {40180,
4o 0, - [as 0, — s 0]}
doNNLO — {[da}}}r’l + / do,lff;ppl} O,
- {do’?}r/’lappl N (/dggﬁappl)appl} On}éio, (6.3)

NNLO __ 'A% RR,app, RR,app;,
do,, = {don Jr/ [danJr2 —do, 5

p app
+ [ faoe s ([aoliye)™ ]} o

The exact form of the approximate cross-sections in terms of splitting functions
and eikonal factors can be found in Ref. [21] [22]. Let us just mention here
that the counterterm for the doubly real emission is constructed in a similar
way as in the NLO case, i.e. , from the universal eikonal factors and splitting
functions. In the NNLO case however, there are several new possibilities to

emit two unresolved partons in the final state,

the splitting of one parton into three partons,

the splitting of two different partons into two partons,

the emission of two soft partons,

e the emission of a soft parton together with a collinear splitting.

Furthermore, unlike in the NLO case where only a single unresolved gluon
could be emitted, at NNLO we need to take into account the emission of unre-
solved ¢q pairs. Also note the appearance of iterated counterterms in Eq. (6.2]),
i.e. approximate cross-sections for the approximate cross-section. These terms
arise due to strongly ordered infrared limits beyond NLO, e.g. given when one
unresolved particle is much softer than the other. In this limit, the countert-

erms themselves are singular, and hence we have to introduce counterterms for
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the counterterms themselves. Finally, at NNLO we need to take into account
the emission of soft and collinear gluons from the one-loop amplitude. The
counterterms in this case are constructed from the one-loop splitting functions
and soft factors discussed in Section [L.2.4]

Similar to the NLO case, the counterterms cannot be constructed directed
from the universal splitting functions and soft factors, because the infrared
factorization only holds in the strict soft and collinear limits. In Chapter [4] we
argued that this problem can be overcome by performing a change of variables
in the phase space. A main feature of the NNLO subtraction scheme of Ref. [21],
22, 23], [24] is its ‘democratic’ phase space mapping. The phase space mapping
used at NLO in Ref. [20] involves only three of the original momenta {p;},
corresponding to the emitter, the unresolved particle and the spectator color-
connected to the emitted particle and needed to absorb the recoil. This setup
requires two of the three particles - the emitter and the spectator - to be
hard particles. Such a scenario is indeed always satisfied at NLO, but is no
longer true for higher orders in perturbation theory. The phase space mapping
of Ref. [211 22, 23] therefore redistributes the recoil ‘democratically’ among the
different colored particles in the hard process. Explicit formulas for such a

phase space mapping can be found in Ref. [63].

After having defined a complete set of counterterms, we still need to compute
the integrals of the approximate cross-section over the phase space of the un-
resolved particles. This question will be addressed in the rest of this chapter.
In Section we review the soft counterterm as a representative example of
the real-virtual counterterms that appear in this scheme. In Section we
introduce our method to compute some classes of real-virtual integrals, which
is a generalization of techniques used for multi-loop integrals in quantum field
theory, and we illustrate this technique on the example of the integrated soft
counterterm. For the more general integrals we refer to Appendix [J] and the

literature [69].
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6.2 The real-virtual integrals

In this section we briefly review the soft counterterm that appears in the sub-
traction scheme ([6.2)), and show that it reduces to a set of hypergeometric
integrals after appropriate changes of variables have been performed. The case
of the collinear counterterms is similar, up to technical complications, and we

refer the reader to the literature [21], 22} 23, 24 [69].

Let us start with the phase space mapping ([£38) needed to have exact factor-
ization of the phase space. In the case of the soft counterterm the mapping

reads,

AP, 1 ({PInt1; Q) 228 d®, ({5} n; Q) [dp1.n), (6.4)

and the phase space [dpi,] of the soft particle can be parametrized as [69],

2

[dpi1n] = dy (1 —y) 2=t % d®s(p,, K;Q)0(y) (1 —y),  (6.5)
where K denotes a massive timelike vector such that K2 = (1 — y)Q?, and 0
denotes the Heaviside step function. Integrating the one-loop eikonal factor
over the phase space of the unresolved particle then leads to,

1+ke
Ca s 2 B @0 [lam) (2

€2 sinme S, Sir Srk

=Cy 1 _me @ (QQ)(lJrK)E Q_2 (6.6)

€2 sinme S, 2

1 ) 1+ke
></ dy (1 -yt /d%(pr,K;Q) <S—k) :
0

Sir Srk

where S, = (47)¢/T'(1 —€). Let us make some comments about this expression.
Firstly, Eq. (68 explicitly depends on the number n of hard partons. We
can get rid of this dependence by using a slightly modified version of the soft
counterterm, obtained by multiplying the eikonal factor by a term that removes
the dependence on n [23],
sk ) _ydemenee (s )

(Sir Srk) — Ay (Sir Srk) ’ 6.7)

with d = D, + die, a and b being integers. Note that this change in the

definition of the soft counterterm is harmless, because for df)\e:o > 2, it does
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not introduce any new divergencies in Eq. (G.6]), i.e. , it only affects the finite
part of the counterterm. Second, the integral over y in Eq. ([6.0) extends over
the whole range [0, 1], i.e. , over the whole phase space of the soft particle. For
numerical purposes, it is preferable to restrict the phase space of the unresolved
particle by introducing a cut off yg €]0, 1] in the integration (yo = 1 corresponds
to subtracting over the full phase space). After these modifications, Eq. (G.6])

takes the form,

1 me (47T)2 (QQ)(l-i-n)e Q_2

A5
€2 sinme S. 2

Yo g1 Sik 1+ke
></ dy (1 —y)%~ /d%(pT,K;Q) ( ) :
0

Sir Srk
To evaluate Eq. (6.8]), we turn to a reference frame where

Q=1+/s(1,..)), pi=FE,...,1),  pr=E(l,...,sinx,cosx), (6.9)
and
pr = E.(1, “angles”, sin ¥ sin ¢, sin ¥ cos ¢, cos ), (6.10)

where the dots indicate vanishing components, and “angles” denote (d — 3)

angular variables trivial to integrate. Introducing the quantity

pT'Q72&
@

the two-body phase space in Eq. (G.8)) can be parametrized as,

oy @) TA—e)? s
d®z(pr, K;Q) = (47)2 Se (1 — 2¢) deye,m 0y — &) (6.12)

x d(cos 1) d(cos @) (sin 0) 2 (sin ) "1 72,

e =2 (6.11)

In these variables the eikonal factor takes the form,

. 1Y 5 1 —
Sik_ _ T ikQ e (1—cos¥) ! (1—cos x cos ¥—sin y sind cos ) ~*, (6.13)

Sir Srk Q2 E%
where we defined
20%s+7
cosx=1-2Y; = 2% (6.14)
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Putting everything together, the integral of the soft counterterm reads [69],

I'2(1 —e)
T . /. _ - 1+ke (14+ke,14ke)
‘7(Yz‘k,Q’ €90, do; k) = (4Yik,Q) 72771"(1 — 26)9 (cos x)

v (6.15)
0 ’
% / dy y—1—2(1+ﬁ)6(1 _ y)do-i-ne ,
0

where Q) (cos x) denotes the angular integral

1 1

QR (cos ) :/ d(cos ) (sinﬁ)*k/ d(cos ) (sinp) 172
1 -1 (6.16)

x (1 —cos®) (1 — cos x cos®) — sin x sin® cos @) 7~ .

Our final goal is to perform the integration analytically, and to obtain the result
of the integration as a Laurent series in e. The angular integral Q%" (cos y)
was evaluated in Ref. [70], so we can concentrate exclusively on the remain-
ing integral over y. this integral can be identified as Gauss’ hypergeometric

function,
1
| vyt =9 -y = B+ a1 4b) 2R L 0,24t biz), (007
0

where a, b, c and z are complex parameters and where we introduced the Euler
B function,

['(z)I'(y)

Bley) = Lz +y)

(6.18)

Gauss’ hypergeometric function o F7 can be represented for |z| < 1 by the power

series,

2Fi(a,b,c;2) = Z - (6.19)

n=0

where the Pochhammer symbol (.),, is defined by

() = W (6.20)

In terms of Gauss’ hypergeometric function, the complete soft integral (G.15)

can be written as

1 I'2(1 — (1 +k)e)

(I1+kK)2e2T(1 —2(1 + K)e)
X oFy (—dfy — ke, —2(1 + k)e, 1 — 2(1 + k)€, yo)

T(Y. €50, dy; 1) = — Y~ (0200
(6.21)

X oF1(—(1+kK)e,—(1+ K)e,1 —¢,1 =Y,



6.3. Hypergeometric integrals from integration-by-parts identities 99

The original integral J is now completely expressed in terms of Gauss’ hy-
pergeometric function, and it can therefore be expanded into a Laurent series
in € using standard techniques [71] [72] [73], [74, [75), [76]. These techniques are
however restricted to the special case of Gauss’ hypergeometric function, and
cannot be applied to more general hypergeometric integrals. Such generalized
hypergeometric integrals however appear in the integrated collinear countert-
erms, and we therefore introduce in the next section a new method to tackle
hypergeometric integrals, which is a generalization of techniques disguised for

loop computations in QFT.

6.3 Hypergeometric integrals from integration-
by-parts identities

In the previous sections we showed that after a suitable parametrization of the
phase space, the soft counterterm can be expressed as a combination of a small
set of basis integrals over a hypercubeH. This result is generic and applies to all
the integrated counterterms. The integrands are rational functions in the inte-
gration variables as well as in some external parameters . Furthermore, some

of the denominators have powers which depend on the dimensional regulator e.

In this section we introduce a general method to compute integrals of this
particular type. Our approach is a generalization of techniques developed in
the last twenty years to compute multi-loop Feynman diagrams [77, [78], [79, 80,
81L 82]. Similar techniques have already been used to compute the integrated
antenna functions appearing the NNLO subtraction scheme of Ref. [615]]_;] To be

more precise, we introduce a method to compute integrals of the for
1
F({ni {rids (ki) = / day day [ 1Ry (1,2 =)™ 77, (6.22)
0 .
J

where n; and r; are integers, and z; is a real parameter. R; denote rational func-

tions in the variables x; and z;. Since we work in dimensional regularization,

*In some cases the integration region is not explicitly a hypercube, but we can always
rescale the integration domain such that all integrations are over the range [0, 1].

TNote that the technique itself is a priori not limited to twofold integrals. In practice,
however, we found that for more than two integrations the computations become so heavy
that they were not feasible any more with present techniques.
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our goal is to obtain a series expansion for the function F ({nz}, {ri};i{z:}; e) in
the dimensional regulator e. We can, however, not simply invert the expansion
in € and the integration, because the rational functions R; might have poles
in the integration region which make the integral divergent as e — 0, i.e. ,

the poles in the integrand manifest themselves as poles in € in the Laurent
expansion of F({ni}, {ri};{z:}; e).

In the following we illustrate our method on the simple example of a one-
dimensional integral, namely the integral defining Gauss’ hypergeometric func-
tion, Eq. (GI7). We show how our approach enables us to obtain a Laurent
expansion in € for hypergeometric functions of the form oFj(a; + age, b +
bae, 1 + c2€; 2), a;, b; and ¢; being integers. Note that we obtain at the same
time the Laurent expansion of the soft integral (G.2I). Detailed results for
the other real-virtual integrals including all the technical details are given in
Appendix [Jl and in Ref. [69)].

From Eq. (6I7) it is easy to see that in order to obtain a Laurent expansion
for o Fy (a1 + aze, by + bae, c1 + ca€; 2) we need to be able to compute a class of

basic integrals of the form

1
f(z,e;n1,n9,n3) = / dp(t;z,e)t™™ (1 —t)7"2 (1 — xt) "2, (6.23)
0

where n; are integers and the dependence on the dimensional regulator € was

absorbed into the definition of the ‘integration measure’
dp(t;z,e) = det™™¢ (1 — )72 (1 — at) 3¢ (6.24)

In the following we always assume that we work at fixed values for the integers
r;. Note that in the limit e — 0 the integration measure (G24]) reduces to the

standard Lebesgue measure on [0, 1].

The case ny = 0. Let us start by analyzing the particular case where ny, =

ro = 0. In this case the hypergeometric function reduces to an incomplete beta



6.3. Hypergeometric integrals from integration-by-parts identities 101

functio,

1
Bz, e;n1,m3) = f(z,6n1,0,n3) = / dp(t;z,e)t™" (1 — at)™ "™
0

(6.25)
=g~ 1TFe B (1 —ny — 1€, 1 — ng — 73€).
The incomplete B function is defined by
Ba(2,7) :/ dtt®= (1 —t)¥ 1 (6.26)
0

Our goal is to reduce the computation to the evaluation of a small set of
so-called master integrals from which all integrals of the form (G.23]) can be
reconstructed. We first define the set of independent integral as the set of
integrals for which the integrands are not related by simple algebraic relations.
In the present case the independent integrals correspond exactly to the set of
all integrals of the form ((x,€;n1,n3) where only one of the n; is non zero
and where ng > 0. In all other cases, the integrals are linear combinations of

independent integrals, e.g. ,

e if n; and n3 are simultaneously non zero, we can perform partial frac-

tioning in the integration variable ¢, e.g. ,
1 1
dyp(t; 1 1
Bz, 1,1) = / dultiz,e) _ / dut;z,e) (— + x—)
o t—xzt)  Jo t T(1-at)) (6.27)
= 0(z,€61,0) + 208(x,€0,1).
e if ng < 0, we can expand the integrand,

1
5(r.ci0.-2) = [ dultia.e) (1 - a0
0
:ﬂ(I,E,O,O)*QSCﬂ(SC,E,*l,O)+$26($,€,72,0)

(6.28)

The set of independent integrals defined in this way is still not the most mini-
mal one. We can derive further linear relations among the integrals using the

integration-by-parts identities (IBP’s),

1 1
/0 dt% (/0 dp(t;z,e)t™™ (1 — xt)fng)

t=1

(6.29)
=du(t;z,e)t™™ (1 — zt)fni")

t=0

iThis separation is necessary in order to avoid poles in the intermediate steps coming
from ro = 0.



102 Chapter 6. Analytic integration of some real-virtual counterterms

It is easy to see that in the right-hand side only the value in t = 1 contributes,
and carrying out the derivative under the integration sign in the left-hand side,
we generate a recurrence relation for the incomplete beta function,
—(n1 +r1€) Bz, ,n1 + 1, n3)
(6.30)
— (ng +r3e) Bz, e;ny,n3 + 1) = (1 —x)7"3773€,
Eq. (630) is a recursion for the set of independent integrals 3(z, €;n1,n3). It
provides an additional set of linear relations between the different integrals.
We can try to solve the recursion in closed form, but in practice we only need
the function B(z,€;n1,n3) for relatively small values of the integers n;. We
therefore rather generate a finite linear system from Eq. (6.30) and solve for
the functions B(x, €;n1,n3) up to the desired values for ny and ng. In practice,
it turns out that this linear system is overconstrained and that all the integrals

can be expressed in terms of a single master integral

1
50 (z.0) = Bz :0.0) = [ duttia,o) (6.31)

All other independent integrals can be obtained recursively from the master
integral by using the solutions of the IBP identities. Let us note that solving
the recursion coming from the IBP identities by solving a finite-sized linear
system is a variant of what is known in the context of loop computations as

the Laporta algorithm.

At this stage we have reduced the problem of computing an integral of the
form (628]) to the computation of the corresponding master integral s (x,¢€).
The master integral itself can be computed as the solution of a linear differential
equation. To see this, let us differentiate (V) (x, €) with respect to 2. Carrying

out the derivative on the integral representation of the master integral, we find

50 (,6) = e Bl -1, 1) = =2 (50w, €) + Az, 0,1), (632)

where the last step follows from the reduction to independent integrals. We see
that in the right-hand side of Eq. ([6.32]) we reproduce the master integral itself,
as well as another function of the same type. We know from the recurrence re-
lation (630) (or equivalently from the solution of the finite-sized linear system)

how to express all the incomplete beta functions in terms of the master integral
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BM | and so the differential equation for the master integral closes under itself.

~1 1 — )
e=1sm ( i) , (6.33)

T

0 r
Y p0) 11
axﬁ

The initial condition can easily be obtained by computing explicitly the master

integral for x = 0,

1 oo
1
B (z =0;¢) = / dtt™ "¢ = = E riek . (6.34)
0

1—rie
1 k=0

We have now all the ingredients to solve this differential equation. It is easy to
see that the master integral is finite for ¢ — 0, and so we can expand it into a
power series in €,

o0

BV (se) = B ()€ (6.35)

n=0
Inserting this expansion into the differential equation (G.33)), we can solve order
by order in € for the master integral. In particular, for the constant term we
obtain,

9 L) _
Az

1 ) 1
- - 6.36
ZC 60 T ’ ( )

The general solution for ﬁél) is easily obtained,

C
(U (1) = —+1 (6.37)
where C' denotes an integration constant. Matching the general solution to the

initial condition at e = 0, we immediately find
(D () = 1. (6.38)

We can repeat this procedure order by order up to the desired order in the
expansion of the master integral and obtain a Laurent series representation for

the function S0 (x;¢).

The case no # 0. Let us now turn to the generic case, ny # 0. Since
the technique is exactly the same as the one employed for the computation of

B(x, €;n1,n3), we will be brief in this case. It is easy to see that the independent
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integrals in the case of the function f(x,€;n1,n2,n3) are defined in exactly the
same way as for 3(x, €;n1, ng), i.e. , the set of independent integrals corresponds
to the set of functions where only one of the n;’s is non zero and ng,nsg >
0. We can now immediately write the integration-by-parts identities for the

independent integrals,

/0 % (d,u(t;:c, gt 1—-t)" " (1 - xt)fng)

t=1
= 0.
t=0

(6.39)
=dult;z,e)t ™™ (1—t) ™ (1 —at)™™

Note that in this case we find zero in the right-hand side of the IBP’s because
both the factors ¢ and (1 — ) appear in the integrand. Carrying out the
derivative under the integration sign, we find a recursion for the set of functions

f(z,e;n1,n2,n3),

—(n1 + 7€) f(x,e;n1 + 1,n2,n3) + (n2 + r2€) f(x, €;n1,n2 + 1, n3) (6.40)

+ x(n3 + r3€) f(x, ;n1,n9,n3 + 1) = 0.
We again use the recursion to generate a finite-sized linear system. Solving this
system, we find that all the functions f(z,€;n1,n2,n3) can be expressed as a

combination of two master integrals,
FO(z,€) = f(x,€60,0,0) and fP(2,€) = f(x,€0,0,1). (6.41)

These two integrals are independent and we cannot express the second one in
terms of the first one. We can however still compute the master integrals as
a solution of a system of differential equations. Differentiating each master
integral with respect to x and carrying out the derivative under the integration

sign and reducing everything to master integrals, we find,

9 p) 3400 3 4

oz x x ’

0 —ery —ery —ery + 1 +oerytery — 1

—f(2) _ f(l) €T] — €Ty — €13 4 €Ty T €rp T €r3 + (6.42)
ox T r—1

rz—1 T

f(2) (—erg —€rg N €r, + erg + ers — 1)

with the initial condition,

Dz =0,6)=fP(@=0€ =B(1—rie,l—roe)=1+0(c). (6.43)
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The master integrals are finite for ¢ — 0, and so we expand them into a power

series in €,
f @) =3 fiP(@) e and fP(z,e) =) [P ()" (6.44)
n=0 n=0
For the leading term, we find,
9 s
Ox ’
(6.45)
Oy _pm (L LY ol
9z r l—=x T

0(1)(50) is a constant with respect to x, and comparing to the initial condi-

tion (6.43]) we find
() — 1, (6.46)

Inserting this solution into the equation for fO(Q)(x), we are left with

el - _ 4= . 4
axfo ! x+x+1—x (6.47)

The general solution to this equation is

() = %M (6.48)

and matching with the initial condition (6:43), we find

Oy = -2 =2) (6.49)

T

We can repeat this procedure and solve for the higher orders in the power
series (6.44). Since Gauss’ hypergeometric function can be written in terms
of the functions f(x,€;n1,n2,n3), which are themselves expressible in terms
of the two master integrals f(!) and ), we have obtained an algorithm to
expand any function of the form o Fy (a1 + aze, by + bae, ¢1 + c2€; 2), a4, b; and ¢;
being integers, into a Laurent series in €. Let us make some comments about

this procedure:

1. On the one hand, the master integrals f() and f(?) are finite as e — 0 and

can thus be expanded into a power series in the dimensional regulator.
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On the other hand, a generic function f(x, €;n1,n2,n3) can be written as
a linear combination of the master integral. This combination however is
not necessarily finite as € — 0, because the solutions of the linear system
used to express every integral in terms of master integrals may contain

explicit poles in e.

2. We see that the solution for fé2)(z) involves a logarithm in z. This is a
generic feature, and it turns out that for higher orders in € the solution
for the master integrals is written in terms of generalized polylogarithms,
and in particular harmonic polylogarithms. A review of these functions

is given in Appendix [Gl

Let us now return to the real-virtual integrals, and in particular the soft inte-
gral 7. In Eq. (621)) we showed that the integral J can be expressed in terms
of Gauss’ hypergeometric function. The considerations from the previous para-
graphs provided us with an efficient technique to expand Gauss’ hypergeometric
function into a Laurent series in e. We can thus immediately write out a Lau-
rent series representation for the soft integral J. The results for k = 0,1 and
D{; = 3 can be found in Ref. [69]. As representative examples, in Fig. [6.1] we
compare the analytic and numeric results for the € coefficient in the expansion
of 7(Y,€y0,3 —3e;k) for K = 0,1 and yo = 0.1,1. The agreement between
the two computations is seen to be excellent for the whole Y-range. We find
a similar agreement for other (lower-order, thus simpler) expansion coefficients

and/or other values of the parameters.

Let us conclude this section by making some comments about how to generalize
this technique to the more general integrated counterterms. In this work, we
consider a particular class of integrated counterterms, namely those that can
be written as twofold integral of the form (622 depending on two external
parameters z;. The method employed to compute the e-expansion of the o F}

functions remains applicable even in this case, with two small modifications:

1. For a twofold integral we can write out two independent IBP identities,

one for each integration variable, e.g. , in the case where the integrand
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Figure 6.1: Representative results for the J mtegral e plots show the

coefficient of the O(e?) term in J (Y, €; 90,3 — 3¢; k) for k = 0 (left figure) and
k =1 (right figure) with yo = 0.1,1. The plots are taken from Ref. [69].

vanishes at the border of the integration domain,

/Ol/oldl’ldmga;zl(...):o,
1 1

(6.50)

2. If the integral depends on two external parameters z;, then the master

integrals fulfill a system of partial differential equations.

For more details on these more general integrals, we refer the reader to Ap-

pendix [J as well as Ref. [69)].

6.4 Conclusion

In the second part of this work we investigated the infrared behavior of gauge

theory scattering amplitudes. We discussed how collinear and soft singularities

can arise beyond leading order, and how they can be described in a uniform
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way using antenna functions. Antenna functions have the property that they
approximate the singular behavior of the amplitude all over the phase space,
and therefore incorporate by definition the complicated phase space structure
beyond next-to-leading order, facilitating in this way the construction of sub-
traction schemes beyond NLO. In particular, antenna subtraction is at the
basis of the only exclusive NNLO description of three jet production in eTe™

collisions.

In Chapter [b] we presented a new alternative way of defining tree-level antenna
functions by means of the MHV formalism, a definition which holds at any
order in perturbation theory. This method leads to very compact expressions
for the antenna functions, which might simplify the analytic integration over
the phase space of the unresolved particles. It also gives a very natural way of
parametrizing, by means of an antiholomorphic spinor 7, the intrinsic arbitrari-
ness of the antenna function outside the singular regions. As an application,
we have shown that it is straightforward to provide explicit expressions for
MHYV and NMHYV antenna functions at all orders, which are sufficient to build
the full set of gluon antenna functions up to N3LO. We furthermore extended
this approach by combining it to the recursive formulation of the MHV formal-
ism presented in Section 24] and derived recursive relations for both antenna
functions and splitting amplitudes. Although the knowledge of these multi-leg
antenna functions might not play a practical role at present for QCD calcula-
tions beyond leading order, their knowledge could be of interest, for instance,
in testing the infrared structure of recently introduced conjectures for gluon
amplitudes at all order in MSYM (See Part [Tl of this work).

No subtraction scheme is complete without an explicit knowledge of the inte-
grated counterterms that appear when combining the approximate cross sec-
tions with the virtual corrections. In Chapter [(l we therefore investigated new
methods to perform the integrals that appear in such a scheme. The techniques
we applied are a generalization of the Laporta algorithm and the master in-
tegral technique developed for (multi-) loop integrals in quantum field theory
over the last decade. We extended this technique to hypergeometric Euler
integrals of the form ([6.22]), and computed the Laurent expansion in the di-

mensional regularization parameter e for a class of 27 real-virtual integrals [69].
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The technique however is much more generic, and could also be applied to the
computation of the Laurent expansion of generalized hypergeometric functions
that appear in loop computations (See Part [IIl of this work), provided that
an Euler integral representation is known. Unfortunately, our technique turned
out to be not efficient enough in its present form to cope with all the integrated
counterterms that appear in the subtraction scheme under consideration. For
these classes of integrals, other techniques like for example the Mellin-Barnes

approach turns out to be more efficient [83].
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Chapter

The Bern-Dixon-Smirnov ansatz

7.1 The ABDK/BDS ansatz

In the last part of this work we are concerned with the computation of scattering
amplitudes beyond tree-level accuracy. Although most techniques we present
apply to gauge theories in general, we focus in particular on planar N’ = 4
super Yang-Mills theories (MSYM). The interest in this particular theory is

manifold.

First, it is known that gluon loop amplitudes in QCD can be rearranged in a
way that makes the MSYM contribution explicit, e.g. given at one-loop accu-

racy, B2,
AQCD _ AN:4 _ 4AN:1 + Ascalar (71)

where Aﬁ/ =4 denote the one-loop n-point MSYM amplitude. The knowledge
of MSYM amplitudes is thus a first step to the knowledge of QCD amplitudes

needed for predictions at hadron colliders.

The second reason comes from the fact that several conjectures have recently
been made of what MSYM amplitudes for an arbitrary number of legs and loops
should look like. In this chapter we briefly review some of these conjectures,

which are at the core of this part.
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In Ref. [9], Anastasiou, Bern, Dixon and Kosower (ABDK) formulated an
ansatz for a two-loop MHV amplitude in MSYM for an arbitrary number of
external legs. The ansatz expresses the two-loop amplitude in terms of the

one-loop result,

M@ (e) = = (MO(0)* + £ (e) MDY (2¢) + CP) + Oe), (7.2)

|~

FO(e) = (- Z) +7E

5
and C®) = —5 (7.3)
and M,Sl) denotes the [-loop coefficient, i.e. , the [-loop amplitude rescaled by

the tree-level result,

A, =AY (1 +) d M,<f>> : (7.4)

1=1
Since we work in the planar limit, we choose the 't Hooft coupling as the

expansion parameter,

2¢°N. _.,
= € 7.5
a (47_‘_)2_6 € ’ ( )
where v denotes the Euler-Mascheroni constant, IV(1) = —vyg. Since the

one-loop amplitude contains infrared poles in 1/€2, it must be known through
O(€?) in Eq. (T.2). The origin of the ansatz goes back to the computation
by the same people of the two-loop splitting amplitude in MSYM, which was

shown to satisfy an iteration relation very similar to Eq. (Z.2)),

0 =5 (") + 1O ) 20), (76)

where rg) denotes the [-loop splitting amplitude, rescaled by the tree-level
result. Indeed, in the collinear limit the one and two-loop n-point MHV am-
plitudes must factorize according to

M'r(zl) - Mrgljl + Tgl)v

(2) (2) COJNCORINC) (7.7)

Mn - Mnfl + Mnfl rs + Ts’
and it is easy to see that the ABDK ansatz (T.2) is the only iteration which is
compatible with both the iteration of the two-loop splitting amplitude, Eq. (7.6)
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and the collinear factorization (Z7). The ansatz was backed up by confronting
the iteration to the analytic computation of two-loop four-point amplitude in
MSYM. In Ref. [84] the ABDK ansatz was shown to hold also in the case of

the five-point amplitude by numerical computation.

Bern, Dixon and Smirnov (BDS) computed the three-loop four-point MSYM
amplitude [I0] and showed that it satisfies an iteration similar to the ABDK

ansatz for the two-loop amplitude,

M () = —3 (M) +MP (0 MEP(e) +70 () M (36) + 09 +.0(e),
(7.8)
where
FO(E) = GG+ €6+ 56 o) + E(erGs + ead)
c® = (‘%‘é + % 01) 6+ <% + % c2> a. o

The quantities ¢; and ¢ are expected to be rational numbers, but they cannot
be determined from the computation of the three-loop four-point amplitude,
because they cancel in the final result. BDS then extended the iteration for-
mule (Z2) and (T8) and formulated an ansatz for a generic n-point MHV
amplitude in MSYM. This all-order ansatz reads

Mo(e) =1+ a' M{P(e) =exp Y _ a' [ FO(e) M (le)+CD +ED () |.
=1 =0
(7.10)

The only kinematical dependence in the right-hand side of Eq. (ZI0) is in the
one-loop amplitude M,Sl)(le). The quantities f®(e) and C)) are universal and
are independent of the kinematics and the number of external particles. f()(¢)
is expected to be a polynomial of degree two in € and CY) to be a polynomial
of uniform transcendental weight in Riemann ( values. The values of these
functions for [ = 2,3 are given in Eqs. (Z3)) and (C9). The functions E,(f)(e)
are additional O(¢) contributions. It is easy to see that we must have f(1)(e) =
ct) = E,(ll)(e) = 0 in order to reproduce the one-loop result. Expanding the
exponential in Eq. (ZI0) and collecting powers of the coupling constant a, the



116 Chapter 7. The Bern-Dixon-Smirnov ansatz

BDS ansatz reproduces the two and three-loop iteration formule (T.2]) and
@3).

The BDS ansatz was first shown to fail by Alday and Maldacena in the limit of
a large number of gluons using the ADS/CFT correspondence [I1]. This result
was backed up by the computation of the six-edged Wilson loop and using the
conjecture that the n-edged Wilson loop can be related to the MHV amplitudes
in MSYM [85]. The question was settled in Ref. [12] with the explicit numerical
computation of the two-loop six-point amplitude, which confirmed the Wilson
loop result and demonstrated the breakdown of the BDS ansatz for [ = 2 and
n = 6 in the finite contribution of the parity-even part. Recently, also the
seven and eight-edged Wilson loops have been computed [I3]. Assuming that
the duality between Wilson loops and MSYM scattering amplitudes holds even
beyond n = 6, the conclusion is that the BDS ansatz fails for n = 7 and
8 as well. The breakdown of the ansatz can be quantified by the remainder
function R,(f), defined as the difference between the left and right-hand sides
of the ABDK ansatz,

R = M (e) - % (M) () = £ (&) M (2¢) — C®. (7.11)

The previous results can be summarized by the statement that R,(f) % 0 for
n > 6 and Rg) is a constant with respect to €. Since the computation of
Ref. [12] was numerical, we ignore at present the analytic expression of the

remainder function R((f).

Even though the ABDK/BDS ansatz does not hold beyond five-points, the
study of the Wilson loop duality tells us something more about the BDS ansatz.
The Wilson loops in fact possess a conformal symmetry and it was shown that
a particular solution to the ensuing Ward identities is given by the BDS ansatz.
The general solution of the Ward identities can thus be obtained by adding to
the BDS ansatz an arbitrary function which respects the conformal symmetry,
i.e. , an arbitrary function of conformal cross-ratios. The conclusion is that,
if the duality between Wilson loops and scattering amplitudes holds, then we
must add to the BDS ansatz a yet unknown function of conformal ratios of

Mandelstam invariants.



7.1. The ABDK/BDS ansatz 117

In the case of the four and five-point on-shell amplitudes, it was shown that
there are no non-trivial such conformal ratios of invariants and hence the BDS
ansatz provides the full solution for the amplitude. Starting from six points

however, we can form three independent conformal ratios,

512 545 523 556 534 S61
U = ————, Uy = ———, ug = ———, (7.12)
8345 5456 5234 5456 5234 5345
and so we can add an arbitrary function of these ratios to the BDS ansatz

without violating the conformal Ward identities.

The conformal Ward identities hence explain why the BDS alone is insufficient
to reproduce the full six-point amplitude, without however fixing the form
of the remainder function. Since the computation of the six-point two-loop
amplitude was purely numerical, no analytic representation for this function
is known. The analytic evaluation of Eq. (ZII)) would require the analytic
computation of the one and two-loop hexagon integrals, which is beyond our

technical capabilities for the moment.

If the analytic computation of the six-point two-loop amplitude in general kine-
matics is at present out of reach, one could think of performing the computation
in a simpler kinematic regime where some of the invariants take particular val-
ues, or even vanish. Let us expand a little bit more on this and let us consider
a generic n-point [-loop amplitude. The amplitude depends a priori on n four-
momenta, but Lorentz invariance requires the amplitude to be a function of
invariants s; only. In a region of phase space where one of the invariants, say
Sk, is much smaller than all the others, s < s;,Vi # k, we can expand the

amplitude in the invariant sy,
Mn({sl}, e) =M, (s;C < s;; e) + subleading terms, (7.13)

where M,, denotes the leading term in the expansion. Explicit examples of how
to compute this leading term will be given in subsequent chapters. Let us only
emphasize at this point that in general M, is easier to compute than the full
amplitude, because of the kinematical constraint that might for example imply
that M, depends on one scale less compared to the full amplitude. Instead of
computing the full six-point two-loop amplitude, we could thus think of only

computing its leading term in a given limit and extract the analytic expression
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of the remainder function from there. However, as we will see in the following,

not all kinematical limits are suitable for this task.

Let us start by analyzing the simplest kinematical limit, the double collinear
limit. For example, if p; and ps are collinear, then their invariant mass tends
to zero, s12 >~ 0, and so we can repeat the previous analysis and expand the
amplitude in the small parameter s15. In the case of the collinear limit the lead-
ing term in the expansion is just the splitting amplitude, Eq. ([28]). We know
however that the ABDK/BDS ansatz predicts correctly all the two-particle
collinear limits of an amplitude, which implies that the six-point remainder
function must vanish and no information on its functional can be obtained in

this limit.

The two-particle collinear limit is hence too restrictive to provide some infor-
mation on the analytic form of the remainder function. It is however expected
that the remainder function is non zero in the triple collinear limit, because
this limit appears for the first time in the six-point amplitude. This argument
is backed up by the observation that in the triple collinear limit the three con-
formal cross-ratios stay generic and do not become subleading, e.g. in the limit

where p1, po and p3 become collinear,

(o)
u ~ O )
z3(spa + sp5) + Sa5

S56
ug ~ O , 7.14
2 (21(8195 + spg) + 556) ( )

( Z1 23 SP4SP6 )
Uz >~ O 5
[21(sp5 + 5p6) + 556 [23(5P4 + SP5) + S45)

where P = p; + ps + p3 denotes the collinear direction and z; denote the

momentum fractions. The leading term in the expansion (ZI3) in the triple
collinear limit corresponds to the splitting amplitude for one gluon splitting

into three gluons, e.g. , at one and two-loop accuracy,

Mv(zl) - M'r(zl)l + Tgl_{s,

(7.15)
M — M, M, 2
where rgllg denotes the [-loop splitting amplitude rescaled by the tree-level

result,

split? (1,2, 3) = split'® (1,2, 3) 7 .. 7.16
h h 1—3
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The conclusion is that it is not necessary to compute the full two-loop six-point
amplitude in order to determine the functional form of Ré2), but it would be
enough to have the analytic expression of the two-loop triple collinear splitting

amplitude, a computation which has however never been done so far.

In the rest of this work we extend the previous analysis from collinear limits to
other classes of limits, known as the high-energy limit. In Chapter B and [@ we
review the high-energy limit of gauge theory amplitudes, both at tree-level and
beyond. Along the way, we introduce a novel way to perform computations for
tree-level amplitudes in the high-energy limit, based on the MHV formalism.
In Chapter [0l we analyze what the BDS ansatz becomes in the high-energy
limit and we disguise several additional limits where the remainder function is

expected to be non zero.
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The high-energy behavior of
tree-level gluon amplitudes

8.1 The multi-Regge limit

Let us consider an n-point color-ordered tree-level gluon amplitude A, (1,...,n)
describing the 2-to-(n — 2) scattering (—p1), (—p2) — p3,...,pn. We look at
the amplitude in a very specific kinematic regime, also known as multi-Regge
kinematics [86], where the final-state gluons are strongly ordered in rapidity

and have comparable transverse momenta,

Ys>ys> ... > Ypo1 > yn and [p3i| > |par| >~ .. > pro1i| 2 Padls
(8.1)

where p; = p® + ip¥ denotes the complex transverse momentum. Using light-
cone coordilrlatesg7 the two-particle invariants become, for 3 > i > j > n,
sij =D Pj +P; P} —Pil PjL —PiLDPjL (8.2)

= |pirllpjrl e’ ™% + |pir||pjol e ™Y —piL i, — piy piL-
The last two terms in this relation are O(1), and the first exponential is en-

hanced with respect to the second one. Hence, in multi-Regge kinematics only

*See Appendix [D for a review.
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the first exponential contributes,
sij = pivllpjole” . (8.3)
Similarly, one shows that,
s =s12 = |p3y|[pnole? ",
s2i ~ —|psL|lpirle” ™", (8.4)
s1i = —|piL|lpnrle V.
The kinematics (81]) imply that the total scattering energy s is much larger
than any other two-particle invariant, which justifies the identification of the
multi-Regge limit with the high-energy limit. If we label the momenta trans-
ferred in the ¢-channel by
q1 =p1+Pn
¢ =qi—1 +Pn—it1, for2<i<n-—4 (8.5)
dn-3 = — P2 — P3,
with virtualities t; = ¢7, then it is easy to see that in multi-Regge kinematics
the t-channel momentum flow is determined by the transverse components only,

ti ~ —|giL|*. If we furthermore define s; = s, ,—i+1, the multi-Regge limit

implies the hierarchy of scales,
8> 81, 82,...,8p-3 > —t1, —tg,...,—tpn_3. (86)

Eq. (B0) has the practical advantage that it is formulated in terms of two-
particle invariants rather than rapidities, and it makes the high-energy behavior
of the limit explicit. It does however not uniquely determine the multi-Regge
limit, because we did not impose the constraint that the final state gluons
should have comparable transverse momentum. Furthermore, Eq. (8] is a
Lorentz invariant statement, whereas Eq. (81 is invariant only under boosts

along the z axis. Let us define the transverse momentum scales
i = |pn_it]?, for1<i<n—4. (8.7)

In multi-Regge kinematics, x; is of the order of the ¢-type invariants and can

be expressed in terms of two and three-particle invariants,

Ky = % il . (8.8)

Sn—i—1,n—i,n—i+1
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The latter relations are known as the mass-shell conditions for the gluons.
Using Eq. (84), we find a relation between the mass-shell conditions in the
multi-Regge limit,

SK1 ... Kped = 81 ... Sp—3. (8.9)

Egs. B8) and (89) combined to the hierarchy of scales (86) uniquely define
the multi-Regge limit in terms of multi-particle invariants, a formulation which
will be used extensively in subsequent chapters when studying the high-energy

behavior of gluon amplitudes beyond tree-level.

In the previous paragraph we showed how the multi-Regge limit can be defined
either in terms of rapidities or in terms of particles invariants. In Chapter [I] we
argued that at tree-level it is convenient to work in the spinor-helicity represen-
tation and to express an amplitude as a rational function of spinor products.
Following this logic, we introduce a third equivalent way to define the multi-
Regge limit based on lightcone coordinates, related to the spinor products via

the relation,

+ +

.. p; p;
(i) :Pu\/p—i *ij‘/p—J_r. (8.10)

g J

A review of multi-Regge kinematics in lightcone coordinates is given in Ap-
pendix It is easy to show that a strong ordering in rapidities is equivalent

to a strong ordering in lightcone coordinates,
+ + + + - - - -
ps >pp > ... >p,  >py and py <py ... <L p,_; < p,, (8.11)

where p* = p® + p*. In multi-Regge kinematics the spinor products are then
written in the approximate form [25],
Jr

(i5) >~ —pjL %, for3<i<j<n,
J

+
(24) :—zpuﬂp—i, for 3<i < n, (8.12)

(i1) ~ —iy/pf pn, for3<i<n-—1,

\/P3 pn

(12)

12
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Let us apply these formulas to an MHV amplitude and let us determine its

form in multi-Regge kinematics. We find,

A (17 2= 3+ +) <12>4
n ) ) 9t 7n =
(12)(23) ... ((n — L)n)(nl)
N (3 py)*
- — . + + . — (813)
\/P3 pr (—0)psL (—pai)y %z; oo (=pn1) p;; (—i)V/pit pn
Nerp* -1 ng gn—41 -1 -1 ‘J;Lan_ -1 pZL
3on |p3¢|2 P4l |Qn—4L|2 |q2L|2 Pn—1L |an|2 Pnl

Using the fact that in multi-Regge kinematics |¢;|> ~ —t; and p§ p;, ~ s, we

can recast this expression into the form,

* * *
A,(17,27,3F ... nT) ~s I st @oar 1 100 1y
tn_3 P4l tn—4 t2 Pn—1L 1 PnL
(8.14)

We see that in the multi-Regge limit the amplitude can be written as a product
of terms with the same functional form,
@1y GiL
piL
connected by t-channel propagators. Even though we only showed this fac-

: (8.15)

torization explicitly on the example of an MHV amplitude, it is conjectured
that in the multi-Regge limit the leading behavior of any n-gluon color-ordered
amplitude takes the factorized form []7]
An(1,...,n)
=sC0 (2;3) 1 v (© (Gn-3;4;qn-1) - .. % v (© (g2;m — 1;q1) % C’(O)(l; n).

tn
(8.16)

where we implicitly followed the same convention as for the color-ordered am-

plitudes, i.e. we label the external gluon momenta simply by their indices,
C(O)(Q; 3) = c (p2;ps3) and V(O)(qnﬂ'ﬂ; 05 Qn—i) = v (Gn—i+1; P35 @n—i)-
(8.17)

The factorization is shown schematically in Fig. Rl The coefficient functionsH

C) describe the g*g — g vertices, where ¢* denotes a reggeized gluon in the

T Also known as impact factors.
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t-channel. They are functions of the momenta and helicities of the external
gluons [87] [86],
c©@27:3%) =cO@2%37) =1,
* 8.18
CO (1= n+) = CO(1+; )" = PuL (8.18)
and all other helicity configurations are subleading. The Lipatov vertex V(©)

describing the emission of a gluon along the ¢-channel ladder is given by [87,
38, 8],

VO g ir5i5qn—i) = VO gnoi13i 3qn—i)" = M (8.19)
pil
Egs. (8I8) and (8I9) are universal and do not depend on the number of ex-
ternal gluons. They can be used to compute any tree-level amplitude for an
arbitrary number of legs in multi-Regge kinematics. Note that starting from
Eq. BI)) we can define a whole tower of new limits by successively relaxing
the rapidity ordering and allowing for two or more final-state gluons with com-
parable rapidities. These limits, together with the corresponding factorization

formulas for the amplitudes, are reviewed in the next section.

8.2 Quasi multi-Regge limits

When relaxing the strong rapidity ordering (81), we obtain kinematical con-
figurations where two or more gluons have comparable rapidities. We can
thus start from multi-Regge kinematics, and progressively approach the gen-

eral kinematics, where no rapidity ordering is imposed.

Let us start with the situation where we do not impose any rapidity ordering

on the gluons emitted along the ladder,

Ys>ys ™~ ... 2 yYp_1 > Yy and |pai| >~ |par| >~ ... |ppo1i| > |Padl,
(8.20)

or equivalently using lightcone coordinates,

ps>pf~...~pf >t (8.21)
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b2 p3
dn—3 Sn—3
D4
Rn—4
qn—4 Sn—4
Ps
Rn—5
Pn—2
K2
q2 52
Pn-1
R1

q1 S1
b1 Pn

Figure 8.1: Amplitude in multi-Regge kinematics. The blobs indicate the coeffi-
cient functions (impact factors) and the Lipatov vertices describing the emission
of gluons along the ladder.

Similar to the multi-Regge case, the amplitude is conjectured to factorize,
1 1
An(lyoin) = sC0(23) =V (@24, on = 1q1) — OO (Lim), (8:22)
2 1

where ¢; and t; denote the momenta transferred in the ¢-channel,

q1 =p1+pn, and gz = —p2 — p3, (8.23)

and t; = ¢? ~ —|gi1|>. The coefficient functions C©) appearing in Eq. (822)
are the same as in Eq. (818). The functions V750_)4 are the tree-level Lipatov
vertices describing the emission of (n—4) gluons with comparable rapidity along
the ladder. In the special case where all the gluons have the same helicity a

simple formula valid for arbitrary n can be derived from Eq. (I19)),

2 1
VO (go:d™, ... (n— 1)+ _ B a1 Z4 |
- (a2 (n—1)%q) par N Zn @5) .. ((n—2)(n—1)

V£2)4(QQ§477 R (TL - 1)77(11) |:Vn(2)4(q273+5 ey (TL - 1)+7q1):|*5

(8.24)
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where we defined

i
T; = : - (8.25)
2 S IS A
Note that for n = 5 we recover the Lipatov vertex defined in Eq. (819),
Vi (g2 45 01) = V(g4 ). (8.26)

The limit we just defined must of course encompass all other limits with a more
stringent rapidity ordering, where we have two clusters of gluons separated by

a large rapidity gap,
Y3 S YL e 2 Y D Yl e X Y1 S Yne (8.27)

The amplitude must factorize accordingly into a product of four building blocks,

and as a consequence the Lipatov vertices themselves must factorize,

VO (ga;4,...,n—1;q1)

= V(g3 4, ., mi gs) % Vo iasm+1, = 1q), (529
where g3 denotes the momentum transferred in the t-channel, g3 = go—ps—. . .—
Pm, and t3 ~ —|g31 |2. In particular, in the limit of strong rapidity ordering we
recover the multi-Regge factorization formula (8I6]). Furthermore, in the limit
where a subset of the gluons, say i, ..., j, become collinear, the amplitude must
still have the correct collinear behavior, i.e. , the Lipatov vertex must factorize

onto a splitting amplitude for the emission of collinear gluons,
Vg2, .~ Lq1)
=3 Va4, i =L P 1, = 15q) Split_ (i, ),
' (8.29)
where P denotes the collinear direction.

The previous analysis naturally lead to the definition of generalized Lipatov
vertices, describing the emission of a cluster of gluons along the t-channel lad-
der. We can define in exactly the same way generalized coefficient functions by

not requiring a rapidity gap at the end of the gluon ladder, e.g. ,

Y3 2 Ys ™ Y1 > Yn and |psi| >~ ... |pndl, (8.30)
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or equivalently in terms of lightcone coordinates,

pi~pf~...~pl >p}. (8.31)
In this limit the amplitude factorizes according to

ALy n) = sC9 (23, n—1) % O (1:n), (8.32)

where t ~ —|q, |* with ¢ = p1 + p, denotes the momentum transferred in the
t-channel, and C(®) was defined in Eq. (8I8). The coefficient functions C,(LO_)3
are the generalizations of the function C'(®) and describe the emission of (n — 3)
gluons with comparable rapidity at one end of the ladder. In the particular

case where all the emitted gluons have the same helicity, we obtain,

1
cO (2737 4%, (n—1)T) = - L | I :
sl =) = = Ve B e DD
C\5 (253747, = 1)7) =00 (27804 (- 1)*)}*,
(8.33)

and for n = 4 the generalized coefficient functions reduce to the coefficient

function introduced in the previous section,
Cc{V(2;3) = (0 (2;3). (8.34)

Similar to the case of the Lipatov vertices, the coefficient functions inherit all
the factorization properties from the full amplitude. In particular, in the limit
of more restrictive kinematics, say ys >~ ... ~ Ym > Yma1 ~ ... =~ Ynp_1, the
coefficient functions must factorize into a coefficient function for the emission

of fewer gluons times a Lipatov vertex,

1
23,4, .. .n—1)=CY ,(2:3,4,....m) - v (q;m+1,... n—1;q),

(8.35)

and t; = ¢} ~ —|q1.|*> with ¢1 = p2 + p3 + ... + pm. Note that for m = 3
Eq. B38) reduces to Eq. (822)). Furthermore, if a subset of particles, say
i,...,7, becomes collinear, then the coefficient function must factorize onto a
splitting amplitude,

(23,4, .n—1)

= O (23,4, i =1L, P 1, = 1)Split, i, j),
h

(8.36)



8.3. Multi-Regge limits and MHYV rules 129

where P denotes the collinear direction.

The generalized coefficient functions and Lipatov vertices have been computed
up to C’io) and VB(O) in Ref. [25]. The computation was performed by using
the analytic expressions for color-ordered amplitudes for up to seven external
gluons and taking the appropriate limit on the amplitude using the approxi-
mate form of the spinor products of Appendix [Dl This procedure is similar
to the algorithm to extract splitting amplitudes and soft factors presented in
Chapter [ In this context, we showed that we can refine this procedure when
working in the MHV formalism where we can take advantage of the fact that
for MHV diagrams the pole structures are explicit. In the next section we
will extend this approach and show that the MHV formalism can not only be
applied to the study of the infrared behavior, but also to extract coefficient

functions and Lipatov vertices.

8.3 Multi-Regge limits and MHV rules

8.3.1 Coefficient functions from MHV rules

In this section we describe how the MHV formalism can be used to extract the
leading behavior of an amplitude in the multi-Regge kinematics. The MHV
formalism provides an efficient way to compute the Lipatov vertices and coeffi-
cient functions by allowing one to identify a priori the set of diagrams that give
a non-vanishing contribution in the multi-Regge limit. It is hence not necessary
to compute the full set of MHV diagrams that contribute to A,(1,...,n), as it
was done in Ref. [25], but we can reject a priori those diagrams that give only

subleading contributions.

We start by analyzing the quasi multi-Regge limit describing the emission of
(n — 3) gluons at one end of the ladder, Eq. (830). The set of MHV diagrams
that contribute to this limit is defined by the following rule:

Rule 8.1. In the quasi multi-Regge limit defined by the rapidity-ordering (830)
only those MHV diagrams contribute where p1 and p,, are attached to the same

m-point MHV vertex, m > 4.
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The proof of this rule, based on simple powercounting arguments, is given in
Appendix [El Note that this rule is natural, because all diagrams defined in
this way have a t-channel propagator of the form 1/(p1 + p,, + ...)%. The rule
then defines the set of MHV diagrams that contribute in the high-energy limit,
all other diagrams being subleading. Furthermore, this set also has the correct
collinear behavior. Indeed we know from Rule [5.1] that in the limit where the
particles 3,4, ..., (n—1) become collinear, only those MHV diagrams contribute
where 1,2 and n are attached to the same MHV vertex. It is easy to see that

the set of diagrams defined by Rule [8] encompasses this set.

Let us make some comment about the role of the arbitrary spinor 7 in this
context. We know that in the full amplitude the n dependence always cancels
out in the sum over all diagrams. In Rule BI], however, we only consider a
subset of MHV diagrams, and so the analytic cancellation of the n-dependent
terms is not obvious. Indeed, we know from the antenna functions studied in
Chapter [ that this cancellation is not bound to take place if only a subset of
diagrams is considered. Unlike antenna functions, coefficient functions are uni-
versal gauge invariant quantities defined in a unique way, and so a dependence
on the unphysical quantity 7 is inadmissible. Alternatively, we could expect
the coeflicient functions to be analytically dependent on n and only numerically
independent. In the following we show that the n dependence always drops out

analytically in the leading term in the Regge limit.

In terms of lightcone coordinates, the limit of interest in is defined by
ps~pf~...~pf  >ptogt. (8.37)

Since 7 is a constant and no limit is taken on it, we include 7 in the right-hand
side of Eq. (837). We already know from Chapter [ that the only way 1 enters
a given MHV diagram is through off-shell continued spinor products of the

form 271, i.e. ,

+ +
* p@ * n
[en] =iy =5 —piiy /= (8.38)
1 77+ 1 pZ»
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In the limit [83T) the second term is suppressed with respect to the first one,

and so we find,

J + *
* by L + ..
(kP;;) ~ (kO | == ~ —=1/—p3 A(k,1,]), (8.39)
’ ; ANV

where we defined

J
Ak,i,5) =Y ae(kl), (8.40)
=i
with 2y defined in Eq. (82H). From Eq. (839) we see that in the high-energy
limit all off-shell continued spinor products are proportional to n% /4/n*. Fur-
thermore, it is easy to see that an MHV diagram must contain the same number
of off-shell continued spinor products in the numerator and in the denominator,

and so the overall scale factor n*% /y/nt cancels out.

8.3.2 Lipatov vertices from MHV rules

We know from Eq. (83H) that the coefficient function 07(107)3 contains the Li-
patov vertex V750_)4 in the limit where y3 becomes much larger than any of the
yi,4 < i < (n —1). Hence, the set of MHV diagrams defined by Rule [8]]
contains at the same time all the MHV diagrams that contribute to V750_)4. Our
rule can thus also be used to extract the generalized Lipatov vertices by taking
the appropriate limit. Furthermore, from the previous discussion it is clear
that the Lipatov vertices are always analytically independent of the arbitrary

spinor 7, as they should.

In the following sections we use this approach to derive explicit expressions for
the Lipatov vertices Vk(o) with k < 4 and we give explicit results for independent
vertices, all other ones being related to the independent ones by parity and
reflection identity,

Vi (qu; 1M, K o) = [Vk(o)(ql; 17 kihk;q”} (8.41)

VIC(O)(QM 1h17 .. '7khk;q2> = (*1)]c VIC(O)(QQa khka sy 1h1§Q1)-
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3
2= )~ 2- 3 2- 3
{z Y o
o v
1- = 1- {z 1- n
n
Figure 8.2: NMHV-type MHV diagrams of A,,(17,...,¢7,...,n"~) contributing

in the high-energy limit. The dots indicate an arbitrary number of positive-
helicity gluons.

Since we work with the MHV formalism, it is useful to classify the Lipatov

vertices according to the number N of negative-helicity gluons in the vertex:

1. N =0: MHV-type Lipatov vertices.
All gluons entering the Lipatov vertex have positive helicity. All MHV-
type Lipatov vertices have the same analytic structure given by Eq. (824]).

2. N =1: NMHV-type Lipatov vertices.
Only one gluon has negative helicity. The MHV topologies contributing
to this type of Lipatov vertex are shown in Fig. B2l

3. N =2: NNMHV-type Lipatov vertices.
Exactly two gluon have negative helicity. There are 16 MHV topologies
contributing to this type of Lipatov vertex.

4. ete.
In the following sections we present the results for the generalized Lipatov

vertices using our rule. The expressions we obtain are characterized by a much

simpler form than the corresponding expressions of Ref. [25].
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8.3.3 The g*¢* — gg Lipatov vertices

There are two independent Lipatov vertices for g*g* — gg, one of them being
of MHV-type. The NMHV-type vertex is given by

‘/2(0)((]1; 11,275q0) =
2 3/2
g |” 2%,

VT2 (12) (302 p1o] 4z |p2¢|2) P11 (P11 +Dp21)

g, 72 (g1 +p2r)’

(g2 — V22(12)) (zz p1ol® + 21 |pre — QIJ_|2) 1L (

+ q11 Q2m/$1$3/2
(21 + 22) (12) (x2p11 + 21 (P11 — q11))

+

8.42)

* 3/2
. q1149217
VT2 (x1 +22) (P11 + p21)[12]

We checked that our result numerically agrees with the result of Ref. [25] and

that it has the correct collinear and multi-Regge limits.

8.3.4 The ¢g*¢* — ggg Lipatov vertices

There are four independent Lipatov vertices for the emission of three gluons,
one of them being of MHV type, the remaining three being of NMHV type.
We checked numerically that our result agrees with the result in Ref. [25] and

that it has the correct collinear and multi-Regge limits. The three independent
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NMHV-type vertices are given by

Vil(q1;17,27,3%, ¢o) =
2 3/2
o) qoiad? p3,

(12)pat (P11 +p21) (—q11 + P11 +Pp2i)P3L VT1 (|p2J_|2 x4 |pra IE2)

. 3
q11921+/ T2 (1'2 + 1'3) p?J_
(23) (ML —q11)vxs (P — )z +prize +pro x3)

1

X

VZ122(12) + pa) 21 + (P21 — q11) T2 + pai a3

1

x * *

pi ((pir— @) o1 +praws +p1aws) —qf, (P1L— @) o

2 3/2 4
Yy |- g1 |” 25" p7y
(q21 —q11) (12) (23)p3L/71
1

X
<|p1¢|2 ToT3 + T1 (|p:u|2 T2 + |pu|2 303))

* 2,3
d11 *3P11
(12) (g1 + p31) /@1 ((23)/T5 — g1 /T2)
1
(|Pu|2 Tox3 + X1 (|QQL +P3¢|2 To + |p2¢|2 303))

X

IR - ¢i1 021 (12)
(23) (P1L —q11) p2api VT3 si12(prL +p21) Vo1 VT3A(351,2)
¢i 120 A(1;2,3)
5123(12)(23) (p1L +p21r +p31) (x1 + 22 +x3) A(3;1,2)

q114921 l’i)/Q

(12)(23) /3 (21 + 22 +23) (P1L — q11) 21 +Pp11T2 +prixs)’
(8.43)

+

+
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Vi (q;1%,27,3% qo) =

2 3/2 3/2
e Paa? ph
(QQJ_ - Qu) <12> <23>pup3LIE2
1
X 2 2 2
(|pu| Tax3 + T1 <|p3¢| T2 + |p2| 963))
3/2
+ ai. 351/ x%ng
(12)p11 (g21 4 p3i) z2 (g21 /T2 — (23)/73)
1
X 2 2 2
(|pu |“ zozws + 1 (|q2J_ +p3i|” x2+ |pai| IEg))
2 3/2
|QIJ_ | Q2J_1'1/ ng
(12) p11 (P11 +p21) (—q1L + P11 +Pp2i) P3i /T2
1
X 2 2
(|p2¢| x1 + [p1L] IE2)
n q11G21 /7173
(12) (23)\/z3 (21 + 22 +23) ((P1L —q1L) 21 +priae +p1L 23)

* 3 5/2
Giiaen (i —q1)’ a2ay

(23)p11vTs (22 +23) ((p1o — q11) T1 + p1oiwa + p11a3)
1
(Vr1m2(12) + par @1 4 (p2r — qu1) @2 + paias)
1

Py (e —@1 L)y +proxe +piixs) —q¢f, (P —qi)21)
a4}, go1(23) /Ty’
S23p11 /T2 (22 + 23) A(1;2,3)
gi 11 (12)27°
s12 (P11 +p21) VZ2/T3A(351,2)
_ gi 921 A(2;3,1)
5123(12)(23) (p11 + pat +p31) (21 + 22 + 23) A(1;2,3)A(3;1,2)’
(8.44)

X

X
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Vi (q;1%,2%,37;¢0) =

0} LTy (i —q0)®
(23)p11 (w2 +x3) ((p1L—qiL) @1+ pi1ixe +prias)
1
X
(VZ122( 12) + por®1 + (P21 — 1) @2 + p21a3)
1
(7, (p1r—q L)@y +praze+piies) —qf, (P1L — @) xr)
_ a1 A(6;4,5)°
5123(12)(23) (p1L + p21 +pa1) (z1 + 22 + 23) A(4;5,6)

* 3/2
% a7, (qa1 + PSL)3 171/
(12)

p1 1 (q20/@2 — (23)/23)
1

+ 2

X

{|pu|2 Tox3 + T1 <|QQ¢ + p3 J_|2 T2 + |102J_|2 363)}

-~ |Q1J_|2p§L 95?/2
(q21 —q11) (12) (23)p11y/Z3
1

X

{|p1¢|2 Tox3 + T1 (|p3L|2 T2 + |P2L|2 $3)}
QuQQL\/mZEg/Q
(12)(23) (1 + 22 +23) (1L —qr1) @1 +p1122 + D11 x3)

qTLqQL (23>‘/$1 $3/2
S23p11/T3 (2 + 23) A (4,5,6)’

+

(8.45)

where A(k, 1, j) was defined in Eq. (840).

8.3.5 The ¢g*¢* — gggg Lipatov vertices

There are eight independent g*g* — gggg Lipatov vertices, one of MHV type,
four NMHV and three NNMHV-type vertices. As the analytic expressions are
quite lengthy, they are listed explicitly in Appendix[Ol Note that unlike for the
Lipatov vertices for the emission of two or three gluons, no analytic results for
the g*g* — gggg Lipatov vertices can be found in the literature. As a cross-

check we checked that our results have the correct collinear and multi-Regge
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factorization properties. The NMHV-type vertices can be written in the form

qi;17,27,3%, 4% ¢o
k; q 1_,2+,3+’4+

)

Vi qi17,2%,3% 41 p) = Z
k=1

(8.46)

VO (q;1%,27,3%, 4% o) = Z
Z

)(
O, .1+ o a— 4+. @1;1%,27,37.4%: g0
V 17,27,37,47 ;
2 (@ 32) = M) (qu; 17,2+, 3, 4%, ¢o

®)(
)
N®) (q1;1F,27,3%,4%; 0
(k)
®)(
k=1
(

)
2)
)
q1;17,27,3%,4%; o)
)
)
)
)

Z N®) (q;1F, 27 3% 471 ¢

0 _
Vi¥lan 127,37 475 00) = D) (qr; 1+,27,37 4-q0)

where the numerator and denominator functions N® and D®*) are combi-

nations of spinor products and lightcone components of the momenta, e.g. ,

N(”(ql' 17,2%,3%, 4% o) =~ 219} w2y,
DW(q;17,2%,3%7 4% qo) = (12)(23) (o +p1o +por) Qg1 + 1o +p2t)
Dair/T1 (quqﬁzl o + <|pu|2$1 + [pro | 22 ) 503) .
The complete set of NMHV numerator and denominator functions is listed
in Appendix [Q.1l There are only three independent helicity configurations, all

other configurations being related to the independent ones by reflection identity

and parity. The NNMHV-type vertices can be written in the form,

ZN()(th_Q 37,475 qo

V49 (g,:17.27.3T 4T
(qla ) ) ) aq2) (k) (J1,17 92 3+ 4+,q2 )

Vi 1 ot a4, 8.47
(qu ) ) ’ 7q2) Z D(k (qlal_ 2+ 3 4+,(Z2 ’ ( )

N® (g:1F,27,37 4% ¢o
D®)(g;1+,27,3-,4+; ¢o)’

)
( )
®) (q1;17,2%,37,4%; o)
)
( )
)

VA9(q;1%,27,37,4%; gp) = Z

The complete set of NNMHV numerator and denominator functions is listed
in Appendix[0.2]






Chapter

High-energy factorization
beyond tree-level

9.1 The high-energy prescription

In the previous chapter we introduced the factorization of a tree-level amplitude
in the multi-Regge limit in terms of coefficient functions and Lipatov vertices.
In this chapter we conjecture that high-energy factorization holds true even

beyond tree-level and we introduce our notations and conventions.

The high-energy limit can be characterized by the fact that the s-type invari-
ants are much larger than the t-type invariants, and the perturbative expansion
might therefore contain large logarithms of the form In(s/t). The virtual ra-
diative corrections to Eq. (810) in the leading logarithmic (LL) approximation
are obtained, to all orders in «g, by replacing the propagator of the t-channel
gluon by its reggeized form [86]. That is, by making the replacement
e o
in Eq. (8I6]), where a(t;;€) can be written in dimensional regularization in

D = 4 — 2¢ dimensions as

2 €
aftise) = g% er ( r ) N, 2 (9.2)
; €

139
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a(t;; €) is the Regge trajectory and accounts for the higher order corrections
due to gluon exchange in the ¢; channel. In Eq. (@), the reggeization scale T
is much smaller than any of the s-type invariants, and it is of the order of the

t-type invariants.

In order to extend the factorization (8I0) beyond tree-level, we need a prescrip-
tion that tells us how to disentangle the higher-order corrections that reggeize
the gluon ([@.J) from those to the Lipatov vertex and the coefficient functions,
i.e. , we need a prescription that tells us how to distribute the radiative correc-
tions between the different universal building blocks in a consistent way. We
will give an explicit example of how this prescription works in the next sec-
tion. In Ref. [26][27] a high-energy prescription at the level of the color-ordered
amplitudes was presented, which was shown to be valid up to three loops for
the color-stripped four-point amplitude. We follow here this prescription, and
we conjecture that in multi-Regge kinematics an n-point color-ordered gluon

amplitude takes the factorized form

1 —Sn_3 a(tn—3;€)
An(1,2,...,n) = sC(pa2,ps3;€,T) ( — >
tn—3 T

a(ta;e)
1 (—s
X V(Qn—?,,p4,qn—4;€,7')"' X (—2) V(qQ’pn—laqla;eaT) (93)

ty \ 7
a(tise)
X% (_Tsl) C(p1,pnie, 7).
Eq. @3) is explicitly given in the euclidean region where all the invariants
are negative. We will comment on the analytic continuation to the physical
region where all s-type invariants are positive at the end of this chapter. In the
euclidean region the multi-Regge limit is defined by extending the hierarchy of

scales (B.6]) to the region where all invariants are negative,

(75) > (*81), ceey (*5n73> > (*tl), ceey (7tn,3), (94)

and the mass-shell conditions for the reggeized gluons now read

(=si) (=si+1)

—Sn—i—1,n—i,n—i+1

(—ki) = —|pir|* = ( for 1 <i<n-—4, (9.5)

together with the constraint

(—=8)(=K1) .. (mKp—41) = (—=51) ... (—8n—3). (9.6)
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In Eq. [@3) the Regge trajectory a, the coefficient function C' and the Lipatov

vertex V can be expanded into a perturbative series,

o0
a(t;;€) :Z "d”) (tis€),

C(pipji67) = CO(pi; pj) <1 + ) g7 C M (L5 6,T)>,

=1 (9.7)
Va5, Pn—js 44155 6 7)
= VO (g5;pnyjiajs1) (1 + i gV (b, 1, k55 €, 7’)) ;
n=1
with ¢;; = (p; + p;)? and
32 = g%cr N,. (9.8)

The tree-level coefficient function C'(©) and Lipatov vertex V() have been de-
fined in Chapter 8 and C™ and V(™ denote the n-loop quantities rescaled
by the tree-level quantity. For later convenience we factor out explicitly the
dependence on the renormalization scale u2,

MQ ne
a"(ti;€) = ( t ) ol (tise),

—lg

2 ne
C™ (pi,pjie,7) = (u—tk) C (tijie,7), (9.9)

9 \ M€

i/ (n H n

VO (g1, 45, k556,7) = <:> VO (b1, 15, k5 €,7).
J

Inserting Eqs. (@) - [@9) into Eq. (@3]), we can match the left and right-hand
sides to extract the explicit expressions of the Regge trajectory, the coefficient
function and the Lipatov vertex at a given order in the perturbative expansion
in the rescaled coupling. We illustrate this procedure explicitly on the examples

of the four and five-point MSYM amplitudes in the next section.
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9.2 MSYM amplitudes in the high-energy limit

9.2.1 The four-point MSYM amplitude in the high-energy
limit

In this section we analyze the multi-Regge limit of MSYM gluon amplitudes.
The tree-level case was already dealt with in Chapter [, so we only concentrate
on higher-order contributions in the perturbative expansion. In Section we
defined the perturbative expansion of the building blocks in the multi-Regge
limit in terms of the rescaled coupling (9.8)) rather than the 't Hooft coupling,

An(l,... n5e) = A%O)(l, sy n) (1 + Z g% mg)(l, .. .,n;e)), (9.10)
(=1

i.e. , we define the quantity mg) such that
a’ Mff)(l, coomnse) =g mg)(l, ce TG E). (9.11)
A simple calculation shows that we must have,
mO(1,...,nje) =2G(e) MO(1,...,nse), (9.12)
with
(1 — 2¢) e Ee

G(e) = T OTa o — 1+ O(é?). (9.13)

Let us now turn to the computation of the multi-Regge building blocks, and
let us start with the four-point one-loop amplitude. The high-energy prescrip-
tion (@3) reduces to

a(t;e)
1 [—s
A4(1;273a4;6) = Sc(p25p3;€a7)_ (_) C(p17p4;657-)' (914)

t T

Expanding Eq. ([@.I4) to one-loop accuracy, we find
mil)(l, conye) =20W (t e, 7) +aWV(te) L, (9.15)

with L = In(—s/7). Our aim is to extract the explicit expressions for the

one-loop coefficient function and Regge trajectory from Eq. (@.I0). Since these
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quantities are universal, we can extract them from the four-point amplitude
and reuse them in other computations. The procedure goes as follows: We can
explicitly compute the one-loop four-point amplitude in the left-hand side of
Eq. (@I3) in the high-energy limit, and then match the left and right-hand
sides to extract the coefficient function and the Regge trajectory. The high-
energy prescription introduced in the previous section instructs us how to do
this matching consistently, by assigning the coefficient of the logarithm to the
trajectory, and all the rest to the coefficient function. This consistent matching
is required because otherwise inconsistencies arise when reusing the building

blocks in other computations.

Let us now turn to the explicit computation of the one-loop four-point am-
plitude in the high-energy limit. The one-loop four-point amplitude can be

written in terms of the scalar massless box integral,
mfll)(s, tye) = —G(e) u?c st I}~ (s, 1), (9.16)

where the scalar massless box integral in D dimensions is defined by (See Ap-
pendix [K]),

IP (s,t) = e75¢ %k L (9.17)
4 imP/2 Dy Dy D3 Dy’ :
with
D1 =k? + 0,
2

i1 (9.18)
Di=k+Y pj| +i0, i=2....4
j=1

Although explicit expression for the massless box integral can be found in the
literature, we illustrate the computation of the leading behavior in the high-
energy limit by starting from the Mellin-Barnes representation of the massless

box integral (See Appendix [K])

2rp eVEe

14726 — _ g\ —2—¢
4 (Sat) F(1+€)F(1*6)2( )

1 +i00 ) L (8 21

“omi | deT(=2)T(2+ e+ 2)T(1 + 2)2T (=1 — e — 2) (Z) ,

(9.19)
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with

I(1+e)I(1—¢)?
[(1 - 2e¢)

rr =

(9.20)

Eq. ([@I9) is a representation of the scalar massless box integral as a contour
integral in the complex plane. We would like to close the integration contour
at infinity and evaluate the integral using the residue theorem. The poles in
the integrand come from the poles of the I' function, which has single poles for
negative integer values of the argument. The residues of the poles are given by

the formula,

Res,—_,I'(z) = . (9.21)

The integral is however ill-defined, because we need a prescription of how to
deal for example with the pole in z = 0, which lies on the imaginary axis.
We thus need a prescription for how the contour encircles the singularity in
z = 0. It can be shown that the correct prescription is that the contour should
separate the poles in I'(... — 2) from those in I'(... + z). After having defined
the contour in an unambiguous way, we can close it to the left at infinity and

take residues. There are two I' functions whose residues fall inside the contour,

1. T(1+z): polesin z=—-1—n,n e N.

2. T(24+¢€+2): polesin z=—-2—¢c—n,neN.

Summing up all the residues of the I' functions, we obtain a representation of
the integral as a power series in ¢/s. Since we are not interested in the full
answer for 13726, but only in the leading term in the limit s > ¢, we only keep
the leading term in the power series expansion, or equivalently, only the residue

corresponding to the leftmost pole, i.e. , in z = —1 [90]. We find,

mil)(s,t;e) _ <H_2>€ {2[1/)(1 +e)—2¢9(—¢) - 1 In _t]+2L}7 (9.22)

—t €

where 1) denotes the digamma function, ¢(z) = & InI'(z). Comparing the
expression of mfll)(s, t;e) in Eq. (@22) to Eq. (@IH), we can immediately read
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off the expressions to all order in € for the one-loop coefficient function and the

Regge trajectory [91], 92],

v(1+e)—2¢(—€)—ys 1 -t

— Zlnp—
€ e T (9.23)

C(l)(t;G,T) =

2

MW (4 e) = 2
o (tie) =—.

(t;€) c
Before turning to the computation of the one-loop Lipatov vertex, let us quickly
review how to iterate this procedure to extract the two-loop coefficient functions

and Regge trajectory. At two loop accuracy, the high-energy prescription reads
1 2 _
mi =3 (aW9) 12+ (aP (B0 +200 N (50)) L
_ _ 2
+2C®(t,7) + (CV 1) (9.24)

1 2 _ _ 2
= (mS)) +a®(te) L + 20t 1) — (c<1>(t, T))

Using the explicit expressions of the two-loop four-point amplitude in multi-
Regge kinematics as well as the expression of the one-loop quantities (3.22)
and ([@23), we can extract the two-loop Regge trajectory and the coefficient

function. Explicit expressions can be found in Ref. [26].

9.2.2 The five-point MSYM amplitude in the high-energy
limit

Let us now turn to the computation of the one-loop Lipatov vertex, which can
be extracted from the five-point amplitude in the high-energy-limit. For n = 5,
the high-energy prescription ([@.3]) reduces to,

1 — sy a(ta;e)
A5(1,2,3,4,5;€):50(p2,p3;€,7')t_ (T)
2

RS (9.25)
(—) C(plap5;€a7-)7

1
X V(qQap4aq1;€aT) T

tl T

and the mass-shell condition for the gluon emitted along the ladder reads

(=8) (=) = (=s1) (=52). (9.26)
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Expanding Eq. (@28) to one-loop accuracy, we find

mél) =aW(t1;€)Ly + aWV (ta;€) Ly + CV(ty;e,7) + OV (tas€,7) (027

+ VD (ty, ta, ky6, 7). )

where L; = In(—s;/7) and i = 1,2. The coefficient functions and Regge trajec-

tories appearing in this expression are the same as in the four-point case. The

five-point one-loop amplitude on the left-hand side can be expressed in terms

of scalar one-mass boxes in D = 4 — 2¢ and a massless pentagon integral in
D = 6 — 2¢ dimensions [84],

1
m{") = —5 G0 Y s12sal}™(1,2,3,45,.€) — ¢ Gle) cramals > (), (9.28)

cyclic

with

exas = Tr (g pp 7A7°), (9.29)

and the cyclicity is over i = 1,...,5. I}™ is the one-mass box in D = 4 — 2¢
dimension, with a massive leg of virtuality s45, and I, g ~2¢ denotes the massless
pentagon integral in D = 6 — 2¢ dimensions. Note that Ig*26 is finite for
€ — 0, and so it only contributes to O(e) in four dimensions and can therefore
be neglected. A representation to all order in e of I}™ in terms of Gauss’

hypergeometric function was given in Ref. [93],

m 2cr t—m2\° S
stI} (s,t,m2;6)6—2{< ” > o Fy (6’6’16;1+t—m2>

—m2\ € t
+ (=) oR (e —e 11+
st s —m?2

B ((t_m?t(;; mz))ﬁ 2 (‘6"6’1 Tatr <tfm2ffs m2>) }

(9.30)

We want to compute the leading behavior of mél) in the limit defined by the
hierarchy of scales (@4]). This can be achieved by expanding the hypergeometric
functions in Eq. (@30) in this limit. We give here the explicit example of

I3™(1,2,3,45,€) = I1™(ta,s,s1;€). All other cases are obtained in a similar
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way. Expanding the hypergeometric functions to leading order in ¢/s, we find

t
o Fy (e,e,16;1+ 2 )
S — 851

F(1+e)F(le)+O<%2),

2F1(—6,—6,1—6;1—|— 5 )
t2781
(2 [mi _ st
e<81> [ln8+’yE+1/)( e)}JrO(S),

Stg
Fi|—-¢—-€l-¢gl+——F~———
. ( (8—51)(752—81))

:1"(1+6)1"(1—e)+(9(t—2).

S1

(9.31)

Inserting these expression into Eq. ([@30), it is easy to see that the first and
the last term cancel, and we are left with

11(1,2,3,45,¢) = ¢ (—t2)~ | In Sﬁ g+ w(—e)}, (9.32)
2

where we made explicit use of Eq. ([@.20). Repeating this operation for the
other box integral in Eq. ([@:2])), we find an expression for the five-point one-
loop amplitude in multi-Regge kinematics valid through O(€°),

msM) =
1 [/ p®\©
2 [\
e <——t1> (ve +¥(—€))
1/ 2"
+2 e (Y(1+€) = 3¢(—€) — 2vp)
1 2\ ¢ t (9.33)
—|——2 (M—) 2F1 (—6,1,1—6; —1)
€ —11 t2
1 w2\t t
— — | —oF (1,1 2+¢€—
6(1+€) (t2) t22 1( ) +€a +€,t2)
IR I
41 (M_) I (u_) 1 52
€ \ —11 K € \ —to K
1/ p?\© S1 1/ 2\ S2
- — 1 - — 1
+6 <—t1> ntg—h € (—tz nt2— 1jL ©
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Eq. [@33)) is explicitly given in the euclidean region where all invariants are
negative, which implies that Eq. (@33]) is manifestly real. The symmetry of
the multi-Regge limit in ¢; and ¢» implies that mgl) should have the same
symmetry in multi-Regge kinematics. Eq. (@33]) however apparently breaks
this symmetry, because only the ratio t1/t2 appears. It can be put in a man-
ifestly symmetric form, to the price of introducing spurious imaginary parts

that cancel after combining all the terms.

We can now match this expression to the high-energy prescription [@27)). The
coefficient functions and the Regge trajectories are the same as in the four-
point case, so the only unknown in this relation is the one-loop Lipatov vertex
through O(€),

V(l)(tl,tg,li'ﬁ T) =

——F(1+6)F1—e)
SEYC
1< ) (¢1+e 7E+m§)

(g) . (6,1716;%) (9.34)
(] oz

+ O(e).

K —t
— (1 +e) 'yE+1nTl)
K

€
1
T

Let us conclude this section by some comments about how this procedure ex-

tends at two loops. At two-loop accuracy, Eq. (@.25) reads
1 2
m?) = 2 (mél)) +aP(t;0) Ly +a® (t25¢) Ly
£ OO (11, 7) + VO (1, 1, 7) + OO (13, 7) (9.35)
1/~ 21/ 21/ 2
_Z(cW B 74 ¢)) _ (oW
5 (C (ﬁl,T)) 5 (V (tl,tg,li,T)) ) (C (t2;7))

In order to extract the two-loop Lipatov vertex from Eq. (@35), we need to
know analytically the one-loop amplitude to O(e?) and the two-loop amplitude
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to O(e%) in multi-Regge kinematics. As already mentioned, the higher-order
terms of the one-loop amplitude gain contributions from the scalar massless
pentagon in D = 6 — 2¢ dimensions. We will compute these contributions
explicitly in Chapter[Ilto all orders in € in terms of generalized hypergeometric
functions and in Appendix [Ml as a Taylor series in ¢ whose coefficients are
combinations of generalized polylogarithms. Furthermore, we show in the next
chapter that an explicit knowledge of the two-loop five-point amplitude is in
fact not necessary for the extraction of the two-loop Lipatov vertex through

O(€?), but it is enough to have the one-loop vertex to higher orders in e.

9.3 Quasi multi-Regge limits beyond tree-level

In the previous section we introduced the multi-Regge limit for (multi-) loop
amplitudes via the high-energy prescription which allows to disentangle the
contributions to the different building blocks in the multi-Regge limit. In this
section we briefly comment on how to define quasi multi-Regge limits beyond
tree-level. Not much is known about these limits in the literature, so we will
be brief and concentrate on the explicit examples of the five and six-point

amplitudes.

The simplest quasi multi-Regge limit arises when two gluons with comparable

rapidities are emitted at one end of the ladder,

ys >~ ys > ys and [p3i| ~|pai| > |psi], (9.36)

In this limit we have the hierarchy of scalesH,
(=8) > (=s1) > (—52), (—t1), (—t2), (9.37)

where we used the shorthands t1 = s51, t2 = S23, S1 = S45 and S2 = S34.
Since y3 =~ y4, no limit is taken on (—s3), and therefore this invariant can
range anywhere between the ¢-type invariants and (—s;), where we recover the

multi-Regge limit, Eq. (@4]). Furthermore, the high-energy prescription reads

atye)
1 (—s
A5(1a 2735475) = 502(17271737174;6;7') T (—1) C(p15p5;657-)' (938)

tl T

*For more details on the kinematics in this limit we refer to Ref. [27].



150 Chapter 9. High-energy factorization beyond tree-level

52

S1

Figure 9.1: The five (a) and six (b) point amplitudes in quasi multi-Regge
kinematics.

A pictorial representation of Eq. (@3]) can be found in Fig.[@.Ih. In Eq. (@37])
a new building block appears, which is the generalization of the coefficient
function defined in Eq. (832) beyond tree-level. The Regge trajectory o and
the coefficient function C' are the same as in multi-Regge kinematics. C5 has

the perturbative expansion

Co(pi, pys o € 7) = 5 (pi, s i) (HZ g C5" (tijvtijkvsiﬁeﬂ-))v (9.39)
n=1

with t;; = (p; + p;)? and ;5 = (pi + pj + pr)?. Expanding Eq. ([@.38) to one-

(1)
5

loop accuracy, we find the expression of m;’ in quasi multi-Regge kinematics,

mél)(svsla s,t1,t2) = Cél)(tz,t1, s2;6,7)+CW (t1;e,7)+aM (t;¢) L, (9.40)

with L = In(—s1/7). Although Eq. (@40) can in principle be used to extract
the generalized coefficient function C‘Q(l), no expression can be found in the
literature. The generalization of Eq. [@40) to higher loops, as well as to more

general coeflicient functions C’,(ll) is in principle straightforward.

If we go beyond five-point amplitudes, not only new types of coefficient func-
tions appear, but we also encounter new generalized Lipatov vertices for the
emission of several gluons with comparable rapidities along the ladder. Such a

kinematical configuration appears for the first time in the six-point amplitude,

Ys > ya >~ ys > ye and [pai| =~ |pai| ~ |psi| > [peLl- (9.41)
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which is equivalent to the hierarchy of scales [27],

(=8) > (=s1), (=52) > (=t1), (—t2), (—815), (9.42)

where we defined ¢t; = sg1, t2 = S23, S1 = S56 and Sy = s34. No limit is taken
on the invariant s45, so it can range from the t-type invariants to the s-type
invariants, where we recover the multi-Regge limit of the six-point amplitude.

In this limit, the six-point amplitude can be written in the factorized form

A6(15 273547556) = Sc(p25p3;€77_) 7

1 —s9 a(ta;e)
tg T

—s a(ti;e)
<—) C(p1,p6; €,7).

T

(9.43)

X ‘/2((12,174,1757(]1;6,7')E

A pictorial representation of Eq. (@.43)) can be found in Fig. @Ib. The quantity
V5 is the generalization of the Lipatov vertex VQ(O) introduced in Chapter
beyond tree-level and describes the emission of two gluons along the ladder at

two-loop accuracy. It has the perturbative expansion
Va(gqj+1:Pj: Pj+1, 453 €, T)
o0
0 P
= V3" (25 pas P53 1) (1 +y 7" AR CIRIPRINGS ﬁj+1;6,7)>-
n=1
(9.44)

Explicit results for V2(1) in the case where the two emitted gluons have the same
helicity can be found in Ref. [94].

9.4 The analytic continuation to the physical re-
gion

The high-energy prescription of Eq. (@.3), is given explicitly in the euclidean
region where all invariants are negative and the amplitude is real. For phys-
ical observables, however, the s-type invariants are positive, while the t-type
invariants remain negative and the amplitude develops a non-zero imaginary

part. We therefore need to analytically continue the s-type invariants to the
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physical region along a half circle through the complex upper half-plane such
that,

In(—s —ie) = In|s| —im O(s). (9.45)

This is equivalent to the replacement,

(—5) = e ™ s, (—s;) — e ™ sy, (=sijk) — € ™5k (9.46)
The high-energy prescription (0.3)), however, also depends on the transverse
momentum scales x;, which become positive in the physical region. Unlike for
the s-type invariants, the analytic properties of the k;’s are not determined
explicitly by the usual ie prescription, because they are ratios of particle in-
variants. The prescription for the analytic continuation therefore needs to be
inferred from Egs. (@.0) and (@.46]) and is achieved by the replacement [27],

(—ri) = e K, (9.47)

Note that the prescription for the x;’s is similar to the one for the s-type
invariantsH. The analytic continuation of Eq. (@3] to the physical region can
now be derived immediately from the prescriptions (3.46]) and (0.47]).

Let us know analyze what the coefficient functions and the Lipatov vertices
become in the physical region. Since the coefficient function and the Regge
trajectory only depend on the variables t¢;, they stay real in the physical region
(up to overall phases in C(©)). The Lipatov vertices, however, explicitly depend

on the transverse scales k;, so they must become complex,

2 ne
(/ M n
V(tj1,ty, 65 67) = (?) VA (L1, by, Kjie, T), (9.48)
with
Vggs(thrl, tj, Kj€,T) = eimne () (tj41,t5, ki€ T). (9.49)

fNote that if we consider the continuation to a region other than the physical region, the
prescription for the analytic continuation of «; might differ from the usual prescription (@4H]).
E.g., in the region where s; > 0 while s;;, < 0, then Eq. (146) combined to Eq. (@3] implies

the prescription (—r;) — e~ 27 (—k;).
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The BDS ansatz in the
high-energy limit

10.1 The BDS ansatz in multi-Regge kinemat-
ics

In this chapter we study what the BDS ansatz becomes in the high-energy limit.
Our goal is to disguise a limit where the remainder function for the six-point
amplitude gives a non-zero contribution, similar to the triple collinear limit
discussed in Chapter [ We start by analyzing the multi-Regge limits, and we

comment on quasi multi-Regge limits in the next section.

Using the approximate form of the Mandelstam invariants in multi-Regge kine-
matics given in Appendix[D] it is trivial to show that in this limit the conformal
cross-ratios appearing in Réz) all take special values [27, [95] [96]

up ~ 1, Uy = tafin ~ 0 (E) , uz = Lk ~ 0 (E) , (10.1)

t282 S tQSQ S

and they are in fact subleading to the desired accuracy, and so is Réz). This
result is expected, because in multi-Regge kinematics any amplitude is deter-
mined completely by the coefficient functions, Regge trajectories and Lipatov

vertices. Those quantities have been extracted in Chapter [@ from the four

153
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and five-point amplitudes where no remainder function contributes. Hence, we
do not expect the building blocks in the high-energy limit to depend on the
remainder function. In the rest of this section we give a formal proof of this
statement, namely we show that the coefficient function and the Lipatov vertex
must fulfill iterations very similar to those fulfilled by the full amplitude and
by the splitting amplitudes. As a consequence we obtain that the BDS ansatz

is fully consistent with multi-Regge factorization.

Before turning to the derivation of this result, let us introduce some conven-
tions. In Chapter [ we presented the BDS ansatz as the resummed form of the
perturbative expansion in the 't Hooft coupling. In Chapter [0 however, we
defined the perturbative expansion of the building blocks in the high-energy
limits in terms of the rescaled coupling g%, and we showed that the loop coef-
ficients are related by a simple proportionality factor. We can therefore derive

a modified version of the BDS ansatz with respect to the rescaled coupling g2,
) =1+> g m(e)
1=1

—ep S 2G(e)| O mn (1) oy, g
pl:Og 2G()f()2G(> +CY +EV(e)|.

(10.2)

In the rest of this chapter, we will always refer to Eq. (I0.2)) when quoting the
BDS ansatz.

Let us now derive the exponentiated forms for the coefficient functions and the
Lipatov vertex. Since the BDS ansatz holds true for the four-point amplitude,
we can immediately insert the tree- and one-loop four-gluon amplitudes in
multi-Regge kinematics, Eq. (@13), into Eq. (I02), such that

IR 1G < > D) aM (tle)
et (2)

. 0
xexp 2y g7 27 Gl (e) (fGl(li)) CO(t1e,7) +CV + EP (e )>
=1

(10.3)

Comparing Eq. (I03)) to the general form of the high energy prescription of
Eq. (@I4), we can easily identify the all-orders forms of the Regge trajectory

ati) = 72 1 092010, (104)
=1
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and the coefficient function,

C(pi,pj;€,7)

o0 (e -
= CO(pi;pj) exp Z g 2!71G e) (fG(l(e)) CH(t;le,7) + CO + Eil)(e)) )
=1

(10.5)

where in the last equation t = (p; + p;)?. Note that Eq. (I0.4) is in agreement
order by order in the expansion up to O(e) with the expression of the Regge
trajectory given in Ref. [26],

aW(t;e) = 2171 FO () aM (¢ Le). (10.6)

The coefficient functions describing the emission of a gluon at one end of the
ladder thus fulfill the same iteration as the full amplitude and the splitting
functions. Expanding the exponential in Eq. (I0.H) and collecting the coeffi-
cients of the coupling constant, we obtain in particular the following expression

for the two-loop coefficient function in terms of the one-loop function,

2 2
C(tye, 1) = % [C(l)(t;G,T)} +%2i€))f(2)(6) CW(t;2¢,7)+2CP + O(e).

(10.7)

We can now repeat the argument for the five-point amplitude and, by reusing
Eq. (I0A4) and Eq. (I03), extract the corresponding iteration for the Lipatov
vertex,
—s a(tye) —s9 a(tz,e)
As = C(p2,p3;€,7) C(p1,psi€, T) (T) (T)

x VO (g2 ps55 1)

00 (10.8)

oo ) -
X exp Z g2l QZGZ(G) (m V(l)(tg, t1, k1 le, T)
=1

l l
+ B (e) - E{(9)).
Comparing with Eq. [@.28]), we find

V(ge,p,q1;6,7) = VO(qoip; 1)
(10.9)

> 0} _
<o 326260 (g Vet + @ - 50
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i.e. , also the Lipatov vertex fulfills an ABDK/BDS-type iteration. As before,
expanding Eq. (I09) in the rescaled coupling, we find an expression of the

two-loop vertex in terms of the one-loop vertex,

V@) (t1,t2,K;€,T)
1 2 2G?(e)
_1nyo : 267 r@2) )y 9
2 V (t15t2)l€76)7-) + G(2€) f (G)V (tl’tQ’K‘7 6’7—) +O(6)

(10.10)

We will use Eq. (I0I0) explicitly in Chapter[IT] where we compute the two-loop
Lipatov vertex to O(e”). Note that the iterations (I0.7) and (I0.I0) have an
important consequence. In Chapter [9 we showed that the two-loop coefficient
functions and Lipatov vertices can be extracted from the four and five-point
two-loop amplitudes by matching the left and right-hand sides of Egs. (@241
-[@33). The iteration formulas derived in this section imply that an explicit
knowledge of the two-loop amplitude is not necessary to compute the two-
loop building blocks in multi-Regge kinematics, but it is enough to know the

one-loop building blocks to higher-orders in e.

We now turn to the generic case. Consider an n-gluon amplitude in multi-Regge
kinematics which satisfies Eq. ([@3]). Inserting the exponentiated expressions
for the Regge trajectory Eq. (I04), the coefficient functions Eq. (I03) and the
Lipatov vertex Eq. (I0.9), we find

A, =AY exp Z g2 2!G(e)
=1

<C’(1)(t1; le,7) + C‘(l)(tn,g; le, T)

+ V(l)(tk+1,tk,f€k;l€,7)>

400 4 BO () + (n— 4)(EV (e) - Ei”(e))] :

(10.11)
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The expression inside the brackets can now be easily identified as the one-loop

amplitude in multi-Regge kinematics,

n—3
mM(le) =CV (ty;7,l€) + CO(t,_3;7,l€) + a ™ (tg,le) In (ﬂ
-
L =t (10.12)
+ Z V(l) (tk+17 tk; REs T, ZG),
k=1

and so we recover

s D (e)
An — A(O) —21 2l 1 f (1) l (l) 10.1
- exp;g G'(e) 2G(le)m"(€)+c +0(e) |, (10.13)
i.e. my, satisfies the BDS ansatz up to O(e). As a corollary of Eq. (I0.I3) we
obtain that in multi-Regge kinematics the remainder function must vanish for

every n.

The previous result has two important consequences:

e Firstly, this result puts a strong constraint on all possible candidate re-

mainder functions, because they must vanish in the multi-Regge limit.

e Secondly, since the remainder function vanishes in multi-Regge kinemat-
ics for an arbitrary number of legs, we conclude that this limit is insuffi-
cient to determine the remainder function, and more general kinematics
are needed. This issue will be addressed in the next section, where we
relax the constraints on the kinematics and determine a limit in which

the six-point remainder function is non zero.

10.2 The BDS ansatz and quasi multi-Regge
kinematics

In the previous section we showed that the multi-Regge limit is inappropriate
to gain some information on the remainder function. We would thus like to
find a limit in which the kinematics are simpler than the general kinematics,
together with a non-vanishing remainder function. In Chapter [1 we argued

that the triple collinear limit has this property. In the following, we argue that
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some quasi multi-Regge limits have a similar property, and could thus be used

to gain some information on the remainder function.

Let us start with the simplest quasi multi-Regge limit, which describes the

emission of one gluon pair with comparable rapidities at one end of the ladder,

Ys ~ya > ys > ye and [p3r| >~ |pai| ~ [psi| >~ |peL]- (10.14)

This situation was analyzed in Section in the five-point case. The gener-
alization to the six-point amplitude is straightforward. Since the coefficient
function Cy in Eq. (@38) is completely determined by the five-point ampli-
tude, it is easy to repeat the argument of the previous section and to show
that also in this limit the remainder function must vanish for every n. Hence,
even though this limit puts another strong constraint on the form of possible
remainder functions, it is still too restrictive to provide some information on

its functional form.

Let us now discuss the next-to-simplest Regge-type limit, the quasi multi-Regge

limit for the emission of two gluon comparable helicities along the ladder,

ys > ys ~ys > ye and [p3r| >~ |par| ~ [psi| >~ |peLl- (10.15)

This situation was studied in Section where we showed that a new type
of Lipatov vertex appears. This limit is genuine to the six-point case, i.e. ,
this kinematic configuration arises for the first time for six external gluons.

Furthermore, in this limit the conformal cross ratios all take generic values [27],

545

uy — — — =~ O(l),
(pf +p3) 0y +p5)
Ips.L|?pa pg
U - —~0(1), 10.16
(Ips. + parl? + ppy)0F + pT )P (10.16)
. Ps P ps ~ o).

3 7 k= - 2 1 -

p3 (px + 5 )(Ips +par|* +p3py)
Since none of the conformal ratios vanishes or approaches one, we conclude
that the six-point remainder function must give a non-zero contribution. This
kinematic regime could therefore provide some information on the violation of
the BDS ansatz, because the remainder function is expected to be non zero.

From the previous discussion it is clear that there is no simpler Regge-type limit
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with this property and we conclude that this limit is the simplest Regge-type
limit for which the remainder function is not subleading. We can repeat the
analysis of the previous section and derive an iteration formula for the Lipatov

vertex describing the emission of two gluons with comparable rapidities. We
find,

‘/2(2)(1&1;1:2)1:3; K1, 1452;6,7')

1 2
= 5 |:V(1) (tl,tz,fs, R1, k23 €, T)

2G?(e)
+ - 7

G(2¢)
+ RéQ) (u1,ug,us) + O(e).

(10.17)
FB () VO (t,ta, t3, k1, K23 2€,T)

Note that since the coefficient functions in Eq. (343]) are completely deter-
mined by the five-point amplitude, the whole dependence on the remainder
function is captured by the Lipatov vertex V5. The conclusion is that it is
enough to know the analytical form of the Lipatov vertex Vs to extract the re-
mainder function, similar to the case of the triple collinear splitting amplitude
discussed in Chapter [l Note, however, that the triple collinear limit and the
quasi-multi Regge limit are complementary, because due to the strong rapidity
ordering (I0.I5) the momenta of the gluons 3 and 4 cannot be collinear, and

hence the two limits describe completely different areas of phase space.

It is clear that every Regge-type limit defined by a rapidity ordering that en-
compasses Eq. (I0TH) will also give rise to a non-vanishing remainder function.

We could therefore relax the rapidity ordering even more, and consider the limit

Ys > ys >~ ys > ye and |p3i| > [psi| ~|psi| >~ |peL]s (10.18)

i.e. , the production of three gluons with comparable rapidities at one end of
the ladder. Also in this case the conformal cross ratios take generic values and

the remainder function is expected to be non zero [27]. Indeed, the two-loop
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iteration formula for the coefficient function C'g(,Q) reads,

C:)EQ) (t, 534, 545, 53453 €, T)

_1

2
2G?

L2620

G(2¢)

+203 R((f)(ul, ug,ug) + O(e).

(1) . 2
Cy (t,534754575345,€77)}
(10.19)
F3(e) Cél) (t, 534, 845, 5345; 2€,T)

Similar to case of the Lipatov vertex, the coefficient function C3 must capture
the whole dependence on RéQ). Let us conclude this discussion by commenting
on the relation between of the Regge-type limits and the triple collinear limit
discussed in Chapter [l In the limit where the three gluons emitted at one
end of the ladder are collinear, the coefficient function must factorize into a

splitting amplitude,

CP 0@ 4 oW M 4@ (10.20)

where rgllg denotes the Il-loop triple collinear splitting amplitude defined in

Chapter [l Hence, the limit for the emission of three gluons at one end of the
gluon ladder does not only encompass the production of two gluons along the

ladder, but at the same time also the triple collinear limit (See Fig. [[0.T]).

Finally, we thus have three limits at our disposal in which the six-point remain-

der function is expected to be non zero:

1. the triple collinear limit, where three consecutive gluons have collinear

momenta.

2. the quasi multi-Regge limit for the production of two gluon with compa-

rable rapidities along the ladder.

3. the quasi multi-Regge limit for the production of three gluon with com-

parable rapidities, which encompasses the cases 1 and 2.

Although these kinematics are simpler than the general kinematics, they still
require the explicit computation of the one and two-loop hexagons in the corre-

sponding limit (unlike the multi-Regge case, which is completely determined by
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~R

=
=
(¢) |

Figure 10.1: The three limits where the six-point remainder function is ex-
pected to be non zero: the impact factor for the emission of three gluons (a)
encompasses the Lipatov vertex for the emission of two gluons (b) as well as
the triple collinear splitting amplitude (c).

the four and five-point amplitudes). Unfortunately, not much is known in the
literature about higher-point amplitudes at two-loops or at one-loop beyond
O(EO. As a first study of the analytic structures that appear in these kind
of computations, we start from the simplest case possible, the five-point one-
loop amplitude to higher orders in ¢, albeit in simplified kinematics, namely
the multi-Regge kinematics. This computation will be performed in the next

chapter.

*Recall that the remainder function is essentially defined as the difference between the
two-loop amplitude and the square of the one-loop amplitude.






e 11

The five-point amplitude in
multi-Regge kinematics

11.1 Introduction

In this chapter we present the computation of the scalar massless pentagon in
D = 6 — 2¢ dimensions. This integral appears in the higher-order terms in the
Laurent expansion of the five-point MSYM amplitude through Eq. (@.28). Since
the ABDK/BDS iteration for the two-loop amplitude requires the knowledge of
the one-loop amplitude through order €2, the higher order terms in the Laurent
expansion of the one-loop amplitude allows one to obtain at the same time an

analytic result for the two-loop five-point amplitude.

An analytic computation of the pentagon integral in general kinematics is un-
fortunately beyond our technical capabilities at the moment. We therefore
restrict the computation to a specific limit, namely the multi-Regge kinemat-

ics. The aim of this computation is then twofold:
e First, as we already mentioned, the computation of the pentagon inte-

gral provides us with the first analytic result for the two-loop five-point

amplitude in MSYM, albeit in simplified kinematics.

163
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e Second, we aim to study for the first time the analytic structure of higher-
point one-loop amplitudes in MSYM beyond O(e”) and to get new insight
into the mathematical structure of scalar one-loop integrals beyond four
points. In particular, we show that in the case of the pentagon new types
of generalized hypergeometric functions appear, whose Laurent expansion

involves a new set of transcendental functions called M functions.

The computation is performed using two different technique. We first com-
pute the pentagon integral using the negative dimension approach (NDIM),
which expresses a one-loop Feynman integral as a combination of generalized
hypergeometric functions in more than one variable. In Appendix[M] we repeat
the computation using the fourfold Mellin-Barnes representation for the scalar
massless pentagon given in Ref. [84], and by transforming one Mellin-Barnes
integral into an Euler integral, we arrive at a representation of the pentagon
integral as a Taylor series in € whose coefficients can be expressed as combi-
nations of Goncharov’s multiple polylogarithm (See Appendix [Gl for a review).
We also include further appendices containing some technical proofs omitted

throughout this chapter.

11.2 Definitions and conventions

The scalar pentagon integral is defined as,
dPk 1
imP/2 D' Dy?* Dy Dy Dys”’

IP (1, v0, 13, 14,155 Q7) = €7° / (11.1)

where the external momenta k; are lightlike, k2 = 0, and are incoming so that
2?21 k' = 0. The external momentum scales are the Mandelstam variables
Q? = s12, 23, S34, S45, 515 and we work in the Euclidean region, 535 < 0. Let us
introduce the shorthands
§ = S12, 81 =845, S2 = S34,
(11.2)
i1 =851, 12 = Sa3.

The hierarchy of scales in multi-Regge kinematics, Eq. (@4), then implies,

(—8) > (=s1), (—82) > (—t1), (—t2), (11.3)

*See Appendix [Kl for a review of the different techniques.
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together with the mass-shell condition,

(=r) (=8) = (=s1) (=52), (11.4)

where (—k) = —|p41|%. Since  is of the order of the t-type invariants, we must

have, and the hierarchy of scales is such that
S§189 ~ Stl ~ StQ. (115)
Equivalently, we can define the limit by the scaling

S1 *>>\81, 52*>>\527 t1*>>\2t1, t2*>>\2t2, (116)

3

and expanding in the limit A — 0 and keeping only the leading term.

11.3 The pentagon integral from NDIM

11.3.1 General considerations

In this section we derive a representation for the pentagon integral from the
negative dimension technique (NDIM) (See Appendix[K] for a review). In short,
NDIM is an algorithm that allows one to transform a one-loop integral into a
combination of multiple sums. In the present case, we identify 125 quadruple
series contributing to the massless scalar pentagon in general kinematics. Each

series has the form of a multiple generalized hypergeometric series, e.g. ,
[{m,m,ns,m}

— (_S)V45—§ (_t2)V51—% (_82)—V345+§ (_Sl)ms—% (_tl)—l/mz-l-%
F(l/l)r(llg)F(Vg)F(l/4)F(V5)
T(v3a5 — S)T(vas1 — F)0(vs12 — F)0(F — vas)T(5 — vs1)

D D
D —v, 3 — Vis, 5 Vsl
x I D D D
1+ 5 —vaas, 1+ 5 —vas1, 1+ 5 —vsi2

% eVE€

x (—1)

$17$2,$3,$4) .

(11.7)

The arguments of the hypergeometric functions are ratios of scales, e.g.

S 818 sit t
P1= 2, my= -2, @3= o, a4= (11.8)
S sto sta ta
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and we introduced the definitions v123 = 11 + v5 + 3, ete. For convenience we

have introduced the shorthand for quadruple sums,

a, b, c
r T T1,T2, T3, T
( d, e f 1,42,43, 4)
_ i (a)n1+n2+n3+n4 (b>n1+n2+n3 (C>nz+ns+n4$_71h£$_§mﬁ
n1,na,ma,ma=0 (d)nl-l-nz (e)nz-i-ns (f)n3+n4 n! na! nz! ng!
(11.9)

Let us make a comment about the convergence properties of these multiple se-
ries. It is well-known that for example the Gauss’ hypergeometric series (G.17) is
not an entire function, but it only converges inside the unit disc. It can however
be analytically continued outside the unit disc by using the functional equation

relating the o F functions with arguments = and 1/x, e.g. , for |arg(—z)| < =,

oFi(a,b,c;z) = (—x)™° I(c) FEb ) oFi(a,14+a—c,1+a—b,1/x)

( —a
L) I'(c—a)
_»T(c)T(a—b)

L(a)T(c—0)

In a similar way, the hypergeometric functions (IT) contributing to the pen-

(11.10)

+ (—2) oF1(b,1+b—c,1+b—a,1/x).

tagon integral are not necessarily convergent for all values of the arguments x;,
and so we have to make sense of these divergent series. The rule is that in a
given area of phase space only the convergent solutions of NDIM contribute.
In other words, the phase space breaks up into several regions, in each of which
the integral is represented by a different combination of hypergeometric func-
tions of the form given in Eq. (IL). The different regions of phase space must
be related by analytic continuation, similar to Eq. (ILI0). As a rule of thumb,
a hypergeometric series diverges if one of its argument is greater than 1. This
implies for example that the fourfold series (IT.9) is divergent in the region
of phase space where x1 < 1, or equivalently in the region where sy > s. As
a consequence, Eq. (IT1) does only contribute in the Region of phase space

where sy < s.

Although the hypergeometric functions obtained from NDIM are a represen-
tation of the pentagon integral in arbitrary kinematics, we have to face the

problem that we ignore the analytic properties of the fourfold sums. For this
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reason, we restrict the computation to multi-Regge kinematics, where the hi-
erarchy of scales (IT3]) eliminates many of the 125 solutions for the pentagon

integral. The procedure to reducing the number of solutions goes as follows,

1. Any solution containing a summation that contains ratios of a “large”

scale divided by a “small” scale, such as

(i)n, (11.11)

cannot converge and is therefore discarded. This reduces the number of

solutions from 125 to 22.

2. Solutions with a prefactor that are less singular than

1 1 1

5152 ’ Stl ’ Stg

(11.12)

)

when D = 6 — 2¢ and v; = 1 are discarded. This reduces the number of

solutions from 22 to 20.

3. Any sum that contains ratios of a “small” scale divided by a “large” scale
such as

(fl)n, (11.13)

s
gives its leading contribution when the summation variable n is zero. This
leads to sums with fewer than four summations. In the example (18]
this procedure would remove the dependence on x1 and x3, which are

both subleading in multi-Regge kinematics.

4. The remaining solutions contain only double sums of ratios of the three

scales of Eq. (ILT), defined in Eq. (IT.14).

Following the NDIM prescription that in a given region of phase space only the
convergent multiple sums contribute, we can distribute the remaining double
sums among three different of phase space, i.e. , the Euclidean region itself is
divided into three distinct regions. For later convenience let us introduce the

following definitions,

t t t t
o= L = and gy = 42 = 2, (11.14)
5152 K 5152 K
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20p

1.0

II(a)
0.0 1175 1.0 I.,S Zfll '_775 3}) \/;

Figure 11.1: The three regions contributing to the scalar massless pentagon in
Euclidean kinematics.

In terms of these quantities the Euclidean region can be divided into three
regions

1. Region I, where /1 + /22 < 1.

2. Region II(a), where —/x1 + /72 > 1.

3. Region II(b), where \/z1 — /T2 > 1.
A graphical representation of these three regions in the (z1,z2) plane can be
found in Fig. IT.Jl Note that Region I is symmetric in z; and x5, whereas
Regions II(a) and II(b) exchange their roles under an exchange of z; and .
It is easy to see that Regions II(a) and II(b) can be furthermore characterized
by

1. Region II(a): (—t1) < (—t2).

2. Region II(b): (—t1) > (—t2).

Note that the region where k4 is soft, s1,s2 — 0, corresponds to x1,xs — +00

in the (z1, z2)-plane.
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11.3.2 The solution in Region I

As an example, we list here the solutions of the system of constraints in Region
I1(a),

TUTO) (s 51, 80,11, 12) = rp VB (7%)1(]]“) (s,81,82,t1,t2), (11.15)
St2
with
6
I(Ila)(S,Sl, 527t17t2) = Z IfL'(IIa)(Sa 51752;t15t2)5 (1116)
i=1
and

1
Il(Ha)(s, 81, 82,t1,t2) = -3 y; ‘T(1—26)T(1+¢)?
X F4(1 —26,1—¢,1—¢,1 —e;—y1,y2),

a 1
12(11 )(55517527t17t2) = 6_3F(1 +6) F(l - 6) F4(15 1- €, 1- €, 1 + € 7ylay2)7
(1 — 26) (—38) T(—€ — 6 + 1) (€ + §)
el'(1+6¢)T(1—¢)I'(1 —2¢—9)

o1 1-6 1—e—6] 1 - -
XF0=2< l4e 1—e—6 1-6 —| 0¥

I?EHa)(S,ShSQ,tl,tz) = -

x (—s1) 0 yfys <0,

I'(=0)T'(1—2e)T(—e—d) (e +0)
T(1+eT(1—eT(1—2c—0)
X (—s1) Oyt ys Ry (1, 1l—€el+e+9,1—€—3d—y, yg),
T)T(1—2¢)T(—e—9)
el'1—-—e)T(0+1)T(—2e—0+1)

. 1 1+4e€
><34117()2,721< -

IZEIIG') (S) 81, 52, t17 t2) = —

15(11a)(8)817527t17t2) = (_Sl)_6

1 _ -

l4+e¢ 1+4e4+6 1-6 ‘yl’m)’
P(=6)T(S + 1) T(—€ — )2 T(e + 6 + 1) T(1 — 2¢)
N(1-—e2T(1+e)(—2e—6+1)

Iélla) (Sa 51,52, tlv t2) = -

X (=s1) Ty R (14 81k e+ 0,14 40,1+ e+ 8~y p),
(11.17)

where we defined

1 K r1_ b
p=—=— and yp=— = —

Y (11.18)
o to €2 ta
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The six solutions in Region II(a) can be entirely written in terms of generalized
hypergeometric functions, and more precisely in terms of the so-called Appell

F, and Kampé de Fériet functions, defined by [97, (98],

oo

b ni n2
Fy(a,b,c,d;x1,x2) = Z (@) ns (O)ry 4y ﬂ' z2|,
n1=0 (C)nl (d)nz ni: na:
o | 80~
Fy ( o | 3 1]2 $1a$2) (11.19)

Z Z Qs n1+n2 H ( ) ( )nz 501 SC;LZ
n1=0 n7—=0 Hk ak ni+na Hé (BZ) ( )nz ni! no!
The ‘-’ sign in the Kampé de Fériet functions in Eq. (ILI7) indicates that a

given index is absent in the definition of the hypergeometric series, e.g. ,

2,1 a b
w2

c - - =

d e f - 1'1,1'2)
_ Z Z 7l1+712 b 711+7l2 (c)nl x?l ‘ng )
1(6)712 (f)nl ni! ny!

n1=0 ny=0

(11.20)

Let us make a comment about the § symbol in Eq. (ITI7). In SectionTT.3]we
derived a representation for the pentagon for general powers of the propagators
v;. Some of the coefficients of the hypergeometric functions contain, however,
" functions of the form I'(1 — ;), which are divergent in the limit v; — 1. We
regulate this divergence by introducing a small quantity § such that T'(1 —v;) =
I'(0). The pentagon integral must be independent of this regulator, and so the
& dependence must cancel in the sum over all six contributions. Expanding the

solutions into a Laurent series in §, and keeping only terms of O(6%), we find,

13(,][(1) +I£11a)
1 —€
= —6—2y§ s {[lny1 +Y(l—¢€) — ’L/J(—G)} F4(1, l1—¢14+¢1—c¢ —yl,yg)

+

O o1 1+6 1+6—c¢
a5 Fo2 <

1 — — _
146 1—¢ 14etd ‘yl’”)w_o}’

(11.21)
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Ié][a) + Ié][a)

1
= ?yi{[lnyl +1/)(1+6) 7#)(76)] F4(171+651+651+677y15y2)

QFQJ 1+ 1+d+e| 1 - - -
96 0.2 _ — 146 14+€e¢ 1+e+6 -— o |6=0 7

and we see that these two expression are independent of the regulator §. The
final result for the massless scalar pentagon in multi-Regge kinematics to all

orders in € in Region II(a) is then simply given by the sum
I(Ila)(saslv‘SQ;tlatQ)
= era (4 2 By (1261 1 1—¢
776_3y2 ( - 6) ( +6) 4( — 26,1 —€,1—k¢, 7677y15y2)

1
+—3F(1+6)F(1—6)F4(1,1—e,1—e,1+6;—y1,y2)
€

1
—Eyfygﬁ{[lnyl + (1l —¢) —1/1(—6)} F4(1,1 —e,1+¢,1 —6;—y1,y2)

0
+% 02,2

FJ( 146 14+6—¢

1 — — —
146 1—€¢ 1+e+90 —‘_yl’m) }
[6=0
1
+€—2yi{[lny1+w<1+e>—w(—e)}F4(1,1+e,1+e,1+e;—y1,y2)

1 _ _ _
146 1+ec l4ectd —‘_yl’m)w_o}'
(11.22)

O o1 140 145+
s B
a5 072(

Note that the only functional dependence of ZUZ%) is in the ratio of scales y;

and yo, i.e. , in the transverse momentum scales t1, t5 and k&,
T (5,51, 89,1, 1) = TUID (k1 19). (11.23)

The solution in Region II(b) is related to the Region II(a) by analytic contin-
uation according to the prescription t1/ta — to/t1, or equivalently yo — 1/ys.
From the symmetry of the multi-Regge limit in ¢; and ¢, it is easy to see that

we must have

t
I(Ilb)(li7tl7t2) = t_QI(IIa)(H7t23t1)‘ (1124)
1
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In Appendix [[] we explicitly show that Eq. (IL22)) enjoys this property.

Let us now have a closer look at the special functions in Eq. (IT22)). Using
the reduction formulas for the Appell function given in Appendix [H] we could
reexpress all the Fy in Eq. (IT.22)) in terms of Gauss’ hypergeometric function
and the Appell F; function,

—T -y
Fi(1-2e1-el-¢l1-¢ (17x)(1—y)’(17z)(1*y))

=(1—2)" 1=y 2 (1 —2¢,1—¢1—€my)
(I-—z)' (1 -y

(1 =y , (11.25)
—x —y
Fy(l,1—€1+¢€1—k¢, ,
i (1—2)(1—y) <1—x><1—y>)
=(1—-2)(1—-y) Fi(1,2¢6,1 —¢,1 4+ € ay),
with

Nt Nt n n b n n e 52

Fl(a,b,c,d;ml,acg) — Z Z (a) 1+ 2( ) 1 (C) 2 X1 Ty ] (11.26)

d ni! no!
n1=0na—=0 ( )n1+n2 1 2

The Appell F; function appearing in this reduction can be easily expanded into
a Laurent series in € using XSummer [76]. Note however that we do not know the
corresponding reduction formulas for the Kampé de Fériet functions appearing
in Eq. (TT.22)). For this reason, we do not apply the reduction formulas of the
Appell F; functions, but we proceed and perform the e expansion directly on the
series representation of the hypergeometric functions appearing in Eq. (TT.22]).
Since all the hypergeometric functions in Eq. (IT.22)) are finite for e = 0, we
can safely expand the Pochhammer symbols into a power series under the
summation sign,

(1+€)n =n! (1+€Zi(n)+ € Zi1(n) + € Zi11(n) + O(e"))

(1_’_%)” = % (1 —€eSi(n) — € S11(n) — € Si11(n) + O(e"))

where S and Z denote nested harmonic sums and Euler-Zagier sums, defined

(11.27)

recursively by [99],

_ "1
Si(n) = Zi(n) = H{ = E T
=t (11.28)

Sip(n) =>_ ka(f) and Ziz(n) = @
k=1 k=1
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The sum of the elements of the index vector 7 is called the weight of the nested
sum Sz(n) or Zz(n). The nested harmonic sums and the Euler-Zagier sums
form a shuffle algebra, which allows one to express a product of sums of weight

wi and wy respectively as a combination of sums of weight wy + wa, e.g. ,

- 1
SimSim) = 3 3T
k1=1 ko=1 'V1'2
- i i 'y Ta i+
k=1 ki ko= ks ko= k3 ki=1 ki k=1 ket

Using the algebra properties of nested sums as well as the algorithm described
in Appendix [E], we can express all the Euler-Zagier sums in terms of harmonic
sums. Finally, using the algebra properties of the S-sums, we can reduce all
the products of harmonic sums to linear combinations of the latter. Insert-
ing Eq. (IT.27) into the series representation for hypergeometric functions we

obtain the desired € expansions, e.g. ,

Fy(1,1+61+¢1+¢x1,20) = M(0,0,0; 21, 72)
+6[M(0,0, 1521, 22) — M(1,0,0; 21, 22) — M(0, 1,0;3@1,,@2)}
+ €2 {M((l, 1),0,0;z1,22) + M(0,(1,1),0; x1, 22) + M(0,0,(1,1); 1, 22)
+ M(1,1,0;21,22) — M(1,0,1; 21, 29) — M(0,1,1; 21, 22)
— M(0,0,2; 1, 23)]
+0O(€).
(11.30)

The M functions appearing in this expansion are transcendental functions
defined by the double series

oo o0

2
- =7 + ni ,.n2
M@ R m,m0) = Y ) <n1n1n2) Si(n1) S3(nz) Sg(n1+ng) z7" 25

ni =0 no =0

(11.31)

We define the weight of an M function as the sum of the weights of the nested
harmonic sums in the right-hand side of Eq. (IL3T]). Note that due to the
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appearance of the binomial squared term in Eq. (IL3I]), we cannot reduce in
general the double sums to known function using the standard techniques. We
can however sum the series in some particular cases where we can relate the
M-function to the expansion of a known hypergeometric function. This issue

is addressed in Appendix [Il

Since Eq. (IT:222)) only involves Appell functions and Kampé de Fériet functions
with indices 1 + c¢;e, it can be easily expanded in terms of M functions. The

first two orders read,
TUD (1, 11, 82) = 357 (g1, 9) + €67 (g1, 92) + O(e2), (11.32)
with
i (g1, ys) = (~8Inyr — 4Iny2)M (0,0, (1,1); —y1,y2)
—4InysM((1,1),0,0; —y1,y2) + 18M (0,0, (1,2); —y1,y2)
+18M (07 05 (27 1)5 —Y1, yQ) — 24M (07 05 (17 15 1)7 —Y1, y2)

+8M (07 15 (17 1)5 —Y1, yQ) + 16M (17 05 (17 1)5 —Y1, y2)
- 8M((17 1)5 07 1a —Y1, yQ) + 8M((15 1)7 15 0, 7y17y2)

2] In®y; 1 2]
= M(0,0,0: ) (T + TR 4 T g )
3 2 2
5 572
_M(0,0,l;—yl,yg) (21ny11ny2+ln yl—i—T)

+ (61nys + 3Iny2)M(0,0,2; —y1,y2) + 4Iny; M(0,1,1; —y1, y2)
n (2 Iny; Inys + 23i2)/\/1(1, 0,0; —y1,2) — Ay M(1,1,0; —y1, )
+(4lny; +4Iny)M(1,0,1; —y1,y2) — 2M(2,1,0; —y1,y2)
+ Inya M (2,0,0; —y1,y2) — 12M(0,0,3; —y1,y2) — 6M(0,1,2; —y1, y2)
—12M(1,0,2; —y1,y2) — 8M(1,1,1; —y1, y2) + 2M(2,0,1; —y1, 42)
+ (g + 72 ) M(0, 1,01, 92),

(11.33)

The explicit expression for Z.gna) is given in Ref. [28]. Note that igna) and z’§”“>

are of uniform transcendental weight 3 and 4, as expected.
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11.3.3 The solution in Region |

The solutions in Region I read

I(I)(s, S1,82,t1,t2) = rpe?®e (_st);e 70 (s,81,82,t1,12), (11.34)
with
I(I)(s,sl, S2,t1,t2) = ZIZ-(I)(S, 81, 82,11, t2), (11.35)
i=1
and

1
I (5,51, 82,11, 1) = 3 27 25 T(1 —26¢) T(1 4 ¢)?

X Fy(l—2¢,1—¢€,1—¢,1—€—x1,—22),
1
12(1)(5, S1,82,t1,t2) = = F14+e)T(1—¢€) Fy(l,1+€,1+¢,14€6—x1,—22),
I'(—=6)T(e+9)
el'(1+¢)
— (1 — 5)712 (75)711*712 (5 + 1)"2 (1 — E)nz (76)711*712
x> D

(—6 ) + 1)n1 nl!ng!

I (5,51, 80,1, t2) = (—52)° (—=s1)"° (—t1) 7 (—t2)° a7

ni =0 no =0

I (5,51, 82,11, 12) = —(=) 70 (=52) (—t1) 7" a7
I'(1—20)T(6)(—e — 6 + 1) (5 — €) (e + 5)
TAL-0) L0+ 1)I(1+e)I(l—e)2
of 1 1—e—30 1-26 - -
XFES( - 15‘165 1+65‘$1’$2)’
I (5,51, 80,1, t2) = —(—3)° (—=s1) "% (—ta)° a5
I'(—8)T(26 + 1) T(—€ — 6)T(e — 8) D(—e + 5 + 1)
% T(1— )T+ 1)1+ e)l(1—e)2

1 1- 0 1426 — —
><Fls,’20< o y ‘ ‘—301,—302),

- 146 |14+e+d 1—€e+6
(11.36)
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L) T(—e—9)
el'(1—¢)

)

Iél)(S, 51,82,t1,t2) = — (*52)5 (=s1) " x5 €

= = (1 — 5)712 (5)711*712 (5 + 1)”2 (1 — E)nz (6)n1*n2
% Z Z (6+5+1)n1n1'n2'

ni =0 no =0

&) e

)

We again introduce a regulator § to prevent divergences in the I' functions in
the coeflicients of the hypergeometric function. The cancellation of the spurious
0-poles is not as straightforward as in Region II(a), due the appearance of a
new type of hypergeometric series besides the Appell and Kampé de Fériet
functions. This new series involves only Pochhammer symbols of the form
(Vny—nas (Ony, and ()n,. In Appendix [H we show that it can be reduced to
Kampé de Fériet functions. We find

N (1=, (=) gy (84 Dy (1= gy (=) gy (21 ™ o
ZZ( Jns (=6) (0+ Dns (1 = €)ny (=€) (_) (—2)

(—e =0+ 1), n1!no! To

n1=0mn2=0

B de zy
T 1l—€—6 19
(11.37)
- — 146 1 1—-6 1—-6 1—€¢ 1—c¢ T
0.3 _ )
% 20( 2 2—6—5‘ - - - - - - m’u)
1—-6 140 1—¢|— 1 — —
3.1 _ _
+ 1’2( 1 — — — 14§ 1—-6—€ 1+¢ 1) xQ)’

s (1= 0y (8)ny o (6 4 Dy (1 = )y (g —my (1™ o
ZZ( Jns (6) (64 Dny (1 = €)ny(e€) (_) (=)

(e +0 4 1)p,n1!no! To

n1=0mn2=0

B e T
T 1l4e+0 a9
XFO’B — — 1—-46 1 1+6 1+6 1—¢ 1+€ _l_lﬂ
20\ 2 24€+6| - - - - - - " 1
1-6 146 1—€|— 1 - -
g3l _ _ )
+ 1’2( 1 — — — 1-§ 14+64+€ 1—c¢ 1) xQ)

(11.38)
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After inserting these expressions into Eq. (IT1.36]), we expand the solution into
a Laurent series in §. The poles in ¢ cancel mutually between Ig(,l) and I, f)
and I, éI) and Iél). After some algebra, we find the following expression for the
solution in Region I,
T (s, 51, 82,1, t2)
1
--5 270y T(1—2) T(1+€)? Fy(1 — 26,1 —¢,1 — 6,1 — &, —x1, —22)

1
+ = Nl1—eT(1+e) Fy(l,1+€e14+€1+¢—x1,—122)

1
—6—2351_6{[11&1:24-1/1(1—6)—1/1(—6)}F4(1,1—6,1—e,l—i—e;—xl,—xg)

8 2.1 1+5 1*64‘5 — — — 1

Y 2 o
" 072< - - ‘16 L4etd — 1+5‘ o x2>6_0

1 1 1 1 1—-€ 1—¢€

€ X1 0.3 — —
_— = FY
Tem 270<2 2—¢

1
G—sz—e{[lanJrz/)(le)1/)(6)]F4(1,1e,1+e,le;x1,x2)
a 2,1 1+5 1*64‘5 — — — 1
+%F072< - - ‘1+e l—e+6 — 1+5‘z1’x2>5_0

1 1 1 1 1—€¢ 1+4c¢€

€ T 03 - -
T4+emxs 22\ 2 24¢

Note that the right-hand side of Eq. (IT.39) only depends on the dimensionless

quantities x1 and x2, i.e. , on the transverse momentum scales x, t; and %o,
I(I)(5751,52,t1,t2) :I(I)(“,tl,t2)~ (11.40)

Furthermore, we know that the pentagon in Region I must fulfill the symmetry

relation
IO (k,ty,t0) = T (i, tg, t1). (11.41)

The solution given in Eq. (IT.39) however apparently breaks this symmetry, due
to the appearance of the ratio x1/x2. We show in Appendix[[] that Eq. (TT.39)

indeed has the correct symmetry properties, which becomes explicit only after
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a proper analytic continuation has been performed. We also show that the
solution in Region I, Eq. (IT39), can be obtained from the solution in Region

II(a) by performing analytic continuation according to the prescription y; —
1/y1.

11.4 The two-loop five-point amplitude

In this section we show how the expression for the scalar massless pentagon
integral can be used to obtain an analytic expression for the two-loop five-point
amplitude, albeit in simplified kinematics. The two-loop five-point MSYM am-
plitude is related to the corresponding one-loop amplitude through the ABDK
ansatz (Z2). Since we know that the ABDK ansatz holds for n = 5, it is
enough to know the one-loop amplitude to O(€?) to derive the corresponding
two-loop amplitude. The decomposition of the one-loop amplitude to all orders
in € in terms of scalar box and pentagon integrals was presented in Eq. ([@28]).
Let us decompose this relation into parity-even and odd contributions to the

five-point amplitude,
o) =i ) 1
with
1 1 m
mge) Y G(e) Z 51289311 (1,2,3,45, ),

cyclic (11.43)

mé? = —eG(e) 61234]5?_26(6).

The even-parity contribution corresponds to the one-mass box integrals and was
already given in Eq. ([@.33]). The pentagon contribution has been computed in
the previous sections. We thus have at our disposal all the pieces needed to

compute mgl) to all orders in e.

Let us start by analyzing more closely the parity-odd contribution. The Levi-
Civita tensor appearing in the parity-odd part of the five-point amplitude can

be written in the form

€1234 = 512 834 — S13 S23 + 514 8523 — 2 <12> [23] <34> [41] (1144)
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Using the approximate form of the spinor products in multi-Regge kinematics,
Eq. (8I2), we obtain,
1230 = (—$) (P31 i, — P51 paL)- (11.45)

Furthermore, we know that for the pentagon integral we have to distinguish
several kinematic regions. Using the same notations as in the previous sections,

we obtain the following representation for the parity-odd part of the five-point

amplitude,
(1,I1a) _ * * (7’1)6 (IIa)
mg, " (s, 81,81, t1,t2) = —€(psLpi — Py paL) . IHEY (b, te, k),
2
(1,1) _ * * (_H)e (I)
msy (s, 81,81, t1,t2) = —€ (psL piy — iy PaL) — I (ty,t2, k),

(11.46)

where ZU®) and Z() are defined in Eqs. (IL22) and (IL39). The expressions
for (—t2) < (—t1) can be obtained by analytic continuation according to the
prescription t1/ts — to/t;. Note that since the pentagon integral is finite
for ¢ — 0, the parity-odd contribution only starts at O(e). Combining the
two terms for the parity-even and odd contributions we find immediately the
expression of the one-loop five-point amplitude in multi-Regge kinematics. As
a cross-check, we checked that our result has the correct behavior in the limit

where py — 0.

Let us now turn to the two-loop amplitude. Using the ABDK recursion rela-
tions, it is straightforward to derive an expression of the two-loop amplitude as
a function of the one-loop amplitude. Using the decomposition into parity-even

and odd contributions, we obtain,

w2 (e) = 3 (m(0)° +2 720

mZ () =m () miL? (e) + O(e),

G(e)* 5
5@5m&@a+0“+0&>ﬂlﬂ)

with j = I,IIa. Using the explicit expressions of the parity-even and odd
contributions, we see that the right-hand side of Eq. (IL41) is completely ex-
pressed in terms of known quantities. Hence, Eq. (IL4T) evaluates immediately
to the five-point two-loop amplitude in multi-Regge kinematics, which is the

main result of this work. In previous sections, we argued that the parity-odd
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contribution, which equals the contribution from the scalar massless pentagon
integral, is expressed in terms of new transcendental functions not present in
the parity-even contribution. This implies that the two-loop five-point ampli-
tude is expressed in terms of this same new set of special functions, and in
particular we can write out the result completely as a Laurent series in € whose

coefficients are combinations of M functions and Goncharov polylogarithms.

11.5 The two-loop Lipatov vertex in MSYM

In the previous section we computed the one-loop five-point amplitude in multi-
Regge kinematics to all orders in €, and we know from Section that the
knowledge of the five-point amplitude to all orders in € enables us to extract
the one-loop Lipatov vertex to same accuracy. Dividing the one-loop vertex

into a parity-even and a parity-odd contribution,
v = y® Ly (11.48)

we obtain the analytic expressions for the vertex by subtracting the contribu-
tions to the coefficient functions and the Regge trajectory from the five-point

amplitude,

‘_/6(1)(1?1,152, K; €,T)
= méle)(s, S1,89,t1,t2) — d(l)(tl; €) L, — d(l)(tg; €) Ly — C_'(l)(tl; €,T)
— CW(ty;e, 1),

V9 (b by, ks €,7)
= m&’j)(s, 81, 82, t1,t2)

_H)f

to

= —e(psLpiL —p3ipaL) I (t1, 11, k)

(11.49)

with L; = In(—s;/7). The explicit expression of the parity-even contribution
was already derived in Eq. (@.34). Eq. (@23) implies that there is no odd-parity
contribution to the coefficient functions and the Regge trajectory, and so the

parity-odd part of the vertex equals the parity-odd part of the amplitude given
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in Egs. (IT.22)) and (IT39). We thus have at our disposal all the pieces needed

to derive the one-loop Lipatov vertex to all orders in e.

Let us now turn to the two-loop case. In Chapter [0 we showed that the BDS
ansatz implies an iteration formula for the two-loop Lipatov vertex, similar
to the iteration for the two-loop amplitude. Decomposing Eq. (I0I0) into

parity-even and odd contributions, we can write

VD (ty, ta, k€, 7)
1 2 2G%(e
=3 VO (ty, b, m56,7)| + Wi))f@)(e) VD (t1,ta, K5 26,7) + O(e),
Vo(21j) (t17t27K’;€77_)
= e(l)(tlv t25 Rj €, T) ‘/()(Lj) (tla tQa K3 €, T) + 0(6)
(11.50)

As Vo(l) is O(e), the parity-odd contribution only contributes starting from
O(e7'). The right-hand side of Eq. (IL50) is known from Eq. (IL49), and
hence this allows us to obtain the two-loop Lipatov vertex in MSYM. We
know already that the parity-odd contribution to the one-loop vertex can be
expressed in terms of M functions, and hence the parity-odd contribution to

the two-loop vertex can be expressed in terms of using the same set of functions.

11.6 The physical region

Let us conclude this section by analyzing what the two-loop Lipatov vertex
becomes in the physical region where all s-type invariants are positive, obtained
by performing analytic continuation on all s-type invariants according to the
prescription
(—8) = e s, (—=s1) — e sy, (—s3) — e sy (11.51)
The prescription for the transverse scale x is then fixed by Eq. (IT4)) to be
(k) — e k. (11.52)

From the previous sections, it is clear the in order to get the expression of

the two-loop vertex in the physical region, it is sufficient to know the analytic
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continuation of the one-loop vertex to O(e?). In the following we give the
analytic continuation of V(1) to all orders in e. The analytic continuation of the
parity-even contribution (@34 is straightforward. In the region (—t3) < (—t1),

we find

Ve(;)hys(tl,tg,n'e T) =

_ ZTI'EI‘ (1_6)

(I+el
—t
<i> < Y(l+¢€) ’yE+ln—1>
t T
A
—to
K tl
—_— F 1,1 —¢ —
+6 <—t1> 2 1(67 5 6’1&2)
1 k N\t tq
(=) 2o (11462462
6(1+€) (tg) t22 1( ) +€a +€,t2)

! Ki) +<i) ] (hlfm“nM)_
€ -t —t9 T T

The analytic continuation of the parity-odd contribution is slightly more com-

—t
(1 +e) —7E+ln—2)
-

1
e
1
e (11.53)
1

2

plicated, because it requires the analytic continuation of the pentagon integral.

We address this questions for the Regions I and II(a) in the next sections.

11.6.1 Analytic continuation of Region ll(a)

In Region II(a) the pentagon integral is expressed in terms of the dimensionless

quantities y; and y». The analytic continuation of y; and y, follows then

directly from Eq. (ITI8) and Eq. (IT52),
(—y1) = e Ty and y2 — ya. (11.54)

In the physical region, the vertex can then be written as

1_/0(;}{;;)(151,1?2, ke, 7) = —¢€(psLpiL — P51 P4L) Ié{];(;)(ﬁvtl’m)’ (11.55)
with
Iﬁﬁi‘?(n, tr,t2) = e T (77 (—k), 11, t2), (11.56)
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and ZUT9) is given in Eq. (TL22) to all orders in € in terms of Appell and Kampé
de Fériet functions. As we face the problem how of to perform the analytic
continuation of these functions under the prescription (IL54)), we argue in
the following that the analytic continuation of the generalized hypergeometric
functions that appear in ZU1%) is trivial, i.e. , the hypergeometric functions

stay real in the physical region.

Indeed all the hypergeometric functions entering Z1%) can be written as a
nested sum, the inner sum being a one-dimensional hypergeometric function of
o Fy or 3F» type depending on (—y;). For example, the first term in Eq. (IT.22)

can be written as

1
—e—gy;EF(l—Qe)F(l—l—e)QEl(l—26,1—6,1—6,1—e;—yl,yg)

1, - —)n Y5
=5 T1-29T Z 1_6 il (11.57)
X o Fy (1 21—l —¢ —yl)

Since we do not perform any analytic continuation in ys, the only way an
imaginary part could arise is when we cross a branch cut during the analytic
continuation in y;. Hence the analytic properties of Eq. (ILE51) are determined
by the cuts in the function o F} (1 —2¢,1—¢€,1—¢ fyl) . We know that the o F}
function has a branch cut ranging from 1 to +o0c. The convergence criterion
for the Fy function requires |y;| < 1, so we do not cross the branch cut when
continuing y; along a half circle through the upper half plane, and so we do
not change the Riemann sheet during the analytic continuation. Since the
Euclidean region corresponds to the Riemann sheet where the hypergeometric
function is real for (—y;) < 1, we conclude that the 2 F function in Eq. (TT.57)
is real in the physical region, and so is the Appell function on the left-hand side
of Eq. (ILX1). A similar reasoning can be made for all other hypergeometric
functions in Eq. (IT.22), and so we can immediately write down the analytic

continuation of Eq. (IT22) to the physical region where all s-type invariants
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are positive,

Ila
Ilghys)(K’a tl; t?) =

1 —€ ime 2
—Ske I'(1—-2¢)T(1+4¢) F4(1*26,1*6,1*6,1*6;*y1,y2)

1 .
+—361”6F(1+6)F(1—6)F4(1,1—6,1—6,1+6;—y1,y2)
€

1 € —€
_6_2(—91) Yo {

1 — — —‘ )

— Y1, Y2
140 1—€¢ 14+e+d6 — 15=0
+[1n(yl)iﬂ-+’l/)(1e)w(e)]Fﬁl(lvl671+6516;y17y2)}

e <—y1>€{

0 21 1+ 14+06+¢
X%F12<

1 _ _ _
146 1+4e 14e+6 ‘yl’m)w_o

+ [In(—y1) —imr+ (1 +¢€) —(—e)] Fa(l,1+ 6,1+ €61 +¢ yl,yg)}.
(11.58)

We checked explicitly that all the poles in € cancel out when expanding Iégf;)
into a Laurent series in e. Note that in Eq. (IL58)) the same hypergeometric
functions appear as in the Euclidean region, Eq. (IL22). We can therefore eas-
ily expand Eq. (IT58)) in € in exactly the way as we did in the Euclidean region,
and we will obtain a Laurent series whose coefficients are combinations of real
M-functions. The imaginary parts arise order by order in the Laurent series
only through the explicit dependence in i7 in Eq. (IL58)). Note that if we had
worked with the expression of the pentagon in terms of Goncharov’s multiple
polylogarithm, Eqs. (M.60) and (M.64]), the complicated analytic structure of
these functions would imply many spurious imaginary parts arising from in-
dividual polylogarithms, and all the spurious imaginary parts would need to
cancel out in the final answer. It is therefore more natural to express the re-
sult in the physical region in terms of M functions rather than the Goncharov

polylogarithms.
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11.6.2 Analytic continuation of Region |

In Region I the pentagon is expressed as a function of z; and x5, whose analytic
continuation follows directly from Eq. (IT14) and Eq. (IT52),

+

(—z1) — eT™ 2y and a9 — e 2y, (11.59)

and the pentagon in Region I can be expressed as

€

(1,1 % * R I
Ve(,phys(tlﬂ o, K; €, T) = —€ (p?)L Py — P31 p4l) ; I}:()h)ys('k‘-" t1, t2)a (11'60)
with

7D

ois (s 1, 12) = €T TW (77 (= k), 1, 1), (11.61)

and ZU) is given in Eq. (IL3%). Using the same argument as in Region II(a),
we see that the hypergeometric functions stay real even in the physical region,
because the convergence of the hypergeometric functions requires |z;| < 1,
1 =1,2. Alternatively, we could also start from the expression of the pentagon
in the physical Region I1(a), Eq. (IT58), and perform the analytic continuation
to Region I following the techniques described in Appendix[[] We find that the
two results are consistent. The final expression of the pentagon in the physical
region I is then

7D

phys
1

-3 e ™ (—a) T (—a9) T T(1 — 26) T(1 4 ¢)?

x Fy(1 —26,1—¢e,1—¢€1—€—x1,—22)

(Kvtlth) =

1 .
+ = Fl1—e(1+e)e™ Fy(l,1+e,1+€ 1+ € —x1,—x2)

L ca {

2F271 1+(S 1—6+(5 — — — 1 -
a5 %2\ - l—e l4e+ds — 146 "0 77)

(11.62)
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+ [1n(fx2) +ir+yY(l—¢) — 1/)(76)] Fy(1,1—€6,1—¢14¢—x1,—22)

€ t1 03/ — — 1 1 1 1 1—€¢ 1—c¢ T
Ry Al _ z1
+1—et2 2’0<2 2—¢ IE1,$2

XQFQJ 1+5 1764’5 — — — 1 . o
02\ — Lte L—e+d — 146 "7 7))

+ [hl(—l‘g) +ir+ (1l —¢€) — w(e)} Fi(1,1—€e1+€1—¢—x1,—22)

1 1 1 1 1—€¢ 1+c¢

__¢ hposf = =
T+ety 20\ 2 2+4e€
We checked explicitly that all the poles in € cancel out when expanding 7 (1)

phys
into a Laurent series in e.



Conclusion

Throughout this work we investigated the structure of gauge theory scattering
amplitudes, both at tree-level and beyond. A special attention was brought
to the application of several cutting-edge techniques developed over the last
decade to compute gauge theory scattering amplitudes in an efficient way. The
main goal of this work was to apply these techniques in some concrete cases,
in the double perspective of gaining a deeper understanding of the structure
of gauge theory amplitudes as well as to obtain new results which could have

some phenomenological interest in the future.

A first result has been to show how recursive relations for color-stripped am-
plitudes can be dressed with color, obtaining in this way a new version of the
recursion, valid this time at the level the full amplitude, including color. The
main features of this technique are that the recursive relations keep their func-
tional form, the only difference being in the fact that in the color-dressed case
the recursion runs over non-ordered objects reflecting the Bose symmetry of
the full amplitude. Furthermore, the color-dressed recursions avoid the facto-
rial growth in complexity inherent to dressing color-stripped amplitudes with
color. The color-dressed recursions have by now been successfully applied in
several tree-level matrix element generators [42, [52], [100]. An open question is
in how far the color-dressing technique can be extended beyond tree-level where
a similar color decomposition holds, especially in the context of the recently
proposed automatization of one-loop computations, all operating so far only at

the level of the color-stripped amplitude [7] [8].
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A second result has been the application of the MHV formalism to some open
issues, such as the computation of several universal quantities that describe
the behavior of tree-level amplitudes in some kinematical limits. We started
by studying the infrared limits of gauge theory scattering amplitudes and we
showed how it is possible to extend the work by Birthwright et al. on splitting
functions to more general kinds of infrared limits, described by the antenna
functions. We showed how the MHV formalism provides a natural framework
to define tree-level gluon antenna functions as a sum of MHV diagrams, a result
which allowed us to derive for the first time a complete set of N3LO antenna
functions, describing the soft and collinear emission of up to three gluons at
tree-level. In Chapter[8 we then extended this result to the case of high-energy
limits by deriving a similar rule to compute coefficient functions and Lipatov
vertices in an efficient way by identifying a priori the MHV diagrams that
give a leading contribution in the high-energy limit and we derived for the first
time the complete set of tree-level Lipatov vertices describing the emission of
up to four gluons. Our antenna functions and Lipatov vertices enjoy all the
properties of the MHV approach and in particular, they are characterized by a
much simpler analytic structure than the corresponding results in Ref. [16] 25].
Although these multi-leg antenna functions and Lipatov vertices might not
have a direct phenomenological application, they might however be useful to
check the infrared and multi-Regge behavior in future computations of multi-
leg scattering amplitudes. In the same spirit, it could also be interesting to
investigate how the techniques we introduced in this work in the context of
pure gluon amplitudes can be extended to the case where one or more quark

pairs are present in the amplitude.

A third result of this work was the application and development of new tech-
niques to compute (multi-) loop amplitudes. We applied the Laporta algo-
rithm and the differential equation technique to the computation of a class of
27 real-virtual integrated counterterms for an NNLO subtraction scheme. To
our knowledge this was the first time that such techniques have been applied to
hypergeometric integrals of this particular type. Although successfully applied
to the computation of the twofold Euler integrals which appear in the NNLO

subtraction scheme, our approach turned out to be inefficient for more compli-
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cated real-virtual integrals, due to an extremely fast growth in the complexity
of the algorithm. For these classes of integrals one might think of other tech-
niques, like for example Mellin-Barnes inspired approaches, which were applied
recently to the computation of the remaining real-virtual integrals [83]. The
Mellin-Barnes technique, together with the negative dimension approach, was
applied in this work to the computation of the scalar massless pentagon. In
Chapter [[1l we computed for the first time the pentagon integral to all orders
in €, albeit in simplified kinematics and we found that the result can be ex-
pressed in terms of generalized hypergeometric functions, the so-called Appell
and Kampé de Fériet functions, which can be expanded into a Laurent series
in terms of Goncharov’s multiple polylogarithms. This computation allowed us
to investigate for the first time the mathematical structure of higher-point two-
loop amplitudes and we studied the associated special functions and derived

their main properties (See Appendices).

Recently, an expression for a general n-edged Wilson loop in QCD was pre-
sented [I3]. The n-edged Wilson loop is conjectured to be related to the two-
loop n-point scattering amplitude in MSYM and so it can be directly used to
study the breakdown of the ABDK/BDS ansatz for more then five external
legs. In Ref. [13] the Wilson loops are given as multifold Euler integrals, which
remind the similarity between Feynman integrals and hypergeometric functions
pointed out in Ref. [28]. Since the techniques we applied to compute the inte-
grated counterterms and the pentagon integrals are generic and not limited to
this particular class of integrals, one could think of applying these techniques
also to the computation of the Euler integrals appearing in the six-edged Wil-
son loop, a computation which would explicitly reveal the analytical structure

of the BDS remainder function. This is currently under investigation.

The techniques and functions studied in this work might hence have an impact
on how we will try to understand the breakdown of the BDS ansatz in the two-
loop six-point amplitude. Since the computation of this amplitude requires the
knowledge of the one and two-loop hexagons, it is natural to speculate that
the same kind of new mathematical structures we uncovered in the case of the
five-point amplitude will also reappear in more general higher-point integrals

and so the knowledge of these functions and of their properties might play an
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important role in uncovering the source of the BDS ansatz violation and hence
improving our knowledge of gauge theories at higher orders in the perturbative

expansion.
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Appendix

Reconstruction functions

In this appendix we present the explicit expressions for the reconstruction func-
tions that have been used in Chapter [ and Chapter [l to define antenna func-
tions. Apart from a difference in the overall sign conventions they are the same
as in Ref. [16]. They read

Pa =
___ (1+p)K* +2R - K + — G Ka, ko k
2K2—t1 )| " R, P, )|
T ! (1= p)K*+2R K+ — fa: k

2(K2 - ﬁal...n) ’ Pl,n ’
+ R,

(A1)
Dy =
1 k ky,
—— |1-pK?+2R-K —G N kq
2(K2 - Tfl...nb) [( ) N * Sab ( R, Pl,n ) ]
1 k ky,

S — K?+2R-K —G <@ k
+ 2(K2 - tal...n) ( + p) + + Sab ( R; Pl,n ) ] ’
+ R,

where t1. 5 = (k1 + ...+ Ky + k)2, tar.m = (ko + k1 + ...+ ky)? and,
K=ky+ki+...4ky+kyand K = ko, — ky — K. (A.2)
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Furthermore
R:ijTj, R:PLn*R:ij(lij),
j=1 j=1
and
%
2G< o R 0 )
a, R7 b A(a, R, K, b)
p= |1+ 2 + 2\2 .2
KQSab (K ) Sab

In these formulas, G and A denote Gram determinants,

b1, ..., Dn
G< >det 2p;-q;),
qi, ---5 dn ( j)
A(pl,--~7pn)G<p17 ey pn>
b1, ..., Dn

A suitable choice for the coefficients r; is [16]

o= ki Pt k) tinb — Ba).nb
= - .

k- K 2%, - K

(A.3)

(A.6)



Appendix

Proof of Chapter

B.1 Gluon insertion rule

In this appendix we give the explicit proof of Rules[5.3] and [5.5] which had been
omitted in Chapter [l We start with the gluon insertion rule, and comment on
Rule in the next section.

The idea behind the gluon insertion rule is to start from the Feynman diagrams
of the hard amplitude and to see where a soft gluon can be radiated from in
such a way that the diagram becomes divergent. There are three places in a

Feynman diagram where an additional soft gluon can be emitted from:

- a three-point vertex,

- an internal line,

- an external line.
Let us examine each case separately, and let us start with the situation where a
soft gluon is emitted from a three-point vertex (See Fig.[B.). It is easy to see
from Fig. [B.Th that if a single soft gluon is radiated from a three-point vertex,

there is no propagator going on-shell, and thus there is no divergence at all in

this situation. But if more than one single gluon is emitted, then there may be
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a propagator going on-shell, and thus we can get a divergent diagram for more
than one single soft gluon emitted from the three-point vertex (See Fig. [B.Ib
and [B1k).

Let us first consider the situation where two soft gluons are emitted from the
three-point vertex shown in Fig. [B:Ib. In this situation the propagator goes
on-shell, and the rescaling rule, Eq. (24, tells us that the propagator behaves
as t~2. However, as a three-point vertex is proportional to the momenta of the
particles, it is easy to see that the second three-point vertex behaves in the soft
limit as ¢, and thus the diagram shown in Fig. [B.Ib behaves as t=2 - ¢ = ¢t~ 1,
and so it is not divergent enough to contribute to the soft factor. Let us turn
to the situation where three soft gluons are emitted from a three-point vertex
(See Fig. Bdk). We get a divergent propagator which behaves as t=2. The
four-point vertex however is not divergent at all, and so the diagram shown in
Fig.[B.Ik behaves as t 2, and so it is not divergent enough to contribute to the

soft limit.

Finally, we come to the conclusion that diagrams where a soft particle is radi-
ated from a three-point vertex do not contribute in the soft limit.

Let’s turn to the second case, where the soft particle is emitted from an internal
line. Internal lines in a Feynman diagram correspond to off-shell propagators,
i.e. , if p is the momentum carried by the internal line, then p? # 0. If a soft
particle with momentum k is radiated from this internal line, then we get a
propagator of the form 1/(p + k)? = 1/(p? + 2p - k), which stays finite in the
soft limit where k¥ — 0. So there will be no contribution from diagrams where
the soft gluon is emitted from an internal line.

In the situation where a soft gluon with momentum k is emitted from an ex-
ternal particle with momentum p, we get a propagator 1/(p+k)? =1/(2p- k).
In the soft limit, k& — 0, this propagator behaves as 1/t, and thus has the right
divergence to contribute to the soft factor.

Finally, we see that only those Feynman diagrams contribute in the soft limit
where the soft gluons are radiated from the external legs of the hard amplitude,

which finishes the proof.
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(a) (b) ()

Figure B.1: The radiation of a soft gluon from a three-point vertex. Dashed
lines indicate soft gluons. The blob represents any subdiagram contributing to
this amplitude.

B.2 Proof of Rule

Let us consider a generic (n + 4)-point amplitude A, 14(a,1,...,n,b,¢c,d). We
want to study the limit where 1, ..., n become singular. We know from Rule5.4]
that the only MHV diagrams that contribute in the singular limit are those
where all scalar propagators go on shell, which in turn implies that ¢ and d
must be attached to the same MHV vertex. Let us consider now a specific
MHYV diagram satisfying this condition. Then the MHV vertex with ¢ and d
attached gives a contribution
{ed)?

P (dPrr) (B

with (i,7) # (b,a) because otherwise ¢ and d would be attached to a 3-point

MHYV vertex, and ¢ = a and / or j = b if a and b are attached to the same

MHYV vertex as ¢ and d. Consider the following Schouten identity, Eq. (ILI4),
- , , (ca)  (ba) | (cb)(ad)

(ba){ca) = (ba){ca) + {(cb){aa) = (ca) = (l;d) + m, (B.2)

where @ and b denote the reconstruction functions defined in the Appendix [Al
It is manifest that, if (ad) goes to zero in the singular limit, then Eq. (B.2)
drastically simplifies. To show this, we go into the frame where p, and p;, are
aligned along the same direction. As recalled in Appendix[Al the reconstruction

functions can be chosen to be of the form

pa=Apa+Bpy+ > pjri, (B.3)

Jj=1
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where A, B and r; are functions of invariants in the particle momenta, so they
are unaffected by this specific choice of reference frame. As p; is by definition
lightlike, we can switch to lightcone coordinates. In the specific reference frame

we chose, we get

n
Py = Apl+)> plr,
j=1
n
pa = Bp, +> 07, (B.4)
j=1
n
Par = ZPJ‘LTJ
j=1

Furthermore it is easy to see that in this frame we can write
p; singular < p;j; — 0, Vi=1,...,n. (B.5)

The spinor product (aG) can now be evaluated in this frame using the lightcone

coordinates [25],

+ ¥ n
~ . —Pa . —Pa
{ad) = —iy | —— paL = —i a piLT. (B.6)
p;r AP;F-FZ]-:lP;FTj J; I

By definition of the reconstruction functions, p; and p, are collinear in every

singular limit, and so the square root gives just a phase in the singular limit.
Thus, due to Eq. (B.3), (aa) goes to zero in the singular limit unless there are
poles in the coefficients 7; that could prevent the product r;p;1 from going
to zero as pj1 — 0. Recalling the analytic expression for the coefficients,
Eq. (A6), we see that r; may contain a pole if p; - K — 0. As K always
contains the momenta of the two hard particles a and b, p; - K — 0 if and only
if p; — 0. However, a quick look at Eq. (A.6) shows that r; does not contain
a pole in this limit, so r; does not contain a pole in any limit. This concludes
the proof that (ad) goes to zero in the singular limit, and allows us to conclude

that in the singular limit

(ca)  (ba)

(ca) . <l;a> (B.7)

Similar conclusions can of course be drawn for <bl;> We can also analyze what

happens to the spinor product (P;; c) in the singular limit.
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- If j = b, then (P; c) = (bc), and in the singular limit

-\ {ab)
be) — (be)—+.
(o) — by

(B.8)

- If j # b, then (Pjc) = (be)[bn] + 3_p_;(kc)[kn]. The first term has al-
ready been dealt with in Eq. (B.8)). The remaining terms can be rewritten

using Schouten-identity

i ak) (kD
(ke = (be) 2+ (ae) o2

<

(B.9)

<

The second term on the right-hand side, proportional to <kl;>, does not
contribute in the singular limit. To see this let us first see what happens
in the limit where p;,...,pe || pa and pet1,...,pn || Py, With j < € < b.
Then this MHV diagram would have a non-divergent scalar propagator.
As we are only looking for those diagrams where all scalar propagators
go on-shell, we can neglect this case. So we only need to analyze the
situation where pj,...,p, || pp. Using lightcone coordinates, we find,
Vji<{<mn,

“ p:" p-‘r
(€b) = pery| % *p;;H/—ﬁ- (B.10)
Dy b;

We know already that in the singular limit

p;HO, Py, — 0, peyr — 0, VI<{L<n, (B.11)

and p; is collinear to py in every singular limit. Let us have a closer look
at the first term. From Eq. (B11)) it follows that in the singular limit
Pel, p;, p;; — 0, where we used the fact that in our specific choice of

reference frame p: = 0. Furthermore, all external particles must fulfill

the on-shell condition p* p~ = |p.|?, and so
PeL _
" ~/Dy, (B.12)
Dy

and p, # 01if p; || po. So the first term goes to zero as 1/p£r. Similar

arguments show that also the second term goes to zero in the singular
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limit, and so we can conclude that <k13> vanishes. Putting everything

together, we obtain

>\ {ab) — 2\ {ak) > (ab)
Pjpc) — (bc)—==[b be)—=kn] = (be . B.13
(Pune) = ey gt + 3 (o) gt = ()28 (B13)
Both cases can be summarized as
by S0 Ep)
(Pjpc) — (be) @b (B.14)
Similarly one finds
~ <Pai6>
dPai — {da = . B.15
(@ Pas) = () (B.15)

The contribution from Eq. (B]) to the singular limit therefore becomes

(cd)? L fed)? (ab)®
(Pipe)dPay) — (ab)(be)(da) (Pjpa)(bPa)

(B.16)

The first factor on the right-hand side of Eq. (BI6]) corresponds to the hard
four-point amplitude in Eq. (519). The second factor has the same functional
form as the left-hand side, with ¢ and d replaced by a and b. This proves
the following result: The antenna function Ant(a—, b= —a,l,...,n, b) can be
calculated by evaluating all MHV diagrams that contribute to the (n + 4)-
point amplitude A, 44(a,1,...,n,b,a", l;_) and where @ and b are attached to

the same m-point MHV vertex, with m > 4.

In the rest of this section we show how this result can be generalized to the
remaining antenna functions. The proof for Ant(d"‘,l}"" — a,1,...,n,b) is

similar to the previous case, and so we do not give it explicitly here.

Let us turn to Ant(a™, b= —a,l,....n, b) and let us consider the (n+4)-point
amplitude A,+4(a,1,...,n,b,c™,d"). From Eq. [@43) we know that in the
singular limit for the particles 1, ..., n, the amplitude exhibits the factorization
property

Aprala,1, ... n,b,c”,dh)

— Y Ant(@", b a,1,...,n,0) Ay(@", B, ¢, d*). (B.17)
h
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If N_ is the number of negative-helicity gluons in the set {a,1,...,n,b}, then
the number of MHV propagators in the (n 4 4)-point amplitude is p = (N_ +
1) —2 = N_ — 1. Furthermore, from the considerations in Section 5.1 we know

that the MHV pole structure of this antenna function is

1

Ant(d“’_,i)_ — aalv"'7n7b) ~ []T’

(B.18)

and thus the MHV diagrams contributing to the antenna function are exactly
those where ¢ and d are attached to the same n-point MHV vertex, with n > 4.
The contribution from the MHV vertex that contains ¢ and d is of the form

(¢ Pap)*

(Pjpc)(cd)(d Pai)’ (B.19)

where P,z denotes the momentum of the second negative helicity leg attached
to this vertex, and o = (8 for an external leg. We know already that in the

singular limit we have

<m@ﬂ<wﬁﬁ (B.20)
(dP,;) — (da) <ng£> ). (B.21)

Applying the Schouten-identity (B.2l), we get for the spinor product in the

numerator

(cPag) = D {cx)lkn]

B8 > “
ZQ@%+@@§M (B.22)

Inserting Eq. (B:22) into Eq. (B19), we get five terms:

1. a term proportional to (Pag b)?.

2. a term proportional to (Paga)?.
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3. three “mixed” terms of the form (Paga)?(Pasb)*~4, ¢ =1,2,3.

We separately analyze the different limits:

If koy..., kg || ka, then ps — P and k; — 2, P, Va < j < 8 and so
(Papa)y — 0.
- If ka,... kg || ky, then p; — P and k;j — z;P, Voo < j < 3 and so

(Pap by — 0.

- I ko, sk || ke and Ky, ..o kg || Ry, @ < m < m/ < 3, then the
propagator 1/ P, ? is not divergent, and thus diagrams with a propagator

1/P,p? are not divergent enough to contribute to this limit.

- If ko, ..., kg — 0O, the situation is more subtle. We show in Appendix [C]
that in this limit only those diagrams contribute where o = a, and P,z —
kq. Thus in this limit (P,ga) ~ (aa) — 0.

Finally, we see that in any situation either (P,ga) or (P,sb) go the zero,
and thus we can drop the “mixed” terms. So in the singular limit Eq. (B.19)

becomes
(Pag o)* _ {ca)* (Pag b)!
(Pjpc)(cd)(d Pa;) (ab) (be) (cd)(da) (Pjpa)(ab) (b Pa.,)
__ () o)t (B.23)
(ab)(be)(cd)(da) (Pjpa){ab)(b Pa,;
A— T — Pa l;>4
—  Ag(a™, bt ¢, dt BT
. ) P ) 6 o)
P <Paﬁ &>4
Agat, b7, ¢, d" St
Hul VP @) B

We see that the first term contributes to Ant(a™, b= —a,l,...,n, b) and the
second term contributes to Ant(a—, bt — a,1,...,n,b). Note that again the
second factor in each term has the same functional form as the left-hand side,
so we proved our claim that Ant(a"a, b —a,l,...,n, b) can be calculated by
evaluating all MHV diagrams that contribute to the (n + 4)-point amplitude
Antala,1,..., n,b, &h@,l;hiv) and where @ and b are attached to the same m-

point MHV vertex, with m > 4.



Appendix

Recursive relations for soft
factors

In this appendix we discuss how to build recursive relations for soft factors out
of the recursion for antenna functions, Eq. (5.49), in a similar way as we did
for the splitting functions in Section [5.4.2]

Let us start by giving some general considerations about the off-shell contin-
uation that appears in the MHV formalism in the soft limit. In general, a
propagator involving more than two particles can be written as
J
Plj= > sm (c.1)

k=i
k<l

In particular, if 7 is a hard particle, say ¢ = a, and all other momenta are soft,
we can write
J j—1 j
P =Yt Y Y ©2
l:sl k:S1 l:SQ
Using the power counting (£24)), it is easy to see that the second term goes to

zero much faster than the first one, so we have the following behavior in the

soft limit

J
Pa2,j ~ Z Sal- (03)

l:Sl

203



204 Chapter C. Recursive relations for soft factors

Similar arguments hold true for spinor products involving off-shell momenta in
the MHV formalism,

J
(k Pig) = (kIPgln = S (kD). (C.4)
=1

Following exactly the same lines as for the propagators, we can derive the

following rule for off-shell continued spinor products in the soft limit,

Rule C.1 (Off-shell continuation in the soft limit). In the soft limit, each
spinor product of the form (k,P, ;) has to be interpreted as

(k Paj) — (ka)lan],

except for k = a, because in this case we have trivially (a, P, ;) = (a, P ;), and

equivalently for b.

In particular, this implies the following rules for off-shell continued momenta

(a, Pjp) — {ab)[bn],

(Paj,b) —  (ab)an],
(Pijs Prp)  — (P, b)[bn], (C.5)
(Pa,i» Pik) —  {a, Pi)lan],
(Pajs Piep) —  {ab)a,n][bn].

Let us turn now to the recursive relations. We know that in the limit where

all the particles are soft, we have
Ant(dhd,?)hl? —a,1,...,n,b) — Soft(a, 1,...,n,b). (C.6)

As the soft factor is independent of the helicities of the reference particles a and
b, some antenna functions are not divergent in this limit, but only those are di-
vergent where hy = —h, and hy = —hy. Taking the soft limit of Eq. BA9), we
can derive a formula for soft factors in terms of single and double-line currents.
We will show this procedure explicitly for Ant(a=,b~ «— a™,1,...,n,b%). Ap-
plying the rules given in Chapter [ it is easy to see that in the soft limit
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Figure C.1: Diagrams contributing to Jy(a™,1,...,k) in the soft limit.

Vi(U,V, a,b;a,b)
1 JfU = (a,a),V = (b,b),
) 1/[an)? JAfU # (a,a),V = (b,b), (C.7)
7 V@b = U = (a,0),V £ (b,D)
1/([an]?[bn)?) it U # (a,a),V # (n,n)

Finally, the contribution from an antenna function to a soft factor is

S Vila,bin) Sy (at 1. 7). (C.8)

Uu<v
’L)Q:b

However, Eq. (C.8)) generates not only diagrams that contribute to the soft
limit, but also subleading diagrams. To see this, consider the diagrams con-
tained in J4 (at,1,...,k) shown in Fig. Let us start with the situation
where all external lines in Fig. [C] are on-shell (except the off-shell line (a, k)
indicated with a dot). Using the power counting rules (£24), it follows that the
denominators of both diagrams shown in Fig. [C1l behave as 1/t?*+4%- where
k_ is the number of negative helicities in the set {1,...,k}. We then come to

the following conclusion:

- For diagrams of the form shown in Fig.[Cla, the numerator behaves as
t** - and so these diagrams behave as t*#- /t2k+4k— —= 1/¢2k which is

exactly the divergence we want.

- For diagrams of the form shown in Fig. [CIlb, the numerator behaves
as t**-*8 and so these diagrams behave as t4k-+8 /g2h+dk— — 1 /32k=8
and so these diagrams are not divergent enough to contribute to the soft

factor.
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Up to now we have only considered diagrams in Fig.[C.Ilwhere all external lines

are on-shell. Let us turn to the situation where some of these lines may them-

selves be off-shell, i.e. , they correspond to single-line currents Jp (i1, ..., %2).
First, a simple power counting argument shows that if the particles i1, ...,
are soft,

Ji (i1, ...y ig) ~ 1 /12070404 T (i) ~ 1820 (CL9)

Using this result, it is easy to show that

- Replacing a positive-helicity particle ¢ by a single-line current J; amounts

to the replacement

1 1 . .
X)Xy i) (€.10)

~ 1/t2 ~ 1/t4 1/t2(i2—i1+1)—4

So the divergence in 1/t? of the soft particle i gets replaced by the diver-

gence in 1/t202=41+1) of the soft particles iy, ... ,1is.

- Replacing a negative-helicity particle ¢ by a single-line current J_ amounts

to the replacement

O~ s (i)
(Xay@y) (Xn(y) = (C.11)
~ 12 ~ ¢4 /¢2liz=in 1)

Furthermore, there must be somewhere in the diagram a 1/t* factor
knocking the % on the left-hand side down to a divergence in 1/t* for
the soft particle . On the right-hand side, this same term now kills the
t* in the numerator, giving the divergence in 1/t22=71+1) for the soft

particles i1,..., 9.

So we come to the conclusion that only the diagrams in Jy(a™,1...,k) of
the form shown in Fig.[Cdla contribute in the soft limit. These diagrams are
exactly those which do not contain any subcurrent of the form J_(a™*,1,...,1).
A similar result holds of course for b, i.e. , only those diagrams contribute to

the soft limit which do not contain a subcurrent of the form J_(1,...,n,b").
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Finally we can write

Soft(a,1,...,n,b) = Z Vila,b,n) Jor (a1, ... n,bT), (C.12)
Uu<v
'U2:b
where J3y (at,1,...,n,b") denotes a double-line current which does not con-
tain any subcurrent of the form J_(a*,1,...,1) or J_(I,...,n,b").

Of course we could have used a different antenna function to extract the soft

factors. In general, we get the result

Soft(a, 1,...,n,b) = Z Vi(a, b, n) e"ehe j[(fv_h“_hb)m(ah”, 1,...,n,b"),

U<v
U2:b
(C.13)
where Jy (ae,1,...,n,b") is the double-line current which does not contain
any subcurrents of the form J_j, (a™e,1,...,1) or J_p,(l,...,n,b"), and
ettt =1 et = {alM)"
) bt (C.14)
- (Mb) — (M1 Ma)
(ab)*’ (ab)*

We calculated numerically the soft factors for one, two or three soft particles,
and we checked numerically that these quantities are independent of the ar-
bitrary spinor n as well as of the helicities of the spectator particles a and
b.






Appendix

Multi-Regge kinematics

D.1  Multi-parton kinematics

We consider the production of n — 2 gluons of momentum p;, with i = 3,...,n

in the scattering between two partons of momenta p; and p

Using lightcone coordinates p* = pg & p., and complex transverse coordinates
pL = p” +ipY, with scalar product 2p- ¢ =ptq~ +p ¢" —piq} —p’q., the

4-momenta are,

P2 (p3/2,0,0,p35/2) = (p3,0;0,0) ,

p1 = (p1/2,0,0,—p1/2) = (0,p;;0,0) , (D.1)
(
(

pi (p +p;)/2,Relpin], Im[pis], (pf —p;)/2)

sz_| cos ¢;, |pu_| sin ¢z) )

IpiLle?, piile”¥;

where y is the rapidity. The first notation above is the standard representation
pH = (p°, p®, p¥, p?), while in the second we have the + and - components on
the left of the semicolon, and on the right the transverse components. In the

following, if not differently stated, p; and p; are always understood to lie in

*By convention we consider the scattering in the unphysical region where all momenta
are taken as outgoing, and then we analytically continue to the physical region where p(l) <0
and pg < 0.
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Chapter D. Multi-Regge kinematics

the range 3 < 4,7 < n. The mass-shell condition is |p;1|?> = pj p; . From the

momentum conservation,

p1

n
E Dil
=3

n

= > n
1=3
n

= >,
1=3

the Mandelstam invariants may be written as,

Sij

so that

524

S14

= 2p;

= 2m

= 2po

= 2m

pj = pjpj_ —i—pi_p;r - pup}l - p;’lpﬂ )

n
‘p2= > pipj,
i,j=3

n
pi=—Y_ i},
=3

n
pi=—Y_pip; .
j=3
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Using the spinor representation of Ref. [25],

i s
bt = | Ve = | e |

VP 8
Yy(p2) =i 8 Y (p2) =i 0 : (D.5)
0 —\/ D3
0 0
. \/—DPy . 0
Yi(pr) = —i ! ; P—(p1) = —i _
0 \/ ~P1
0 0
for the momenta (ﬂﬂ]ﬁ, the spinor products are
(21) = —v/s,
ot
@) = —i\[ 22 pis (D.6)
(i1) = i\/—prp],
+ -
.. p; ;
(i) = pis\|=F —piy] 5,
i T\ bl

TThe spinors of the incoming partons must be continued to negative energy after the

complex conjugation, e.g. ¥4 (p2) =1 ( 7p§r,0, 0, 0).
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where we have used the mass-shell condition |p;; |* = p;'p; . The spinor prod-

ucts fulfill the usual identities,

(i) = —(i)
]

lij] = —1ji]
(ig)* = sign(pyp)) 7]
(i + W+ = sign(pp))(j + ["]i+)
(i) 7] = 2pi-p; =3 (D.7)

(@ + |Fli+)
(i —fli=) = (k) [k3]
(ig) (kL)

and if Y1 | p; = 0 then

> [l (ik) = 0. (D.8)

D.2 Multi-Regge kinematics

In the multi-Regge kinematics, we require that the gluons are strongly ordered
in rapidity and have comparable transverse momentum (&1]). This is equivalent

to require a strong ordering of the lightcone coordinates,
py > ploo>p)l Py Lpy <L p,. (D.9)

In the high-energy limit, momentum conservation (D.2)) then becomes

0 = szL 3
1=3
py = —p5, (D.10)

pl = 7pn 9
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where the = sign is understood to mean “equals up to corrections of next-to-

leading accuracy”. The Mandelstam invariants (D.4]) are reduced to,

s = 2p1-pa2=p3Dy,,
Soi = 2pa-pi=—p3p;, (D.11)
st = 2p1-pi=-—pipn,
sij = 2pi-pj=pip; i<j.

The product of two successive invariants of type s;; fixes the mass shell. For
example,

Sk—1,kSkk+1 = Pﬁlpgpzpz;rl = |PkL|2pz71P1;+1 (D.12)

= |pkL|25k—1,k+1 = |pkL|25k—1,k,k+1-
Thus,

Sk— S
i |2 = SmRkebEL (D.13)

Sk—1,k,k+1

The spinor products (D.6]) are,

—~
)
—

=

I

p3pna

(20) = \/7 piL, (D.14)

<i1> = \/ z'pna

p
(i) = —y/=FpjL fory; > y; .
pj






Appendix

Proof of the MHV rules for quasi
multi-Regge limits

E.1 Power counting rules for quasi multi-Regge
limits

In this appendix we give the proof of the MHV rules for quasi multi-Regge

limits which state that in the quasi multi-Regge limit defined by

Y3 2 Ys ™ o = Ypo1 > yn and |psi| >~ pai| > .. 2 pa—11] >~ pni], (E.1)

only those MHV diagrams contribute where p; and p,, are attached to an m-
point MHYV vertex, m > 4. Since strong ordering in rapidity is equivalent to a
strong ordering in lightcone coordinates, we can define the limit by following

rescaling’],

<+

1
pr?', 1€{3,4,...,n—1},

~pt, (E.2)

b

jon

piLl — piL, Vi

*Note that we do not include the lightcone components p~ into this power counting,
because they can always be reexpressed in terms of pt and p, using the on-shell condition
p~pt =IpLl”
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where A — 0. Since in quasi multi-Regge kinematics we have pJ ~ —pgr —pi -

..—pt_, and p] =~ —p;,, we obtain the scaling of the incoming momenta,

1
Py — ngf and pf — py. (E.3)

Using the lightcone representation of the spinor products, we can derive the

scaling of the spinor product, e.g. if k € {3,4,...,(n— 1)},

=
\/7 Pr1 \/:Jr
(1k) = —iy/—py pf ~ —i = |an| \/7

- *pl pl >~ —q |an_| ~ 1,

(kn) P
n) =Pl ~PnL —+ ~ =
n

Applying these rules to the MHV amplitude A,(17,27,3% ... (n —1)T,n™),

we obtain the leading behavior in quasi multi-Regge kinematics,

(E.4)

Ap(17,27,87 . (n—1)F,n") ~ 1/ (E.5)

This result is generic and extends to non-MHV amplitudes. We therefore get
the following simple algorithm to compute the leading behavior of a tree-level

gluon amplitude in quasi multi-Regge kinematics,

Rule E.1.

1. Apply the power counting rule defined by Eq. (E3) to An(1,...,n).

2. The coefficient function C 3 s obtained by taking the leading behavior
m A,

An(L,. .. n) ~ %C’(O)(Q;?),...,n— 1)2 0O (1;m) + O(1/VA).

In the following we extend this algorithm to the MHV formalism, where the
amplitude is completely determined by MHV vertices connected by scalar prop-
agators. To this effect, we need to extend the power counting rules introduced

at the beginning of this section to the off-shell continued spinor products (Z.71).
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Let us start by analyzing more closely the scalar propagators in a MHV dia-
gram. Since at tree-level every propagator divides a diagram into to distinct

parts, the scalar propagators in every MHV diagram can be divided into two

types,

- p1 and p,, lie on the same side with respect to the propagator (Type A).

- p1 and p,, lie on different sides (Type B).

Let us start with the propagators of type A. Such a propagator can always be

written as

z]_sln+zsla+zsna+z Z Sa8- (E.6)

a=i (=
a;én a;él a;él n 5751 n

Using the power counting (E.2)), it is easy to see that the first and the last term
in this equation scale as O(A\Y). The two remaining terms scale at first sight
as (9()\_1/ 2). However, using the lightcone representation of the momenta, we

see that the singularities cancel between the two terms,
— ot —t 1 tp— * *
S1a + Sna = P1 Pa T PnPa t PpPa +PrniPai +PriPal

= =) DEPL +Paps +Pips + Pl + PhiPal
B=3 (E.7)

n—1

== pEpY +Pipa +PaiPhs + D iPal,
B=3

and all terms in this sum are O(A\Y). Furthermore, using the power count-
ing (E2)), it is easy to check that for 4,5,k € {3,4,...,n — 1} the off-shell

continued spinors products behave as

J

(kP ;) = (ka)[an] ~ 1/VA,
(1P ;) = Z (la)fan] ~ 1/, (E.8)
(nPij) =Y (na)fan] ~ 1/x.

a=t
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Let us now turn to propagators of type B. Without loss of generality, we can
assume that such a propagator has the form Pﬁj, with j € {2,3,...,n — 2},

and it can be written

Z Sta +2 Z Z (E.9)

a=2 B=a+1

The second term is obviously finite whereas the first term scales as O(1/)\),
S1a = Py Pt ~ 1/ (E.10)

Finally, for off-shell continued spinor products involving type B propagators

we find,
J
(iPrj) =Y (ia)[am] ~ 1/VX,
a=1
j ok
(PiiPri) =YY (aB)[Bullan] ~ 1/, (E.11)
a=1i =1

<1P1]> <1P2]>N1/>‘
(nP1j) = (n1)[An] + (nP2;) ~ 1/X.

Egs. (E8) and (E.1Il) show how the power counting (E.2) can be extended to
off-shell continued spinor products. Looking at the scaling (E2), (E8), (EI1),
we see that only those spinor products involving p1, p, or F;; are divergent
in the limit A — 0 (except for (In)). We can therefore formulate the power
counting in the MHV formalism directly in terms of the holomorphic spinor

components,

Rule E.2 (Power counting rules in the MHV formalism).

1. Rescale the spinors |1), |n) and |P; ;) by 1/vV/X (except for (1n)).
2. Rescale all propagators type B by .

3. The coefficient function C( )3 is obtained by taking the leading behavior
m A,

1
An(Ly.m) = £ CO(3,. - 1)§c<0>(1;n) +O(1/VN).
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E.2 Proof of the MHV rules for quasi multi -
Regge limits

In this section we use the power counting defined in Rule[E.2] to proof the MHV

rules for quasi multi-Regge limits. We first need to proof the following lemma,

Rule E.3. In the quasi multi-Regge limit, the off-shell MHV currents of Chap-

ter[d scale as

Ju(iy...,5) ~X7h ifije{2,...,n—1}, (E.12)
Ju(iy...on) ~ X270 ifie{4,...,n—1}. (E.13)

Let us start with Eq. (E12), and let us apply the power counting of the previous
section to the diagram shown in Fig. [l 4.e. , a MHV diagram having an off-
shell leg, and all other legs in Fig.[E T are external on-shell legs (In the following
we refer to a diagram of this type as a chain). We know from Rule[E2l that the
only scaling can arise from propagators of type B or from the spinors |1), |n) and
|P1). Since 4,5 € {2,3,4,...,n— 1}, it is easy to see that all the propagators
in the chain are of type A, and the chain does not contain the spinors |1),
|ny. Hence factors of A can only arise from off-shell continued spinors | Py ).
Except for P; ;, all the off-shell continued momenta are connected to exactly
two different MHV vertices, i.e. , they only appear in combinations of the form

(XP)* 1 1
(YPeu)(PiiZ) Py (Y'Pea)(PreaZ’)

~1. (E.14)

So the only off-shell continued spinor which can give a contribution is P; ;, who

appears in the combination,

ST h=—1,
1 1 2
S~ VX~ (E.15)
P2 (Y PP Z)
ST h =41,
SO X) M NSRS (E.16)

P2 (YP, (P, Z)
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Figure E.1: Definition of a chain. The dotted line is off-shell, all other external
lines are on-shell.

This proofs that every chain respects the scaling given in Eq. (EI2). Since
every MHV current can obviously be obtained by replacing external lines in a
chain by other chains, we can now proof recursively the same results for MHV
currents. Let us start by analyzing what happens if we replace one external

line, say k, in a chain by a chain itself. This amounts to the replacement

I hy = -1,
(Xk)* (X Py, o) —4 2
— : J_(ki,... ko) ~ VA VA A~
WRKZ) P (P2 " P k2)
(E.17)
- If hy = +1,
1 1
- To(ktye o ks) ~ VA AT  ~ 1. (E.18)

<Yk><kZ> <YP’€1J€2><P7€1J€2Z>

We see that replacing an external line by a chain does not alter the scaling

behavior, and the result thus follows by induction.

The proof of Eq. (E.I3) follows exactly the same lines as for Eq. (E12)), so we

do not repeat it here.

We now turn to the proof of the MHV rules for quasi multi-Regge limits.
We analyze the different MHV diagrams that can contribute to the amplitude
Ap(17,27,4,...,n—1,n") in quasi multi-Regge kinematics. We know that in
this limit a generic amplitude scales as 1/A. Hence, we need to identify those
MHYV diagrams that exhibit this scaling behavior. Let us start by considering
those MHV diagrams where p; and p,, are attached to the same MHV vertex.
Again, replacing a current by an external line does not alter the scaling, and

hence we obtain the scaling of a pure MHV amplitude, 1/\, and so all the
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diagrams in this class contribute in the quasi multi-Regge limit. However,
some care is needed for the three-point MHV vertex involving p; and p,. In
that case we obtain,

<Pn-,1 1>4
(Ppan)(nl)(nPy, 1)

J_(2,...n—1) ~ A (E.19)

i.e. , those diagrams are always subleading in the quasi multi-Regge limit.

Let us now turn to the set of MHV diagrams where p; and p,, are not attached
to the same MHV vertex. Let us focus on the diagrams where p; and po are
attached to the same vertex. The helicity configuration we chose implies than
that all other legs attached to this vertex must have positive helicity, and so
(12)°

mJ+(k+1,...,n)w\/X, (E20)

All other topologies in this class can be treated in a similar way, and it is easy

to show that all those diagrams are subleading, which finishes the proof.






Appendix

Nested harmonic sums

In this appendix we review the most important properties of the nested har-
monic sums defined in Eq. (TL28). The S and Z sums fulfill an algebra. Let

us illustrate this with a simple example:

Zi(n)Zj(n) = Zij(n) + Zji(n) + Zit;(n). (F.2)

For sums of higher weight, a recursive application of the above procedure leads
then to the reduction of any product of S or Z sums to a linear combination

of those sums. Furthermore, S and Z sums can be interchanged, e.g.

n n k—1 n k
Zi(k—1) 1 1 1 1 1
ulm =3 =9— =2 % Z:ZE<_E+ZZ>
k=1 k=1 =1 k=1 =1 (F.3)
"1 "1
E— il E - k) = —
] k2 + £ k S1( ) SQ(TL) + Sll(n)

*Note the sign difference with respect to Eq. ().
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For n — oo, the Euler-Zagier sums converge to multiple zeta values,

im Zp,. m,.(n) = C(mg,...,mq). (F.4)

n—oo

In Ref. [75] Moch et al. introduced generalizations of the S and Z-sums to

make them dependent on some variables,

n k
Si(miw) = Zi(nsz) = Y I,
k=1

n k
T
Sﬁ(n;xh---,ze)zz k—iSj(k;zg,...,xn), (F5)
k=1
Zig(n; w1, .., m0) = Z sz(k —Lixo, ..., zp).

>
Il

1

Those sums share of course all the properties of the corresponding number
sums introduced in the previous paragraph. In particular, for n — oo, the Z

sums converge to Goncharov’s multiple polylogarithm,

Im Zpy (0521, @k) = Lipe,omg (@1, -+, Tk). (F.6)

n—oo

These multiple polylogarithms will be reviewed in the Appendix



Appendix

Multiple polylogarithms

G.1 Euler’s and Nielsen’s polylogarithms

Euler’s polylogarithm is defined recursively by

Liy (2) = /OI % Lin_1(t), (G.1)

where one puts by convention Lij(z) = —In(1 — z). Euler’s polylogarithm has

a branch cut over the range [1, 00|,
Disc Lip () = 2mi Lip_1 (), (G.2)

and for |z| <1 it can be expanded into a power series

Lin(@) =Y 7
k=1

This identity implies that for x = 1 Euler’s polylogarithm takes the special
value Li, (1) = ¢,.

k
poult

(G.3)

B

Several generalizations of Euler’s polylogarithm can be found in the literature.
In particular, in Ref. [I0I] Nielsen generalized the integral (G.1]) and defined
(=1)mtp=1 rbde

— "t P (1 — xt), (G.4)

Snp () = (n—=Dlp! J, t
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which for p = 1 reduces to Euler’s polylogarithm, S, ,(z) = —Li,41(z). In the
following section we review several other generalizations of Euler’s polyloga-
rithm, both in the perspective of generalizing integrals of the form (G.J) and

of introducing polylogarithms of more than one variable.

G.2 One-dimensional harmonic polylogarithms

Harmonic polylogarithms (HPL’s) have been introduced by Remiddi and Ver-
maseren in Ref. [I02]. The HPL’s of weight one, i.e. depending on one index

w = —1,0,1, are defined as:
H(-1;z) = In(l1+2); H(;z) =lnz; H(l;z) = —In(l—2). (G.5)

These functions are then just logarithms of linear functions of x. The HPL’s of

higher weight are defined recursively by the relation
H(a,W;x) = / da’ f(a;2') H(w;2') fora#0and @ # 0,, (G.6)
0

i.e. in the case in which not all the indices are zero. The left-most index takes
the values ¢ = —1,0,1 and @ is an n—dimensional vector with components
w; = —1,0,1. We call n the weight of the HPL’s , so the above relation allows
one to increase the weight w by one unit. The basis functions f(a;z) are given
by

1 1 1
—1; = : : = —: 1; = . .
fLia) = =i SO) = 25 f(lie) = (G.1)
In the case in which all indices are zero, one defines instead,
. 1
H(Op;z) = —In"x. (G.8)
n!

The HPL’s introduced above fulfill many interesting relations, one of the most
important ones being that of generating a shuffle algebra,
H(wy;x) H(wa;z) = Z H(w;x), (G.9)
B=151 Wi
where W Wy denotes the merging of the two weight vectors w; and ws, i.e. all
possible concatenations of w; and ws in which relative orderings of w; and ws

are preserved.
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All HPL’s up to weight 3 can be expressed in terms of Euler’s and Nielsen’s
polylogarithms. From weight 4 on, the HPL’s in general define new transcen-
dental functions. However, there are some special cases in which we can reduce

the HPL’s to known polylogarithms,
H(0p,1;2) = Lipy1(z) and H(0,, Tp;x) = Spp(z). (G.10)

The HPL’s can be evaluated numerically in a fast and accurate way; there are

various packages available for this purpose [103, 104, [T05].

The basis of HPL’s can be extended by adding some new basis functions f(a; x)
for some a € R to the set in Eq. (G1). It is easy to convince oneself that this
extended set of transcendental functions still forms a shuffle algebra (G.9)).

Some special values include
1
H(dp;x) =

n!
H(0,,a;z) = Li, (G.11)

G.2.1 Reduction algorithms

The shuffle algebra (G9) can be used to derive several reduction algorithms
for HPL’s with related arguments. The relations obtained in this way in gen-
eral contain several formulas given in the literature and involving Euler’s and
Nielsen’s polylogarithms. In the following we present two algorithms to reduce
HPL’s evaluated in 1 — z and 1/x to HPL’s in z.

Let us start with the transformation z — 1/x. If a < 0 and 0 < 2 < 1, then
for HPL’s of weight one we find immediately

H(a;1/z) =In (1 - ;—a) = —In(—a) —Inz +In(1 — az)

(G.12)
=—1In(—a) —lna+ H(1/a;x).
For HPL’s of arbitrary weight, if the rightmost index is non zer<E we can use

the integral representation (G.6). Performing the change of variable ¢t — 1/t,

*If the rightmost index is zero, we use the shuffle algebra and go to an irreducible basis,
where H(a,w;x) is expressed as a combination of HPL’s with non zero rightmost index and
HPL’s of the form m
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we find,

H(aaw;l/w)z/ol/zdt H(@: 1) =H(a,u7;1)—/1xdt%

t—a

i (G.13)
:H(a,u‘i;l)—i—/l e [F(0:1) — F(1/ast)] H(w:1/1),

Th first term is just a transcendental number (independent of x). The HPL in
the remaining integral is of lower weight, and hence known recursively. Since
the upper integration limit is x, the integration will yield HPL’s in x. Note
that the transformation x — 1/z has a fixed point in z = 1. We can hence use

this algorithm to extract the special values of the HPL’s in x = 1.
Let us now turn to the transformationz — 1 —z. If a > 1 and 0 < x < 1, for
HPL’s of weight one we immediately get

1—=z

a

xT

1a) (G.14)

H(a;l—x):1n<1— )zln(a—l)—lna—i-ln(l—

=Iln(a—1)—Ina+ H(1 — a; ).

For HPL’s of arbitrary weight, if the rightmost index is non zer<£| we can use
the integral representation (G.6). Performing the change of variable t — 1 — ¢,

we find,

1—x = x =
H(w;t H(w;1 -1t
H(a,w;1—x)=/ 4 2 ):/ SRR Sl
0 1 t+a,71

t—a

) (G.15)
=—H(l-a,w;1) —|—/ dt f(1 —ast) H(w; 1 —¢).
1

The first term is a transcendental number, and in the second integral the HPL
in 1 —t is known recursively, and hence we can completely reduce the HPL’s in
1 — z. Note that the transformation z — 1 — x has a fixed point in x = 1/2.
We can hence use this algorithm to extract the special values of the HPL’s in
r=1/2.

TIf the rightmost index is zero, we use the shuffle algebra and go to an irreducible basis,
where H(a,w;z) is expressed as a combination of HPL’s with non zero rightmost index and
HPL’s of the form (G.8).
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G.3 Two-dimensional harmonic polylogarithms

For integrals depending on two arguments, an extension of the HPL’s to func-
tions of two variables proves to be convenient [106]. Since a harmonic poly-
logarithm is basically a repeated integration on one variable, a second inde-
pendent variable is introduced as a parameter entering the basis functions:
fli;z) — f(i,;2). We may say that in addition to the discrete index ¢, we
have now a continuous index «. In Ref. [106] the following basis functions were
originally introduced:

1

FEmE (G.16)

fbi(a);z) =

bi(a) =1—a or bya) = —a. (G.17)

Let us remark that the above extension keeps most of the properties of the one-
dimensional HPL’s. In Ref. [69] a new set of basis functions was introduced

that is slightly more complicated than the one above,

1 1

flea(a);z) = : (G.18)

fle(a);z) =

x — c1(a) x —ca(a)

with

ca(a) = , ca(a) = . (G.19)

The definition of the two-dimensional harmonic polylogarithms (2dHPL’s )

reads:
H(ci(a),w(a);z) = /Oz flei(a);2") H(w(a); 2') dz’ . (G.20)

In general, the 2dHPL’s have complicated analyticity properties, with imag-
inary parts coming from integrating over the zeroes of the basis functions.
However, for 0 < z,a < 1, the denominators are never singular and thus the
2dHPL’s are real. The numerical evaluation of our 2dHPL’s can be achieved

by extending the algorithm described and implemented in Ref. [T07].
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G.3.1 Special values

For some special values of the arguments, the 2dHPL’s reduce to ordinary

one-dimensional HPL’s. It is easy to see that for « = 0 and @ = 1 we have
fle(a=0);z) = f(0;2),  lim f(ex(a);z) = 0. (G.21)

From this it follows that
H(...,ci(ae=0),...;2) =H(...,0,...;2),
lim H(...,¢i(@),...;z) =0.

a—1

(G.22)

Similarly, for x = 1, the 2dHPL’s reduce to combinations of one-dimensional
HPL’s in «. This reduction can be performed using an extension of the algo-
rithm presented in [106]. We first write the 2dHPL’s in « = 1 as the integral
of the derivative with respect to a,

H(0): 1) = H(i(a = 1):1) + /j do’ % Hw(o'): 1), (G.23)

In the case where W only contains objects of the type ¢;, we have H(w(a =
1);z) = 0. Thus,

H(w(a);1) = /10t dao/ % H(w(a');1). (G.24)

The derivative is then carried out on the integral representation of H (w(c'); 1),
and integrating back gives the desired reduction of H(w(a);1) to ordinary

HPL’s in «, e.g.
H(ci(a);1) = = H(0;0), (@.25)
H(cz(a);1) = H(—1;a) — H(O; ) — In 2.

G.3.2 Interchange of arguments

The basis of 2dHPL’s introduced above selects x as the explicit (integration)
variable and « as a parameter, but an alternative representation involving a
repeated integration over « of (different) basis functions depending on z as an

external parameter is also possible.
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In Ref. [69, 103], an algorithm was presented which allows to express 2dHPL’s
of the form H(w(a);z) in z = 1 in terms of ordinary HPL'’s in a. First write
H(wW(a);1) as the integral of the derivative,
- — ¢ I 0 = 1
H(w(a);1) = H(w(ap); 1) + da yH(w(a ); 1), (G.26)
ao a

where ag is arbitrary, provided that H(w(ag);1) exists. The derivative is now
carried out on the integral representation of H, and then we integrate back.
Since differentiation lowers the weight by one unit and since we know recur-
sively how to reduce all H(@'(a);1) with w’ < w, we obtain now the function

—

H(w(a);1) with a being the limit of the last integration.

If we apply this algorithm to the 2dHPL’s defined in Eq. (G20), then we can
express all the 2dHPL’s in terms of an enlarged set of basis functions,

1

fldp(x);0) = ot dn(@)’

(G.27)

where

di(v) = : (G.28)

All the properties defined at the beginning of this section can be easily extended

to this new class of denominators. One finds for example:

H(ci(a);z) = H(0;2) — H(0;) + H(di(2); ),

(G.29)
H(ex(a);xz) = H(0;2) — H(0;) — In2 + H(dy(z); ).

G.4 Goncharov’s multiple polylogarithm

In the previous section we reviewed the harmonic polylogarithms and their two-
dimensional generalization, which arise from iterated integrations in one or two
variables. In this section we will extend this procedure to arbitrary iterated
integration, which leads naturally to the definition of Goncharov’s multiple

polylogarithm. Let us define [108, [T09]

Qa) = 5 ita, (G.30)
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and iterated integrations by

/Oz Qar)o...o00(ay) :/OZ at /Ot Qaz)o...0Q(ay). (G.31)

t—al

We can then define the G and M-functions as

G(ay,...,an;2) = /OZ Qay)o...o0Qay),
(G.32)

M(ay,...,a,) =Glag,...,an;1) = /0 Qar) o...0Qay).

The M-functions are nothing but Goncharov’s multiple polylogarithm, up to a
sigIH,

May, ... an) = (=) Lip, .y (Zks - - -, 21), (G.33)
where k is the number of nonzero elements in (ay, ..., a,).

Iterated integrals form a shuffle algebra, and hence we can immediately write

G(i;2) G(iziz) = Y G 2),

(G.34)
M) M (@) = Y M()
W=1w W2

It is easy to see that in genera

lim1 M(ay,...,a,) = 00, (G.35)

ay—
or equivalently

1in% G(1,aa,...,an;2) = 00, (G.36)

We can however extract the divergence by choosing an irreducible basis for the
G-functions where the leftmost index is different from 1, except for functions

of the form G(fn; z), e.g.
G(1,0;2) = G(1;2) G(0; 2) — G(0,1; 2). (G.37)

In this basis the singularity structure in z = 1 is explicit.

fFor the meaning of the indices m; and z;, the reader should refer to Ref. [75]. They are
equivalent to the corresponding notation for HPL’s, e.g. H(0,1; z) = Ha(z).
81n some cases the divergence is tamed, e.g. lim,_1 Inz In(1—2)=0.
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Since M-functions are nothing but the values in z = 1 of the G functions, and
since G-functions are straightforward generalizations of the HPL’s, the algo-
rithm for interchanging the arguments presented in Section [G.3.2] immediately
generalizes to the M-functions, and allows in principle to reduce functions of
the form M(...,A1,...) to HPL’s of the form H(...; A1), the algorithm being
a straightforward generalization of Eq. (G.26))

M(i(a)) = M(i(ao)) + / a0 2 v, (G.38)

/
o Oa

where ag is arbitrary, provided that M (@(ag)) exists.






Appendix

Hypergeometric functions

H.1 The Gauss hypergeometric functions

In this appendix we briefly review the different representations of hypergeo-
metric functions which appear throughout this work. We start with Gauss’

hypergeometric function,

2Fi(a,b, ) =y

n=0

R (H.1)

and we comment on hypergeometric functions in two variables in subsequent
sections. We also refer the interested reader to the literature [98| 110l 97].
Eq. (H.) defines the series representation of the hypergeometric function. The
series is absolutely convergent inside the unit disc |z| < 1. The hypergeometric
function however is defined over the complex plane, so we need to analytically
continue the series (HLJ]) outside the unit disc according to the prescription
x — 1/x. Furthermore, in physical applications, one often encounters special
cases where the indices a, b and ¢ are of the form a + (e, a, 8 being integers,
and it is desired to have the hypergeometric function in the form of a Laurent

expansion up to a given order in e. We review in the following several other

*In some applications, also half-integer values can be found. In the following we restrict
the discussion to integer values.
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representations of the hypergeometric function, sometimes more suitable for

specific problems.

Let us first turn to the Euler integral representation,

(e /1 dt £o—1 (1- t)cfbfl (1—xt)~" (H.2)

0G0 = R ) Jy

This identity follows immediately from the fact that for |z| < 1, we can insert

the series expansion of (1 — t)™® in the integrand,

F(C) ! b—1 _ 4\e—b—-1 —xt) @
7I‘(b)f‘(c ) /0 det’ ™ (1 —¢) (1 t)
_ . (a’>n :Cn F(C) ! b+n—1 _ 4\e—b—-1
N 7;0 n! T'(b)T(c—b) /0 det -1 (H.3)
_ > (a)n o T'(c) P(b+n)T(c—10)
— nl T'(b)T(c—b) T(c+mn)
=9F(a,b,c;x),

and the identity follows by analytic continuation for || > 1. Note however that
the Euler integral representation is meaningless if z is real and greater than 1
and a is a positive integer, since in that case the integral (H.2)) is divergent. The
Euler integral has the nice property that in the situation where all indices are of
the form « + (e, the expansion in € can be easily performed using integration-
by-parts identities and the Laporta algorithm [69] (See Chapter [G). Indeed,

since ¢t and (1 — t) vanish at the integration limits, we can write,

/1 dt% (tb’l (11—t b1 (1 - zt)*a) =0, (H.4)

0
and carrying out the derivative on the integrand generates a set of recursive
relations for the hypergeometric function. Using the Laporta algorithm we can
solve the recursion and express every integral of Fuler type in terms of a small
set of master integrals. We can write down a set of differential equations for
the master integrals that can be solved order by order in € in terms of harmonic
polylogarithms (See Appendix[G.4] for a review of generalized polylogarithms).
Note that in the case of Gauss’ hypergeometric function this procedure might
look like an overkill, since we could as well expand the Pochhammer symbols in

the series (ELI]) and sum the resulting series in terms of nested sums. However,
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for more general hypergeometric functions, this naive approach might lead to

series for which the sum is not necessarily known.

A third way of representing a hypergeometric function is in terms of a Mellin-

Barnes integral,

2Fy(a,b,c;x) = dzT(-2)

[(@)T(®d) J o I(c+2)

I'(c) /'HOO I'(a+ 2)I'(b+ 2) (—2)*, (H.5)

where the contour is chosen according to the usual prescription, ¢.e. the con-
tour should separate the poles in I'(—z) from the poles in I'(... + z). The
identity (H3]) follows simply from the fact that for |z| < 1 we can close the
integration contour to the left and sum up the residues of I'(—z), which imme-
diately results in the series (HLI]). The Mellin-Barnes representation is however
much more general, because the integral (H.5)) is convergent even for |z| > 1,
in which case it suffices to close the contour to the right. In this sense, the
integral (HLH) really represents the hypergeometric function, because it is valid
in all the regionsH. This property gives us at the same time an effective way to
perform the analytic continuation of the hypergeometric function outside the

unit disc. Closing the integration contour to the right and taking residues in

z=—-a—nand z=—-b—n,n €N, we find
I'(e)I'(b —
oF1(a,b,c; ) = ()L(b—a) (—2)"%2Fi(a,1+a—c,1+a—0b;1/2)
rO)I(c—a)
P(e)T(a ) (116
c)I'(a — b
— F; 1 —c 1 —a;l
+F(Q)F(C7b)( Z) 2 1(b7 +b C, +b a; /Z),
where we used the formula
['(a)
T(a—n)=(—1)" —2 H.
(a=m) = (1) T2 (H7)

Finally, let us also mention the Laplace integral representation,

1’\ oo
2F1 (a, b, C; x) = % /0 dtl dtQ €_t1_t2 tll)71 tgil (1 — tl tg Z)_a, (H8)

which follows directly from the integral representation of the I' function,

I'(z) = /OOO dte tt= 1. (H.9)

TIn Ref. [I11], Appell and Kampé de Fériet propose for this reason to define the hyper-
geometric function through the Mellin-Barnes integral (EL3]).



238 Chapter H. Hypergeometric functions

We do not use this representation explicitly in this work, but we only quote it

for completeness.

H.2 Generalized hypergeometric functions

H.2.1  Appell functions

The Appell functions are defined by the double series,

(a)m-m (b)m (C)n ™y

(d)m+n m! n!

(a)m-m (b)m (C)n ™y
(d)m (€)n m! n!

(@)im (0)n (¢)m (d)n ="yt

NE
NE

Fl(a7bacad;xay) =

3
I
o
3
]
o

M
M8
|
|

FQ(CI,, ba c, da e;xay)

3
I
o
3
]
o

(H.10)

M
M8

F3(a7baca d,e;x,y)

== (&)m+n m! n!’
— = (@min O)min 2™ y"
Fi(a,b,c,diz,y) =Y > # pi g
m=0 n=0 m n ’ ’

From the series representation the Mellin-Barnes representation is trivially ob-
tained. For some special values of the indices, the Appell functions reduce to

simpler hypergeometric functions, e.g. ,

_ —x —y _ (-2 -y"
F4<O"ﬁ’°"5’ (1x)(1y)’(1z)(1y>> T ey

- ~y
F4<a’ﬁ’m a0y 000 y>>

=1 -2)"(1—y)*2F1(a, 1 +a— B, B xy),

) a e —y (H.11)
F4< Bl+o—B,5; (1—:c)(1—y)’(1—1’)(1_y)>

B . a(l—vy)

7(17y) 2F1(047571+0567ﬁ)’

= ~
F4<‘“’ﬁ”’ﬁ’ 009 <1z><1y>>
= (1_‘r)a (1_y)aFl(Oé?’y_6114—0‘_777;‘%7553/)'
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The analytic continuation of the Appell F; function reads

D) T(b—a) xz 1
b,c,d; *F, 1 —d, e, 1 —b;—, —
Fy(a,b,c,d;z,y) = (o) T(d= a)( y)~ 4((1 +a e,1+a y y)
4 Dd) (e —b) z 1
A Fi(1 1+b—aj—,~
TR i(1+b-dbelrb-a J y)
(H.12)
H.2.2 Kampé de Fériet functions
The Kampé de Fériet functions are defined by the series
, a; | B
(o5 7 )
k ¢
(H.13)

{4
N = Hz( i)m+n H( ) ( )n ™ y"
B mz ; [k (@) mtn T (BD)m (v0)n ml nl’
with1<i<p, 1<j<q 1<k<p and1</<q,and convergence requires
p+q<p +¢ +1][IId]. The order of a Kampé de Fériet function is defined
by w=p"4+¢. If p+q=w+1, the function is called complete, and all other
cases are obtained as a confluent limiting case of a complete function. From

its definition it is clear that the Kampé de Fériet function enjoys the following
symmetry property,
Vi

«
p,q i _ P
Fy ( o | 3 A x,y) =F, (
k| Pe e

The Kampé de Fériet functions encompass the Appell functions for particular

'YJ ﬁ]
’Ye ﬁz

y,x ) . (H.14)

values of the parameters,

F11,701 ( Z ’ i :C?y) = Fl(a7baca daxay)a
F(Jlll( i Z z ‘T?y) = Fg(a,b,c,d,e;x,y),
(H.15)
F107702 ; i f E f zvy) = Fg(a,b,c,d,e;x,y),
2o ¢ b1- x = Fy(a,b,c,d;x,y)
0,1 - ¢ d Y | = £'4(a,0,¢,a4;2,Y).
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The Kampé de Fériet function involves only Pochhammer symbols of the form
(Vny4nss (Dngs (Ong. We could alternatively define a series involving Pochham-

mer symbols of the form (.),, —n,. Let us consider the double series

a; | b; cp
P»Q» ? J
F pq’ ( l b/ c ‘r?y)
ay m

(H.16)

Z Z (@i)ny—ny Hj(bj)m [1h(cn)ns amr yme
(@} )n1—ns TL () 0y [T (chn)ne nal mal”

ny= Onz 0

Note that this function can appear in the analytic continuation of the Kampé
de Fériet function. In the following we proof that the generalized hypergeo-
metric series F' can always be reduced to hypergeometric series involving only
Pochhammer symbols of the form (.)n;+ny, ()nyy ()ny- We rewrite the double
sum according to

>y -

n1=0 n2=0 i Z Z
XX

9]

1=0 na=n1 n1=ns=0
9] ng [e'S)
ne=0

“ﬂM: “ﬁM:

(H.17)
n1=0 ni=ns=0
The double sums are now reshuffled into double sums up to infinity, e.g.
DI Z with n; = N + ng, (H.18)
n1=0 no=0 N=0 ns=0

and equivalently for Zn -0 an o- In the second sum we then rewrite all

Pochhammer symbols with negative index according to

(="

We then arrive at
a, a; | b; «cp
B ( a | e fcy)
" (zy)m

Z Z az) Hj(b’)’m-l-nz Hh(ch (1)711 x

a/ ) H (b/)m ng Hm(c Jna ( )m-i—nz ni!  no!
m1=0 n2=0 pm A (H.20)

Hk( ak na 11, (b ny Hh(ch ny+ne
(p+p )n2 J
DD NC 1,1 = a0 TL®)ms T (o)

ny= 077,2_0
(xy)™ Y™

X
n1! (n1 +7’L2)'
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. - Hj(bj)n Hh(ch)n (xy)”
Z (D ILG)n ILn(ch)n nl

n=0

(H.21)

We see that in Eq. (H20) only Pochhammer symbols of the form (.)n, 4n,,
(.)n, and (.)n, appear. Note however that this class of functions encompasses a

larger class of functions than the one defined by the Kampé de Fériet function.

The analytic continuation of the Kampé de Fériet function is easily carried out
using its Mellin-Barnes representation. In particular, we use here the following

results, derived from Mellin-Barnes integrals,

o (A DA )
_D(e)I'(b—a) —ap21( @ l+a—elc - - -
_F(b)F(efa) (_y) FO,Q ( _ _ d 1—|—a—b f _ $7y)
_T(e)T(a—0b) b21f 1+b—e b |c - - —lz 1
_F(a)F(e—b)(_y) FO,Q( _ —|ld 1+b—a f . ;,;)
(H.22)
o (A M )
_T@r(f/)T(b—a)l'(c—a) (=)
- TOI()r(d—a)l(f —a)
30( a 1+a—d 14+a—f - — |1y
Aa{ - l+a—-c|1+a—-0b e E’E)

(—z)° (H.23)

o 30 b 1+b—d 1+b—f 1y
LI - - 1+b—c|14+b—a e |z’
D(@T(f)I(a —)T'(b —¢) —c
+ (—x)
L(a)L(O)I(d = o)I'(f —¢)
~o30f a—c b—c|c l4+c—d 1l4+c—f 1
X Lo 0,1 B | _ . =)

and the F function can reshuffled into Kampé de Fériet-type series using the

algorithm described in the previous paragraph.






Appendix

M functions

In this section we apply the techniques combining the Mellin-Barnes and series
representations to study the analytic properties of the M functions that appear
in the e-expansion of the Fy function, Eq. (IT3I). We start by analyzing
some general properties of these new transcendental functions, and study more
specific properties like analytic continuation and reduction to known functions

in subsequent sections. First, it is easy to see that M functions are symmetric,
M@ ks 2,y) = M(7.7 Ky, ). (L1)

Second, when one of the arguments is zero, then this function reduces either
to 0 or to an S-sum at infinity. Indeed, if say y is equal to zero, then only the

term n = 0 in the sum contributes, and since S3(0) = 0, we get

o If 7# 0, then

243
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The product of nested harmonic sums can now be reduced using their
algebra, and so we get
M(@,0,k52,0) =Y §(00:0,75;2,1,..., 1). (L4)
¢
where the S-sums are defined recursively in a similar way as the nested

harmonic numbers, [75]

2

k
S(N;% 1) = )  — S(k7;7), (L5)
k=1

and the values of the S-sums for N = oo are related to Goncharov’s

multiple polylogarithm.

We now analyze the analytic continuation of some of these functions under
the transformation y — 1/y. Due to the symmetry property (LI]) the analytic

continuation in x follows the same lines. For k > 1 we have,

Y(1+n)=—ye+ Si(n),

P (14 n) = ()R (G = Sk (), o
where 1)(*) denote the polygamma functions
d k+1
Pp® () = (&) InT(z). (1.7)
We can easily relate the function M to Mellin-Barnes integrals of the form
(2732,)2 /J:OO dz1dze I'(—21) I'(—22) F(I‘l(itlz)}az_i);) (L.8)

x (—2)* (=y)* U (21, 22),
where W(z1, z2) denotes any product of polygamma functions with arguments

1+ 21, 14+ 29 0or 14 21 + 2. For example we can write

“+100
: / Do tol 0,

G [, Rl T =) F e
x (—a)™ (~y)* (1.9)
= M(1,0,0;z,y) — yeM(0,0,0; x,y).

It follows then that studying the analytic continuation properties of certain

classes of M-functions is equivalent to study the properties of the Mellin-Barnes
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integral (L8)). If both = and y are smaller than 1, then we close both contours
to the right, and we take residues, and we find the series definition of the
M-functions.

1
M(0,0,0;z,y) = ——M (0,0,0;
Yy

1
M(1,0,0;2,y) = ——M (1,0,0;
y

() vy X Y (1.10)

+ = yM<05070;£a_)5

Y vy
1 2 1
M(anal;xvy) = _M 0,1,0,E, _> - _M (03051;Ea _>

yy Y
In(— 1

1 I y)M(o,o,o,f,—)
Y yy

Note the appearance of In(—y), which produces an imaginary part for y > 0.

In some cases it is possible to express the M-functions in terms of known
functions. This becomes possible by relating those functions back to simple
cases of the expansion of the Appell F; function, in which cases we can apply
the reduction formulae (HLIT)) given in Appendix [H. As an example, let us
consider the reduction formulas

7 7 ) _ = -9° gy
-20-9) 1-51-7) 1=i5

where T and g are solutions of

F4 (O&,ﬂ,@é,ﬂ;

. —r -y
T-a0-5 '~ 0-»a-g

Solving this system we arrive at

i:i z+y—1+vVA1,2,9)), gj:i z+y—1++/A1,2,9)).
2x

(L12)

2y
(I.13)
From this we can immediately read of the M-function of weight 0,
1—2)(1—y9
M(anaowray):F4(1a151717$7y): w (114)

1— iy
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Using Eq. (II.21), we can easily obtain all the M-functions of weight 1, e.g.

0
M(Loao;xay) = 8_ F4(1 + €, 1; 1a 1;$7y)‘€:0
€

— % [(1—2)'T (1 —g)'"" 2P (14+€1+€1;20)] e (L15)
= W (In(1 — ) 4+ In(1 — §) — 2In(1 — 7).
Ty
Similarly one can obtain
MO.1,0:2,9) = T=D0ZD) 11— 5 2m(1 - 29)).
— %5
(-5 -7 (110
M(0,0,1;2,y) = 1_7@ (In(1 —g) — 2In(1 — zy)) .

Note however that starting from weight 2 we cannot obtain a reduction in this
way in all cases, since from Eq. (IT.27) we see that by expanding Pochham-
mer symbols in the denominator we only produce S11(n), so we cannot obtain
Sa(n) = S11(n) — Z11(n), which needs the contribution from a Pochhammer
symbol in the numerator. This however cannot be achieved by the Appell Fj
function, and we have to consider more general functions, like the Kampé de
Fériet functions. In the particular situation however where the M function can
be related to an Appell F; function, we can sum up the series. For functions
of weight 2 we can sum up all the series except for M(2,0,0;x,y) (and the
related function M(0,2,0;z,y) = M(2,0,0;y,x)).

M((1,1),0,0;2,y) =

(-5 -7) <@ —2)Li(#j) | Flog’(1 )
1 —z7) 2(z - 1) 4—4z

~ log(1 — #)log(1 — §) + log(1 — &) log(1 — 77) + & 75)_101g(1 —

201 s
+ log”1-2§) _ glogQ(l - f)),

1—2

M(0,(1,1),0;2,y) = M((1,1),0,0;y, z),
(1.17)
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M(0,0,(1,1);2,y) =

L-#)(1-§) [ (E+35-2)LiE)
- ) 2G - D —1)

(3 —47)log”(1—g) (1 -&§)log*(1—7) 3 ) .
-1 G-g-n gt

L 25— 1)log(1l — @)log(1 - 7j) (27— 1)log(1 — §) log(1 - 75)
g—1 z—1
(

A-2)1-9)

M(l,l,();x,y): =)

<2log2(1jg)1og(1jglog(1jg)

3Li(%§)
2

1
+ +log(1 — g)log(1 — Zg) + 3 log(1 — ) log(1 — gj)),

M(1,0,1;2,y) = (1-2)1—-y) ((2:2 — 3)Li(75) #log?(1— )

1—Z7) 2(z —1) 4— 4z

log(1 —g)log(1—2gy) 1. 5
)+ 51 *QMg(

1
— 510g(1 —x)log(l—7g 1-2)

+(fmkg%1f@>,

z—1

M(0,1,1;2,y) = M(1,0,1;y, z),

M(0,0,25,y) = L= D=9) [ (75— DLiTg) (4= 50)log(1 = 7)

1—iy) 2(-1)(§ - 1) A(§ - 1)
(4 —5%)log*(1 — §) L (28 +E4g) log®(1 — &)
Az — 1) @F-1)F—1)
. 37 —=2)log(1 — 7)log(1 — &) (37 — 2)log(1 — §)log(1 — &)

y—1 -1
—2log(1 — z)log(1 — g)) .

(1.18)






Appendix

Real-virtual integrals

In this appendix we give the details on the computation of 26 real virtual
integrals for the NNLO subtraction scheme presented in Chapter [6l We start

with the soft collinear integral,

Yo 1 ,
K (c; yo, di; k) = 2 / dy / dg y~ 120 (] gyd—tge
0 0

(J.1)
X (1=~ UL — gy
and then we turn to the collinear integrals, which have the form
I(I‘, €, 0, d07 R, k7 61 9§i))
-0
- z/ dava R (1 — @) 2o~ [ 4 (1 — q)] 71 (e
0 (J.2)

y /Oldv[v(l g (a—|— (1 —a):w)’“”f pe (a+ (1 —a)mv) |

20+ (1 — o)z 20+ (1 — o)z

with kK = 0,1, k = —1,0,1,2 and § defined in Table [LIl We will explicitly
evaluate this integral for I = A and I = B in Section [1.2]

J.1 The soft-collinear integral C

In this section we calculate analytically the soft-collinear integral defined in
Eq. (I1)) for K = 0,1 and df, = D{, + de, D{, being an integer.

249
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Function ggi) (z;€)
ga 1
F1| g% (1—2)*

0 g(ci) (1 —2)TF1(fe, £e,1 £ ¢, 2)

1| ¢ oF (£, 46,1+ ¢€,1—2)

Table J.1: The values of § and g§i) (zr) at which Eq. (I.2)) needs to be evaluated.

J.1.1  Analytic result for x =0

For k = 0, the integral decouples into a product of two one-dimensional inte-

grals and we get

K(e3yo, dy; 0) = 2 By, (—2¢,dy) B(1 — €, —€) — 2 By, (1 — 2¢,dg) B(2 — ¢, —e¢),
(1.3)

Using the expansion of the incomplete B-function, carried out in Section [6.3],
we can immediately write down the expansion of K for kK = 0. The result for
D{, = 3 can be found in Ref. [69].

J.1.2 Analytic result for x = 1

The integral (ILJ]) for x = 1 reads
Yo 1 ,
K (€ yo,dy; 1) = 2/ dy/ A€y~ I (Ll—y) e (16 TR (1 -y
0 0
(J.4)

The analytic solution for this integral cannot be obtained in a straightforward
way, due to the presence of the factor (1 — y£)¢ that couples the two integrals.

Therefore, we rewrite the integral in the form

K (€ yo,dp; 1) = 25 * K (€& y0,d;;1,1 — D}, 0,1, —1), (J.5)
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where

7
K(&;y0,d1;n1, 2,03, N4, 15

1 1
— [y [Cagye gy g (06)
0 0
x (1 —yoy&) "o,

We now calculate the integral K using the Laporta algorithm. The independent
integrals can be obtained by partial fractioning in y and &, using the prescrip-
tion that denominators depending on both integration variables are only partial

fractioned in &, e.g.

—_

vl wy
E1—yoyl) & 1—wyoyl’
1 1

v —yoy8)  y(1l—yoys)’

When writing down the integration-by-parts identities for the independent in-

(J.7)

tegrals, we have to take into account a surface term coming from the fact that

the denominator in (1 — ypy) does not vanish in y = 1,

/1 dy /1 d«f(,% (y—n1—4e(1 _ yoy)—nz—d’leg—ng_g(l gy
(1 —yoyé)~ ""*6) =0
/ dy/ dg_(y—m 161 — yoy)—m2-dheg—ma—e(] _ g)-ma—2e

x (11— yoyﬁ)_"ﬁe) = (1 —yo) "~ 4¢ Kg(e; o, d}; n3, na, 15),

(J.8)

with
1
Ks(€; yo, dy3n3, 14, m5) :/ dEET™ (1 = &) T2 (1 — yof) T (J.9)
0
K is just a hypergeometric function,

Ks(€; 90, dy; 3, 14, 105)
=B(l—ng—€,1—ng—¢€)2F1(1—n3—e€,ns — 22 —ny —nyg — 3€;40),
(J.10)

and can thus be calculated using the technique presented in Section
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Knowing the series expansion for the surface term Kg, we can solve the IBP
identities for the K integrals, Eq. (L8). We find the following two master

integrals,

K(l)(ea Yo, dll) = K(E, Yo, d/la 07 05 07 05 0)7

. / / (J.11)
K (6;y07d1):K(e;yOadl;ilaovoaovo)a
fulfilling the following differential equations,
die

O w2l U290 by

Yo Yo Yo . (J.12)

O g g2 g U0 pay

9o Yo Yo

where f(1) denotes the master integral of the hypergeometric function calcu-
lated in Section [6.3] and where the initial conditions are given by
KW (e;90 =0,d}) = B(1 —4e,1) B(1 —¢,1 — 2¢), (3.1
K®(e;y0 =0,d}) = B(2—4e,1) B(1 — €, 1 — 2e). '
Plugging in the series expansion of f(1) and expanding (1 — y0)%¢ into a power
series in €, we can solve for the K(!) and K as a power series in ¢ whose

coefficients are written in terms of HPL’s in yg.

Knowing the series expansions of K1) and K(?)| we can obtain the integral
K(€; yo,dfy; 1) for any fixed integer Djy. The result for D = 3 can be found in
Ref. [69].

J.2 The collinear integrals 7

In this section, we calculate the collinear integrals defined in Eq. ([(I2) for

gr = ga and g; = gp analytically.
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J.2.1 The A-type collinear integrals for £ > 0

The collinear integral for g; = g4 requires the evaluation of an integral of the

form

1
A(:E? €; 0o, dO; R, k) = —I(,CE, €; 0o, dO; R, ka O,QA)

x
(o7} 1

= / da / dv o 170FRE( — 0)2d0 L[ 4 (1 — )] 71— (1HR)e (J.14)
0 0

a+ (1-a)zv k
2a+(1a):c)

x v ¢(1l—v)"¢ (

where k = —1,0,1,2, xk = 0,1 and dy = Dy +d;ie with Dy an integer. For &k > 0
this two-dimensional integral decouples into the product of two one-dimensional

integrals, out of which one is straightforward,
"k
A(z,e;ao,do;n,k)z<,) P B(1+j—€1—¢) (J.15)
=0 N
X / da @F=I71= (R _ )i F2d0—1g 4 (1 — @)2] 7170+ (J.16)
0
X [2a 4+ (1 — a)z] 7",

We will therefore treat separately the cases k > 0 and k < 0.

For k > 0 the calculation of the A integrals reduces to the calculation of a

one-dimensional integral of the form
Ay (z, €6 ap,dy; Kyng, na, N3, Ny)
= / " daarmHRI(1 gy matieq | (1 - a)g]m(040e (5.17)
0
X [2a+ (1 — a)x] ™™,

n; being integers. The integration-by-parts identities, including a surface term

for the independent integrals, are

ao
/ da 2 (a—m—(l-m)e(l _ 04)_"2+2d1€[a + (1 . a)z]—ns—(l-ﬂi)e
0 Jda
x 20+ (1= aa] ™) (3.18)
= aam—(l-i—n)e(l . a0)7n2+2d16[040 +(1- ao)x]fngf(lJrn)e

X [2a0 4+ (1 — ap)x] ™.
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Using the Laporta algorithm we find three master integrals for A,
o
Agrl)(x,e;oeo,dl;n) = A (z, €6 00,d1;k;0,0,0,0) = / dpe(a; ),
0
o
Af)(x,e;oeo,dl;n) = A (z,€6 00,d1;k;—1,0,0,0) = / dpge(o; ) o, (J.19)
0

®) (2 e ag. dy: 1) = . dy: s _ (" _dpe(oa)
A+ ('T767a05d17"<‘-‘)_A+(‘T767a05d17"<‘-‘70305031)_/O m

where
dpe (o, ) = da a9 (1 — )?41€ (o + (1 — a) z)~ e,
=da+eda(2diIn(l1—a) = (1+ k) Ina— (1+ &) In(a+ z — az))
+ 0(e?), (J.20)
=da+eda( — (1+r)H(0;a) — (1 +r)H(0;2) — 2d1 H(1; )
— (v + D) H(di(2); ) + O(e?).

where we used the d-representation of the two-dimensional HPL’s defined in

Section [G.3]

H(di(z);@) = In <1 41 - xa> ,
xa) , (J.21)

1—

T

H(dy(2), dn (2); ) = %1112 (1 +
etc.

Notice that all three master integrals are finite for ¢ = 0. This allows us to
expand the integrand into a power series in € and integrate order by order in e,
using the defining property of the HPL’s, Eq. (G.6]). We obtain in this way the
series expansion of the master integrals as a power series in € whose coefficients
are written in terms of the d-representation of the two-dimensional HPL’s .

We can then switch back to the c-representation using the algorithm described

in Section [G.3]

Having a representation of the master integrals, we can immediately write down
the solutions for A(z, €; g, do; K, k) for k > 0 and fixed Do using Eq. (LI5).
The results for Dy = 3 can be found in Ref. [69].
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J.2.2 The A-type collinear integrals for k = —1

For k = —1, the integral (I14]) does not decouple, so we have to use the Laporta

algorithm to calculate the full two-dimensional integral. However, for k = —1

)

we can get rid of the denominator in (2« 4+ (1 — «)z) in the integrand. So we

only have to deal with an integral of the form
A_(z, € o, di; K501, N2, 3, g, M5, N6) =

/ da/ dva—™" 1+n)e( _ ) n2+2dle[a+(1_a)x]fngf(lJrn)e

v o+ (1 — a)av] ",

(J.22)
n; being integers.

We write down the integration-by-parts identities for A_ including a surface

term for «,
/ da / dv — —n1—(1+f€)€(1 . a)—n2+2d16[a + (1 o a)x]—ns—(l-l-n)e
v 6(1 —0)" " a4+ (1 - a)zv]*"ﬁ) =0,
/ da / dv — (o™~ (1+f€)€( _ ) n2+2dle[a + (1 o a)x]_"s—(l-ﬂﬁ)e

x 7™ €(1—1)) "o+ (1 — a)zv]” "")

17(1+n)e(1 . ao)—n2+2dle[a0 + (1 _ ao)x]—ng—(l-i-n)e

x A_ s(z,€ a,di;na,n5,16)
(J.23)

with

1
A_ s(x, € ap,dr;na, ns, ng) = / doo™™ (1 —v) "™ g + (1 — ag)zv] "
0

=ap"B(l—n4s—¢€,1—ns—¢€)

040—1
><2F1(1—n4—e,n6,2—n4—n5—26; x)
Qg

(J.24)
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As in the case of K we are going to evaluate this surface term using the La-
porta algorithm, especially to get rid of the strange argument the hyperge-
ometric function depends on and to get an expression for A_ g in terms of

two-dimensional HPL’s in o and .

Evaluation of the surface term A_ g. Because the v integration is over
the whole range [0, 1], we do not have to take into account a surface term in

the integration-by-parts identities for A_ g,

1
0
/ dv— (v (1 —v) "™ [ag + (1 — ag)zv] ") = 0. (J.25)
0 a’l}
Using the Laporta algorithm we see that A_ g has two master integrals,

Ag(@, €00, d1) = A s(x, € a9, d1;0,0,0), (1.26)
' J.26
AP (2, e a0,d1) = A_ s(x, € 0, d130,0,1).
A(j?s(z, €;ap,d1), i = 1,2, are functions of the two variables x and «q defined
on the square [0, 1] x [0, 1], so in principle we should write down a set of partial
differential equations for the evolution of both ay and x. However, it is easy
to see that in x = 0 we have
A(fly)s(x =0,6;a0,d1) = B(l —¢,1—¢),
1 (3.27)
APz =0,e;00,d1) = —B(1—€,1—¢),
; a0
for arbitrary ag. So we are in the special situation where we know the solutions
on the line {# = 0} x [0, 1] and so we only need to consider the evolution for the
x variable. In other words, we consider A(_i?s as a function of x only, keeping

o as a parameter.

The differential equations for the evolution in the x variable read

9,
ZAm
ox = 0,
J (2 1) (1—2e¢ (g —1)(2e — 1)
— A=A
ori—s = s\ Tagr T PN P———— (J.28)
+A(_2)S(26—1_ (g — 1)e ),
’ T apgr — T —

and the initial condition for this system is given by Eq. (I217). As the system

is already triangular, we can immediately solve for A(_l?s and A(_Q,)S. Notice
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in particular that the denominator in (g + & — zap) will give rise to two-

dimensional HPL’s of the form H(c1(ap); ), ete.

Evaluation of A_. Having an expression for the e-expansion of the surface
term, we can solve the integration-by-parts identities for A_, Eq. (I23). We

find four master integrals,

AW (z,€ ao,d1; k) = A_(x, € 0,d1;K;0,0,0,0,0,0),
A®
Nz, e ap, dy; A_(z,e;0,dy;k;—1,0,0,0,0,0),
(€00, dai ) = A- (2, & 00, s ) (J.29)
(7 (.I' G;Oéo,dl; ):A (:E E;QOadl;H;_17OaO7OaO71)a
A(:l)(l',é;ao,dl; ):A (:E E;QOadl;H;_27OaO7OaO71)'

It is easy to see that all of the master integrals are finite for e = 0.

As in the case of the surface terms, we are only interested in the z evolution,

because the master integrals are known for x = 0 for any value of «y,
A(l)(gg =0,600,d1;6) = Bapg(l = 2(1+k)e, 1 +2d1e) B(1 —€,1 —¢), (1.30)
AD (2 = 0,600, d13K) = Bag (2 — 2(1 + K)e, 1+ 2d1e) B(1 —e,1 —¢),

and
A(f’)(x =0,6a0,d1;K) = A(j)(x = 0,6 a0,d155),

(J.31)
A(f)(x =0,€6a0,d1;K) = A(f)(x = 0,6 a0,d155).

The master integrals AY and A® form a subtopology, i.e. the differential

equations for these two master integrals close under themselves:

EA(_l) :1 — 2(1 + Ii)e A(_l) B 2(d16 — (1 + H)E + 1) A(_g)
ox T T
(= o) 24 (—xag + ap + :c)_(“”“)6(157(”“)6 A(l)s
T —,5
J.32
0 (2) 1-— (1 + H)e (1) —2dq€ + (1 + Ii)e -2 2) ( )
— A =——— A+ A
ox r—1 r—1
_ (1 — )24 (—zag + ag + :E)7(“”“”")6045_(H”)6 on

z—1
The two equations can be triangularized by the change of variable
AW — p0) 9@

A® =A@ (-33)
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The equations for the subtopology now take the triangularized form

3A9)<262+126) A(_l)+<4d1+22d1+2) GA(_Q)
X

Ox x—1 x—1 x
2-2 -1
+ (1 _a0)2d16(_$a0 +a0 +l_) Caé € < (7)) + Qo > 14(_1)5‘7
z—1 z '

9 g 1= q0 241 g
Ox z—1 x—1

+ (1 — )Mo (—zap + ap + x)_ea — 77)5.

(J.34)

The initial condition for A) can be obtained from Eq. (I30). For AY how-
ever, Eq. (I30) gives only trivial information. Furthermore, the solution of the
differential equation has in general a pole in x = 1, but it is easy to convince

oneself that 21(}) is finite in & = 1, which serves as the initial condition.

We can now solve for the remaining two master integrals. The differential

equations for A® and AW read

0

A(g) 1-2(1+kK)e A(g) _ 2(die—(1+K)e+1) 4@
ox T - T -
_ (g (rog on ) T )
x -, )
1— e 2¢ — 1 2+ K)e—2
A(4 A(Q) . (3)
( xl) . .1 4 (J.35)
n 2e —1 (2d1 + H)G) A(4)
T z—1 -

_ (1 — ap)t 24 (—zag + ap + :E)7(“”“”")6043_(H”)6 4@

r—1
These equations can be brought into a triangularized form via the change of

variable
AP = AP AW,

AW _ 4@ (J.36)
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and Eq. (I38) now reads

ox T rz—1 rz—1 T -
€ —€ —€ 1 1 2
— (1= ag)' "™ (~wag + ag + 2) (E - m) A%
n 1—26+26—1 A(g)
r—1 T -

0 A(4) 2 — 2¢ A(B) n 2¢e — 1 _ 2(die+¢€) 4(4)
Ox z—1 - T z—1 -

n 1— 26 2¢e — 1 A(g)

T T — -1 N
(1 — o) 24 (—zag + ap + )~ aO EA(Q)
_ e
rz—1
(J.37)

The initial condition for A} and A can again be obtained from Eq. (IL30)

3)

and requiring AS to be finite in z = 1.

Having the analytic expressions for the master integrals, we can now easily
obtain the solutions for A for k = —1 for a fixed value of Dy. The results for
Dy = 3 can be found in Ref. [69].

In Fig. [I1] we compare the analytic and numeric results for the €? coefficient
in the expansion of Z(x, €; ag,3 — 3¢;1,k,0,g4) for k = —1,2 and a9 = 0.1, 1 as
representative examples. The dependence on ¢y is not visible on the plots. The
agreement between the two computations is excellent for the whole z-range.
We find a similar agreement for other (lower-order, thus simpler) expansion

coefficients and/or other values of the parameters.

J.2.3 The B-type collinear integrals
The B-type collinear integrals require the evaluation of an integral of the form
B(‘T € Oéo,do,é k) II( aOde;lakv(S;gB)

/ da/ dva™ (1 —a)*® " o™ (1 —v) " o+ (1 — a)2] 717

X 200+ (1 — )] [a+ (1 — @)zv] ¢ a + (1 — a)(1 — v)a] 7%,
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A-type, k=1, k=-1 A-type, k=1,k=2
25.10° T T T T T T T 40-10° T T T T T T T
| — ag=1analytic (A) + ap =1 numeric (N)
20-10° [ ----- g =0.1 analytic (A) B g =0.1 numeric (N) ]

o
°
3,

010"

5
5
5‘4

> 40-10°

-8.0-10

O(F_) coeff of I(x,e ,3-3;1,2,0,84)
2
X 3

‘ O((z‘) coeff. of 1(x,6;00,3-3;1,-1,0,24)

1.0-10
ni ]

50107 F ) = 1 analytic (A) + o= 1 numeric (N) v 1210

————— a9 =0.1 analytic (A) " 0g=0.1 numeric (N)

1010 : ; A . \ ) ! 410 . . . . . . .
PRSTEI LS Oie 020 O30 PRSTTI LS Oie 020 O30
= [ 1 = [ 1
I oL A SO + ¢ 2 4 I + 0, - 4+ 4 r'y + R ]
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Figure J.1: Representatlve results for the A-type mtegrals )The plots show the
coefficient of the O(e?) term in Z(z,€; a,3 — 36;1,k,0,94) for k = —1 (left
figure) and k& = 2 (right figure) with ap = 0.1,1. The plots are taken from
Ref. [69].

(J.38)

where k = —1,0,1,2, 6 = £1 and dy = Dg + dy€ (as before Dy is an integer).
Unlike the A-type integrals, the B-type integrals do not decouple for k > 0,
due to the appearance of the € pieces in the exponents, so we have to consider

the denominators altogether and have to deal with an integral of the form
B($ €; 0, dl; J: yN1, N, N3, N4, N5, Ne, N7, Tlg) —
/ da / dva™™ 26(1 — a)*n2+2d1 ,Ufn‘gfe(l o U)*”G*G

x [a+ (1 —a)z] ™ % 2a + (1 — a)z] ™™
X o+ (1= a)ao] "o 4 (1 — o) (1 — v)a] "%

(3.39)
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We use again the Laporta algorithm and write down the integration-by-parts

identities for B,

/ da / de —_ —n1—26(1 _ a)—n2+2d1 U—ns_e(l . U)_nﬁ_e
— a)x]—ns—Qe [2a + (1 _ Oé).’L']_n4

X [a + (1 — @)zo] T [ (1 — @) (1 — v)a] ")

/ da / d’U —_ 7n1726(1 _ a)fanerl ’Uin57€(1 . ’U),n676
+(1- a)w]’”Hﬁ 20+ (1 — a)z] ™™
x [a + (1= a)av] "o+ (1 — a)(1 — v)a] ")
— aanl 25(1 _ ao)—nz+2d1 [040 + (1 _ ao)x]—n3—2e[2a0 + (1 _ Oéo)x]_"“

X Bg(x,€ ap, dy; 0, k;ns, ne, ny, ng),

(J.40)
where the surface term is given by
Bs(z, € ag, d1; 6315, n6, N7, 18) =
= /1 dvv™™7¢(1 — v) """ [ + (1 — ag)zv] 7€ (J.41)
0

X [ag + (1 — ap)(1 — v)z] s,

Evaluation of the surface term Bg. The surface term Bg is no longer
a hypergeometric function as it was the case for the I and A-type integrals.
It can nevertheless be easily calculated using the Laporta algorithm. The

integration-by-parts identities for Bg read

0
dv = (V771 — v) """ [ag + (1 — ag)zv] "7 Hoe
/ 81;( (1—-w) [ao + ( 0)av] (1.42)
X [ag + (1 — ag)(1 —v)z]~"57%) = 0.
We find three master integrals for Bg,

B,(S’l)(zve;a()adl;(s) = BS(Z',E;Oéo,dl;(S;0,0,0,0),
B(S2)(z,e;a0,d1;5) = Bgs(z, € ap,d1;0;—1,0,0,0), (J.43)
B(S3)(~T»€;040ad155) = BS(Z',E;O[(),dl;(S;0,0, 150)7
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fulfilling the differential equations

0 B(Sl) = B(Sl) (204062 +2€2 + 3agbe — 30 — ap + 1

ox ag ((g— 1)z —ap) (ed — 1)

2(eap—ag—e+1)  —26€2+2¢% — e+ 2 —1
ag ((ag — 1)z — 2ap) apx(ed — 1)

+B(52)<a4(a01)(e1> 4(ag—1)(e—1) )

o((awn— 1)z —ap) ap((ag— 1)z —2ag)

@) [ (o—1) (662 — € —e+1)
+ Bs < (xag —ap — ) (ed — 1)

26€? — 2€? + fe — 2¢ + 1
x(ed — 1)
(a0 — 1) (20€® — 2€% + de — 26 + 1)
a ((ag = 1)z — ) (ed — 1) )’

9 n@ _ 1) (=de+e—1) 22(e—1) (3) Q0 €)

%BS = Bs x + Bs x ~Bs x

0 _3) (1) 2062 — 2€% + Je — 2e + 1

—Bs’ =B

gz % ¥ apx(1 — €d) (J.44)

1) (2@062 — 262 — 2a€ — 2apd€ + 26€ + 2€ + 298 — 25)
ag ((g — 1)z — 2ap) (1 — €0)
1) (—2040562 + 20€? + 3age — 3€ — b + 5) )

ag ((ag — 1)z — ) (1 — €d)

@ 2(ao—1)(e—1)(2¢ —26)6
+ Bs <a0 (0o = Dz — 2a0) (1 — €0)

2 (o — 1) (€ — 1)(2¢ — 26)5 )

ap ((ag — 1)z — ap) (1 — €d)

—26€% + 2€? — fe +2¢ — 1
+ B(Sg) < x(1 — €d)
(0 — 1) (—20€? + 2€% — Je + 26 — 1)
((ag = 1)z — p) (1 — €0)
(a0 — 1) (-0 + 2 +e—1)
+ (xap — apg — x) (1 — €)) )
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The initial conditions for the differential equations are
B(Sl)(ac =0,6a0,d1;0) = B(1 —¢,1—¢),
Bgz)(xzoae;amdl;é):B(Q_Gal_e)a (J45)

1
BY (x = 0,6 a0,d1;0) = a_oB(l —61—e€),

The system can be triangularized by the change of variable

H(1 1 (2) 5(2) _ p2) B _ p®B)

BY) = BY —2BY) BY =BY, BY =B, (1.46)
and then solved in the usual way.

Evaluation of the B integral. Solving the integration-by-parts identities

for the B integrals, we find nine master integrals

BW(z,e;00,dy;0) = B(z, €; ap,d1;6;0,0,0,0,0,0,0,0),
B@(z,e;00,dy;6) = B(z, €; a9, d1;6;0,0,0,0,0,0,0,1),
B®)(z,e;00,dy;6) = B(z, €; a,d1;6;0,0,0,0,0,0,1,0),

BW(z, e aq,dy;8) = B(x, €; a0, dy30;0,0,0,1,0,0,0,0),

BO)(z,¢; 00, dy;6) = B(x, €; a0, d1;6;0,0,1,0,0,0,0,0), (J.47)

B (z,¢;00,dy;6) = B(x, €; a9, dy; 6; —1,0,0,0,0,0,1,0),

B (z,e; 0, dy;6) = B(x, €; o, d1; 6;0,0,0,1,0,0,1,0),
B®(z,¢;00,dy;6) = B(x, €; a9, d1;6;0,0,1,0,0,0,1,0),
B9 (z,e;00,d1;0) = B(z, €; ap,d1;6;0,0,1,0,0,0,0,1),

The master integrals B(®), i # 4,7, form a subtopology, i.e. the differential
equations for these master integrals close under themselves. Furthermore the
differential equations for B(), B®) B®) and B(®) have a triangular structure

in €, i.e. all other master integrals are suppressed by a power of €. For § = +1,
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the corresponding differential equations are given by

2
9 gy _ 2(c — B (ap — 1)? 2 BW
O 2d15*45+1)($040*040*$) v 1

+

2d15—4s +1)(x—1)_ (2die —4 e+ 1)z

(2dy € — 45+ Dx—-1) (2die—4e+ 1)z

6
2e 2(2¢ — 1)e B _ 2¢B©)
2d15 —4e + 1)z T

e(8—1) )B(z)
)

_|_

/\/\

2¢2 B®) 4¢2 BO)
C (2die—4e4+1)(x—1) (2die —de+1)(z —1)
2 —1)?
s e(ag—1) n
(2d1€ —4e + 1)((0&0 — 1) T — Oé())
(a0 —1)? L2l ) po
(2die —4e +1)(x g —ap —x)  (2d1e —4e +D)x | 5
5 B(3) B 463(3) ( 2d1€ + 4e — 1) B©) n (ag — 1)0403593)
x x ’
B(5 2d16 + 46 — 1 + 2d1€ — 46 + 1 B(l)
z—1
2
n 2d16—|—46—1 46 BG) 4 a—1 (g — 1) B_Egl)v
oz—-1 =z x (g —1) z— g
1- 1 8e?
B(G) B
< zl) + (2d1e —4de+1) (x —1)

. (86 - 1) € B(Q)
(2d16—46+1)(1:—2) (2d1e —de+1)x

- 2e n 2d1e — 5e+ 1 B
(x—1)2  (2die—4e+1) (x —2)

2(2d1€% — 6€2 +¢) € — 4e? B®
(2d1e —de+1)(x—1) (2die—4de+1) x
1—2e n 4d1€® — 12 €2 — 2dye + 8¢ — 1 2 €(2e—1) B®
x—1 (2d1e —de+1)(x — 2) (2d1e — de+1)x

L 2e +—2d16+4€—1_ l 56
rz—1 xr — 2 T
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n 2 4R di? =5 +¢) N 4(2d1€* — 5€* + €) B®
(x =12 (2d1e—4e+1) (x—2) (2d1e —4de+1)(xz—1)

862 862 (9)
+ - B
(2die—4e+1)(z—2) (2die—4e+1)(xz—1)

n 4(ap —1)3(e— 1) B
(g — 2)(2d1e — 4e +1)((wg — 1)z — )

A(ap —1)%(e — 1) BO .
(o —2)(2d1e —de+1)(z—2) ) %
B 2(2¢ — 1) (ap — 1)3 2 e(ap — 1)
(g — 2)(2d1e —de+ 1) (g — D)z — g)  (2d1e —4de+ 1)z
2(e a2 —a? —eap + 2ap — 1) BW (g — 1)aOB(53)
(g —2)(2d1e —4e+1) (x—2) ) % x—2 ’
(J.48)
whereas for 6 = —1, the differential equations are
EB(” 20— 1B (a0 —1)>  2eBY
(2d1e —de+ 1)z ap—ap—x) x—1
2
+ 46 71 2¢ B(2)
2d16—4e+1) " (2die—4e +1)(xz —1)
2
+ 86 — 1 4e B(B)
2d16—4e+1)  (2die—de+1)(z — 1)
2¢ 2¢(2¢ — 1) 2¢B(©)
B6) J.49
+< © (2dy € —4e+ 1)z ) + x (J.49)

4e2B® 2¢2 B
T Rdie—der @ =1) T Rde—der )@ -1

2€ (o — 1)
+ <(2d16 —4de+1)((a — Dz — ag)

(26 — 1) (g — 1)2 2¢ (ap — 1) )Bgn

(2d1e —de+ 1)(xzag — g —x)  (2d1e —4de+ D)z
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a B<3> _ 4eB® (St de—1) B®© (oo 1)apBY |
T T
B(E’ 2d16 +4e—1 n 2d1e —4e +1 B
z—1
+ ( 2d1€+4€—1 46)3(5)
r—1 T
o—1  (a0— 1)2 (1)
B
+ ( (p—1)z—ag)
_B<6 1- —1) 50
-1
+ i + €
C (2die—4e+1) (x—1) ' (2dye —4de+1)(z —2)
(de—1) ¢
== \B®
+ (2d1€ — 4e + 1) )
4e 2d1e — 3e+ 1
+( - +
(x—1)2  (2die—4e+1) (x —2)
4(2d1€* — 2€? + ¢) 8e? — ¢ 5O
(2die —4e+1)(x—1) (2die—4de+1)x

+

1— 2¢ 4d16 —4e? —2dje+4e—1 B 2¢ (2e — 1) 56
x—l (2d1e —de+ 1)(x — 2) (2d1e — de+ 1)z

_|_

xr — 2

8(2d; €2 — 3e® +¢)
x—l  (2die — e+ 1)(z — 2)

+

( L “2hetde—1 e _1>B(6)
X

8 (2d1€? — 3€? +¢) B®
(2d1e —4e+1) (x — 1)

4¢2 4e?
+ <(2d16—4€+1) (x—1) a (2d16—4e+1)(1}—2)> B®
(J.50)
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n 4(ap —1)3(e—1) B
(o — 2)(2d1e — 4e +1)((wog — 1)z — )

4(ag —1)*(e—1) @)
(00*2)(2216 4e+1)(x2)>BS +

2(cg — 1)3 ~ 2e(ap—1)
(w0 —2)(2 die—de+1)((wg — D)z —g)  (2d1 e —de+ 1)z

+

2(ead — ad — 3eap +2 ap +2¢ — 1) BW 4 (g — 1)QOB(S3) |
(ag — 2)(2dye — de + 1)(z — 2) S x—2

The differential equations for B?®), B®) and B read, for § = +1,

Ox T zfl T z—1 T

L Qdie—det1) B© . 2¢B®) | e B®  (ag — DagBY

)

T rz—1 r—1 T
D gy _ [ 2di—2)e  2Ady *2)6 g, [Theml 2Adie—20)) o
ox r—1 r—1
+ 040*1 O[O*l (3)
ZT ( 0—1 T — O
EB(Q) 2(67 1)B( ) a — 1 n 2 d1 — 2 (dl — 2)5 B(2)
O e(r ap — ag — )? z—1 x

N —de—1  2(die —2¢) BO | 2(ap — 1)?
T rz—1 ap(z ag — ag — )

2(cg — 1 2¢a? — a2 —4de ag + 200 + 2 — 1
+ (0 )+ 0 0 0 0 )B(l)

T e(xag — ag — x)? o

(v —1)2 1—ag (3)
B
+<(a01)xa0+ x 8

(J.51)
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and for § = —1
5
Ope (2 _Lpo (8c=1_ 4 Jpe 221 B0
Ox r—1 =z T rz—1 T
(2die — 46+ 1)B®  4¢ B®  2¢BO (g — 1)ag BY
+ + _ 7
x rz—1 r—1 T
O py _ (A =D 2Adi=2e) pgy [ Ae—1 2Adie—2c)) o
ox r—1 x x rz—1

ap — 1 (ag —1)? (3)
— B
Jr( x (g — Dz — ag ) %7

9 oy _ 2e = 1)B? (0 — 1)2 N (2@1 ~2)c  2(di — 2)e )B(2)+
X

ox e(x g —ap — x)? z—1

—de—1  2(die—2¢) 3O 4 [ 2(cg — 1)?
x rz—1 ap(x ag — ag — )

n (ag — 1)2 N 2(ap — 1)>B(1)
oL

e(xay — ag — x)? o o
(ap —1)? 1—a0 )\ L3
Bg.

+<(0401):Ea0+ x S

Knowing the solutions for the subtopology, we can solve for the remaining two
master integrals B®) and B("). They fulfill the following differential equations,
for § = +1,

EB(LL) _ —2d1€ + 46 —1 + 2d1€ — 46 + 1 B(l)
ox 2z 2(x —2)

(J.52)

_2d1€+46 — 1 . E B(4)
r—2 T

ag— 1 (ao — 1)2 B(l)
2z 2((ap — 1)z — 2ap)

EBW) _ <(d1 —2)e  (di— 2)6) B® 4 (—46 -1 2(die—2¢ )>B(7)

T xr — 2

(J.53)
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whereas for § = —1 the differential equations read
EB(4) _ _2d1€+4€_1 + 2d1€—4€ +1 B(l)
Ox 2z 2(x — 2)
—2d 4e —1 4
+ <1e+—e _ _€>B(4) (J.54)
z—2 z

Qo — 1 (Oéo — 1)2 (1)
— B
+ ( 2x 2((ag — D)z — 209) ) 57

QB(’Y) _ ((dl — 2)6 . (dl — 2)6) B(B) + (46 1 . 2(d1€ — 2¢ )>B(7)

ox r—2 T

a —1 (a0 — 1) (3)
*( 2% 2((a0—1)x—2a0)>B5'

The initial conditions are the following. At x = 0, we have

B(l)(ac =0, € a9,d1;0)
(1.55)
= B9z =0,€e;00,d1;6) = Bay(1 — 4e, 1+ 2d1€) B(1 —¢,1 — e).

At x = 1, we have
B(5)(ac =1,60,d1;90) = B(l)(x =1,€ap,d1;9),
B(S)(ac =1,6;0,d1;0) = B(z)(x =1,€ ap,d1;9), (J.56)
BO(z =1,¢00,d1;6) = B®(z =1, ¢ a0, d1; ).

At x = 2, we have

1
B(4)(1':2,6;040,d1;5):§B(1)(1':2,6;O[0,d1;5),
(J.57)
D9 oo de-d) = L BO o — 9 e -
B (zf2,e,a0,d1,5)f§B (x = 2,6 a0,d1;9).

It is easy to check that B() is finite at = 0 and = 2. The integration
constants of B and B®) can then be fixed in an implicit way by requiring

the residues of the general solution for B(Y) to vanish at z = 0 and z = 2.

Having the analytic expression for the master integrals, we can calculate the
B-type integrals for a fixed integer value of Dy. The results for Dy = 3 can be
found in Ref. [69].

In Fig. we show some representative results of comparing the analytic and

numeric computations for the €2 coefficient in the expansion of T (x, 600,33 —
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B-type, k=1, k=-1, 6=1 B-type, k=1, k=2, =1

~ 3510° 4010’ T T T - -
a s & | — ag=1 analytic (A) + ag= 1 numeric (N)
23010 2P 2010° [+ ag=0.1 analytic (A) " 0g=0.1 numeric (N) |
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- o
2010°F & 2010°F
i3 s R
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Z 1010°F = -6010°
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Figure J.2: Representative results for the B-type integrals. }ﬁ)le plots show the
coefficient of the O(€?) term in Z(x,€; a0,3 — 36;1,k, 1,gp_) for k = —1 (left
figure) and k& = 2 (right figure) with ap = 0.1,1. The plots are taken from
Ref. [69].

3e;1,k,1,gp_) for k = —1,2 and ap = 0.1,1. The dependence on «p is not
visible on the plots. The two sets of results are in excellent agreement for
the whole a-range. For other (lower-order, thus simpler) expansion coefficients

and/or other values of the parameters, we find similar agreement.

J.3 The iterated integrals

J.3.1 The soft 7«7 integrals

In this section we calculate some of the iterated integrals that appear in the
doubly-approximate cross-section. The iterated soft integrals arise from a con-

volution of a soft and a collinear integral. they have the form [69],

T(Y, € yo,dp, g, do; k) = =Y B(—e€,—€) 2 F1(1,1,1 — ;1 —-Y)

vo , (1.58)
X / dyy_1_26(1 7y)d0 I(y;E,O[(),d();O,k,O,gA)-
0
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The hypergeometric function can be easily evaluated using the technique de-
scribed in Section The evaluation of the y integral order by order in € is a

little bit more cumbersome because the integrand has two kinds of singularities,

1. The pole in y = 0.

2. The integral 7 is order by order logarithmically divergent for y ~ 0.

The pole in y = 0 can easily be factorized by performing the integration by
parts in y. The logarithmic singularities in Z however are more subtle. We
have to resum all these singularities before expanding the integral. We find

that we can write
I(yy €, Q, dO; 0; ka 0; gA) = 9726 I(ya €, 0, dO; 0; ka Oa gA)’ (J59)

where I is a function that is order by order finite in y = 0. Eq. (I58) can now

be written as

TJ(Y, € y0,dp, ap, do; k) = =Y B(—€,—€) 2F1(1,1,1 — 1 -Y)

1 . :
x {4—6 Yo (1= o)™ I(yos €, a0, do; 0,k,0, g.1) (J.60)
44 /yod —ae 9 (1 _ o ¢ do; 0, k,0 )}
— — — J€, ; .
de 0 vy ay Yy Y; €, o, 005U, R,U, 94

As I does not have logarithmic divergences, the derivative does not produce
any poles and so the integral is uniformly convergent. We can thus just expand
the integrand into a power series in € and integrate order by order, using the
definition of the HPL’s[, Eq. (G.6). As representative examples, in Fig.[L3] we
compare the analytic and numeric results for the € coefficient in the expansion
of 7#Z(Y, €;y0,3 — 3¢, 0,3 — 3¢; k) for k = —1,2 and yo = ap = 0.1,1. The
two computations agree very well over the whole Y-range. Other (lower-order,
thus simpler) expansion coefficients and /or other values of the parameters show

similar agreement. The results for Dy = D, = 3 can be found in Ref. [69].

*Notice that the rational part of I gives a non-vanishing contribution to the lower inte-
gration limit that has to be subtracted.
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Figure J.3: Representative results for the J%Z integrals
coefficient of the O(e°) term in FZ (Y, €; 0,3 — 3¢, ag, 3 — 3¢e; k) for k = —1 (left
figure) and k = 2 (right figure) with yo = ap = 0.1, 1. The plots are taken from
Ref. [69].

J.3.2 The soft-collinear KT integrals

The iterated soft-collinear integrals arise from a convolution of a soft-collinear

and a collinear integral. they have the form [69],
IC*I(G, Yo, le7 o, d07 k) =
Yo ,
2 B(l — € _6) / dy y_1_4€(1 - y)do I(y7 €, O, dO; 07 ka 07 gA)
0

Yo ,
+2B(1-¢1-¢) / dyy (1 —y)™ " I(y;€, 0, do; 0, k, 0, g.a),
0

(J.61)

where I was defined in Eq. (I59). The first integral is exactly the same as
in Section [I.3.1l The second integral is uniformly convergent, so we can just
expand under the integration sign and integrate order by order. The results
for Dy = D}, = 3 can be found in Ref. [69)].
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Scalar one-loop integrals

K.1 Basic definitions and conventions

In this appendix we give a review of scalar one-loop Feynman integral, and
the basic notations and conventions we used throughout this work. A scalar

on-loop integral in D dimensions is defined by

12 (s (@ 0ty ) = [ o H = (K.1)

where the external momenta k; are incoming such that >." ; k; = 0 and the
propagators have the form

Dy =k* — M? 410,
2

i—1
Di=|k+> k| —M?+i0, i=2,....n K2)
j=1
Note that, although everything we say in this chapter is true in general, we
are particularly interested in this work in the case where all internal masses
are zero, M? = 0. The integral (K1) is in general divergent if D is a pos-
itive integer, and we therefore need to regularize the integral. We work in
dimensional regularization, i.e. , we evaluate Eq. (KdJ) for non-integer values

of D = Dy — 2¢, where Dy is an integer. We now have to face the problem

273
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of how to define the integration in a non-integer dimensional space. Such an
integration can be defined consistently by considering an infinite dimensional
vector space V endowed with a non-degenerate bilinear form (e.g. Minkowski
or euclidean metric) [112]. Let us consider now the space of covariant functions
over V, i.e. , the space of functions of the form f(k%, k- p1,...,k-pn) = f(k),
where k,q; € V. For any complex D, the integration (K1) can now be intro-

duced as a linear functional on this space of covariant functions,

f—>/de:f(kQ,k:-pl,...,k-pn) E/de’f(k‘). (K.3)

fulfilling the following four axioms:

1. Linearity:

/de(af(k)+bg(k)) —a /de:f(k:) +b /dezg(kz). (K.4)
2. Translational invariance:

/def(k+p) = /de:f(k:). (K.5)
3. Scaling:

/de fla-k)y=a""P /de f(k). (K.6)

4. NormalizatiorH:

/de e™F = gP/2, (K.7)

These four axioms uniquely fix the integral of the function f(k) = e_“k2+k‘p,
/de/,e—akz-i-k»p — €p2/4a /dee—a(k—p/Qa)2

(K.8)

— g~ D/2,p*/4a /de; ek — (E)D/Z eP? /4
a
The integral of a generic function f(k) can then be computed by taking linear

. . . . . . — 2 .
combinations of derivatives of the generating function e ak’+bk Poe.g.,

8 O\ _ap
2 . _ Y v ak“+bk-p
K2+ A(k - p) ( -+ Aab) I (K.9)

*We choose the normalization such that it agrees with the usual Gaussian integral in RP,
where D is a positive integer.
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The axiomatic approach we just presented uniquely defines the scalar Feynman
integrals (K]). They can often be expressed in terms of (generalized) hyper-
geometric functions. In Appendix [H we showed that different representations
of hypergeometric functions are useful to derive different properties. In the
following we argue that the different parametrizations used to evaluate Feyn-
man integrals, Schwinger and Feynman parameters, series and Mellin-Barnes
representations, are the equivalents to the four representations of the represen-
tations of the hypergeometric function, and switching from one parametrization
to another might allow one to obtain valuable information about the Feynman

integral. I

K.2 The Feynman parametrization

The Feynman parametrization is based on the identity

| o 0=y —xy)
— da; zi ! , (K.10
e} D T(vn) 11_[1 / i (x1D1 + ...+ xp,Dp)¥ ( )

K2

with v =" | v;. Inserting this relation into Eq. (K1), we obtain the following

representation for the Feynman integral,

Iy ({ui};{Q?};{Mi}) =T(v) /Dx / :TZ’;Q T 291. e K1)

where we introduced the shorthand

/Dz = evEe H / da; Ulil (1 - i;p) . (K.12)

The coefficients @ and J are given by

n 1—1
Q = - Z Z; k]v
=2 Jj=1
n 1—1 2 n (Klg)
j:ZZ'Z ij 7Z$1Ml2
=1 j=1 =1

Performing the loop integration, we can reduce the Feynman integral to

12 (0 Q@K M) = () T - Df2) [ Doty (a9)
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where the F-polynomial is defined by
F=0*-7. (K.15)

We have reduced the Feynman integral to an integral of a rational function over
the unit cube in n dimensions. Note the formal equivalence of Eq. (KI4) with
the Euler integral representation of the hypergeometric function, Eq. (H.2).

K.3 Wick rotation and analytic continuation to
the Euclidean region

The integral (KJ) is explicitly defined in Minkowski space, and from Eq. (K11])

is clear that a Feynman integral can always be written in the form
12 (@B M) = [ Pk 72) (K.16)

Separating the integration of the time component from the spatial components,
we can write, with d”k = dkodP 1k,
—+o0

12 (@ 0ny) = |

— 00

dko /delkf(kg — k). (K.17)

We now consider the contour shown in Fig.[Kdlin the complex k%-plane. If we

send the contour to infinity, we find the relation

“+o00 . —100 . +oo
/ dkof(ké—k2>=/ dkof(ké—k2>=z'/ dkpo f(—k), (K.18)

—00 +i00 —00

-,

where we defined kg = (iko, k). This operation, known as the Wick rotation,

transforms the integral into
12 (s (@ (04)) =i [ @Phe 7( k). (K.19)

Eq. (KI9) can now be interpreted as an integral in the Euclidean vector space

spanned by kg.
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)
]

Figure K.1: The integration contour in the kg-plane used in the Wick rotation.

K.4 The Schwinger parametrization

The Schwinger parametrizatiOIH is based on the identity

1 (—nw [ o
_ dov a1 ¢ D K.20
D7~ T(w) /0 Qi e (K.20)

Note that we explicitly derived Eq. (K20) in Euclidean space, where we used
the fact that in the Euclidean region D; < 0 in order to get a convergent
integral. The corresponding relation in Minkowski space is similar, up to some
factors of ¢ in the exponent. Inserting Eq. (K220) into the loop integral (K.TI),

we obtain,
IP({v}: {3 {M;)) = | D Ak Y . D; K.21
n {V1}7{Qi}7{ z} - « mT/QeXp Z;az [ ( . )
where we introduced the shorthand

oy (v v
/Da:e'“f 11 (F(V)i) /0 da a¥ 1, (K.22)

i=1

and performing the Gaussian integral in Eq. (K21) leads to

1P ({W}? {Q7}; {Mz}) = /Da ﬁ exp(Q/P) exp(—M). (K.23)

T Also known as a parametrization.
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The quantities P, @ and M are polynomials in the Schwinger parameters «;,

the internal masses M? and the momentum scales @Q?,

Q= Z Z ey <Zkl> , (K.24)

Note that the polynomials can directly be read off from the Feynman diagram

in terms of trees and two-trees [90) 113, (114}, [TT5].

The Schwinger parametrization is the starting point of the NDIM method,
which we describe in the next section. Note however at this point the for-
mal similarity between the Schwinger parametrization (K.24) and the Laplace
integral representation of the hypergeometric function, Eq. (ELS]).

K.5 The Negative Dimension approach

The crucial point in the NDIM approach is that the Gaussian integral (K.21))
is an analytic function of the space-time dimension. Hence it is possible to
consider D < 0 and to make the definition [1T6], [TT7]

APk o
57 ()" =nld, (K.25)

for positive values of n.

For the one-loop integrals we are interested in here, we view Eqs. (K21
and (K.23) as existing in negative dimensions. Making the same series ex-

pansion of the exponential as above, Eq. (K21]) becomes

12 () (@ (0)) = [ Da Z /wmf{(miff

""" (K.26)

2

/Da Z 1D< ..,nn;{Q?},{Mf})ﬁiz

np=0
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where the n; are positive integers. The target loop integral is an infinite sum
of (integrals over the Schwinger parameters of) loop integrals with negative

powers of the propagators.

Likewise, we expand the exponentials in Eq. (K.23))

[e7e] D oo
Dl v 102y () — QP (=M)™
12 (@) 0n}) = [pa Yy &5 M (k)
n=0 m=0
and introduce the integers q1, ..., qq, P1,.-.,Pn and mq, ..., m, to make multi-
nomial expansions of @, P and M respectively
& Q({I gq
oY = Z E...q!(ql+...+qq)!,
q1,--,qq=0 4
. _D > ol abnr
PR = Y S S (), (K.28)
P1yepn=0 DT’ Pn
= (CaM)™ (—anM2)™
_ m — n |
(—M)™ = > T (M )l

subject to the constraints
q
Z 4 = N,
i=1
> ;
- =
: DPi 9
=1
n
> mi = m,
i=1

D
Altogether, Eqs. (K21) and (K28) give
D 2 = 0P ...
12 ()@ () = [pa 35 EhS
Pless =0 qqu
o (K.30)
apl CLaPrh (—o M2 mi *OénMQ M
X — v (Ca |1) ...( n) (p1+ ...+ p),
1l pn! my: my!

with the constraints expressed by Eq. (K.29).
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We recall that each of the Q; is a bilinear in the Schwinger parameters, so
that the target loop integral is now an infinite sum of powers of the scales of
the process (with each of the M? and the Q? raised to a different summation

variable) integrated over the Schwinger parameters.

Equations (K26) and (K30) are two different expressions for the same quan-
tity: IP. Matching up powers of the Schwinger parameters, we obtain an
expression for the loop integral with negative powers of the propagators in

negative dimensions
17 ({vi}:{Q7}: {M3})

=S (@) (@Y (ML (M)
oy (K-31)

,,,,,

- (1 — ;) 1 1 -
(Mot rttem) (D) (2

subject to the constraints Eq. (K29). This is the main result of the negative

dimension approach. The loop integral is written directly as an infinite sum.
Given that Q can be read off directly from the Feynman graph, so can the
precise form of Eq. (K31)) as well as the system of constraints. Of course,
strictly speaking we have assumed that both v; and D/2 are negative integers
and we must be careful in interpreting this result in the physically interesting
domain where the v; and D are all positive. Furthermore, of the many possible
solutions, only those that converge in the appropriate kinematic region should

be retained.

K.6 The Mellin-Barnes representation

The Mellin-Barnes techniques rely on the following identity,

1 1 1 +ico B*
(A+ B> T(\) 2mi / dzT(=2) P\ + 2) 75 (K.32)

—100
The contour in Eq. (K32)) is chosen in the standard way, i.e. it should separate
the poles in I'(—z) from the poles in I'(A + z). We can apply Eq. (K32)) to the
F-polynomial in Eq. (KI4)), and break it up into monomials in the Feynman
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parameters x;. The integration over the Feynman parameters can now be easily

performed in terms of I' functions,

1 n
_ I'(ay)...T(ay)
de;z® 1 o(l—ay... —ap) = ——————— "7 K.33
/OH B ( ! ") Tlar+...+ay) ( )
In this way we have eliminated all the Feynman parameter integrals in terms
of Mellin-Barnes integrals, and we obtain a representation equivalent to the

Mellin-Barnes representation of the hypergeometric function, Eq. (H.3).






Appendix

Analytic continuation of the
scalar massless pentagon

L.1 Analytic continuation from Region ll(a) to
Region lI(b)

In this section we explicitly perform the analytic continuation in 1 /ta — t2/t
(or equivalently y2 — 1/y2) of the solution (I1.22)) valid in Region II(a) to
Region II(b), and we proof in this way explicitly the relation (TT.24). Let us
start with the first term in Eq. (IT.22). Using Eq. (H.12), we find

Il(Hb)(S,ShSz,tl,tz)
= A — 20T+ 2y P (1— 261 —e1—e1— 621 L
=3 OT(l+e)ys Iy Gl-6l-gl-g—", )
€ Y2 Y2
(L.1)
Similarly, the second term becomes,
IQ(IIb)(S;51752atlat2>
2
= — 5 ()T =20 T(1 +€)? cos(me) y5~'
1 L.2
><F4(1—26,176,176,1*6;72,—) (-2
Y2 Y2
1 1
+ ST+ - gy B(L1-el-el+6-2, =),
€ Y2 Y2

283
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Combining the two results, and using the identity
(—1)% —2(—1)° cos(me) = —1 (L.3)
yields

T (5,51, 50,11, 10) + IS0 (5, 51, 89, 1, 12)

) ' ) (L.4)
= t_2 (Il(II )(8,32,51;t2)t1) +12(II )(8’82’81’t2’t1))'
1
The third term becomes
I (5,51, 52,11, 1) + I (5, 51, 52, 11, 12)
to [ 1 1
:ﬁ{—gymf[1ny1—1nyz—iﬂF4(1,1+6’1+€’1+€;—£’—)
t € Y2 Y2
1 y1 1
~ S DT+ OT1 -9 F(L1-el+el-a-L, )
€ Y2 Y2
1, .
+€—2y1yz
0 146 14+6+¢| 1 - - -|l_wn 1)
X —F BETRETS ‘
96 _ — 149 14¢e¢ 14+0+€ — Y2 Y2/ 50
(L.5)
Similarly,
15(1117)(5’ S1, SQatlatQ) + IG(IIb) (8’ 51, 82’t1’t2)
ta | 1 Y2 : v 1
==y | In =+ p(—e€) —(e) +im F(1,1*6,1+€,1* ;*_a_)
t1{€2y1[ Y1 v(=e) =9 ]4 y2 Y2
1 € —€ , —€ yl 1
S T T~ F(L1 e 141+ g -2 L)
€ Y2 Y2
—e—gyf
O (140 Tkb—e| 1 - - —|lwm i)
9 _ - 146 1—¢ 1+d+e —| y'y/; f
(L.6)

The Kampé de Fériet function have already the correct form. Combining the
remaining Appell functions, and using the fact that Inys — lny; = —1In %
and

fi7r+%(71)EF(lfe)F(1+e) = (1 —€) — (e), (L.7)
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we find the desired result

t a
Il(\féb)(ﬁ,thtz) = t—QIl(\fé )(H,tg,tl). (L.8)
1

L.2 Symmetry properties in Region |

In this section we proof that the solution 11(\111)) has the correct symmetry prop-

erties under the exchange of the dimensionless quantities 1 and x5,
I I
T (R 1, t0) = T (i, 1, 12). (L.9)

The expression ([1.30) apparently violates this relation, due to the explicit
appearance of the argument x;/zs in the hypergeometric functions. In the
following we show that if we perform the analytic continuation of one of the
hypergeometric functions according to the prescription x1/x2 — x3/x1, then

the resulting expression is manifestly symmetric.

Since I fl) and 12(1) are obviously symmetric, we focus here only on the remaining
terms. Using the Mellin-Barnes representation of the Kampé de Fériet function,

we find that
$1)
— 1,
€2

€ 0,3 [ — -
Y
1—e€ 2’0(2 2—¢€
=(—1)"el'(e —€)ty t;  Fu(l,1—€e,1+€,1—€—x1,—22
el (e)T ST E (1,1 — 6,1 + 6,1
1 1 1 1 1—€ 1+4e€ xg)
— T2,

+t—1{mz——iﬂfﬂ)(lfe)fw(fe)}F4(1,1 6,1 —¢e14¢—x1,22)+

1 1 1 1 1—-€ 1-—¢€

1 1 ~ — ‘ )
140 1—-90 1—€e+d 14+e—56 ‘60
(L.10)
We already see in this expression that the terms involving F; ’03 exchange their

roles under the transformation ¢; — ts. Let us now show that the same

hold true for the remaining terms, and let us concentrate on the terms in
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Eq. (IT.39) having a coefficient involving (—t1)~¢. The terms involving deriva-

tives of Kampé de Fériet functions become

1 1 1—e¢
2 — j—

0 146 1+4+6—
%1 G

0
95 10

1 1 — —
146 1-6 1—c+6 1+e—5‘_$1’_””2)5_0

D

(%)

_ 1 _ _
— 146 1—¢ 1+e+5‘x1’z2)|6_0

ZEFQJ 146 14+d5—c¢ 1 — — i PP
a5 02\ - - 148 - r1—etd 1he| V) )
(L.11)
where we used the fact that for any function f
0
55 F@+59) =0 (L.12)

The resulting function is now symmetric to the corresponding one with coef-

ficient (—t2)~¢. Finally for the terms involving an Appell Fy function we find

[lnxl —’iﬂ'} Fy(1,1—€61—¢€,14¢6—x1,—22)

1
_ [lnxl 2 (=€) — (e) + (—1) D (—e) F(e)} (L.13)
€
x Fy(1,1—€,1—¢€,14 ¢ —x1,—22),
where the last step follows from Eq. ([LZ). This term is symmetric to the
corresponding one with coefficient (—t3) ¢ after the latter has been combined

with the first term in Eq. ([L.I0), and this finishes the proof that Eq. (I1.39) is

indeed symmetric under the transformation (¢ < ta, 1 < $2).

L.3 Analytic continuation from Region ll(a) to
Region |

In this section we show how the solution in Region I, Eq. (IL36]) can be obtained
by performing analytic continuation from Region II(a), Eq. (IT.22]), according
to the prescription y3 — 1/y;.



L.3. Analytic continuation from Region II(a) to Region I 287

Let us start with Il(Ha) and IQ(HG)

for the Appell Fy function, Eq. (HI2]), we find

. Using the analytic continuation formulas

Il(IIa) (S; S1, 527t17t2)

1
=—= w7y T(1—20)T(1+€)? Fyu(1 —26,1 —¢e,1 —¢,1 — € —1, —x2)
€

:151)(8751’S2,t1,t2)|y1*>1/y17
IQ(IIG)(SaslaSQatlatQ)

1
:—33521"(1 +e)T(1—€) Fu(1,14+€614+¢€1+6—x1,—22)

€
:IQ(I)(S’Sl’82’t1’t2)|ylﬁl/y1'

(L.14)

LEIIU,)

Performing the analytic continuation for Ig(,Ha) + and collecting all the

terms we find,

1 e U

_6(176),731 $25
- — |1 1 1 1 1-€¢ 1- z

xF£§’<2 N B 76 76 :El’x_;>
_ 6l2$;6$2 [1n:r2 +¥(l—e) *1/1(*6)} Fi(1,1 —€,1 —€,1+ € —x1, —12)
76—2zf6$2

B 1+6 1—e+6|— 1 - B
X%FOQ,’21< J: i+ ‘ 146 1—e 1+6+5‘x1,$2)|6_0-

(L.15)

Comparing with Eq. (IT.39), we see that we find the correct terms. The analytic

continuation of I E()Ha) + Iéna) follows similar lines. We immediately find the

remaining terms in Eq. (IT.39).






Appendix

The pentagon integral from
Mellin-Barnes integrals

In this appendix we compute the scalar massless pentagon as a Laurent series
in e using Mellin-Barnes integral techniques. In Ref. [T18] a Mellin-Barnes

representation for the pentagon was given,

(71)NV eVEe
IL'(D—N,)

1 +ico 4

—iee =1
D_ s\ /so\A [t (2™
<EE () () (%)

D
XF(V5+Z1+22)F(§—NV+V1—21—22—23)F(V2+22+Z3)

D
15 (V17V27V37V47V5;Q7,2) =

D
XF<5NU+I/32223Z4>F(1/4+23+Z4)

D
XF<§+NU+21+ZQ+23+Z4),

289
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where N, = Y v;. In particular, if we put v; = 1 and D = 6 — 2¢, then we get
— eVEE (78)7276
(1 — 2¢)

g [ Mo (37 ()7 (2) " (3)°

i=1
xT(z1+224+ )T (—e—21 —20— 23— 1)T (22 + 23+ 1)
Tr

IP(1,1,1,1,1;Q%) =

xT(—e—2za—23—24—1)T(254+ 24+ 1)T(e+21+20+23+24+2).

(M.2)

In the following we extract the leading behavior of this integral in the limit de-
fined by the scaling (IT.6)), and we show that this leading behavior is described
in all the regions by a twofold Mellin-Barnes integral, which can be evaluated

in terms of multiple polylogarithms.

M.1 Evaluation of the Mellin-Barnes integral in
Region |

Performing this rescaling (I1.6)) in the Mellin-Barnes representation (M.2]) and

after the change of variable z4 = z — 21 — 29 — 23, we find

1P(11,1,1,1;Q%) = —err (o) 1 /+mdd dzyd
’ T(1—2¢) (m)t ), (7o

z—2z1—22—23 z1—z2—23 [ Z2 t Z3
e (0 Gy
S S S S

xT(—e—z1—1)T(—e—2+21—1)T (2 — 21 — 22+ 1) T (—22)

(M.3)

xT(e+z—20—23+2)T(—23)T (22 + 23+ 1)
XD(—z14+204+23) T (—2+21+20+23) (21 — 23+ 1).
To obtain the leading behavior in our limit A — 0 let us follow the strategy
formulated, e.g., in Chap. 4 of [113,[90]. We close the contours to the right, and
we think of the integration over z as the last one, and we analyze how poles in
['(... — z) with leading behavior A~2 might arise. There is only one possibil-
ity, coming from the product I' (—e — 2z 4+ 21 — 1)T'(—e — 21 — 1). Taking the

residues at z1 = —1 — € + n1, n1 € N, we find

Nl (—e—2z+21—1) > NT (-2e—2—2z+n4). (M.4)
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If we now take the residues at z = —2 — 2¢ + n1 + ng, ny € N, we find
NT(—2€ =2 — 2+ ny) — A2 2eFmatnz, (M.5)

Since we are only interested in the leading behavior in A~2, we only keep the
terms in ny = ny = 0. Hence, we find a twofold Mellin-Barnes representation

for the pentagon in multi-Regge kinematics,

I9(11,1,1,1;,Q7) = rr 7*¢ (;“S) 70 (1,11, 1) (M.6)
192
with
I (5, ty,t0) = -1 1 /-HOO dzy dzg x7* 32
TR T+ (1 —€)2 2mi)? . AT
XT(—e—21)T(—21)
['(—€— 29)

XxT(—e—21 —22) T(—22) T (21 + 22 + 1) T (€ + 21 + 20 + 1)°,
(M.7)

where x1 and x9 are defined in Eq. (ILI4)). The contours are taken following
the usual Mellin-Barnes prescription, i.e. , the contour should separate the
poles in I'(... + 2;) from the poles in I'(... — z;). Note that this expression is
symmetric in x; and x2, as expected in Region I. We checked that if we close
the integration contours to the right, and take residues, we reproduce exactly

the expression of the pentagon obtained from NDIM, Eq. (IT.39).

We evaluate the Mellin-Barnes representation (M.G) and we derive an Euler
integral representation for the pentagon in multi-Regge kinematics. Let us
concentrate only on the Mellin-Barnes integral. We start with the change of
variable zo = z — z; and we find

1 1 +ioo

F(1+e)T(1—¢€)? (2m)? J_;00

xT(e+24+1)°T (—e—2) T (=21)T (21 —
xT(—e—2)I'(24+1)

dzy dz 2 22
123

I (k, by, t9) =

2)T(—e— 2+ 21) (M.8)
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We now replace the Mellin-Barnes integral over z; by an Euler integral by using

the transformation formula,

% e dz1 T(—21)T(c — 21) T(b+ 2z1) T(a + 21) X**
e . (M.9)
=T(a)T(b+c) /0 dvo®™ 1 (1 —0)* =11 — (1 - X)v)™°,

and we find

I(I) toto) = - / d / dv 2% (1 — —2e—z—1
(K’a 1, 2) F(l + 6) 1—\(1 _ 6)2 27mi i z 0 UV Ty ( U)

x vl (1 —w <1 - i—l))+ T(—e—2)°T(z + Dl(e + 2 + 1)2.

(M.10)

To continue, we exchange the Fuler and the Mellin-Barnes integration. Note
that we must be careful when doing this, because some of the poles in 2z could
be generated by the Euler integration. We checked numerically that in the
present case the exchange of the two integrations is allowed and produces the
same answer. We now close the z-contour to the right and take residues at

z=n—¢en€N.

i 1 [eS)
) _ 7 A=n 0
T (HatlatQ) 2F(1+6)F(176) /O d’U HZ:O n| ( x?)

x T (1 — )T (1 — v(l — ﬂ))n

x2

)

X {1n2(lv)+ln2v+1n2 <lv<lﬂ>) + %z +Y(n+1)2

+ 72 +2In(1 —v)Inv —2In(1 —v)In (1—U (1—ﬂ))

€2

—2lnvln (1 —v <1 — ﬂ)) —2In(l —v)Inze — 2Invinz,y
X2

+2In (11} <1ﬂ>)1nz2+21n(1v)¢(n+1)

)

—2In (1—U (1—2)) G(n+1) —2Inas (n+1)

(M.11)
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+(—e+n+1)*+2mvp(n+1) —2In(l —v)P(—e+n +1)
—2Invtp(—e+n+1)+ 2 (1 —v (1 - i—;)) b(—e+n+1)
+2Inasp(—e+n+1) —2¢(n+ Dp(—e+n+1) — D (n+1)
+ W (—e+n+ 1)}.

To continue, we perform the e-expansion under the integration sig

TN (ki ty,ts) = T (w1, 22) + €T (21, 22) + O(€2). (M.12)

We find

i (21, 22,0)

1
I(()I)(.Tl,l'g) :/ dw = (M.13)
0

— XU+ ToU — U — T
and

! (1, 29, 0)
T (21, 29) = / d v, %2 . M.14
1) 0 Yy (—z1 4z — 1)v — 29 ( )

where i(*) and i(!) are functions depending on (poly)logarithms of weight 2

and 3 respectively in z1, 2 and v (Since the expressions are quite long and
do not add anything new to the discussion, we prefer to show them in Sec-
tion [ML3]). Note that this implies that Iél) (%1, 22) and Ifl) (x1,x2) will have
uniform weight 3 and 4 respectively, as expected. Furthermore note that the
poles in v = 0 and v = 1 have cancelled out. However, we still need to be care-
ful with the quadratic polynomial in the denominator of the integrand, since
it might vanish in the integration region. We analyze this situation in the rest

of this section.

We know already that the phase space boundaries in Region I require

VL +yae < 1. (M.15)

This subspace of the square [0, 1] x [0, 1] is at the same time the domain of the

integral Z(x1,x2;€). We can divide this domain further into

*Note that we must be careful when we do this, since the integrals might contain poles
coming from the terms 1/v(1 — v). As we will see in the following however these poles are
spurious and cancel out.
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1. Region I(a): o1 < z3.

2. Region I(b): a2 < 2.

We now turn to the quadratic denominator in Eqs. (M.I3) and (M14). The

roots of this quadratic polynomial are
1
AL = M2, 22) = B (1+£E1 — T2 — \//\K) ;
1
A2 = Ai(21,22) = > (1+£E1 —Z2+ \//\K) ;

where \g denotes the Kéllen function

(M.16)

Ak = Mg (21, 29) = M1, w2, —1) = 1+ 27 + 23 + 221 + 225 — 22125, (M.17)

First, let us note that Ag(z1,22) > 0, V(x1,22) € [0,1] x [0, 1], and hence the
square root in Eq. (M.I6]) is well defined in the Region I. Second, it is easy to
show that on the square [0,1] x [0, 1] we have,

—-1< )\1($1,$2) <0 and 1< )\2($1,$2) < 2. (MIS)

For later convenience, let us note at this point the following useful identities
A1Ae = —x2,
M+ =142 — 29,

A= X = = Ak, (M.19)

26
From Eq. (MLI8) it follows now immediately that the quadratic denominators
in Eqgs. (M.I3) and (M.14) do not vanish in the whole integration range [0, 1],
and hence all the integrals in Eqgs. (M.13) and (M.I4) are convergent. Using
partial fractioning and the relations (ML.I9)) we can write

Iél) (.T1, 'TQ)

1(0) (z1, 22,0 z(o) (z1,29,v) (M-20)

\/_/ v — Ag \/_/ v—XN

and

IEI) (.T1, 'TQ)

1 /1 . 1(1)(361’362’ / (1) (21, 22,v) (M.21)
= — v — 2 7
\/)\K 0 ’U*/\Q \/ ’U*/\l
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Let us introduce at this point the function

i) - )\1)\2
XTo — I o )\1+)\2—1.

)\3 = )\3 (1‘1, 1‘2) = (M22)

This function appears in i(%) and i(!) through the logarithm

ln<lv<1i—;))ln<1%>/vtft)\3. (M.23)
0

It is easy to see that this logarithm is well defined in Region I, since

1. In Region I(a), 1 < x2, and hence Az > 1.

2. In Region I(b), 22 < x1, and hence A3 < 0.

Note however that A3 diverges on the diagonal z; = 2. This is not a contra-

diction since

v dt v de
im [ — = lim / =0, (M.24)
z2—T1 [ t— )\3(1‘1, 112) Az—o0 Jg t— A3

in agreement with

lim In (1 —v <1 - ﬂ)) = 0. (M.25)
To—T1 o

We now evaluate the integrals Iél) and Ifl) explicitly. To this effect, let us

introduce some generalized multiple polylogarithms defined by
G(a,W; z) = / dt f(a,t) G(w;t), (M.26)
0

where

1
t—a

flat) = (M.27)

If all indices are zero we define

. 2dt - 1
G(0p;2) = / — G(0p—1;t) = = In" 2. (M.28)
1 t n'
In particular cases the G-functions reduce to ordinary logarithms and polylog-
arithms,
1 o
Gan; =) = — " (1 - Z) . G(0n_1,a;2) = —Li, (2) . (M.29)
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Note that these definitions are straightforward generalizations of the harmonic
polylogarithms, and hence these functions inherit all the properties of the
HPL’s. In particular they fulfill a shuffle algebra

G(i; 2) Gl z) = Y G(i;2). (M.30)

=1 Wi

If the weight vector W has a parametric dependence on a second variable, then
we obtain multidimensional harmonic polylogarithms. Finally, let us introduce
the following other set of functions, which will be useful to write down the

answer for the pentagon
M (W) = G(w; 1). (M.31)

The M-functions defined in this way are in fact Goncharov’s multiple poly-
logarithm (up to a sign) [108, [109]. For a more detailed discussions of these
functions, and their relations to Goncharov’s multiple polylogarithm, see Ap-
pendix [G4l It is clear from the definition that these functions form a shuffle
algebra

M(wy) M(dp) = Y M(w). (M.32)

W=1w1 W

Using these functions we can easily integrate Iél) and Ifl). We illustrate this

procedure explicitly for the integral

/01 . ivm In (v (i—: - 1) + 1) In(1 — v). (M.33)

First we can express all logarithms in terms of the G-functions we defined:

1n<v<;—;1)+1) In(1 — ) 1n<1A13> In(1 — )

= G(A\3;v) G(1;0) (M.34)
= G()\3, 1; ’U) + G(l, )\3;1)).
Then we get
L o T
1 — -1 1) In(1 —
/ov—)\ln<v<$2 )+)n( v)
LG, 1) LG, s50)
— d ) bl d ) b
/0 v o= N +/0 v o N (M.35)

= G(A17>\37 17 1) + G(Alv 15 )\37 1)
= M()\h)\?n 1) + M()\lv 15 >‘3)
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All other integrals can be performed in exactly the same way, and we can hence

express I(()I) as a combination of M-functions. We find

I (21, 202) =
(M.36)

S (A e+ Z)M () + (= % ws — B )M () — InwaM (A,0) -
lnng()\l, 1) + 1D$2M()\1,)\3) + lnng()\g,O) + 1D$2M()\2, 1) —
1HSC2M(>\2 )\3) + M()\l,0,0) + M()\l,(), 1) - M()\l,o,)\g) +M(>\1, 1,0) +
1,

) ()\1)17)\3) - M()\la)\3)0) - M()\la)\3)1) +M()\17)\3))\3) -
0) — M (A2,0,1) + M (A2,0,A3) — M (X2,1,0) — M (A2,1,1) +

()\1)
(AQ; )

M(AQa 17>\3) + M(AQ; >‘370) + M(AQ; )‘37 1) - M(AQ; )‘3; )\3)

Note that this expression is of uniform weight 3, as expected.

The integration of Ifl) can be done in a similar way as for Iél). However, there
is a slight complication. The function i(!) contains polylogarithms of the form

Li, <%> . (M.37)

In order to perform the integration in terms of G-functions, we have to express
these functions in terms of objects of the form G(...;v). In Appendix [N.1] we
show that the following identities hold:

Lip (Meigeapiee ) —

(M.38)
—lln2x1 +Inzolnz; —In 2o — G(0,0;v) — G(0,1;v) + G (0, A\1;v) +
G (0, A2;v) — G(1,0;v) — G(1,L;0) + G (1, A1;0) + G (1, Ao;v) + G (A3,0;v) +
G (A3, 1;0) = G (A3, A1;0) — G (A3, A2;0) + G(0;0) Inzg + G(1;0) Inag —
G g3 0) Inars — M (0, A1) — M (0, ha) + M (A, 1) + M (A2, 1) — M (A3,0) —
M (X3,1) + M (A3, A1) + M (X3, A2) — %
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Liy (Hosmpees) _

(M.39)
%hlg 1 — 1G(0;v) In 21 — 3G(1;0) In® 21 + LG (As50) In® 2 —

1M (X3) In®z; + G(0;v) Inzy Inzy + G(1;0) InzyInzy — G (A3;0) Inzg Inay +
InzoM (A3) Inzy + %7‘(‘2 Inz; — G(0;v) In? 25 — G(1;v) In? 29 +
G (A3;v) In® 35 — 172G (0;v) — 2m2G(L;v) + 172G (As;v) — G(0,0,0;v) —
G(0,0,1;v) + G (0,0, A1;0) + G (0,0, A3 v) — G(0,1,0;v) — G(0, 1, 1; ) +
G (0,1, A130) + G (0,1, Ao; v) + G (0, A3, 0; v) + G (0, Az, 1;0) — G (0, Agy Ais v) —
G (0, A3, A2;v) — G(1,0,0;v) — G(1,0,1;v) + G (1,0, A1;v) + G (1,0, A5 v) —
G(1,1,0;v) — G(1,1,1;0) + G (1,1, A1;0) + G (1,1, Ag;v) + G (1, A3, 0;0) +
(L, A3, L;0) — G (1, A3, A\1;0) — G (1, A3, Aa; v) + G (A3, 0,0;v) + G (A3,0, 1;0) —
(A3,0,A1;0) =G (A3,0, A2;0)+G (A3, 1,0;0)+G (A3, 1, 1;0) — G (A3, 1, A1;0) —
(A3, 1, A0;v) — G (A3, A3,0;0) — G (A3, A3, 1;0) + G (A3, A3, A1;0) +
(A3, Az, Ag;v) + G(0,0;v) Inze + G(0,1;v) Inzy — G (0, Ag;v) Inxe +
(1,0;v)Inze + G(1,1;v) Inzy — G (1, A5;0) Inae — G (A3, 0;v) Inag —
(A3, 1;0) Inzy + G (A3, A3;v) Inxy — In® 29 M (N3) — w2 M (A3) —
G(0;v)M (0, A1) — G(1;0)M (0, A1) + G (A3;v) M (0, A1) — M (A3) M (0, A1) —
G(0;v)M (0,A2) — G(1;0)M (0, A2) + G (As;v) M (0, A2) = M (A3) M (0, A2) +
InzoM (0, A3) + G(0;0)M (A,1) + G(1;0)M (A1,1) — G (Ag;v) M (A1, 1) +

QQQaQ

QQ

M (A3) M (A1, 1) + G(0;0)M (A2, 1) + G(L;0)M (A2, 1) — G (Ag50) M (A2, 1) +
M (A3) M (A2,1) = G(0;0) M (A3,0) — G(1;0)M (A3,0) + G (Asz;0) M (/\37 0) +
Inao M (A3,0) — M (A3) M (A3,0) — G(0;0)M (A3,1) — G(1;0)M (A3, 1
G(Ag;0) M (A3,1) =M (A3) M (A3, 1)+ G(0;0)M (A3, \1) +G(1;0) M (/\3,)\1)

G (A3;0) M (A3, M) + M (A3) M (A3, A1) + G(0;0) M (A3, A2) +

G(1;v)M (A3, A2) —G (A3;0) M (A3, A2) + M (A3) M (A3, A2) —Inazo M (A3, A3) —
M (0,0,A1) — M (0,0, A2) + M (0, A1,1) + M (0, \2,1) — M (0, A3,0) —
M (0,A3,1) + M (0, A3, A1) + M (0, A3, A2) — M (M\q,1,1) = M (Ao, 1,1) —
M (X3,0,0) + M (Xs5,0, A1) + M (Xs,0,A2) + M (As,1,1) — M (A3, A\,1) —

M (

A3;>\27 )+M()\35A3;0)+M(A37)\371)M()\3a>\37>\1)M()\3a)\3;>\2)>'



M.1. Evaluation of the Mellin-Barnes integral in Region I 299

Using these identities we can express i(!) completely in terms of G and M-
functions, and perform the integration in exactly the same way as for Iél).

The result is

I (21, 20) =
(M.40)

e {(1112 22+ 5 )M (M, 0) = 372M (0, 1) + (S0 + )M, h) +

2

(3107 22+ % )M (A do) + (=3 %01 +Inws Inwy —210% 25— 5 ) M (A, As) +
(=222 = )M (2,0) + 272M (2, 1) + (= S 0% @5 — 5 ) M (Ao, M)+
(—%1n2:c2——) ()\2,)\2) ( In? 1 —Inzolnax, +21n? To+ 2)M )\2,)\3

%ln 1 +InaxsInz; — In2 To — ’T—) ()\3,)\ )

(%ln 1 —Inzglnz; +1nzo + %) ()\3,)\2) — 21nz2M(0,)\1,)\1) +
In@a M (0, A1, A3) + 2Inaa M (0, A2, A2) — Inaa M (0, A2, A3) +

In@a M (0, A3, A1) —In@wa M (0, A3, A2) —2InzaM (A1,0,0) —Inaa M (A1,0, A1) —
Inwa M (A1,0,X2) +2Inao M (A1, 0,A3) + 2Inzo M (A, 1,1) +

InwoM (A, 1,M1) —InzeM (A1, 1, A2) — InzaM (A1, 1,A3) —Inaa M (A, A1, 0) +
lnng()\l, A1, 1)+1nz2M()\1, A1, )\3) —1nz2M()\1, Ao, O) —1nz2M()\1, Ao, 1) +
In@wa M (A1, A2, A3) + 2Inaa M (A1, A3,0) — Inze M (A1, A3, 1) +

lnng()\l, A3, )\1) + lnng()\l, A3, )\2) — 21nz2M()\1, A3, )\3) +

2InxoM (A2, 0,0)+1Inao M (A2, 0, A1) +1nwa M (A2, 0, A2) —2Inwa M (A2, 0, A3) —
21nx2M()\2, 1, 1) +lnx2M()\2, 1, )\1) —1nx2M()\2, 1, )\2) +lnx2M()\2, 1, )\3) +
lnng()\g, A1, O)Jrlnng()\g, A1, 1) —1nz2M(/\2, A, )\3) +lnz2M()\2, Ao, 0) —
InwaM (A2, A2, 1) — Inza M (A2, A2, Az) — 2Inza M (A2, A3, 0) +

lnng()\g, A3, 1) — lnng()\g, A3, )\1) — 1nz2M()\2, A3, )\2) +
2InzaM (A2, A3, A3) — Inza M (A3, 1, A1) + InzaM (A3, 1, A2) —

lnng()\g, A1, 1) + 21nz2M(/\3, A1, )\1) — 1nz2M(/\3, A1, )\3) +

InzoM (A3, A2, 1) — 2In@a M (A3, A2, A2) + Inzo M (A3, A2, A3) —

In@a M (A3, Az, A1) + Inaza M (A3, Az, A2) — 2M (0,0, A1, A1) +2M (0,0, A2, Az) —
M(0,A1,0,A1) — M (0,A1,0,X2) + M (0, 1,1, A1) — M (0, A1, 1,X2) +

2M (0, A1, A1, 1) — 2M (0, A1, A1, Az) — M (0, A1, A3,0) — M (0, A1, Ag, 1) —

M (0, A1, A3, A1) + M (0,1, A3, A2) + M (0,A2,0, A1) + M (0, A2,0,A2) +
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M0, M0, 1, Ay

( — M0, X2, 1, Ao M (0, X2, A2, 1) 4+ 2M (0, Az, A2, A3) +
(0, A2, A3,0 1)

(

(

( ) -

M(0,A2,A3,1) — M(O A2, A3, A1) 4+ M (0, A2, Az, A2) —

M(0,X3,0,A2) — M (0,A3,1, A1) + M (0,A3,1,A2) —
— M (0,3, A1,1) + M (0, A3, A2,0) + M (0, A3, A2, 1) +

( ) = M( ) -

(

(

++

0, 3,0, A1
0,23, 1,0
2M (A1, 0,0,0
2M (A\1,0,1,1
M (AM,0,X2,1
(A1,1,0, A3

M
M
M
— M (X1,0,0, A1) — M(A1,0,0,A2) — M (A1,0,0,A3) —
+ M (A1,0,1,A3) + M (A1,0,A1,1) — M (A1,0,A1,A3) +
— M (A1,0,A2,A3) —2M (A1,0,23,0) — 2M (A1,1,0,1) +
M(A1,1,1,0) —4M (A1,1,1,1) — M (A, 1,1, A1) +
(A1, 1,1, 0 M(A1,1,1,A3) — M (A, 1,A0,1) + M (A1, 1, A1, A3) +
(M, 1,A2,1) = M (A1, 1, A2, A3) + M (A1, 1,A3,0) 4+ 3M (A1, 1,A3,1) +
(A, 1 A3, 00) — M (A1, 1, A3, A2) — 2M (A1, 1, A3, As) + M (A1, A1,0,0) +
(

w N

+

\./\/\./\/\_/\_/\/\_/\/\_/

(A1, A1,0,1) = M (A1, A1, 0,A3) + M (A1, A1, 1,0) — M (A, Aq,1,1) +
AL AL L A3) — M (A1, A1, Az, 0) 4+ M (A, A, Ag, 1) + M (Mg, A, A, As) +
(M, 22,0,0) + M (A1, A2, 0,1) — M (A1, A2,0,A3) + M (A1, A2, 1,0) +
(A, A2,1,1) = M (A1, A2, 1, A3) — M (A1, A2, A3, 0) — M (Ar, A2, Az, 1) +
(A1, A2, Az, Az) — 3M (A1, A3,0,0) + 3M (A1, A3, 1,1) + M (A1, A3, 1, A1) —
(Mo A3, 1, A2) — 2M (A1, Az, 1, A3) + M (A1, Mg, A, 1) + M (A1, Az, A, Ag) —
(A1, Az, A2, 1) + M (A1, Az, A2, Ag) — 2M (A1, Az, Az, 1) + M (A1, Az, Az, Ar) +
(A1, A3, Az, A2) — 2M (X2,0,0,0) + M (X2,0,0, A1) + M (X2,0,0,A2) +
A2,0,0,A3) +2M (A2,0,1,1) — M (A2,0,1,A3) — M (X2,0,A1,1) +
A2,0,A1,A3) — M (A2,0,A2,1) + M (2,0, A2, A3) + 2M (A2,0, A3,0) +
2M (A2,1,0,1) — M (A2,1,0,A3) 4+ 2M (A2, 1,1,0) + 4M (A2, 1,1,1) —
M(A2,1,1,A1) + M (X2, 1,1,00) —3M (A2, 1,1, A3) — M (X2, 1,A1,1) +

— M (A2, 1, A2, A3) — M (A2, 1,A3,0) —
M

SEEESEEESEEEEEEEREEER

(

M (

(

M (X2, 1, A1, A3) + M (X2, 1, A0, 1)
3M (X2, 1,X3,1) + M (A2, 1, A3, A1) — M (A2, 1, A3, A2) + 2M (A2, 1, A3, A3) —
M (X2, A1,0,0) = M (A2, A1,0,1) + M (A2, A1,0,A3) — M (A2, Aq,1,0) —

(A2, A1, 1, 1) + M (A2, A, 1, A3) + M (X2, Aty As, 0) + M (A2, A1, Az, 1) —
(A2, A1, Az, Az) — M (A2, A2,0,0) — M (A2, A2,0,1) + M (A2, A2, 0, A3) —
(A2, A2, 1,0) + M (A2, A2, 1,1) — M (A2, A2, 1, A3) + M (A2, A2, A3,0) —

(A2, A2, Az, 1) — M (A2, A2, Az, Ag) + 3M (A2, A3,0,0) — 3M (A2, A3, 1,1) +
(A2 A3, 1, A1) — M (A2, A3, 1, A2) 4+ 2M (A2, A3, 1, A3) + M (A2, A, Aq, 1) —
(A2, Az, A1, Ag) — M (A2, Az, Ao, 1) — M (A2, Az, A2, Ag) + 2M (A2, A3, Ag, 1) —
(A2, Az, A3, A1) — M (A2, Az, Az, A2) — M (A3,0,0, M) + M (A3,0,0,A2) —
(A3,0,A1,0) — M (A3,0,A1,A3) + M (A3,0,A2,0) 4+ M (X3,0, X2, A3) —

SEEESEEEEES
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A3,0,A3, A1) + M (X3,0, A3, A2) + M (A3,1,1, A1) — M (A3,1,1,A2) +

Az, 1, A1, 1) — M (A3, 1, A1, A3) — M (A3, 1, A2, 1) + M (X3, 1, A2, A3) —

A3, 1, A3, A1) + M (A3, 1, A3, A2) — M (A3, A1,0,0) — M (X3, A1,0,A3) +

Az, A1, 1,1) — M (As, A1, 1, A3) +2M (A3, A1, A, Az) — M (A, Ar, Az, 0) —
A3 A1, Az, 1) 4 2M (A3, A1, Az, A1) + M (A3, A2,0,0) + M (A3, X2,0,A3) —
A3, Az, 1, 1) + M (A3, A2, 1, A3) — 2M (A3, A2, A2, As) 4+ M (A3, A2, A3, 0) +
A3, A2, As, 1) — 2M (A3, A2, As, A2) — M (A3, 43,0, A1) + M (A3, A3,0,X0) —
A3, Az, L) + M (A3, Az, 1, A2) — M (A3, Az, A1, 0) — M (A3, A3, A1, 1) +

2M (X3, A3, A1, A1) + M (A3, A3, A2, 0) + M (A3, A3, A2, 1) — 2M (X3, A3, A2, A2)+

M()\g)(—%lngxl +%lnxgln2x1 —ln2x21nx1 —%77‘2111.1‘1 —|—1n3x2+

SEEEEEEE

(
(
(
(
(
(
(
(

%7?2 Inxs — C3) —l—M()\l) (%ln?’ T — %11’1,(62 In? 1 + In? Tolnxy + %71'2 Inx; —

In3 To — %7‘(2 Inzs + Cg) }
Note that I{I) is of uniform weight 4, as expected.

M.2 Evaluation of the Mellin-Barnes integral in
Region |l

In this section we evaluate the pentagon in Region II. Since the Regions II(a)
and II(b) are related simply by z1 <> 22, we only concentrate on Region II(a).
The procedure is very similar to Region I, i.e. we start by deriving a twofold
Mellin-Barnes representation for the pentagon in this region, which we then
reduce to an Euler-type integral, and finally we express the result in terms of
Goncharov’s multiple polylogarithms. Performing this rescaling (IT.6]) in the
Mellin-Barnes representation (M.2]) and after the change of variable
23 — 2 — 21— 2,

) (M.41)
z24 — —2—22 + 21,
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we find

_ pVEE (7!9)7672 1 —+100
1P(1,1,1,1,1; Q%) = —< / dzdz'dz d
5 ( 9 Ly Ly Ly ,Qz) F(1—26) (27_”)4 e zZdz dz1 ArR2

S1 —2—22"+2; s2\?1 [t 22 to —z1—22+2' .
“(3) G G) G »
s s s s
XT(=21)T(=22)T (21 + 20+ )T (—e—2' =T (e—2+2 — 2" +2)
XT(—2—20—2"+1)T(z1+22—2)T(—e+2+2 —1)T (=21 + 2" +1)
XT(z+21+2204+2(—21 — 20+ 7).
(M.42)

We think of the integration over z as the last one, and we analyze how poles
in I'(... + z) with leading behavior A~2 might arise. There is only one possi-
bility, coming from the product I' (—e — 2’ — 1) T' (—e + z + 2’ — 1). Taking the

residues at 2/ = —1 —e+n', n’ €N, we find

AT (—e+2+42 —1) > AT (—2e—2+z+17). (M.43)
Taking the residues at z = 2 +2¢ —n — ', n € N, we find

NT (=2 — 2+ 2 +n') — A~272etn4n (M.44)

Since we are only interested in the leading behavior in A~2, we only keep the
terms in n = n’ = 0. Hence, we find a twofold Mellin-Barnes representation

for the pentagon in multi-Regge kinematics,

IP(1,1,1,1,1; Q%) = rp 75 7(*'? TUI) (4 b1, ty) (M.45)
St2
with
€ 1 +i00
I(Ila) toto) = Y1 / dz d 21, 22
(k,t1,t2) T+ T =2 @m) ) . z21d22 Y7 Yo

X T (—e—21)T (=21)T (21 + 1) T (=€ — 20) ' (= 22) (M.46)

xT(z1+224+1)T(e+21+22+1),
where y; and yy are defined in Eq. (ILI8). The contours are taken following

the usual Mellin-Barnes prescription, i.e. , the contour should separate the

poles in I'(... + 2;) from the poles in I'(... — z;). We checked that if we close
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the integration contours to the right, and take residues, we reproduce exactly
the expression of the pentagon obtained from NDIM, Eq. (IT.22).

We now evaluate the Mellin-Barnes representation (M.45]) and we derive an
Euler integral representation for the pentagon in multi-Regge kinematics. Let
us concentrate only on the Mellin-Barnes integral. We can now use the iden-
tity (ML), and we checked again numerically that we can exchange the Euler
and the Mellin-Barnes integration. We find

€ 1 1 +io0
I(Ila) t ot — Y1 / d / d 1— z1—€, €e+2z1
(e tte) = e gra—ep 2m Jy al=—v)7™

Xyt (I—v(1l—y)) " ' T(—e—2) D (=21)°T (21 + 1)°.
(M.47)

—100

Finally, we close the z;-contour to the right and take residues at z; = n; —
e,n1 € N. As in the case of ZI), we can sum up the series of residues and

expand the integrand in a power series in €,

THD (5, 11, t2) = T8 (41, y2) + € T (91, 92) + O(E2). (M.48)
We find
I (g1, y2) = /1 dv 1O, v2,0) (M.49)
0 ’ 0 (Y192 —y1v —yov +v — 1)’

and

1 D1, 2,0)
70 _ / dv 39 (Y1, y2, . M50
1 (yl y2) 0 (leQ — Y10 — Yo Fo— 1) ( )

where §(© and j(!) are functions depending on (poly)logarithms of weight 2 and
3 respectively in y1, y2 and v (See Section [M.4)). Note that this implies that
I(gna)(yl, y2) and Ifna) (y1,y2) will have uniform weight 3 and 4 respectively,
as expected. Furthermore note that the poles in v = 0 and v = 1 have cancelled
out. We need however still to be careful with the quadratic polynomial in the
denominator of the integrand, since it might vanish in the integration region.

We will analyze this situation in the rest of this section.

We know already that the phase space boundaries in Region II(a) require

—V/x1 + x2 > 1. (M.51)
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Since this implies 25 > 1 and 22 > 21, we get from Eq. (ILI]) that 0 < y1,y2 <
1. We now turn to the quadratic denominator in Eqs. (M.49) and (M50). The

roots of this quadratic polynomial are

1
A =N (,y2) = S <1 +y1+y2 — \/)\}(> ,
Y1

1
Ay )\(91,92)22—%( 1+y1 +y2 + X),

(M.52)

where N denotes the Kéllen function
Nie = Nie(1,92) = M=y1,92,1) = 1+ 97 + 93 + 2u1 — 2y2 + 2p192. (M.53)

First, let us note that A (y1,y2) > 0 everywhere in Region II(a), and hence
the square root in Eq. (ML52) is well-defined. Second, it is easy to show that

we have,
-1 < N(y1,92) <0 and 1< My(y1,92) < 2. (M.54)

For later convenience, let us note at this point the following useful identities

-1
)\/1>\/2 =
Y2
14y —ye
~— M.55
A/ _ )\I _ )\II( ( )
1 - )
n

1 1
(171)(172)”'

From Eq. (M.54) it follows now immediately that the quadratic denominators
in Egs. (M.49) and (M.50) do not vanish in the whole integration v € [0, 1],
and hence all the integrals in Eqs. (M.49) and (M.50) are convergent. Using
partial fractioning and the relations (M.55) we can write

I(glla) (yla 92)
s S R A / 7Oy, y2,v)  (M56)
,/)\/K 0 ’U*)\Q 1/)\/ ’U*Al ’
and
(IIa)
7y (y1,92)

_ 1 /1d i (Y1, y2,0) V1,92, v)
0

i(1)
J
VN U= Ao \/X / v— N\

(M.57)
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Let us conclude this section by introducing the function

1 _ 1 _
l—ys 1—t1/ts

X = N5(y1,92) = As. (M.58)

This function appears in 5 and j(V through the logarithm

In(l—v(l—1y))=ln <1Ai,3) /Ovtilt)\g. (M.59)

We now evaluate the integrals Iéna) and Ifna) explicitly. For Iéna), we find

6" () =
(M.60)

N {(— S’y = Z)MO) + (3 + 5 )M (M) — Ingy M(X,0) -
Inys M (A}, 1) +Inys M (A, A3) +Inyy M(X5,0) 4+ Inyy M (X, 1) —

Inyy M (X, Ny) — M (A}, 0,0) — M (A}, 0,1) + M (X, 0,X5) — M (A}, 1,0) —
M (N, 1,1) + M (N, 1, A5) + M (N, A5,0) 4+ M (X, A5, 1) — M (N, A5, \5) +
M (X5,0,0) + M (X5,0,1) — M (X5,0,M5) + M (X5, 1,0) + M (X, 1,1) —

M()‘/Qa 17)‘{3) - M()‘I2a )‘1/370) - M()‘I2a )‘/37 1) + M()‘I2a )‘/3a )‘/3)}

Note that this expression is of uniform weight 3, as expected.

1 . o I
I{ ) can be done in a similar way as for Ié ), However,

The integration of
there is again a slight complication. The function () contains polylogarithms
of the form
— 1
Li, <M> . (M.61)
v(v =1y
In order to perform the integration in terms of G-functions, we have to express

these functions in terms of objects of the form G(...;v). In Appendix [N.2] we
show that the following identities hold:

Li2 (y2v7v+1 ) =

v(v—1)y1

(M.62)
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A%mﬂw)—QQ&@—G&h@—G@A@U+G@A“)meA“)+
G (0, - G(1,0;v) = G(1,1;0) + G (1, A}50) + G (1, A5;0) + G (A}, 1;1) +
G()\’z,l,l — G (A3,0;1) + G (N5,0;0) — G (A3, 1;1) + G (N5, 150) +
G()‘gaA/h )7G()‘ga)‘/13v)+G()‘£’>7>‘/231)7G(>‘é7>‘/23v)7G(O7’U)1ny1*

(1;

G(L;v)Iny, + G (X )1ny1—lny11ny2—%2.

Lig (yQU—’U-‘rl ) —

v(v—1)y1

(M.63)
hpgﬂflGOvhl() 1G(1;0) In® @ﬂ—lGQg) (%)+
(%wﬂn( )+ ﬁhl%)f%ﬁgmvyﬂw%x1mf%ﬁc@g)
°G (\550) — ( G (0,A1;1) = G(1;0)G (0, —G(A5;1)G(0,A351) +
3:0) G (0,A131) — G(' )G (0,25;1) = G(1 ;v)G(O,Xz;l)*

A“)G( (1) + G (Ny50) G (0, My 1) + G(0;0)G (N, 1;1) +

(;(A;,1,1 4-(;(Ag,1 GO, 11) - G(No) G (N, 131) +

G()\’Q,l 1D+ G(1;0)G (M, 1;1) + G (MN551) G (M, 151) —

G (M5, 151) = G(0;v)G (A3, 0;1) — G(1;0)G (N5, 051) —

A ,1 G (N, 0:1) + G (Vv )(;(Ag,O'l)4—(?(0'v)(;(A§,1'1)Af

;0)G (A5, 1) — G (A551) G (A5, 1;1) + G (A550) G (A5, 151) +

;0)G (A3, A3 1) + G(1;0)G (A5, A3 1 )+G(>\:’a; )G (A5, A1) —
A550) G (A5, A1 1) + G(0;0)G (A5, Ag5 1) + G(1;0)G (A5, A5 1) +
Ny 1) G (N, My 1) — G (N3 v) G (N, Ny 1) + G(0,0,0,1) — G(0,0,0;v) —
130) — G (0,0, M:1) + G (0,0, N30) — G (0,0, Ny 1) + G (0,0, Xy v) —
0;0) — G(0,1,1;0) + G (0,1, X;;v) + G (0,1, \y;v) + G (0, X}, 1; 1) +
%,)meAng+G®ngmmeA$,)+G®A$,)
Ny, Aj5 1) — G (0, Ny, M 0) + G0, XNy, Ny 1) — G (0, N, Ny ) —
G@Qmm—G@th+GUﬁALm+GOﬁAgm—G@L&@—
(1,1, 50)+ G, L, MN50) + G (1,1, M50) + G (1,M5,0;0) + G (1, M5, 1;0) —
(1, N, M 0) — G (1, X, Moz v) — G (N, 1,151) — G (A, 1,13 1) — G (X, 0,05 1) +
ngom+GugmLm+Gngx 1) — G (N, 0,X,50) +

(N 1)=G(A5,0,M550)+ G (N5,1,0;0)+G (A, 1,1; 1)+ G (M, 1, 1;0) —
(A

(

(

Q

[N [ T e [

Q@

Q Q
~—~
[

<
= =

U

QQ
> >
“@

W\ w>

QR Q2R
S

’07
)17

QQQ

Q

gJAL)—GM@L&WL%H&JLhn—GMg%JJ%%
A3 A;’y)\'l, )+ G (N5, A5, A3 0) — G (A5, A5, A9 1) + G (A5, Ag, Agsv) +

Q QO Q0 Q
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G(0,0,1)In(y1) — G(0,0;v)In (y1) — G(0,1;v)In (y1) — G (0, A5; 1) In (y1) +
0,A3;0)In (y1) — G(1,0;0) In (1) — G(1,1;0) In (y1) + G (1, A530) In (1) —
A5, 0; 1) In (y1) + G (N5,0;0) In (y1) + G (M5, 1;0) In (y1) +
A3, A5:1) In(y1) — G (A3, A330) In (y1) — G(050) In (y1) In (y2) —

v)In (y1)In(y2) — G (A5 1) In (y1) In (y2) + G (M55 0) In (y1) In (y2) .

G (0,
G (
G(
(1;

Q

Using these identities we can express j(1) completely in terms of G and M-

functions, and perform the integration in exactly the same way as for IéHa).

The result is

Iflla) (yla y2) =

(M.64)

(—%ln2y1——) ()\’1,)\') (—1lny ——) ()\’1,)\’)—1—

(312 + 3Inys + 2 )MV, N) + (202 gy +In? o + 5 ) M (X, 0)+
(1n2y1 +1n%yy — 7%2)]\4( '2,1) + (%thyl + 7%2)]\4( '2,)\’1) + (%1n2y1 +
TM(N ) + (= 3y — Sy — )M ) + (= S’y -
$In®y, — ) (N5, A1)+

(3% yn + 5107 o+ 3 ) M (X5, X) = 2D s M0, 01, 0) — Iy M (0, X, X5) +
21Iny; M (0, Ny, \y)+Inyy M (0, 5, Xy) —Inyy M (0, X5, X)) +1nys M (0, X, AS) —
4lny1M(A’l,O,O)—anylM(A’l,O 1)—lny1 M(Xl,() )\’)—lnyl ( ,0, X)
21ny1M( Q,O,Ag)—anylM( T ,0)+1ny1M( T ,X) Iny, M ()\1,1,)\’)
Inyy M (N, 1, N5) —Inyy M (N, AL, O)+Inyy M (N, AL, 1) 4+Inyy M (N, A, Ng) —
Iny; M (N, A5, 0) —Inyy M (N, N5, 1) + Inyy M (N, Ap, \y) +
2Iny; M (N}, A5, 0) + Inyy M (N, N5, 1) + Inyy M (N, M5, ) +

Inyy M (N, Ny, N) — 2Inyy M (N, Ay, M) +4lny; M (X5, 0,0) +
2Iny; M (X, 0,1)+Inyy M (N, 0, X)) +Inys M (Xy,0,05)—21Iny; M (Ny,0,0%)+
2lny; M ()\2,1,0)+1ny1 ()\’2,l,A’l)flnylM(XQ,1,)\’2)flny1M(X2,1,>\g)+
Inyy M (Ny, Ny, 0)+Inyy M (N, A, 1) —Inyy M (N, A, Ay) +1Inys M (N, Ay, 0)—
Inyy M (N, Ny, 1) — Inyy M (N, Xy, Ny) — 2Inys M (N5, A, 0) —

Inys M (N, A5, 1) — Inyyg M ( Ny, N5, A) — Inyy M (Mg, N5, A,) +
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2Iny; M (o, A, Ny) — 2Iny; M (N5,0,M)) + 21Iny; M (N5, 0,0,) —
Iny; M (N5, 1,A]) +Inys M (N5, 1,0) — 2Iny; M (N5, \j,0) —
Inyy M (N5, A, 1) + 2Inyy M (N, M, AL) 4 Inyy M (N, A, A) +
2Iny; M (M5, A5,0) +Inyy M (N5, Ay, 1) — 2Inyy M (N5, Ay, AS) —
Inys M (N5, Ay, A5) + Inyy M (N5, As, N)) — Inyg M (N5, N5, \y) —
2M (0,0, N1, X;) 4+ 2M (0,0, X, \y) — 3M (0, A}, 0,A7) — 3M (0, A,0,)5) —
M (0, 1,\]) — 3M (0, \;, 1,0,) —4M (0, N}, A}, 0) — 2M (0, A}, M), 1) +
2M (0, N}, X, Ay) — M (0, M), N5, 0) — M (0, N, Ay, 1) + M (0, X, N5, A)) +
3M (0, N, Ny, \y) 4 3M (0, 05,0, N)) + 3M (0, 05,0, A5) + 3M (0, M5, 1,\]) +
M (0,5, 1, X5) 4+ 4M (0, Xy, A, 0) + 2M (0, My, Xy, 1) — 2M (0, Xy, Ay, As) +
M (0, Xy, Ny, 0) + M (0, M5, N5, 1) — 3M (0, Xy, Ay, A7) — M (0, Xy, Ny, Ab) —
M (0, \5,0, X)) + M (0,75,0,05) — M (0, Ny, 1, \}) + M (0, N5, 1,\5) —
M (0, X5, N}, 0) — M (0,25, M, 1) + M (0, X5, A5, 0) + M (0, N5, Ay, 1) —
AM (X,0,0,0) — 2M (A1,0,0,1) — 3M (A},0,0,A)) — 3M (X,0,0,X5) +
M (X},0,0,5) — 2M (M, 0,1,0) — M (A}, 0,1,05) — 2M (\},0,X},0) +
M (N, 0,07, 1) 4 M (N, 0, X, A5) — 2M (N, 0,05, 0) 4+ M (N, 0,X5,1) +
M (N}, 0,5, 05) — 2M (A, 0, X5, 1) + 2M (N}, 0, N5, A\p) + 2M (Af, 0, X5, M) —
2M (X},1,0,0) — M (X}, 1,0, A5) +2M (M}, 1,1,1) + M (A, 1,1,M) +
3M (N, 1,1,05) = 3M (M, 1,1, M%) + 2M (A, 1,0, 0) + 3M (A}, 1,0, 1) —
M (Np, 1, A) — 2M (A, 1,05, 0) + M (A, 1,05, 1) + M (N, 1, A5, 0%) —
M (N, 1,05,0) — 3M (N, 1,05, 1) + M (N, 1N, N — M (AL LN ) +
2M (N}, 1, X5, A5) — M (A, A}, 0,0) + 3M (N, A1, 0,1) + M (N, M\, 0,05) +
3M (N, AL, 1,0) 4+ 5M (N AL 1 1) — MM, AL 1, AS) + M (A, AL, NS, 0) —
M (XX A5, 1) = M (AN A, Ap) = MM, A5, 0,0) = M (M, X5,0,1) +
M (N, M5, 0,05) — M (X, M5, 1,0) — M (N, X, 1,1) + M (N, A5, 1,0%) +
M (N, My, Ny, 0) + M (N, Ny, N5, 1) — M (N, Ay, A, Ag) — M (M, A, 0,0) —
2M (N, N5, 0,1) 4 2M (N}, A%, 0, X)) + 2M (X], Mg, 0,0%) — 2M (A, A5, 1,0) —
3M (N, A5, 1, 1) + M (N, A5, 1,0L) — M (N, A5, 1, M) + 2M (N, A5, 1, M) +
2M (N}, A5, AL, 0) + M (N, Ny, AL, 1) — M (AL Ng, AL AS) + 2M (A, A5, M, 0) —
M (N, N, Ny, 1) = M (N, N, Xy, Ng) o+ 2M (X, X5, N, 1) = M (X, X, M, X)) —
M (N}, Xy, A5, Xy) 4+ 4M (X5,0,0,0) + 2M (X5,0,0,1) 4+ 3M (X5,0,0,A)) +
3M (N5, 0,0,05) — M (X5,0,0,N5) 4+ 2M (X5,0,1,0) + M (X5,0,1,A5) +
2M (X5, 0,0, 0) — M (N5, 0, M, 1) — M (X5, 0, M), A) + 2M (X5,0,5,0) —
M (Ny,0, X5, 1) — M (X5, 0, M5, Ay) + 2M (X, 0,05, 1) — 2M (X5, 0, X5, \)) —
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2M (Xy,0, N5, M) +2M (X5,1,0,0) + M (X5, 1,0, M5) — 2M (Ay,1,1,1) —
3M (Mo, 1,1, N) — M (N, 1,1, M%) + 3M (Mo, 1,1, 05) + 2M (X5, 1,0, 0) —

M (N, 1, 1) — M (N, 1,0, Ny) — 2M (M, 1,05,0) — 3M (N5, 1,05, 1) +
M (No, 1, X5, M) + M (X, 1, A5, 0) + 3M (Ny, 1,05, 1) + M (X5, 1,5, \)) —
M (N, 1,05, 05) — ) —
M (N, M, 0,0%) + M (g, M, 1,0) + M (Mg, N, 1,1) — M (N5, A, 1,05) —

M (Mo, X, A5, 0) — M (N, N, NG, )+M(/\’2,>\’1,X3,X)+M(X2,X2,0,0)f
3M (N, Ny, 0,1) — M (Mo, Ny, 0,0%) — 3M (Mo, Ay, 1,0) — 5M (Ao, Ny, 1,1) +

2 2

M (N5, A5, 1,05) — M (A5, A5, A5, 0) + M (A, Ay, Az, 1) + M (A5, A5, A5, A3) +
29 7\2 3 3 3 3 3

M(Xy, N5,0,0) + 2M (X, N5, 0,1) — 2M (X5, A5, 0, X)) — 2M (N5, M5, 0, M) +

27 7\3 3 3 3

2M (N, N5, 1,0) 4 3M (Ng, A5, 1, 1) + M (N, Ay, 1, N)) — M (N5, A5, 1, M) —
2M (N5, A, 1,05) — 2M (Ng, Ny, AL, 0) + M (N5, A5, Ap, 1) + M (N5, N5, AL ) —
2M (N, Ny, A, 0) — M (N, Ny, Ao, 1) 4+ M (N, Ny, Xy, Ay) — 2M (Mg, Ay, M5, 1) +
3M (N3,0,M],0) — 2M (X5, 0,7, 1) + M (X3, 0, A1, A5) + 3M (A5,0, X5, 0) +
2M (N, 0, M5, 1) — M (N5, 0,05, Ny) — M (N5, 0, M5, N)) + M (N5, 0,05, 05) +
M(N5, 1,1, N)) — M (N5, 1,1,05) — 2M (N5, 1, A}, 0) — M (N5, 1,0,1) +
M (N5, 1, N, A) +2M (N5, 1,05, 0) + M (N5, 1,05, 1) — M (A5, 1, Mg, Ag) —
M (N, 1,5, N) + M (N, 1,05, M%) — 5M (N, A}, 0,0) — 4M (X5, M,0,1) +
2M (N, A, 0,0)) + 2M (N5, AL, 0, M%) + M (X, A],0,0%) — 4M (Mg, Af,1,0) —
3M (N, N, 1,1) + 2M (N5, N, 1, A) + 2M (NG, Ap, 1, ML) + M (NG, AL 1, A) +
AM (N5, N, AL, 0) +4M (N5, N, AL, 1) — 2M (Mg, AL, A, AS) + M (N5, A, A5, 0) +
M (N5, M, A5, 1) — 2M (N5, Xy, Ny, Ap) 4 5M (X, A, 0,0) 4+ 4M (X5, Xy, 0,1) —
2M (N5, A5, 0,0]) — 2M (N5, Ay, 0, X5) — M (N5, A5, 0, 05) + 4M (N5, A5, 1,0) +
SM()‘éa)‘IQaLl) - QM()‘éa)‘IQaL)‘Il) - QM()‘{&)‘I%L)‘&) _M()‘éa)‘IQaL)‘é) -
AM (N3, Ny, Ny, 0) — 4D (N5, Ny, Xy, 1) - 2M (N, Xy, Ny, Ny) — M (Ny, My, A5, 0) —
M (Ng, Ay, Mg, 1) + 2M (N5, Xy, Xy, Ap) — M (X5, Xy, 0, A7) + M (A5, A%,0, Xp) —
M(/\IBaAévlaAll)+M(/\/37>‘{3715A/2)7M(/\/37>‘{35A/150)7M(>‘{3>5A/35A/171)+
2M (N, Ny, A, AL) + M (N5, X5, Ny, 0) -+ M (A5, A5, Ao, 1) — 2M (N, Az, Ay, Ao ) +
M(Ai)(’ 2l y; +2InyeIn®y; —In®yolny; — Iy + 2’y +

2M (Ny, 1, Ny, ;) -+ M (X5, A}, 0,0) + M (M5, A7, 0,1

%ﬂ21ny2—§3) —|—M()\'2)(%1n3y1 — 1lnygln Y1 +1n? yolny, + 7r 1ny1 —

%hqug — %7721ny2 +§3)}.
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(IIa)

Note that Z; is of uniform weight 4, as expected.

M.3 The analytic expressions of the functions
9 and ;)

In this appendix we present the analytic expressions of the functions () and

i(1) that enter the integrals (M.I3)) and (M.14).

;(0) (11, 22) =

—4m? (1-v(1-2)) + (- o) (1-0(1-2))+
(

1—v)lnze +Invin (1 fv(l — i—;)) +Invlnzy —Inzsln (1 fv(l —

(M.65)

In

2)) — Ln*(1 —v) = B2~ oln(l - v) - dna, - 5.

Z‘(l)(th) =

(M.66)
Lig (207285492 ) 4 In(1 — 0)Lip (285285492 ) 4 InoLip (254728502 ) —
le(mlvv?:“) (1 — v(l — i;)) —1In :E2Li2<7ml(;ﬁ§:m)*
In 2(1 v)In ( —v?+vr) —vraFv+as f—ln vln 7v2+vz17vx2+v+z2)f

2

%hq?(l—v( —i—;))ln(—vQ—i—vxl—vxg—i—v—i—xg)—

% In? To In (—v2+vx1—vx2+v+x2) —Invin(l—v)In (—v2+vx1—vx2+v+x2)+
ln(l—v)ln(l—v(l—;—;))ln(—UQ—l—vxl—vxg—i—v—i—xg)—i—

In(1 —v)Inagln ( —v? + vy —vre +v+ 22 )+
lnvln<1—v<1fZZ))]H(—UQJrvxl—vx2+v+z2)+

InvlnzsIn( —v? + vy —vre + v+ 22 ) —
lnx21n<1fv(1fIz))ln(—vQJrv:clfvz2+v+x2)f
%zln(fv2+vz17vx2+v+x2)721112(171))111(171)(172))7

%hq?(l —v)lnas +1In(1 —v)lm2 (1 —v(l — i—;)) —Invin®2s + In® 25 1n (1 —
v(l — i—;)) + %1n2vlnac2 + %1nx21n2 (1 —’U(1 — i—;)) —2lnvlin(l —
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v) In (1 fv(l - i—;)) —Invin(l —v)Inze +In(l —v) Inzs In (1 fv(l -

i_;)) + %Wﬂn (1 fv(l — i—;)) —InvlnzyIn (1 —v(l _ ﬂzﬂ_;))Jr
1n3(1 —) +21nvln2(1 — ) +1H2vln(1 o)+ %7’(2111(1—1)) 7 %7# o+

11..3 2 _2
§1n To + 5T Inxe — (3.

M.4 The analytic expressions of the functions
7 and

In this appendix we present the analytic expressions of the functions j(© and

j) that enter the integrals (M.49) and (M.50).

.7(0) (yh y2) =
(M.67)

%hl? (U(y2—1)+1)+1n(1—v)lny1 —In(1—v)In (U(y2—1)+1)+lnvlny1—
Invin (U(yg — 1) + 1) —Iny; In (U(y2 — 1) —|—1) + %11&2(1 —v)+ % +
lnvln(lfv)jL%anyl Jr%z.

iD(y1,y2) =

(M.6S)
. v(ya—1)+1 . v(y2—1)+1 . v(y2—1)+1
—L13(7((371)v);1 ) —In(1 - v)L12(7((371)3;1 ) — 1nvL12(7((371)v);1 ) —
In 71 Lig(%) + Lig(%) In (v(yg —1)+ 1) + %11&2(1 —v)ln ( _

viy1+o(y; —l—yg—l)—i—l) +in*vin (—v2y1 +v(y1 —|—y2—1)—|—1) +iln*y; In (—
v2y1+v(y1+yz—1)+1)+§hfl2 (v(y2—1)+1) 1n(—v2y1+v(y1+y2—1)+1)+
Invin(l —v)In ( — 0%y +o(yr +y2 — 1) + 1)+

In(l —v)lny; In ( —v*y + oy +ya — 1) + 1)7

(1= o)1 (o(g2 = 1)+ 1) In (= vys +0(ys +32— 1)+ 1)+

Inviny; In ( — vy + oy +y2 — 1) + 1)7

Invin (U(y2 -1)+ 1) In ( — vy +u(yr +y2 — 1) + 1)—

Iny; In (U(y2 -1)+ 1) In ( — vy +o(yr +y2 — 1) + 1)+

272 In (—v2y1 +v(y; —|—y2—1)+1) —2In*(1—v)Iny; +2mn*(1—v)In (v(yg—
1)+ 1) —In(1—2)In®y; —In(1 —v)In? (’U(yg -1) —|—1) —2Invin(l—v)Iny; +
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2InvIn(l —v)In (v(yg -1+ 1) +2In(l —v)Iny; In (v(yg -1)+ 1)7
% In (v(yg -1)+ 1) —In®*(1 —v) —2Invn*(1 —v) —In*vIn(l —v) —

Sr2In(l —v) + gr?Inv+ ;¢ lny + Gs.



Appendix

Reduction of the polylogarithms
in terms of G-functions

N.1 Reduction of Li, in Region |

In this section we proof the reduction formulae of polylogarithms of the form
v(v—1)

m. We can see

Li, (m) to G-functions, where a(z1,z2,v) =

this polylogarithm as a Goncharov multiple polylogarithm
Li ! M (6 ( ))
n\—F7T—— | =~ n—1,a(T1, T2,V
a(z1, 2, v) DR

/0'1 (%)nlo Q (a(wr, 2, 0)).

We can now extract the dependence on the variable v using the reduction

algorithm presented in Appendix [G.4]

(N.1)

M (Gn—laa(mlaw%v))

, 1 v Lrat\"™" o )
= (o) < [ [ (F) o gttetonm,
(N.2)

and integrating back we find the expression of M (Gn,l, a(xy, xa, v)) in terms

of G-functions of the form G(...,v). However, we still need to face the problem
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of how to choose the value for vg. The ‘best’ choice is of course vy = 1, since
we know that at this point the G-functions collapse to M-functions, i.e. Gon-

charov’s multiple polylogarithm . However, it is easy to see that

1
lim Li, (7) = . (N.3)
v—1 a(xy,x2,v)

We therefore choose vy = 1 — €, and we compute

M (Gn,l,a(xl,xg,v))

= lim —Li, ;
e—0+ a(xy, 2,1 —€)
1-e Lran\™™' 9
/0 dv/o <7> o %Q(a(xl,:@,v’))
v AN
+/O dv/o (7) o %Q(a(xl,xg,v’)).

We will show in the following that in the cases n < 3 this limit is well-defined.

(N.4)

N.1.1 Reduction of Li;

For n = 1, we do not need the machinery of the reduction algorithm, but the

reduction can be performed in a straightforward way:

i () = ()

=lnv+In(l—-v)—In(v(l —v)+v(xs —22) + x2)

=lnv+In(l—-v)—In(—(A\ —v)(A2 —v)) (N.5)
=lnv+In(l—v)—In(=A1A2) —In <1 — )%) —In <1 — )%)

=G(0;v) + G(1;v) —Inze — G(A1;v) — G(A2;v),

where the last step follows from Eq. (M19).

*We could of course choose another value, e.g. vo = 1/2, but then we need to face the
problem how to obtain the values G(...;1/2).
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N.1.2 Reduction of Liy

For n = 2, let us start by evaluating the second integral in Eq. (N.4)). The last
integral over v involves Liy (m), which we know recursively from the

previous paragraph. We immediately find

[ [Se Lo )

= G(0,0;v) + G(0,1;0) — G (0, A\1;v) — G (0, A\2;v) + G(1,0;v) + G(1,1;0)
—G(1,A;0) = G (1, A2;0) — G (A3,0;0) — G (A3, 1;v) + G (Ag, A1;v)
+ G (A3, A2;v) — G(0;0) Inzy — G(1;v) Inze + G (As;v) Ins.

(N.6)

We now turn to the limit. The integral is obtained immediately by putting

= 1 — € in the previous expression. As we are interested in the singular
behavior around v = 1, we switch to the irreducible basis where this singular
behavior is explicit (See Appendix [G4)). Furthermore, since € is small, we can

write

1 1 1 2
—Lip (ﬁ) = §1D26—1D$11n6+ §ln2x1 + % + O(e)

. I (N.7)
=G, 1;1—¢) —Inz1G(1;1—¢€) + 51112 1+ 5 + O(e).

‘We now find

1—e
. : 9 /
EEI(I)L{LQ (a(acl,acg,l—e > / - avlﬂ(a(xhxz,v))}

= lim {G(l,l;l €) —lnzx1G(1;1—¢) —G(1,1;1—¢)

e—0+t
—G(L1—e)[In(1—X)—In(=A)+In(A2 — 1) —InAg + Inxo] }

+ (finite)
= (finite),

where the last step follows from (1 — 1/A1)(1 — 1/X2) = x1/25.
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N.1.3 Reduction of Lis

For n = 3, let us start by evaluating the second integral. The last integral
over v involves Lis (m), which we know recursively from the previous

paragraph. We immediately find

o do Jo ()"0 3 (aler, a2 ') =

(N.9)
—3G(0;v)In® 21 — LG(1;0) In* 21 + 3G (A\350) In® 21 + G(0;v) In (22) Inzy +
G(1;v)In (z9) Inz; — G (A3;0) In (z2) Inz; — G(0;v) In® 29 — G(1;v) In® 2 +
G (A3;v)In? 2 — +m2G(0;0) — 72 G(1;0) 4+ 72 G (A3;v) — G(0;0)G (0, A1) —

G(1;v)G (0, A1;1) + G (A3;0) G(0,A151) — G(0;0)G (0, Ag; 1) —

G(1;v)G (0, A2;1) + G (A3;0) G (0, A2;1) + G(0;v)G (A1, 15 1) +

G(L;v)G (M, 1;1) = G(A3;v) G (M1, 1;1) + G(0;0)G (M2, 151) +

G(1;v)G (M2, 1;1) — G (A3;v) G (A2, 1;1) — G(0;0)G (A3,0;1) —

G(1;v)G (X3,0;1) + G (A3;v) G (A3,0;1) — G(0;0)G (A3, 151) —

G(1;v)G (A3,1,1) + G (A3;v) G (A3, 1;1) + G(0;0)G (A3, A5 1) +
G(1;v)G (A3, A151) — G (A3;v) G (A3, A151) + G(0;0)G (A3, Ag; 1) +
G(1;0)G (A3, A2;1) — G (A3;v) G (A3, A2; 1) — G(0,0,0;v) — G(0,0,1;v) +
G (0,0, A1;0) + G (0,0, Ao; v) — G(0,1,0;0) — G(0,1,1;0) + G (0,1, A1; v) +
G (0,1, A2;v) + G (0, A3,0;v) + G (0, A3, 1;0) — G (0, A3, A1;v) —

G (0, A3, A2;v) — G(1,0,0;v) — G(1,0,1;v) + G (1,0, A1;v) + G (1,0, A5 v) —

Q

(1,1,0;v) —G(1,1,L;v) + G(1,1, \;v) + G (1,1, Ao;v) + G (1, A3,0;v) +
1,3, 150) = G (1, A3, A1;0) — G (1, A3, A2 0) + G (A5,0,0;v) +
A3,0,1;0) — G (A3,0,A150) — G (A3,0, Ao;0) + G (A3, 1,0;0) +

A3, 1,1;0) — G (A3, 1, A\50) — G (A3, 1, Ag;v) — G (A3, A3, 0;0) —

A3, Az, L;0) + G (A3, Az, A1;0) + G (A3, A3, Aa;v) + G(0,0;v) ln s +
G(0,1;v)Inxe — G (0, A3;v) Inzg + G(1,0;v) Inxs + G(1,1;v) Inzg —

G (1, A3;v)Inae — G (A3,0;v) Inzy — G (A3, 1;v) Inxe + G (A3, A3;v) In .

G (1,
G
G
G(

We now turn to the limit. The integral is obtained immediately by putting
v = 1 — € in the previous expression. As we are interested in the singular

behavior around v = 1, we switch to the irreducible basis where this singular
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behavior is explicit. Furthermore, since € is small, we can write

1 1 1 1 1
—Lig([——————— ) =—-Ine+ -InzIn*e— = In’z1lne— =n?lne
a(xy,x2,1 —¢€) 6 2 2 6

1 1
+ 5 In3 T + 67'(2 Inx

1 1
=5 In®z; — §G(1; 1—e)ln?z +G(1,1;1 —¢)lnaxy
1 1
+ 677'2 Inz; — EWQG(l; 1—¢)—G(1,1,1;1 —e).
(N.10)
We now find

1
m { —Lig( —0on
e—0+ 0,(%1, Za, 1-— 6)

/01_6 dv /0 (%) %Qm(xl,xz,v'))}

1 1 1
= lim {Eln3x1 - 56‘(1;1— )ln®z; +G(1,1;1 —€)Inzy + 67r21nz1

e—0t
- %HG@; 1—e)—G(1,1,1;1—¢)+G(1,1,1;1 —¢)
+G(1,1;1—€)[-G(A1;1—€) — G (A2;1 — €) — Inas)

1
+G(1;1 _6)[6 (31112301 —6lnzylnz +61n 2 +7T2)

+G (X331 —6)1D$2:|}

+ (finite)
= (finite),
(N.11)
where the last step follows from Eq. (M.I9)), as well as
GA;1) =In(1-——
(i) =t (1= 5.
1
G(Ag;1) =1In (1 - —) : (N.12)
A2
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N.2 Reduction of Li, in Region Il

In this section we proof the reduction formulae of polylogarithms of the form

v(v=1)y1

Pt Since most of

Li, (m) to G-functions, where a(x1,x2,v) =
the discussion is exactly the same as in Appendix [N.I, we will be brief on
this. We can start by writing down an equation similar to Eq. (N.4]). We then
reduce the function Li; in a straightforward way, and continue in a bootstrap
to reduce Liy and Lis. Particular care is again needed when evaluating the
limit that appears in Eq. (N.4]). Let us illustrate the cancellation of the poles.

For n = 2,3 we can write

. 1 1 Y2 1 Q(yQ) 2
—Lig [ —————— ) ==In?e—In(Z )lne+=-In? [ 2 ) + — +O(e
2 (a(y17y2716)) 2 (yl) 2 Y1 6 ( )

1 Y2 Y2 2
=—In* (£ —Gl;l—eln(—)—i—Gl,l;l—e + — 4+ 0(e).
s (2) - G- om (2) 4 6 )+ 40

(N.13)

1 1 1 1
—Lis (—) = 1n? (%) — Zlneln? (%) + =In’eln (%)
a(y1,y2, 1 —¢) 6 (7 2 (7 2 Y1

1 1 1
+ 67'(2 In (%) - % — —m?lne+ O(e)
=-In*(Z)-=GL;1-en® [ Z ) +G(1,1;1—e)ln | =
6 (y1 ¢ ) Y1 ( ) 1
1

1
+ 67r2 In (9—2) - 67720(1; 1—€)—G(1,1,1;1 —¢) + O(e).
(N.14)

Inserting these expressions into the limits that appear in Eq. (N.4]), one can

easily show that the limit is finite.



Appendix

Results for tree-level Lipatov
vertices

0.1 NMHV-type vertices

0.1.1 Result for VO (g;17,2%, 3% 4%; ¢y)

N(l) (Q17 17) 2+7 3+7 4+7 Q2) = 7qu_q2Lpi’J_:r2z§/27
DW(qy;17,2%,3% 4% g0) = (12)(23) (g1 + P11 +p21) 2q11 + P11 +p2i)
P41/ 21 (quqﬁwl T2 + (|p2¢|2$1 + |pu|2 T2 ) 963) ;

N®(g;17,2%,3% 4% ) = —|q11 P2 V72,
D(2) (Q1; 17, 2+7 3+74+§ Q2) = <23><34> (Qu +pu)p2¢phvx4,

N (qu;17,2%,3%, 4% g0) = —q} L 219} 1 23 /7,

DO (q;17,2%,3%, 4%, ¢0) = (12)(34)p21 (p11 +pot) (g1 +pis +poit)

V1 (|p2J_|2 T+ |pu_|2 $2) VT4,
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_ 3/2
N®(g;17,27,37 4% ) = |Q1L|2(J2J_pi$2$3$4/ ,

DW(q;17,2%,3% 4%, ¢0) = (12)(23)(34)pat (qu1 + P11 + P21 +pai)
(21 L + P11+ P21 +pa1)VEr

(|p4j_|2 T122T3 + (Qu(]ﬁ_ 122 + (|p2J_|2 r1 + |pu_|2 zz) zs) £E4) )

NO(g;17,27,37 4% o) = ququxiﬁa
DO (g1;17,2%,3% 4% q) = (12)(23)(34)\/Z1 1234 (1071 + P11 T1234)

NO(g1;17,2%,3% 4% g0) = —g L o1 pd ) Va2 (2 + 23 + 24)°
DO (qi;17,2%,3% 4% ¢2) = (23)(34) (g1 + p11) VT4 (171 + PriTi2sa)
(Vz1r2(12) + qui®e + P21 x1234) (11 (¢7 +011) 21

+p11 (g7 L1 + pT%1234))

N (gi;17,2%,3% 4% q5) = g] L g2y,
D(7)(q17 17? 2+a 3+a 4+a (J2) = <34> (plL +p2L) [12] vV L1y -T4A(3, 1, 2),

N®(q1;17,27,3% 4% o) = —af L qoup} 03/ * Vs (23 +20)°
D®(q1;17,27,3%,4%¢2) = (12)(34) (1L + P11+ p21) Va1V
(Vzize (12) + qr1w2 + p2ix1234) (502 (|pu|2 1+ g ipi o+ |
Ta+qu (gf + P +050) 1+ (12120 + o 2+ [paol 503)
+p2121 (g1 L T2 + P31 T1234)) (@10 (21 + 22 + 223 + 24) — V23A(3,1,2))

N (q;17,2%,3% 4% 2) = ¢7 21 A(1,2,3)?,
DO (qy;17,2%,3% 4% go) = 5123(12)(23) (g1 + P11 +P21) 72
A(3,1,2)A (4,1,3),
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(10)(‘11 17,2%,3%7, 4% o) = _Q1J_Q2LP1L952$§/2$Z’
DU (g;17,2%, 3% 4% ) = (12)(23) 21 + P11 +poai) VoL
(Voa (Vaaqr L — (41)Vor — (42) oz — (43)V/@3) + par@1234)
(qrozize ((p1L +p3.) 23
+q7 ) (3w3 + 21234)) + 23 (P21 (¢7 2 + D5 T1234)
+x2 (p1o (g7 21 + iy T1234) — 512371))) (1o (%3 + T1234)

7\/EA(3a 17 2)) )

N (g;17,2%,3% 4% o) = ¢ L 421 A(1,2,3)%,

D (qy;17,2%,3% 4% go) = 5123(12)(23) (11 + P11 + P2i) VTa
A(3,1,2)A (4,1,3).

0.1.2 Result for VO (g;17,27, 3%, 4%; ¢)

_ 2 3/2
N (gr;1%,27,3% 4% g0) = —qF qoiph 232

DW (g;17,27,3% 4% qy) =

( (@11 +p1L+p21) (g1 +pit + P2t )parxo
(12)(23)p11 (QM_QE_SM o + (|pu|2 1+ |pra | 22 ) 503) ;
(

* 3/2
N (q;1%,27,3% 4% o) = —q} L o193, 23 Vs,
D@ (q;17,27,37,4%; o) = (12)(34)p11 (P11 +p21) (1o + pro + pas)
Vo (|}72L|2 T+ |pu|2 562) VT4,

N®(g;1%,2 3/2

* 3/2
,3+;4+;Q2) = qufJufhlng%/ T3 Ty
DB (q1;1%,27,3%,4%; ¢o) = (12

1(23) (340 p11 pas (1L + P11l + P2t +pai)
(2g11 + P11 + P21 +par) 2 ( |p4J_|2 12223 + (q10q], 122

+ (|P2L|2961 + |pu|2 552) 963) 964) ,
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N(4) (q17 1+a 2_3 3+a 4+7 QQ) =q1.1921+/ $1$§
DWW (g1;1%,27,3%,4%; o) = (12)(23)(34)\/T1 1234 (1121 + P11 T1234) s

NO (q1:17,27,3%, 4% g2) = L qor (qro +p1a)® a? 25/,
5)(q 17,27,3%,4%; q2) = (23)(34)p11 v/Ta (w2 + 23 + 4)

(giiz1 +priziose) (VT122(12) + qrizo + pai Ti234)

(11 (g7 +pio)z1 +pie (giim1 +piiTi3a)),
NO(gi;1%,27,3%, 4%, g0) = g Lga1 2?2,

D(6)(q17 1+a 2_3 3+a 4+7 (J2) = (34> (plL +P2L) [12] VT2 $4A(3, 1, 2),

N (q317,27,3%,4%05) = —gi1qo1p3 21 *V/Es (23 +20)°,
DT (q;1%,27,3%,4%5 ) = (12)(34)p11 (11 +pro +pai) Va2\/Ta

(vVr1 22(12) 4+ g1 22 + P21 T1234) (502 (|pu_| T+ g P T+ |p1¢|2
Ta+qro (qi +pi+050) o1+ (12)[12a1 + [prol® @2+ [pra ] 903)
+p21 1 (g1 @2 + P35y T1234)) (1o (21 + T2 + 223 + 24) — V23A(3,1,2))

*,27,3% 4 ) = *Q1LQ2LP2L$1/2$§/2$4

qi;17,27,3%,4%:q2) = (12)(23)p11 (211 + p11 +p2i) T2
(Va1 (VTa qri — (41)y/a1 — (42) /@2 — (43)/T3) + paiT1234)
(qromi@e (1L +p50) 23 +¢i1 (21 + 22 + 423 + 24)) +

8)(
D(8)(

xs (porx1 (¢7 T2 + P51 T1234) + 2 (P11 (g1 L1 + DT T1234) — S12371)))

(o (z1 + 22 + 203 + 24) — V23A(3,1,2))

NO(q;17,27,3% 4% q0) = —qf o1 A(2,1,4)*
DO (q1;1%,27,3%, 4% go) = 51234(12)(23)(34) (g1 + P11 + pas + Pai) T1234
A(1,2,4)A(4,1,3),
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N0 (g 1% 27 3% 4% go) = ¢f | o1 A(2,1,3)",
DO (g1;1%,27, 37 47 qy) = 5123(12)(23) (q11 + p1y1 + pas) VZa
A(1,2,3)A (3,1,2)A(4,1,3),

N (gy:1%,27,3% 4% ) = ¢ qou /a2 2,
DU (gy; 17,27, 3% 4% go) = p1 1 [23]\/Z2v/T2A(1,2,3)A(4,2,3),

N2 (q;1%,27,37 4% ¢2) = —¢f L qo1 VI1A(2,3,4)°,
D12 (qy;1%,27,3% 4% qo) = 5934(23)(34)p11 (w2 + w3 + 24)
A(1,2,4)A(4,2,3).

0.1.3 Result for VO (g;11, 21,37, 4% o)

N(l)(qh 1+a 2+a 37) 4+? q2) = _q%LqTLQQLZCi’/%TQ,
DW (q;17,2%,37 4% g0) = (12)(23)p11pat (g1 +par) (@11 +Go1 +pas)

VI3 (QM_(]ﬁxﬂcz + (|pu|2 T+ |p1¢|2 xz) 503) )

N®(g;1%,27,37,4% ¢0) = ¢} ¢} | V124,
D@ (q;17,27,37,4%¢2) = (g1 + g21) (12)(23)(34)p1 1 pa1 23

2 2 2 2
<|Q1J_| n IpiL] n D2 | n |paL| )

€r3 T1 €2 T4

N®(qi;1%, 27,37, 4%, o) = gf | qf 27 P00,

D®(qi;1%,2%,37, 4% g0) = (12)(23)p11 (g21 +par) 23

(q21vx3 — (34) Vaa) (quizize (1L +p31) 23+ q1 1 (373 + T1234))
+x3 (p2r21 (g1 122 + P31 T1234)

+z2 (P11 (¢7 L1 + PT | T1234) — S12371)))
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NW(q;1%,2%.37 4% ¢0) = o1 (g1 + qoi + P11+ pot + pas )2 3,
DW (qu;17,2%,37, 4%, o) = q11 (12)(23)(34) \/Taw1234
(A(la 274) —q21 SCl) )

N®(gi;1%,2%,37, 4% o) = —g{ 1 o1 VE127%,

D@ (qy;17,2%,37, 4% go) = (12)p11 [34] /@5 (3 + 24) A(2,3,4),

NO(q1;1%,2%,37, 4% ¢2) = ¢} qo1 (@11 + go1 + pas)’ 55?/2952553,

DO (qi;17,2%,37, 4% go) = (12)(34)p1 1 ((34)v/71 — g2.1v/73) V/aa
(562 (|p1¢| 1+ priT+ @i (gr +pi s ) r + (12)[12] 2y
+ |pu|2 T2 + |pu|2 r3 + |pu|2 554) +peiw1 (¢ w2 +p§l961234))
(A(2,3,4) — g21 /x2) (23 + 24) ,

ND(gi;1%,2%,37, 4% 42) = ¢f 121 (@11 + qo +poi +pan )’ 2 %a,

DD (qu;1%,2%,37, 475 42) = (23)(34)p11 /& (w2 + 3+ 24)

(@11 (gL +piL )z +pio (¢iien +piL 21234)) (AL, 2,4) — g21/21)
(A(2,3,4) — g21V/72),

N®(qr;17,2%,37, 4% ¢2) = 411421 A(3,1,2)°,

D® (g1;17,2%,37 4% go) = 5123(12)(23) (11 + P11 +p21) V72
A(l, 2,3)A (4, 1,3),

NO(q;17,2%,37, 4% 2) = —q] 21 A(3,1,4)*,
DO (q1;1%,2%,37 4% go) = 51234(12)(23)(34) (g1 + P11 + pas + pas)
1'1234A(1, 2, 4)A(4, 1, 3),

N(lo) (ql; 1+a 2+a S_a 4+; q2) = qTJ_QQL V .’L'l,’ES/Q,
DO (gy;1%,2%,37, 4%, g9) = p1. [23)/a3V/2aA(1,2,3)A(4, 2, 3)
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NI (g 14,27 37 4% g0) = —¢7 | 21 VETA(3,2,4)%,
DI (q;17%,2%,37, 4%, go) = 5234 (23) (34011 (w2 + 23 + 24) A(1,2,4)
A(2,3,4)A(4,2,3).

O.1.4 Result for VO (g;11 2% 3% 47 o)

N (g;17,2% 3% 475 g0) = |1 [P P} v,
DW (q;17,2%,3% 47 ¢0) = (q11 + qo1) (12)(23)(34)p1

Q1q7 . |pu_|2 |p2J_ |2 |p4¢|2 3/2
+ + + Ty,

T3 Z1 x2 X4

N (qi;1%,2%,3%,47102) = i, (@21 + par)® 23 P,
D®(qi;17,27,3%,475g5) = (12)(23)p11 (go1 /@3 — (34)/74)
(uozy o (YL + 051 ) 23+ a7y (21 + 22 + 4as + 24))
+a3 (pa1x1 (g7 @2 + P55 X1234) + 22 (P11 (¢F | @1 + PT | T1234)

*Suszl))),

N®(g1;17,27,3%, 475 0) = gou (1o + Gt + P11 +pot +pas ) xi/Q,
DO (qi;1%,2%,3%,47 5 42) = q11 (12)(23)(34) 21234 (A(1,2,4) — g21 \/71) |

N(4)(QI7 1+a 2+a 3+a 4_7 q2) = _qTJ_qQL V ‘leg/za

DW(q;1%,2%,3%,47; q2) = (12)p1 1 [34] /a1 (w5 + w4) A(2,3,4),

NGO (gi;1%,2%,3% 47 o) = ¢ o1 (11 + @21 +par)’ SC?/szzip,

D) (qu;17,27,3%,47; ¢2) = (12)(34)p11 ((34) /71 — qo1 V/T3) (w3 + 74)
(562 (|p1¢|2 r1+qiipil 21+ quo (qf ) + o1 +psy) 2+ (12)[12]2
=+ |p1¢|2 To + |p1¢|2 r3 + |pu_|2 £E4) + paix1 (g7 | 22 +p§L$1234))

(A(Zv 3, 4) - QQL\/E> )
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NO(gi;1F,2%,37,47;¢0)
DO (g; 17,27 3% 471 o)

3 3/2 3/2
1q21 (i +q21 +p2i +Dpai) 501/ $4/

aQ
(23)(34)p11 (2 + 23 +24) (11 (¢7L +P11) 21
erlJ_ (qrj_zl +pIJ_:C1234)) (A(la 274) - Q2J_\/CC_1) (A (25 374) - QQL\/E) )

)

NW)(QM 1+a 2+a 3+a 4_7 q2) = _qTLqQLA(Al) 13 3)35
DD (g1;1%,2%,3% 47 q2) = 51234(12)(23)(34) (g1 + P11 + P2t + Pas)
z1234 A(1,2,4),

N® (q;1%,27,37,475q2) = —4} L q21 VZ1A(4,2,3)°,
D® (qi;17,2%,3% 47 q0) = 5234(23) (34)p11 (w2 + 23 + 24)
A(1,2,4)A(2,3,4).
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0.2 NNMHV-type vertices

0.2.1 Result for VO (g;17,27, 3%, 4 ¢)

ND(gi317,27,3%,4%,¢o) = ¢} L g1 3, w12y
DW(qy;17,27,3% 4% go) = (23) (11 +p21) (210 + D11 + pai) parpi i v/Ta
(|qu|2 T1T2 + (|p2L|2 21 + |p1o|? 362) 303) ,

N®(g1;17,27,3%,4%: ¢2) = ¢} | 21 P21 71 /73,
D@ (q;17,27,3%, 4% ¢2) = (34) (11 +p1o +p21)PiL

<|p2L|2 1+ |pu|2 562) V4,

N®(gi;17,27,3%, 4% ¢o) = ¢f L @21 (P11 + p21) V12273,
D®(q1;17,27,3%, 4% g2) = (34) (1 + p1o +p21) [12]
(|p2L|2$1 + |pu|2 962) V4,
N®(g;17,27,3% 4% g0) = — |11 | qeupd, an sy,
DW(q1;17,27,3%,4%¢2) = (23)(34)par (q11 + p2r + paL)
V2 (|p4j_|2 T122%3 + (Qu(]ﬁ_iﬁﬂﬁz + (|p2J_|2 1 + |p1¢|2 $2) $3) $4)
(211 +piL +p2L +pa1) i1
NO(g1;17,27,3%, 4% ¢0) = — @11 [P o1 (11 + 1) ;)
DO (qi;17,27,3%, 4%, o) = (23)(34)p} | /s (w2 + 23 + 74)
qi1 (g7 +piy) w1 +pio(gf 1 +pi)T1234))

(
(Vz1z2(12) + 1122 + paiT1234) ,
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NO©(g1;17,27,3%, 4%, ¢o) = —qriqo1 2y (qrix1 + p1idioza)
DO (qi;17,27,3%, 4% g5) = (23)(34) /1 (w2 + w3 + 74)
(qie (g7 +p11) w1 +p1o (g1 21 + piyTi234))
(VZ172(12) + q1172 + p21T1234)

N (q1317,27,3%, 4% ) = @11 o1} | B2y,
DD (q1;17,27,37,4%: g2) = (g1 +por) (1L +p1o +Dp2i)

(2q11 +p11 +Dp21)
(QuQTLEliEz + (|pu|2 x4 |pra | zz) $3) A(1,2,3)ps1 [23]y/x1,

NG )(‘Ihl_ 27,37 4+,‘12) q1 J_‘IQJ_pu_\/_ze, $47

D®)(g1;17,27,37, 4% go) = (2q11 + p11 +p21) [23]vZ1 (Va1 (VEagiL
—(41)yzr — (42)\/22 — (43)\/23) + pa1@1234)
(qrizize (P10 +p31) 23 + g7 (373 + T1234))
+x3 (p2r21 (g1 %2 + P21 T1234) + @2 (P11 (g1 121 + PTLT1234)
—s512371))) A(1,2,3) (q1L (x1 + 222 + 223 + 24) + P21 T1234

+v/71A(1,2,3)),

N (g1;17,27,3% 4 g0) = —gi Lgo1 (P11 + p21)’ \/$1$2$§/2,
DO (g;17,27,37 4% ¢0) = (QQM_ +3 (1L +p2i) @i + (P11 +p21) )

(lg12 7 122 + (Ip2a P21 + 12 22) ) AG, 1, 2)pa [12],

N(lo) (ql; 1_5 2_5 3+5 4+; q2) = |q1J_|2 q2.1 (le_ + p2j_)3 \/1'15625631‘2/27
DO (g1;17,27,3%, 4% go) = (34)pay [12]A(3,1,2)
(QQ%J_ +3(p1L+p2L +par)qie + (1o +p2r +p4¢)2)

(|p4¢|2 T1T223 + (QM_Qﬁxwz + (|pu|2 T+ |pu_|2 zz) zs) 2764) )
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N (g;17,27,37, 4% g0) = i go (21 + $2)4 ,
D(”)(ql; 17,27,37,4%; q2) = (34)[12]\/71 /T2 \/TaT1234
(11 (1 +22) + (P11 +p21) T1234) A(3,1,2),

NI (g:17,27,3% 4% go) = |11 |” 020 (12)° (g1 + p1o + p2i) T12023,
DU (g1317,27,3%,4%; q0) = 5123(23) (2q10 + P11 + P2t ) paL
(quqhwlw + (|P2L|2 21+ |prof 962) 963) A(1,2,3)A(3,1,2),

N (g1;17,27,3%,4%2) = ¢} L2 (12)° (@11 +pro +par)’ mrwawsad,
DU (q1;17,27,37,4%¢2) = 5123(23) (2011 + P11 +p21)
(Vas (Voaqe — (41)y/xy — (42)/x2 — (43)\/3) + paL T1234)
((p1L +p21) w1234 + quo (T1 + 22 + 23 + T1234))
(qrizize (1L +p21) 3 +q11 (373 + T1234))
+a3 (p2o@1 (¢7 L 22 + P31 T1234)

+x2 (P11 (¢ L x1 + Pl T1234) — S12371))) A(L,2,3)A(3,1,2),

N (g1517,27,3%,4% go) = —q11g01 (1223225 % /25 (w5 + 24)°,
DM (q1317,27,37,4%; g9) = (34) /24 (a1 + priias)
(Vz172(12) + 1172 + P21 21234)
(11 (z1 +22) + (P11 + p21) T1234)
(962 (|p11_|2 1+ g P+ @ (¢ +pi +pa) T
+(12)[1201 + |1 w2 + |prs @5 + lpaa o1) + p2san (0] L2
+p5, T1234))
(q11 (1 4+ 22 + 223 + 24) — V/23A(3,1,2)),
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N (g:17,27,3% 4% go) = |qu1 | Q2LP§L$1$§/2$27
D) (q1317,27,37,4%5g2) = (23) (g1 +p1s) Qa1 +pio +p2i) Pl
Va2 (Vas (Veaqre — (41)V/or — (42)y/@2 — (43)y/T3) + para1234)
(qrizize (P1L +p21) ¥3 +a11 (323 + T1234)) + 23 (P2121
(g7 122+ 5 1234) + @2 (P11 (¢7 L @1 + P11 T1234) — S12321)))
(q11 (1 + 22 + 225 + x4) V23A(3,1,2)),
N9 (q1517,27,3%, 4%, o) = —qu 121 (12)%27 Pwnay 2l
DU (q1317,27,37, 4% g2) = (23) (quo@1 + p1oT1234)
(Vas (Vaaqie — (41)V/ar — (42) /w2 — (43)y/@3) + par21234)
((p1o +p21)®i234 + 11 (1 + 22 + 23 + 1234))
(qrizize (1L +p31) ¥3 +q71 (323 + T1234)) + 23 (P2121
(g7 72 + P51 T1234) + 22 (P11 (g1 L 1 + PT 1 T1234) — S12371)))
(11 (z1 + 22 + 223 + 24) — V23A(3,1,2)),
NUD(g1;17,27,3%,4%5 40) = 4 | g}, w10}/ 2o}
(Vx122(12) + qrixo + p2L$1234)3 )
DU (q1317,27,37,4%;g2) = (23) (g1 +p11) V@2 (q1L@1 + PriTizsa)
(Vzs (Vaaqe — (41)/e1 — (42)/xa — (43)\/T3) + pa121234)
(1o (g7 + i) w1 +pio (g1 71 + Pl T1234))
(qrizize (1L +p21) x3 +q11 (323 + T1234))
+x3 (p2121 (7 T2 + P51 T1234)
+2 (p11 (¢ L1 + P11 T1234) — 512321)))
x1 + 229 + 223 + x4) + P21 1234 + V21A(1,2,3))
x1 4+ T2+ 2w5 + x4) — /23A(3,1,2)),

(q11 (
(

(g1
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NO®(q;17,27,3%,4%,¢2) = —¢ L go1 (P11 +p21)® ng/2$i,

DU (q1;17,27,3% 4% g0) = (2q11 +p11 +p21) [12]
(Vas (Voaqe — (41)y/xy — (42)/x2 — (43)/3) + par T1234)
(qrioiwa ((p1L +p31) x3 +q11 (3z3 + T1234)) +
x3 (p2121 (¢ T2 + P53y T1234) + T2 (P11 (¢ L %1 + P11 T1234) — S123%1)))

(QIL (.Tl + 29 + 223 + .T4) — \/EA(S, 1, 2)) A(?), 1, 2),

N (q317,27,3%, 4% 0) = |qu 1 ° qoupd) w1v/@3 (23 + 24)°

DU (q1;17,27,37,4%,¢2) = (34) (11 +p11) (@11 +pri +p21) Pl Vs
(VZ122(12) + g11 T2 + P21 T1234)

2 * * * *
T2 (|pu| r1+qipiiey +quo (q7y + 1y +p50) T
+(12)[12]x1 + |pu_|2 T2 + |pu_|2 T3 + |pu_|2 £E4) + p2171

(g7 w2 + P35 @1234)) (quo (73 + T1234) — V23A(3,1,2)),

N (g1:17,27,3%,4% go) = i Lqo1 (P11 + p21)® VEr@aws (23 +24)°
D@ (qy;17,27,3% 4% qo) = (34) (q11 + pro + pas) [12]v/Za (g1 (1 + 22)
+ (P11 + p21) x1234) (11 (23 + T1234) — V23A(3,1,2))

(:Ez (Ipul2 T1 4+ qiipiimy + @ (¢ +pI +pa)) T

+(12) 1201 + |1 oz + |1 s + lprs o )

+poi a1 (g] |22 + P T1234)) ,

N@Y(g1;17,27,3%,4%, go) = ¢ L qo1 2y *A(1,2,3),

DY (q1;17,27,3%,4%; ) = s193 (i + p1o + pas) [23]
VEiyra/raA(4,1,3),
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N (q1;17,27,3%, 4% go) = qi Laz1p} L1 /5 (w3 + )
(Vr122(12) + 11 @2 + P21 1234)
D@ (q1;17,27,37, 4% q2) = (34) (g1 + p11) VT (q1i@1 + p1iTi2ss)
(qio (g7 +p7i) w1 +pio (g1 21 + i) T1234))
(962 (|p11_|2 1+ gl P+ @ (¢ + i +p3y) T
+(12) 1201 + |1 @2 + |1 s + a0 )
+p2171 (¢7 | T2 + P3) T1234))

(11 (w3 + 21234) — Va3A(3,1,2)),

N (q;317,27,35, 4% 00) = — |11 12 420 (12) (g1 + pro + P2t +par)
T1X2T3T4,

D¥(g1;17,27,3%,4%; o) = 51234(23)(34) (2q11 + p11 +p2s + par)
(Ip4L|2$1$2x3
+ (Quqﬁ_iﬂlm + (|p2¢|2 T1 + |pu|2 962) 963) 964)
A(l, 2, 4)A(4, 1, 3),

NCY(g;17,27,3% 4% go) = —q11g21 (12)321034,
DY (g1;17,27,3%,4%; o) = 51234(23)(34) (2q1 + P11 + P2y + pat)
A(1,2,4)A(4,1,3),
N (q1;17,27,3% 4% ) = g1 [ 420 (12)* (qus + pro + pos ) mamamsal?,
D) (q1317,27,37,47¢2) = 5123(23)pas (2¢1, +3 (P11 + P2 +pa1) i
+(p11L +p21 +P4L)2) (|P4L|2 12223 + (q1Lq7 | 172
+ (|p2J_|2 x1+ |pu_|2 zz) zs) £E4)
A(l, 2, 3)A(3, 1, 2)A(4, 1, 3),
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N®(g1317,27,3%, 4% go) = 11021 (12)% (21 + 22 + 23)"
D9 (q1;17,27,3,4%; o) = 5123(23)v/Taz1234
(P11 +p21) z123a + @11 (21 + 22 + T3 + T1234))
A(1,2,3)A(3,1,2)A(4,1,3),

N(27)(Q1; 1_7 2_7 3+74+; QQ) = 7qu_q2J_:C§/2A(3a 17 2)5
DD (q1;17,27,37,47q0) = 5123 (g1 + P11 + pai) [12]
\/$1\/$2\/$4A(4,1,3),

N (g1;17,27,3%, 4% g2) = =7 go1 (VErws(13) — VaaA(4,1,2)
+<23>\/£L'2.CC3)3,
D) (g1;17,27,3%,4%; ) = 51234(34) (@1 + pro + P21 +pas) [12]

\/H\/I_2$1234A(3, 1; 2)A(45 17 3)5

N (g1;17,27,3% 4% 2) = ¢} 21 (12)°27° A(4, 1, 3),
D@ (q1;17,27,3%, 4% q2) = 512351234(23) (1L + P11 + Pot + PaL) T1234
A(1,2,3)A(3,1,2),

NGY(g1317,27,3% 4% 0) = — a1 [* qr 2y ?,
DBY(q1;17,27,3%, 4% go) = (1 +p11) (g1 + pas) pi1 [23]

VEa/2aA(4,2,3),
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NOY(g;17,27,3% 4% go) = |q11 | QQLP?L\/ZE2ZEZ/2$Z/27
DBV (g;17,27,37, 4% go) = par (2¢7, +3(pro +p2r +pa1)qis

+(p11 +p21 +p4j_)2) [23]y/z1 (|p4¢|2 12223 + (q1Lq7 ) T122

+ (|pu|2 21+ | :cg) zg) z4) A(1,2,3)A(4,2,3),

NG (q;17,27,3%,4%q5) = Q1J_Q2J_1'?/21'§/27
DB (g1;17,27,3%,4%; q2) = [23]\/Tav/Ta1234 (1171 + ProT1234)
A(1,2,3)A(4,2,3),

NG (q1;17,27,3% 4% ¢0) = —q5 L o193 23 * (w2 + 23+ 24)°

D(gg)(fh; 17,27,37 4% q0) = (11 + p11) [23]VZ2 VT4 (@1 171 + P11T1234)
(@11 (gi +pi) @ + 1o (g1 m1 + Pl 2123a)) (1o (T1234 + 22 + 23)
+p21 1234 + V/21A(L,2,3)) A(4,2,3),

N@Y(g1317,27,3% 4% go) = |q1L [ 21 A(2,3,4)°,
DB (q1517,27,37,47 o) = 5234(23)(34) (g1 +p11) (g1 + P21 +pai) Pl
(.TQ + x3 +$4)A(4,2,3),

N (g1;17,27,3%, 4% 2) = g7 Lo1PT 1 (w2 + 23 + 74)° A(2,3,4)°,
D) (g1;17,27,37, 475 go) = 5234(23)(34) (11 +p11) (q1121 + p11T1234)
(VZ122(12) + par @1 + pai T2 + pai®3 + paixa
+q11 (21 + 2 (22 + 23 + 74))
+p21 1234 + (13)v/z12s + (14)V/Z124) (q11 (g1 +p11) 21
+p11 (g1 @1 + pTiw1234)) A(4,2,3),
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NGO(g1;17,27,3%,4%¢0) = — g1 | o1 p? ) womsma A(2,3,4)°,
DB (g1;17,27,3,4%; ¢2) = 5034(23)(34) (q11 + P21 +pat)
(QQ%L +3(p1L+p2r +par) i + (1o +p21 + p4J_)2)

V1 (|p4L|2 T1x2T3 + ((Jufﬁlﬂﬁlwz + (|}72L|2 T+ |pu|2 552) 553) 554)
A(1,2,4)A(4,2,3),

NGD(g1;17,27,37,4%2) = —qriqeiay *A(2,3,4)%,
DN (q1;17,27,3%,47; g2) = $234(23)(34) (w2 + 23 + 4) T1234
(i1 +prixioss) AL, 2,4)A(4,2,3),

NG (g1;17,27,3%,4%g2) = —¢] 1 @21 A(1,2,4)A(2,3,4)%,
DO (q1;17,27,3% 4% go) = 512345234(23)(34) (@11 + pro + pas + paL)
VT171234A(4,2,3),

NG (g1;17,27,37,4% 2) = —qf g2y A (1,2,4)°,
DB (q1;17,27,3%, 4% go) = s1934 (11 + P11 + D21+ par) [23]v/T2T 1234
A(1,2,3)A(4,1,3)A(4,2,3).
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0.2.2 Result for VO (g;17,2%,37, 4% )

_ _ . 5/2

NO(g1;17,2%,37 4% 2) = ¢, af 1 @210}, iy,

D(l)(ql; 17,27,37,4%q2) = (12)pas (p11 +p21) (211 + P11 + p2i) pas
(|}72L|2 z1 + |pro |’ ZCQ) (|qu|2 T1T2 + (|pu|2 21+ |p1o|? ZCQ) iﬂs) ;

N®(gi;17,2%,37, 4% ¢o) = ¢} L ¢}, g1 1123,
D@ (q1;17,2%,37, 4% g2) = (23)pay (q11 +pot) (2q10 +pro +pat)

PaLP] VT3 (|Q1J_|2 122 + (|pu|2 T+ |p1¢|2 xz) 2763) )

N®(gi;17,25,37, 4% 05) = |q11 [* o1 p} 23 °2?,
D) (g1;17,2%,37,471¢2) = (12)pay (p1o +par) (i +pio +pay)
(011 +pas) BaVE (Ipor* o1 + ol v2) Vs (2 4 2).
N®(g1317,2%,37 4% 2) = —¢} L g} L qor w1y *a}?,
DW(q1;17,27,37,4%;q2) = (23)(34)popat (g1 +par +pas)
(2q11 + P11 +p2r +par)pries
(|p4L|2 T1x223 + (|Q1L|2 T1To + (|p2¢|2 T+ |pu|2 962) 963) 904) )

NO(q1:17,2%,37 4% q) = —ql L 4 L qe1 0} Vs Pa?,
DO (q1;17,2%,37,4%; qo) = (12)(34)pay (pro + P21 ) Pas (qui + pas)
(211 +pi1L +p2i +par) (|pu|2 z1 + |pra | xz) V3

(|p4L|2 T1x223 + (|Q1L|2 T1To + (|p2¢|2 T+ |pu|2 962) 963) 904) )

NO(g1;17,2%,37,4%¢0) = — |11 [P @21 (a1 + p11) m1/Ta2,
DO (q1;17,27,37,4%q2) = (23)(34)p} | /T (w2 + @3 + 74)
(Vx1i22(12) + q11 22 + P21 T1234)

(q1e (g1 +pi1) 2 +p1e (g1 21 + P1)T1234)),
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N(7)((J1; 17,27,37,4%q2) = —q11.go1 VZ225 (1171 + P11 T1934)
D(7)((Z1; 17,2%,37,4%q2) = (22 + 23 + 24) (VT122(12) + ¢11 %2 + P21 T1234)
(23)(34)vaa (q11 (g1 +piL) @1 +p1o (g1 %1 + pTiT1234)),
N®(q1317,2%,37,4%;42) = ¢ a0} 23 %2/? (w5 + 24)°,
D®(q1:17,2%,37,4%;g2) = (12) (11 + pru + pas) B4l V1 v/Es
(Vx1z2(12) + 1122 + paiz1234) (VE123(13) + q11 (1234 + 23 + T4)
+p41 21234 + (23)V/22w3 + (14)/T124 + (24)/T274)
(3@2 (|Pu|2 T1234 +qiip1ie +qu (¢i +pi +p50) T+ (12) [12]901)

+poix1 (¢F | x2 + PS5 T1234))

N(g)(ql; 17,2737, 4% qo) = |Q1L|2 (JuPi:Eg/Q\/x_&

DO (g1;17,2%,37, 4% o) = (q11 +p21) (10 + pro +par) par [23]y/a1
(2q11 +p1L +p21) (Quqﬁzle + (|p2L|2 T + |pu|2 502) xg)
A(1,2,3),

N (10)
D(10)

_ _ . 5/2
q1; 1 a2+a 3 a4+; q2) = qquQLP?J_‘TQ/ Vv :ngi,
q1;17,2%,37,4%5q2) = (211 + p11 + p21) [23]V/71
(Vx4 (Vraqr1 — (41)/x1 — (42)\/z2 — (43)\/T3) + pa1T1234)

(qrizize ((p1L +p51) 23 +q7) (Bw3 + 21234)) +

(
(

x3 (p2121 () @2 + P51 T1234) + 2 (P11 (¢ L1 + DT T1234) — S12371)))
(q11 (z1 + 222 + 223 + x4) + P21 1234 + V21A(1, 2, 3))
A(1,2,3),

N(ll)(ql; 1_a2+a3_a4+;q2) = |q1J‘|2 q2Lx/$2$i/2,
DU (g1;17,2%,37,4% go) = (qu1 +p11) poipi [34]v/s (23 + 24)
A(Q’ 3, 4)’
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N (g;17,27,37 4% ¢p) = — |Q1J_|QQ2LP?L$2\/$31'Z/2,
DU (qy;17,2%,37,4%:¢o) = (12) (g1 +par) (o + P11 + P21 +pas)

211 +p11 +poi +par) [34]V/21A(2,3,4)

(|p4¢|2 T1 2273 + (Qu(]ﬁzlx? T (Ipu|2 71+ [puf m) xg) M) ’
N (g;17,2%,37, 4%, ¢o) = —qu i ger e,
DI (g1;17,2%,37,4%; ¢o) = (12)[34] /73 (23 + 24) T1234

(q1i21 + p1121234) A(2,3,4),

N (q;17,24,37, 4% q0) = g} g2 9} Vaoay? (w0 + 23+ 24)°
DM(q1317,2%,37,4% 1 qa) = (11 +p11) [34] /5 (w3 + 24)
(1121 + p11T1234) A(2,3,4)
(VZ122(12) + @11 %2 + P21 T1234)
(

qi1 (qi +p11) @1 +pis (¢ 21 +pi)T1234))

N (q1;17,2%,37,4%: q0) = —qt 1 ¢F L qou a1z 2,
D) (q1317,27,37,4%g2) = (prL +pas) par [12]A(3, 1, 2)
(QQ%J_ +3(p1L +p2r) g + (p1oL + pu)Q)

VT3 (|Q1L|2 T1To + (|p2¢|2 T+ |pu|2 962) 903) )

N9 (g1317,2%,37, 4%, ¢0) = ¢} 471 o1 VEray "2} ?,
DU (g1;17,2%,37,4%; g0) = (34) (p11 + por) par[12]23A(3,1,2)
(QQ%J_ +3(p1L +p2r +par) @ + (1o +pas +p4¢)2)
(|p4¢|2 T122%3 + (|Qu|2 T122 + (|p2J_|2 1+ |pu_|2 zz) zs) 2764) )
NI (g;17,27,37,4%;¢0) = Qu(]uiﬁgmwg,
DUD(g1;:17,2%,37,47; qo) = (34)[12]\/Z1 /Taw1234A(3, 1,2)

(q11 (21 4+ 22) + (P11 + P21 ) T1234)
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N(18)(Q1; 17,27,37,4%,¢0) = |qu|2 q21 (13)* (q11 + p11 + pai) T17273,
DU (g1;17,27,37,4%; g5) = 5103(12)(23)A(1,2,3)A(3,1,2)

. 2
(2g10 + P11 +p21)pas (QM_quiﬁSCz + (|pu|2 1+ [p1o| xz) 503) ;

N (g1;17,2%,37,4% 1 ¢o) = g7 1 go1 (13)* (@11 + pro +poi)’ Trzawsat,
D" (q1;17,2%7,37,4% g2) = 5125(12)(23) (2q1L + p1L + p21)
(Vos (VEaqie — (41)/wr — (42) /w2 — (43)\/73) + pa121234)
((p1L + p2r) 1234 + quo (w1 + 22 + 23 4+ T1234))
(qrozize ((p1L +p51) o3+ qi1 (323 + 21234)) + 23 (P21
71 (¢ 2 + p3) T1234) +

x2 (P11 (g7 L1 + p1 T1234) — s12371))) A(L,2,3)A(3,1,2),

N (g;17,27,37,4%; o) = q‘ﬁ_qﬁ_qgj_pi\/ﬂ:cgmxi,
D (g1;17,2%,37,4%;g2) = (12)p21 (p11 + pai) (|p2¢|2 x1 4 |p1o | ZCQ)
(QQ%L +3(p1L +p2r) ur + (P + pzj_)Q)
(Vo (VEaque — (41)V/ar — (42)/xy — (43)\/73) + pai21234)
(qrezi@e ((p1L +pa1) xs + i1 (3z3 + 21234)) + 23 (P2r21 (gL 22
+p5 1 1234) + 22 (P11 (] L 21 + PT | T1234) — S12321)))
(q11 (1 4+ 22 + 225 + 24) — /23A(3,1,2))

N®D(q1;17,2%,37,4%¢0) = ¢} L i qer oy %2,

D) (q1317,27,37,4%;2) = (23) (quL +p11) por (210 + 1o+ p2i) Pl
VI3 (Vos (Vraque — (41)Vry — (42)/zs — (43)y/23) + pai21234)
(qrioiwa ((pP1L +p31) 23 +q11 (33 + T1234)) + 23 (2171
(g7 2 + P51 1234) + 22 (P11 (g1 1 1 + PT T1234) — S12371)))

(11 (z1 + 22 + 223 + 24) — V/23A(3,1,2))
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N(22)(Q1; 17,2%,37,4%; g) = —qu1go1 (13)*23 P oy a3,
2 (qr;17,27,37,4% ) = (12)(23) (qrra1 + priT12sa)
(Vas (Voaqe — (41)y/xy — (42)/x2 — (43)/3) + par T1234)
((p1L +p21) w1234 + quo (T1 + 22 + 23 + T1234))
(rzi@s (P11 +p51) w3 +¢i1 (3ws + @1234)) + @3
(p2rw1 (¢ w2 + 5y T1234) + T2 (P11 (¢ L %1 + PT1 T1234) — S123%1)))

(11 (z1 + 22 + 223 + x4) — V23A(3,1,2)),

N®)(q;17,2%,37,4% g0) = g} g1 p} 12y "o}
(vVZ1Z3(13) + qui (21 + x2 + 223 + 24))*
D®¥(qy;17,27,37,4%2) = (23) (@1 + p11) V@3 (i@t + p1iTi23s)
(VZ122(12) + g11 T2 + P21 T1234)
(Voa (Voaqie — (41)y/a1 — (42)/72 — (43)\/73) + pa1 T1234)
(q11 (g1 +pi) @ +pie (7 121 + Pl T1234))
(qrer@s (P11 +p21) w3 +¢i1 (3w + @1234)) +
x3 (p2171 (g7 T2 + P51 1234) + T2 (P11 (g7 L @1 + PT) T1234) — S12371)))
(q1o (w1 + 222 + 223 + 24) + P21 T1234 + V21A(1,2,3))
(q11 (w1234 +23) — V23A(3,1,2)),

N@D(g1;17,2%,37,4%,g0) = —qi L q} L go1 Va123 o},
DY (1;17,2%,37,4%q2) = (p1L +p21) 211 +p1o +p2u) [12]V/73
(Vo (Voaqie — (41)Var — (42)/xs — (43)\/23) + paLw1234)
(rer@s (P11 +p21) w3 +¢i1 (3w + @1234)) +
x3 (p2171 (g7, T2 + P35 1234) + T2 (P11 (g7 L 1 + PT) T1234) — S12371)))

A(3,1,2) (q11 (1 + 22 + 223 + 24) — /23A(3,1,2)),
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N®)(g1;17,2%,37,4%¢0) = — g1 [P 2103 (q11 + i1 +poi)
Varzy *al?,
DB (qy;17,2%,37,4%; ) = (12)(34)pa (p11 + pai) v/Ta (w3 + 24)
(|pu|2 a1+ |prof” zz) (q1 (w3 + 21234) — V23A(3,1,2))
(w2 (Ipr P a1+ giupria +au (g + i +p5) @1 + 12120+
|pu|2 T2 + |pu|2 T3 + |pu|2 5134) + poy a1 (q] | 22 +p§l9€1234)) )
N (g1;17,2%,37,4%¢0) = |11 * gou (q11 + pro +p21)’ 961963332/2,
DE9(q1317,2%,37,4%5g2) = (34) (a1 +p11) p21pi L Vs (w3 + 24)
(Vr122(12) + qriwa + pa1xi234) (1o (23 + 21234) — V23A(3,1,2))
(502 (|p1¢|2 1+ g P +qii (¢ + P +psy )T
+(12)[12])x1 + |pu|2 To + |pu|2 r3 + |pu|2 5134)
+p21m1 (g7 T2 + P3) T1234))
N@D(g;17,24,37,4% g0) = g} gt (qua +pro +p2r)® a2y,
DB (qr;17,2%,37, 4% ) = (34) (pr1 + par1) [12]v/4 (w3 + 24)
(11 (1 +22) + (P11 +p21) T1234) (1o (T3 4+ @1234) — VT3A(3,1,2))
(902 (|Pu|2 1+ qipiizr +qui (¢ +pi +p3) ot
(12)[120a1 + prof* oo + pro s + Ip1s 2 )

+p21x1 (g1 T2 + P51 T1234))

N (g1;17,2%,37 4% 2) = —quigor 2y *23)
(—vx122(12) + g1 121 +pu961234)4 )

D) (q1;17,2%,37,4%; g0) = (12)(34)\/T1 /T2 (23 + 74) (q1 121 + p1121234)
(Vr122(12) + qrowa + p212i234) (1o (21 + 22) + (P11 + P21) T1234)
(502 (|pu|2 Ti234 +¢1 priv +qio (¢, + P+ Py )T+ <12>[12]2E1)
+p2121 (g1 172 + P51 1234)) (qo (23 + T1234) — VT3A(3,1,2)),
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_ _ * 5/2
NN (q1;17,2%,37,4%; q) = ¢F | qou %) w13l

(VZ172(12) + q1172 + p21T1234)
D®(q1317,2%,37,4%1q2) = (34) (a1 +p11) vaa (a5 + )
(qriz1 4+ pri@iosa) (o (g7 +P10) 21+ P11 (q1L@1 + Pl Ti23a))
(902 (|Pu|2 T1234 + 1 P11®1 + que (@i + P+ Py )+ <12>[12]$1)
+po121 (g7 L @2 + P51 1234)) (quL (23 4 T1234) — V23A(3,1,2)),

NGO (q317,2%,37, 4% g0) = g5 | o1} /15 %0}
(1L (z3 + 21234) — V23A(3,1,2)),
DB (q1;17,2%,37 4% q2) = (12) (1 + pro + p21)
(Vr122(12) + 1122 + p2121234)
(Vza (Vraqe — (A1) — (42)/x2 — (43)/23) + pa1T1234)
(902 (|Pu|2 1+ ¢ piie +qin (g +pi +pa) T+ <12>[12]$1) +
P2121234 (g1 L T2 + P51 T1234)) (qro@1z2 ((PTL + P31 ) T3+ ¢11 (Bas+
%1234)) + 23 (p2121 (¢F | T2 + P3| T1234) + 22 (P11 (¢ L @1 + PT | T1234)
—512371)))
NGD(q1;17,2%,37 4% ¢0) = qf goray "2},
DBV (q1317,2,37, 4% go) = (pro + pau) [12][34)y/Z1 v/ (w5 + 24)
(Vz1z3(13) — VzaA(4,1,2) + (23)/z223) ,

NG (q:17,27,37,4% ¢5) = —q} 1 quray *A(1,2,4)3,
DB (q1;17,27,37,4% o) = 51234 (12) (@1 + p1o + pa1 + par) [34] /3
11234A(2, 3, 4) (Vr173(13) — V2sA(4,1,2) + (23)/1273) ,

N(SB) (qb 17) 2+7 37) 4+7 QQ) = ‘JL_QQJ_SCg/QA(L 25 3)7
DO (q1;17,2%,37,4%;¢2) = s193 (i + P11 + pas) 23]

VEVERVEIA (4, 1,3),
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NGY(g;17,2%,37,4%¢0) = — g1 [P g2 (13)* (g1 + pro +pas +pas)
T1X2T3T4,

DB (q1;17,27,37,4% ) = 51234(12)(23)(34) (211 + p1oL + por +pas)
(|p4j_|2 T1T223 + (QuQﬁSCuEz =+ (|p2J_|2 1+ |pu_|2 zz) zs) £E4)
A(1,2,4)A(4,1,3),

NG (q;17,2%,37,4%q2) = —q11.go1 (13) 71234,

DO (q1317,2%,37,4%; g2) = 51234(12)(23)(34) (2011 + P11 +pai +pas)
A(l, 2, 4)A(4, 1, 3),

NG (q1;17,2%,37,4%; ) = |1 |” o (134 (g1 + pro + pas)® $1$2$3$Z/2,

DB (q1517,2%,37,4%; g5) = 125(12)(23)pa1 A(1,2,3)A(3,1,2)A(4, 1,3)
(QQ%J_ +3(p1L +p2r +par) e + (pro +pas + pzu_)Q)

(|pzu_|2 12223 + (thﬂlhxwz + (|172J_|2 r1 + |pu_|2 zz) zs) 2764) )

NG (q1517,27,37,4%;g2) = q11go1 (13)* (w1 + 22 + 23)"
DB (q1;17,27,37,4;¢0) = 5123(12)(23)/Taz1234 (P11 + P21) T1234+
q11 ($1 + X2+ x3 + .T1234)) A(l, 2, S)A(g, 1, 2)A<4, 1, 3),

N(38) (Qh 1_5 2+a 3_) 4+7 q2) = _qTLqQL‘mg/QA(g) 13 2))
DB® (q1;17,27,37,47;q2) = s123 (11 + P11 +p2ir) [12]
vV xl\/ﬁ\/ﬁA(lla 173)5

NG (g1;17,2%,37,4%2) = —qf L g1y A (3,1,4)%,
DB (q1;17,2%,37 4% go) = 51234(34) (@11 + p1o + pot +par) [12lV/T 121234
(Va3 (13) — V1A, 1,2) + (23)y/Ta73) A(3,1,2)A(4, 1, 3),
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NUD(q1:17,2%, 37 4% o) = g7 g2 (13)%25 2 A(4,1,3),
DU (g1317,2%,37,47; g2) = 512351234 (12)(23) (quo + P11 + Pat + par) T1234
A(l, 2, 3)A(3, 1, 2),

N (g1517,2%,37,4%¢0) = — |qu1|* g a/?,
DU (q;17,2%,37 4% q0) = (i + p11) (o + poi) Pl 23]
\/$3\/$4A(4,2,3),

N (g1317,2%,37 4% g0) = |11 |* qo1p) 23 Vasa} 2,
DU (q1;17,27,37,4%; g2) = par [23]Va1A(L, 2,3)A(4,2,3)
(QQ%J_ +3(p1L + P21 +par) @i + (P11 + pa2s +p4¢)2)

(|p4¢|2 T12T2T3 + (QM_(]ﬁiﬁScz + (|pu|2 T+ |p1¢|2 xz) $3) 504) )

NUD(g;17,27,37 4% o) = Q1J_Q2J_$?/21'g/27
DU (g1;17,2%,37,4%; q2) = [23]\/T3v/Tar1234 (1171 + ProT1234)
A(1,2,3)A(4,2,3),

NOD(q317,2%,37,4%g0) = —f L qeup}  3” (w2 + 23 + 12)°,

D™ (g1;17,27,37 4% go) = (11 +p11) [23]v/@3v/Za (w1 + priziozs)
(11 (g7 +piy) w1 +p1o (g1 71 + Pl T1234))
(11 (w1 + 229 + 223 + x4) + P21 ®1234 + VT1A(1,2,3)) A(4,2,3),

N (g1;17,2%,37,4%g0) = 11| 420 A(3,2,4)%,

D) (q1517,27,37,47g0) = 5234(23)(34) (g1 +p11) (@11 + P21 +Ppat)
1 (e + 23+ 24) A(2,3,4)A(4,2,3),
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NU (q1517,27,37,4%;q2) = ¢ 1 qo1p} ) (w2 + 23 + 24)? A(3,2,4)",

DU (g1;17,2%,37 4% go) = 5934(23)(34) (qu +p11) A(2,3,4)A(4,2,3)
(Vr122(12) + qrixr + p21@1 + par®y + 21102 + P21 o + Payi 2
+2q1123 + P21 T3 + parw3 + 2q11 74 + P21 Ta + parra + (13)/T103
+(14)\/r124) (1121 + P11T1234)

(q1e (@10 +pi1) 2 +p1e (g1 21 + P1gT1234)),

NUD(g1317,2%,37,4%¢0) = — |q11 | @1 P} w0w3 74 A (3,2, 4)%,
DY (q1;17,2%,37 4% go) = 5934(23)(34) (g1 + P21 + par) VI
(QQ%L +3 (1L +p2i +pa)qii + (prL +p2i + p4J_)2)

(|P4L|2 T1x2T3 + ((Jufﬁlﬂﬁlwz + (|}72L|2 T+ |pu|2 552) 553) 554)
A(1,2,4)A(2,3,4)A(4,2,3),

NO®(q317,2%,37, 4% o) = —quiger 2y P A(3,2,4)",
DU (g1;17,2%,37,47; qo) = 5234(23) (34) (w2 + 23 + 24) T1234
(qll_l'l + le_Z'1234) A(la 27 4)A(27 35 4)A(45 27 3)5

N (g;17,2%,37,4%g2) = —¢] 1 @21 A(1,2,4)A(3,2,4)%,
DU (g1;17,2%,37,4%; ) = 512345234(23)(34) (g1 + P11 + pas +pas)
\/$1$1234A(2, 3, 4)A<4, 2, 3),

NEY(g1;17,2%,37,4%2) = g} g2y A (1,2,4)°,
DO (g1;317,2%,37,4%; ) = s1934 (1 + pro + 21 + pat) [23]V/Z3
1'1234A(15 27 3)A(47 15 3)A(45 27 3)
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0.2.3 Result for VO (g;17,27,37, 4% )

N (qu31%,27,37, 4%, 2) = 27 /220?113 2167 1
DM (q1;17,27,37,4% q0) = (12)p11pas (pro + p2i) (pro + 210 + post)
(T2p11p1L + 21p21 P31 ) (T3T2p11pT L + T1T2G11G7 L + T123P21P31 ) 5
N®(qi:1%,27,37,4% q2) = 2% Vaaai qor ]
2)(11 *,27,37,4% qo) = [12]\/@3par (P11 + p21) (V1 (13) + /72(23))
piL+qii +p21) (pre+2q11 +p2i)

(
(x3x2p11P] ) + T1T2q11 ¢S | + T12T3P21D5 1 ) 5

N®(q31%,27,37, 4%, ¢2) = 23> Vo2 VTaq1 L2147 1 (11 +p21)”,
D®(qi;1%,27,37,4%;g5) = [23]p11par (VEa(12) + Va3 (13))

(p1e+aqii +p21) (P11 +2q11 +p2i)

(z3w2p11p] | +T172q11 47, + T173p21P5 ) ),
NW(q;17,27,37 47 go) = 212223(23)° (—q11) @205, (P11 + que +p21)
DW(qi;1%,27,37,475¢5) = s123(12)pas (VZ2(12) + /23(13))

(Vo1(13) + V22(23)) (P11 + 2q11 + p21)

(z3map11p1L + 212211071 + T123P21P3 1 )
N g 1%,27,37, 4% g0) = o (VEL(13) + VE2(23)) (i),
D®)(q1;17,27,37,4%;q2) = [12]s123v/@2 /@31 (P11 + @11 + p2.)
(Vo1 (14) + V/22(24) 4 /23(34)) ,

NO(g;1%,27,37, 4%, ¢2) = 23 %go1 (Va2 (12) + Va3 (13)) (—¢f1)
DO (q;17,27,37,4%; o) = [23]s123v/Z2v/T3/Ta (P11 + Q11 + pas)
(Vz1(14) + V22(24) + /23(34))
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N (g;17,27,37,47;¢5) = x?/Qxi/QungLQM(Jha
DD (qy;17,27,37,47; go) = [34)/22v/Z3 (23 4+ 24) (12)p11 (P11 + pat)

(P11 + @1 +p21) (o +par) (Tep11piL + T1021 P51 )

N(g) (qla 1+7 27) 37) 4+a Q2) = x?/Qxi/QqQLQTJJ
D® (q1;1%,27,37,4%; qo) = [12][34]/Z2 /T3 (23 + 24) (1L + P2i)
(Ve1v/z3(13) + Varvra(14) + V22/23(23) + /221/74(24)) ,

NO(q1;1%,27,37 4% g2) = arz) *qor (VE2(24) + V75(34)) (—af ) |
D®) (q1;17,27,37,47;q2) = [23]s234/T2v/T3 (T2 + T3 + T4) P11
(Va2(12) + /23(13) + /z4(14)),

NOO(g;1%,27,37, 4% go) = Vanzy *ger (VE3(23) + V72 (24)) (—a1)
DU (g1;17,27,37, 4% go) = [34]50341/Ta/T3 (w2 + 23 + 24) P11
(Va2(12) + x5(13) + /24 (14))

N(ll) (q17 1+a 2_5 3_5 4+7 CI2) = -T?/2 (23>3(J2Lqﬁ_
(VT2 (12) + /23(13) + /74(14)),
DM (g1;17,27,37, 47 go) = 5123450341234 (34)

(VZ3(23) + V24 (24)) (Vr2(24) + 23(34)) (11 + @10 +p2i +par),

NOD(q;17,27,37, 4% 2) = (VAT (13) + V32(23) — V72 (34))"
zi’/QQM (—di1),

DU (g1;1%,27,37, 475 ¢2) = [12]51234/T221234(34)
(VEL(14) + v72(24) + Z3(34)) (P10 + 11+ pat +pas)
(21v/@2(13)(14) + 2/T1 /T2 v/T3(13)(23) + /@1 /T2 /T1(13) (24)+

21v/3(13)" + v/a1yV/E2 /T2 (14)(23) + 22/74(23)(24) + 02v/75(23)°) ,
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N (qi;17,27,37,4%, ¢9) = qa1 (—q7 1) (—v/@1v/T2(12) — Var /3 (13)
+V/T2 /T (24) + /T3 /1(34)) "

D) (qu;1%,27,37,4%; ¢o) = [23]s10301/2\/T321234 (/T2 (24) + /Z3(34))
(2v/@2v/a3(12)(13) + /o2 /Za(12)(14) + 22(12)” + /73 /74(13)(14)
+23(13)?) (Va1 (14) + /22(24) + /73(34)) (P11 + @11 + P2 +pas),

NOD(q:17,27,37,4%g0) = (Vi (14) + Va2(24) + v/73(34))
23*(23)° g2 171

DU (g1;17,27,37, 475 g2) = s1235123471234(12) (V@2(12) + /73(13))
(Vr(13) + 22(23)) (P11 + q11 + P21 +pa1),

NO9(qu317,27,37,4%; g5) = (=1 (12) + /73 (23) + /72 (24))"
/2‘12J_ (—¢i1),

D) (q1517,27,37, 4% qo) = [34]s12340/T321234(12) (V3(23) + /74(24))
(Vz2(12) + Va3(13) + 24 (14)) (pro + g1 + P21 + par)
(

VELVE13) + VELVEL(14) + Fay/T3(23) + /T3 /T1 (24)),

3
Ty

NUO(g:1%,27,37 4% go) = 21234 (23)% Q11 g2,
DO (g1317,27,37,4%; o) = 51234(12)(34) (V@2 (12) + /73 (13) + /71 (14))
(Vo1 (14) + V22(24) + V23(34)) (1L +2q10 + P21 +paL),

NOD(g1;17,27,37,4%; ¢0) = /&1 (22 + 23)* (—q11) G20,
DU (q;1%,27,37,4%; q2) = [23]\/Z2v/Z3v/Taw 1234 (VT2(12) + /T3(13))
(VT2(24) + Vx3(34)) (x1p11 + Top11 + T3p1L + Tap1l + T1¢11) s

N8 (g;1%,27,37,4%;¢0) = \/96155395431/2 (—q11) g2,
DU (q;1%,27,37, 4%, o) = [34] /a3 (w5 + 24) (V3(23) + v/74(24))

21234(12) (z1p11 + @op11 + @3p1L + Tap1L +21q1L),
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NI (g;1%,27,37,4%; q0) = a1 (@2 + 23 + 24)° (23)3q10 g0,
DU (q1;1%,27,37, 4% g2) = s2341234(34) (V23 (23) + v/71(24))

(VZ2(24) + /23(34)) (x1p11 + Top1L + ®3p11 + Tap11 + T1¢11)
(Vr2(12) + Va3 (13) + V24(14)),

N(20) (ql; 1+a 27) 37a 4+; q2) = ‘T?/Q‘Tg (_qll) q21,

DO (q1317,27,37,4%; qo) = [12]y/Z2/Taw1234 (34) (Va1 (13) + /72(23))

(T1234P11 + T1q11 + Taq11 + T1234P21 ),

N®(g;1%,27,37, 4% g0) = (21 + 22 +23)" (23)%q1 1 o1,
DY (q1;1%,27,37, 4% q2) = s123v/@aw1234(12) (v22(12) + /T5(13))
(Vo1 (13) + 22(23)) (Va1 (14) + V22(24) + V23(34)) (21234p11

+221¢11 + 2x2q11 + 22311 + Tag11 + T1234P21 )

N (g;1%,27,37,4%, g) = 232323 g1 (111 + @10 ai 1,

D (qy;1%,27,37 4% go) = [34]\/Z3 (23 + w4) (22 + 23 + 24) P11
(VZ3(23) + 24(24)) (x1284p11 +1q11) (1p11¢7 1 + 11T |
+x1p11pl ) + T2p1ipTy + X3p1apy) + Xapripl )+ T1G11047 )

(T2q11 + T1p21 + Tap2y + 3pas + Tapal + /21/22(12)),

N(QS)(Ql; 11,27,37,4%go) = 2% (22 + £E3)4 q21 (P11 + (J1L)3 L,
D@ (qy;17,27,37,4%; q2) = [23]\/Z2y/T31/Za (x2 + 3 + 24) P11
(Vz2(24) + /23(34)) (T1284p11 +1q11) (1p11¢T | +T1G1apT |

+21p11pT | + Tap1ipyy + T3p1iPly + Tap1iPT L+ T1q11G70)

(x1q11 + 2x2q11 + 223G11 + Taq11 + T1P21 + Tapai+

T3p21 + Tapa1 + /T1y/22(12) + /211/25(13)),
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N (g;1%,27,37,4%;q0) = 23 (22 + 23 + 24)” (23)3¢21.

(P11 +qi1) ( ai1)

M (q1;17,27,37, 4% g2) = 5234 (34)p11 (VT3(23) + /72(24))

(V@2(24) + V23(34)) (T1p11L + T2p11 + T3p11 + Tap11 +T1q11)
(T1p11¢7 | +21q11p7 ) + T1p11pPY ) + Tap1ipl | + T3P1LDT |
+2apripil +21q10qyL) (T1qiL + 2T2q1 1 + 223q11 + 2Taqi1 + P21
+Top2i + x3p21 + Tap21 + T1pat + T2Pal + T3paL

+aapar + VErVTa(12) + V023 (13) + Vry/1a(14))

N (g;1%,27,37,4%;qp) = 50?/2\/5503/2 (—q11) P51 921471
(P1L+qiL +p21),
N qr317,27,37,4%42) = /o (w3 + 24) (12)(34)p11 (P11 +pai)
(T1q11 + z2q11 +273q11 + TaqiL + /T1/23(13) + /12/73(23))
(z2p11p] | +T1p21p5 ) ) (T2T1P21.G7 ) + T2T1P1147 ) + T2T1G11D7 |
+xow1p1ipyy + wgpuph + ox3p11Py) + T2TaPp11PT | + T2T1q11q] |

+rox1q11p5, + -T%]DLP;L + Tox1pa1 Py + T3T1P21 D5 +

r4x1p21 Py + [12]2211(12)),

N@(g;17,27,37,4%, g0) = ?/2\/962$§/2¢I2¢¢Iﬁ (pro+que +p2i)?,

(

2 (qi;1%,27,37, 4% g2) = [12]v/Z4 (w3 + 24) (34) (P11 + p21)

(T1234p11 + 2111 + T2q1 1 + T1234P21 )

(T1q11 + 22q11 +273q11 + 2411 + V/ZT1/23(13) + /72/75(23))
(Tam1par gl + @21p1iql s + T2x1q1ipT | + TaTapLipy L + X5P1LIPT |
+X2T3P1 1P + ToTaP1 P + T2T1q1 L GE L + ToT1q1I D5, + TIP21Ps L

+T2r1p21 Py + T3T1P21Ps | TaT1P21 Py + [12]1221(12)),
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NG (g:1%,27 37 4% q0) = 23 %Y? (—q11) oo

(@1

(x2q11 + T1p21 + Top21 + T3p2i + Tap2i + \/_\/_<12>)

D (q1;17,27,37, 4% 42) = Va2 y/T4 (w3 + 24) (12)(34) (1234p11 + 71011)
(T1234p11 + T1q11 + T2q11 + T1234P21 )

(T1q11 + 2q11 +273q11 + Taq11 + /Z1/73(13) + \/72/75(23))
(zam1parqiy + w2111l + Tax1quipt | + TaTipripyy + X5P1LIPT |
FX2T3P1 1 DY+ T2TaP1 1P + T2T1q11qF L + Tow1qu D5, + P21 PE L

+2ow1p21 3y + T3T1P21Ps | TaT1P21 Py + [12]X2w1(12)),

NG (qr31%,27,37,4%1q0) = 272} (w3 + 24)" P31 i

D) (gy;1%,27,37,4%; o) = [34) /2225 (12)p11 (P11 + @11 +pad)
(T2q11 + 123421 + VT1/T2(12))
(T1234q11 + T3q1L + 2aquy + T1paL + Topal + T3Pa1 + Tapay
Va1V (13) + Va1 /za(14) + Vr2/33(23) + /121/74(24))
(T2m1p21 G5 ) + Tom1P11 Y| + T2x1q1L P} | + T2T1P1LDY, + T3p1Lpt L
+@2w3p11IpT| + Toxap1ipt) + T2T1q1LG ) + T2T1q1LIPY, + XTP21 DS

+r2x1P21 Py + X3T1P21 Py + Taw1p21 Py + [12]w221(12)),

N (g;1%,27,37, 4% qp) = zi’fcg/QQM (1L + @)’ af )
(T2qi1 + 21p21 + Xop2y + 321 + Xapa1 + /T1/22(12)),

D (q1;1%,27,37,47 ) = /24 (w3 + 24) (34)p11 (21234011 + T111)
(T1q1e +w2q11 +223q11 + Taquy + /21/23(13) + /12/23(23))
(mquL +T1q1ipt L+ Tp1ipi L + Topr Pty + Tsp1ipty + Talpr P
+21q110q7 1) (T2@1p21q7 1 + T2T1P11GT | + T221G1 DT + T2T1P1LDT |
+25p1LPT ) + Tamsp1ipt ) + Toxap1ip}) + TaT1q11qr ) +

* 2 * * *
TaT1q11Ps | + TIP21P5 | + TaT1P21 Py + T3T1P21Ps | + LaT1P21 D5

+[12]£L'21'1<12>) ,
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NGO (g:17,27,37 4% go) = mya0w323(23)3qa1 ¢ | (D1 + quo +pas)’,

(
DBV (g5 1%,27,37, 4% go) = s13(12) (vZ2(12) + \/75(13))
(Vo1 (13) + 22(23)) (P11 + 2q11 + p21)
(T1p11 + @2p11 + 3p11 + Tap11 +221q11 + 2T2q11 + 273q11 + TaqiL
+x1p2s + apas + x3pal + Tape1 ) (TaqiL + T1pas + Tapal + T3PaL
Fxapar +/T1V/Ta(14) + 22y/04(24) + /2324 (34))
(—$2$3$1P2LQTJ_ - $2$3$1P1LQTJ_ - 9U2£C3£C1Q1lph - $2$3-T1p1Lph_
—ToTAP1 LIPS — T3TIP1LPT | — ToT3TaP1 LD + 27T (—q11) qF | —
TIT1GLGS ) — ATaT3TIq1LGT L — T2TATIG1 LG, — T2T3T1G1 1 Ps L
— 303 P21 Py | — T3T1PaLPs | — T2L3T1P2LDs | — TITATIP21DS |

+5123%223%1) ,

N®D(q;1%,27,37, 4% q2) = 21297324 (23)° 1L 2147,

(Pl 4+ @i +p2t +par),
DO (g1 14,2737, 4% 42) = s1204(12) (34) (V2(12) + /3 (13) + VT2 (14))
(Vo1 (14) + 22(24) + /23(34)) (P11 + 2q11 + pa1 +PpaL)
(

* * * *
ToTaT3p1 1P| + T1T2T4q11 Gy + T1XT4T3P21 Py + T1T2X3DALDY | )

NG (q1;1%,27,37, 4% qo) = 23 202324 (23)3 1 L @241 (a1 +por +par)?,
DB (qi;1%,27,37, 4% g5) = 5231 (34)p11 (v/73(23) + V24 (24))

(Vr2(24) + V23(34)) (V22 (12) + 23(13) + /74(14))
(P14 @i +p21 +par) (Pro+2q11 +poi +PpaL)
(

* * * *
ToXgT3P11P1 + T1X2X4Q11 97 + T1X4T3P21Py + $19€29€3p4¢p4j_) )

NG (g1;17,27,37 4% ¢0) = 27 Vi) ? (~a3)) qerdfy s
D®¥(q1;17,27,37,4% o) = [12]a3(34)par (pro + p2sr) (VE1(13) + /22(23))
(P11 + @i +p2i +par) (Pro +2¢11 +poi +pay) (Tezazspripl

* * *
+212204q11G7 ) + T124X3P21 D3| + T1T2X3P4 1Dy ) 5
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NG (g1317,27,37 4% ¢0) = 2] a2} ? (—ab ) P31 qerdi
DB (q1;17,27,37,4%; q2) = V23(12)(34)p11pas (pro +pas) (qio + par)
(P11 +2q11 +pai +par) (x2p1ipl| +T1p21p5))
(T2243p11 P | + T1T224q11G7 | + T1T4T3P21 D5 + T1T2T3P41 DY )
N (qi;1+,27,37, 4% go) = 21 Va2Vased? (—11) 21 (10 +por)’,
D) (g;1%,27,37, 4% g2) = [28]p11pas (V2 (12) + v/75(13))
(Vo2(24) + /23(34)) (P12 + @1 + P21 + par)
(P11 +2q11 +p21 + par) (T2w4x3p11pT | + T17274q11.G7 ) +
T1T4T3P21P5 | + T1T2T3PA1IPY ) s
NGO (gy;1+,27,37, 4% q0) = $1$2$3$Z/2<23>3Q1LQ2LQTL (1L +q11 +p2L)3 ,
q1;17,27,37,4% ¢2) = s123(12)pay (V22(12) + /23(13))
(Vo1 (13) + 22(23)) (Va1 (14) + V22(24) + Va3(34))
(ML 4@l +pos +par) (Pro+2¢11 + 21 +pat)
(

(
(

D(36)

* * * *
ToZaZ3P11 Pl + T1T2Taq1 1G] | + T1T4T3P21 5| + T1XT2L3D4 1Py ) s

NGO (g;17,27,37 4%, g0) = Ii’p\/ﬁﬁim (—q11) P31 @21 a7y s
DB (q1;1%,27,37,4% g2) = [34]z2(12)p11 (V@3(23) + V22 (24)) (q11 + par)

(ML 4@l +pos +par) (Pro+2¢11 + 21 +pat)
(

* * * *
ToTaT3p11P] | + T1%2T4q1 1G] + T1XT4T3P21 D5 | + T1T2X3D4LDY | )
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NG9 (g;1,27,37,4% go) = 27 Va2l 1 03 o a1

DB (q1;1%,27,37,4%;g2) = (12)p1y (pro +p2s) (pro + @i + por)
(P11 +2q11 +p2i) (@i +z2qi1 +223q11 + Taqi1 + VT1/23(13)
+V22/23(23)) (z2p11p7 1 + T1p21P31 ) (Taqr L + T1pas
+xopa1 + T3paL + Tapal + /T1/Ta(14) + /T2 /x4(24)
V34 (34)) (T2371p21 1) + T2T321P11 47| + T2T3T1QLPT
LT3 TAPLLPT |+ ToXEP1IPT |+ T5T3P1LPT L + TaT3TAPILPT L
220711} + 232110 gL + ATaxs 11 qf ) + TomaTi i gf )+
ToT3T1QLLPs | + T3TIP21Ps | + AZT1P21 P + T2a3T1P2LPS |

"
+x3T421P21P5 | — 5123$2$3$1) )

N (qr;1F,27,87, 4% go) = 27 Vmaadal Lo df

DO gy 14,273, 4% 42) = 120/ (1.1 + pr) (VET(13) + /3 (23))
(P11l 4+ 2q11 +poi) (T1q1L + @2q11 + 223q11 + Xaq11 + V/21/23(13)+
VT2 /23(23)) (Taqr + X1pay + Topas + X3pat + Tapay + /124 (14)
V2224 (24) + /23/24(34)) (T22321p21 471 + T2T3T1P11GT L+
ToT3TIq1LPT) + Tox3T1P1LIP] | + T2T3P1LIPT | + Ta3p1Ip] )
FL2@3TAP1LPT |+ T22TQLGT |+ TT1q11GY L + ATax3T1q11 g
FLoTATIQ1LGY | + T2T3TIqILPS ) + T3TIP2L DS, + TZT1P2LDs |+

* *
XoX3T1P2l Py + X3T4T1P21 Py | — S123L2L3T1) ,
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NUO (g5 1+,27,87, 4% o) = 27* Va2 VB2t a 101 (@11 +par)’,
DU(q1;1%,27,37,4%5go) = [23]p11 (Va2 (12) + v/75(13))
(P11 +2q11 +p21) (T1q11 + 272q11 + 22311 + Taqi1 + T1234P2 1
+Vr1y/22(12) + /o1/23(13)) (Taq1L + T1pat + Topar + T3paL
Frapar + VT1/Ta(14) + /22\/24(24) + /73/T4(34))
(Tox3T1P2.1q7) + T23T1P11Gy | + T2T3T1q11PT | + T2T3T1P1LPT |+
ToxIPLLPY L+ T3TPLLDY L+ TaxzTap1 Pty + Taxiquigly + whraqi |
FAZYT3TI QLG |+ D2TATI QLGS | F D2TTIQLDS |+ T3TTP21PS |

2 * * *
+x3x1P21Ps) + T2X3T1P21Po | + T3T4T1P21 D5 — 5123962503501) )

N (q317,27,37, 4% q2) = 27 20wy *23(23)% (—q11) gou,

DU (g1;17,27,37,4%; ¢) = (12) (x1p11 + ap1 + 23prs + Taprs +T1q11)
(1234011 + 20111 + 202q11 + 203q11 + Taq1L + T1234P21)
(Trqi1 +z2qi1 +223q11 + Taqiy + /T1y/23(13) + /12/23(23))
(Taqr1 + T1234Pa1 + VT1V/T4(14) + /2224 (24) + V73/4(34))
(T2m371p21qy) + T2T3T1P11GY | + T2T3T1q1LPT | + T2T3TIP1IPY |
+ToTEP1IPY | + T3T3P1LPT | + TaX3TaP1LPT | + T2riq1L )
FT3TIqLLGE ) + ATaTsTIq1LGT |+ TaTATIq1LqY ) F T2T3TIq1LDS)
FT3TIP2LPs) + TRTIP2LI DS + ToT3TIP2 1Py + T3TATIP2L DS

—8123962963331),
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N2 (g;1%,27,37, 4% go) = 2823 %2} %23(28)3 o1 (011 + 01 1)’ a1,

DU (g1;17,27,37,4%;q2) = prt (z1p1s + Toprs + T3p1i 4 Tap1i + T1q11)
(x1q11 + 2q11 + 223q11 + Taquy + V21 23(13) + V/224/73(23))
(mpuiﬁl +Z1q11 Pt + Tip1ipt) + TopiuptL + 3p1apiy + zalpio]?
211147 ) (T2q11 + T1D21 + Topai + T3pai + TaD2s + V/ZT1/T2(12))
(111 + 2x2qi1 + 22311 + Taq11 + T1234P21 +

VE1V@2(12) + 21y/73(13)) (Taq11 + T123apas + Vo124 (14)
+/T2y/T4(24) + /23\/74(34)) (T27371P21.G7 | + T2T3T1P11GT |
+T2a3T1q11 P} + TaXsTAP1L DY) + T23P1LPT ) + T3T3PLLDT
FL2@3TAP1LPT |+ T22TQLGT |+ T5T1q11GY |+ ATax3Tiqii gy
FToTATIq1LqT | + T2 LP5 | + T3TI P21 P51 + T3T1P21Ps |+

* *
XoX3T1P21 Py + T3T4T1P21 Py | — S123L2L3L1) ,

N (g1;17%,27,37,4%5 g0) = 2722wl g0
(T1q11 + T2q11 + 223q11 + TaqiL + /T1/23(13) + \/124/23(23)),
D) (g;17,27,37,4Tg2) = (12)p11 (p1o + qus +p21) (T2q11 + T123ap21
+v/T1/22(12)) (agi1 + T1pat + Topai + T3Pat + Tapas
VT2 (14) + V/22y/74(24) + 231/24(34))
(T22371p2.1q7 | + T2T371P11G7 | + T2T3T1q11P] | + T2aT3TIPILPT |
+2ox3p1 1P} | + T3TIP1LD] | + ToxazTap1 D} + Toriq11 Gl
+3T1q11qT ) + ATexsT1q11 Y| + TaTaT1q1LqY ) + T2T3T1Q1LDS |
+a3aTpa iP5 + T3T1PaL Py | + TaX3T1P2LIPS | + T3TATIP2LPS |
—51230223%1) (T2@1P21G7 ) + T2T1P11G7) + T2T1q11 DT
+xomip1ipt ) + 3PPt + TaTspLipT ) 4 TaTaprip] )
FL2T1q1LGT | F T2r1 QLIPS + TTP21P5 | + TaT1pal Dy

+x3T1P21 5| + Taz1p21 Py + [12]xex1(12)),
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