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Introduction

Our current understanding of the fundamental laws ruling the dynamics of the
elementary matter building blocks is encoded in the Standard Model of elemen-
tary particles (SM). Even though its physical reality has been experimentally
confirmed many times, this should not be the end of the story. Among the
several indications supporting this statement, the strongest one might be that
the SM does not include gravity yet, as Einstein’s theory of General Relativity
seems to be incompatible with the quantum field descriptions we have regard-
ing the three other fundamental interactions identified so far. Even so, as the
SM will certainly reveal itself as an inevitable piece of a unified theory of all
fundamental interactions, yet to be discovered if existing at all, it is important
to address its internal issues such as:

o the unexplained hierarchies observed in the fermion mass spectrum and
the mixing matrix,

e the SM hypothesis of massless neutrinos, which is not only at variance
with neutrino mixing observations but could also cover up CP violating
phenomenon relevant for successful baryo- and lepto-genesis explanations,

e the SM inability to accommodate possible Dark Matter which, if present,
would constitute 25% of the Universe’s content,

o the strong CP problem [1], which is still a problem as we do not yet un-
derstand why experimental measurements constrain the apparently free
0qcp parameter to lie below the 10719 level.

These unanswered questions drove physicists to consider alternative theories
referred to as New Physics (NP) models within which some (but not all) SM
weakness(es) could be overcome. For instance, supersymmetric (SUSY) models
provide Dark Matter candidates while the strong CP problem might be solved
by the Peccei-Quinn mechanism [2]. These are two possible alternatives among
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many others, which are all characterized by their own phenomenology and
enlarged particle spectrum. In SUSY we find super-partner particles, the axion
is predicted by the Peccei-Quinn mechanism, Kaluza-Klein excitations appear
in Extra-Dimension models and technicolor models predict the existence of
strongly interacting techniquarks. To unravel and/or discriminate between
such NP scenarios, strategies must be set up. They basically fall into two
categories: direct and indirect searches.

Direct searches, pursued at the LHC for instance, consist in trying to directly
produce and observe new degrees of freedom. Unfortunately, no direct obser-
vation of particle beyond the SM has been confirmed so far. However, these
negative results have already set strong constraints on various NP models.

Indirect searches tend to detect NP by measuring its possible quantum effects.
For instance, NP could manifests itself in flavor changing neutral K- or B-
meson decay branching fractions through virtual loop contributions involving
new degrees of freedom. By comparing their SM predictions with experimental
measurements, we hope to identify tensions that could signal something beyond
the SM is at play. Yet, in order to be efficient, these observables must satisfy
several criteria. As we are testing the SM at the one-loop level, they must
be precisely predicted in the SM. If not, NP contributions could be buried in
uncertainties. Ideally, these observables should be highly suppressed or even
forbidden in the SM. Indeed, the SM mechanism, responsible for the suppres-
sion or the prohibition of a particular process, may not be a feature of the NP
model under consideration. Finally, and for obvious reasons, these observables
should be either measured or measurable in a near future.

In this indirect hunt, the radiative b — sy and pu — ey transitions have received
considerable attention. Since both are neutral flavor changing transitions, they
are loop suppressed in the SM. While the suppression of the former is not so
effective, Br(B — X v)w = 3.15(23) - 107%, the latter is extremely suppressed
as it proceeds through neutrino mixing effects, in fact, Br(u — ey)y, < 10740,
The former is known to NNLO precision in the SM [3], and has been measured
accurately at the B factories [4], Br(B — XY)exp = 3.55(26) - 10~* with
E, > 1.6 GeV. It is now one of the most constraining observables for NP
models. The latter is so small in the SM that its experimental observation
would immediately point toward the presence of NP [5]. Further, most models
do not suppress this transition as effectively as the SM, with rates within reach
of the current MEG experiment at PSI [6].

In view of the expected high luminosities of several K decay experiments start-
ing in the next few years, such as NA62 at CERN, KOTO at J-Parc, and
KLOE-II at the LNF, new effective strategies to constrain or signal NP may
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open up. In the Kaon sector, one of the golden targets is the K+ — ntvw
decay mode, which, in the SM, is exclusively driven by s — dZ penguin and,
therefore, very precisely predicted: Br(K+ — atup)y, = 8.25(64) - 10711
Incidentally, one of the main purposes of the second phase of the NA68 ex-
periment is to record @(100) events in order to reach a ten percent precision
on Br(K* — 7 v0)exp. This would represent a great improvement compared
to the current Br(K+ — 1t vi)ex, = 1.7377°02 - 10710 measurement extracted
from the seven events recorded by the E787-949 experiments at BNL [7]. If
such a precision is achieved, the K — 7T v would constitutes a perfect probe
for NP in the s — dZ penguin.

In principle, an other powerful probe for NP is the ¢’ parameter. Indeed,
this observable, which quantifies the small amount of direct CP violation in
K — 7m decays, is loop induced and well measured: Re(e’) = (2.5+0.4)-107°
with ¢or ~ 7/4. Furthermore, it has the advantage to probe the SM directly
at the amplitude level rather than at the branching one. Sadly, its ability
to constrain NP is quite limited by our current theoretical control over the
electroweak and QCD penguins hadronic dynamics, which is not good enough
to resolve precisely the destructive interference occurring between the s — dg
and the s — d{Z,~} penguins in ¢’. Yet, with the s — dZ transition controlled
by K+ — 7Tvi in a near future, the situation could be further improved if we
manage to control the s — dvy transition independently of ¢f,. Supplemented
with such orthogonal correlations, ef, could eventually become a good probe
for the s — dg penguin only.

The main purpose of the present work is, therefore, a complete and most up-
dated analysis of the best observables (other than ¢}, ) giving a direct access
to the s — dvy transition, both in and beyond the SM. This analysis is not
only profitable to the s — d{Z,~, g} penguins disentanglement in €', it is also
complementary to the b — sy and p — ey studies. Indeed, as shown in the
following table, these three radiative decays are complementary from the point
of view of their respective SM suppression and sensitivity to hadronic effects:

SM suppression Hadronic effects Experiment
Br(b = s7)inc | 3.15(23)-107*  small: B, > 1.6 GeV  3.55(26) - 1074
Br(s = d7v)exe ~ 1076 large: £, < 0.2 GeV  which mode?
w— ey < 10740 absent <12-107%

Since in the SM, the s — dv transition is more suppressed than the b — s one,
we naively expect the former to be more efficient to constrain NP effects (in
its own flavor sector). However, this suppression argument overlooks hadronic
uncertainties, which are very important in s — dy and under good control
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in b — sv. Consequently, two issues have severely hampered the s — dy
ability to probe NP up to now. First, the s — dvy decay takes place deep
within the QCD non-perturbative regime, and thus requires control over the
low-energy hadronic physics. Second, these hadronic effects strongly enhance
the SM contribution, to the point that identifying a possible deviation from
NP is very challenging both theoretically and experimentally. To circumvent
these difficulties is one of the goal of the present thesis.

In chapter 2, we demonstrate that a good theoretical control over the hadronic
dynamics of s — dy is now reached. In particular, these effects, handled within
Chiral Perturbation Theory (ChPT), involve local interactions which were un-
known up to now. Thanks to our improved NLO computations combined with
recent experimental results concerning the K+ — 7t7%y decay obtained by
NA48 [8], we are now able to extract these problematic contributions directly
from experiment. As a matter of fact, we provide the first experimental extrac-
tion of a previously unknown local term which intervenes in several K — 7my
decays and we find it to be small, as expected.

The most promising observables to probe the s — dvy high energy dynamics
and thereby possible NP effects, are then identified. Those are the radiative
K decay CP asymmetries in the case of real emissions and the CP violating
contributions to the K — 70¢* ¢~ decay modes in the case of virtual emissions.
While the current experimental situation regarding these observables will surely
benefit from forthcoming high luminosity K experiments, we have, for the time
being, systematically improve their SM predictions. The theoretical control
over these CP violating observables is now achieved, in and beyond the SM,
by using a systematic and original parametrization of the hadronic penguins in
terms of the well measured e, parameter.

This parametrization procedure does not suffer from the hadronic uncertainties
encountered in e, except in one place where it actually serves our purpose.
Indeed, our updated analysis of the CP asymmetries in K — ~~ decays reveals a
new phenomenological relation between one of these measurable CP parameter
and the pure QCD penguin contribution to &’. This simple link is particularly
interesting as it suggests a way to eventually resolve the destructive interference
at play in ¢’

In chapter 3, the correlations between rare and radiative K decays as well as
¢’, established in chapter 2, are exploited to quantify the possible impact of
NP on the s — dvy process. Subsequent strategies, which differ from usual
parameter scan procedures, are then suggested to resolve possible interference
among various NP sources. Doing so, a special care is taken to minimize model
dependencies and fine-tuning. The NP scenarios considered there are organized



into three broad classes within which each NP source is bounded once turned
on one at a time. The discriminatory informations on possible NP which could
be gained from our results concerning the s — dvy are also highlighted on a
model dependent basis.

In chapter 4, the relevance of the experimental information we have about &’ is
illustrated in another (almost) independent context. Namely, a novel method
to estimate the electroweak corrections affecting fgcp is suggested. Contrary
to previous complementary but controverted attempts, this new method uses
¢’ to express the physical quantum corrections to qcp in a simple and direct
way.

The main results of the present thesis have already been presented in the fol-
lowing publications:
e [9] P. Mertens and C. Smith, The s — dy gamma decay in and beyond
the Standard Model, JHEP 1108 (2011) 069 ,
e [10] J.-M. Gérard and P. Mertens, Weakly-induced strong CP-violation,
Phys. Lett. B 716 (2012) 316 ,

as well as in a conference proceeding [11].
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Chapter

The standard model

As far as we know, two types of elementary matter particles exist: the leptons
and the quarks. It is also believed and experimentally confirmed that their dy-
namics emerge from a symmetry principle, the gauge principle [12-16], applied
on the group

Gsm =SUB)c®@SU12)L U1y ,

which constitutes the cornerstone of the SM. The strong interactions are en-
coded in the SU(3)¢ factor while the electroweak interactions emerge from the
SU(2), ® U(1)y one. According to this picture, the dynamics of a particle
1 is determined by its transformation law under Ggy or, equivalently, by its
membership to a given multiplet of Ggy. In the SM, fermions are organized
into chiral multiplets. In the lepton sector, they are defined as

. Vpr .
LI = < ;I > ) EI = f% ’ (1'1)
L

where I runs over the three known lepton flavors (I = e, u,7) and where, by
construction, there is no right-handed neutrino. In the quark sector, we find
six different flavors organized as

. UI . .
Q1<dl> , Ul =wl, DI =dl, | (1.2)
L

with (ul,u? u?) = (u,c,t) and (d',d?,d®) = (d,s,b). The gauge transforma-
tion properties of these multiplets are specified by their covariant derivatives

D= (8H - igssq/,T“GZ - iglekWZf — ig’wau) Y,
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v | @ U D L E

Sy || laxe 1 1 0252 0

Ll 1 0 o0 1 0
1 2 1 1

Yo || Gax2 3 T3 T3axa 1

Tab. 1.1: SU3)c ® SU(2), ® U(1)y charges of the SM chiral multiplets
in g5, g and ¢’ unit.

where ¢ stands for any of the five chiral multiplets introduced in Egs.(1.1)
and (1.2) and where the various charges (s,(,y), are given in Tab.(1.1). The
SU(3)c and SU(2)1, generators are respectively given by 7% = \,/2 and 7% =
0% /2 where )\, denote the Gell-Mann matrices and o the Pauli matrices.
The gluons, the weak-isospin and the hypercharge gauge boson fields are, for
their part, represented by G, W/i and B, respectively. Following the gauge
principle, the fermion-gauge boson interactions are encoded in Ggy-invariant
Lagrangian:

L = yiy* D, + pure gauge terms , (1.3)

where weak and electromagnetic forces are still unified. To disentangle them,
L may be decomposed into charged and neutral current interactions as

L = Lcc + Lnc + Lqep + kinetic terms .

The charged current interactions described by

Loc = £W;{ {HIV“VLCZI +Pezfy”fyL€I} + h.c. (1.4)
V2

are driven by the complex gauge boson W, = (W; —HWﬁ)/\@, while QED and

weak Neutral Current (NC) interactions are obtained once the weak rotation

Z, \ _ [ cosby —sinfy WEL’
A, T\ sinfw  cosOy B,
21 /2

where sin Oy = sw = ¢'/(g*> +¢ and the conditions defining the electrical

charge in |e| unit,
le| = gsinfy = g’ cosOy and Qy =y +yy , (1.5)

are imposed. As a result, Lqgp is completely disentangled from the Z driven
NC interactions encoded in

I R O Sy
£ne = sin Oy cos Oy Zypy 77— sin® Ow Qy] ¥ . (1.6)



As such, the SM electroweak sector suffers from a very bad drawback: its gauge
symmetry forbids the W, and Z,, to acquire masses while it is experimentally
observed that [17]

My =80.385(15) GeV and My = 91.1876(21) GeV .

A similar problem appears in the fermionic sector as chirality flipping mass
terms, needed to account for the experimental measurements [17]

m, =1776.82(16) MeV and m; = 173.5(1) GeV ,

for instance, explicitly break the electroweak gauge symmetry. These clear
discrepancies demonstrate that the SU(2);, @ U(1)y gauge symmetry must be
broken.

In the SM, the required electroweak symmetry breaking is insured by the Brout-
Englert-Higgs (BEH) mechanism [18-21], which describes how the ground state
of the theory is responsible for the spontaneous symmetry breaking

Gsm — SU(3)C ® U(l)em R (1.7)

where U(1),s, is the unbroken electromagnetic gauge symmetry defined in ac-
cordance with the electric charge assignments of Eq.(1.5). This kind of sym-
metry breaking mechanism not only preserves the gauge symmetry of the in-
teraction laws and, thereby, their description in terms of gauge invariant La-
grangians, it also guaranties that the SM is renormalizable [1,22]. The minimal
ingredient required to achieve this symmetry breaking is the gauge invariant
introduction of a complex weak-isospin scalar doublet ®. While its dynamic is
governed by Lo = |D,®[* — V(®), its coupling to the fermions are governed
by the Yukawa Lagrangian

Ly = —Q®Y 4D — QdY,U — LOYLE + hec. , (1.8)

with ® = ioy®* and where the Yukawa couplings Y, ¢ are arbitrary matrices
defined in the flavor space. In order for the spontaneous symmetry breaking
to occur, the scalar potential V(®) must be chosen to provide ® its vacuum
expectation value (vev). The most general gauge symmetric and renormalizable
potential being given by V(®) = p2®T® + A(®T®)?, we can conclude that if
u? < 0and A >0, ® acquires a non vanishing vev

(@) = (0v/vV2)T with v=+/—p2/\,

which is invariant under the action of U(1)ey,. Accordingly, the Goldstone
theorem [23] implies the existence of three massless scalar fields w; parametrized
as

O(z) = (0 v+ hx)" e wil@) (1.9)

Sl
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which, thanks to the gauge invariance of the Lagrangian, may be rotated away
to provide the missing longitudinal degree of freedom of the weak gauge bosons.
The corresponding masses, originating from the ® kinetic term, read

M
szgv and My = W

1.1
cos Oy (1.10)

while the unbroken U(1)e,, still protects the photon from a mass as, in fact,
M, < 107! eV, see Ref. [17]. Using the experimental gauge boson masses
together with the conditions of Eq.(1.5) and aen, ~ 1/137, Eq.(1.10) indicates
that the spontaneous electroweak symmetry breaking should occur around v ~
250 GeV.

Contrary to the w; fields, the extra scalar degree of freedom h(z) appearing
in Eq.(1.9) can not be gauged away. This degree of freedom, called the Higgs
boson, is a striking prediction of the BEH mechanism and its tree-level mass
is predicted to be

mp = V2 .

Until fairly recently we had no direct theoretical information about it as we did
not know A. The situation has changed since the fourth of July 2012. On that
day, the two CERN experiments dedicated to the Higgs boson hunt, namely
ATLAS and CMS, announced the discovery of a resonance around 125 GeV
consistent with the SM Higgs boson [24,25]. Since then, evidences in favor of
the SM Higgs have gotten stronger even though a lot of its properties must
still be carefully measured before we can be sure it is the Higgs boson. In
particular, most of its couplings to fermions are not accurately measured yet.

1.1  Flavor structure

The SM fermion-gauge sector enjoys an accidental flavor symmetry: any flavor
rotation of a given chiral multiplet will remain unnoticed. The only place where
a non trivial flavor structure enters the SM is the Yukawa sector which reads

1 _
Ly = —E(U + ]’L) WLYddR +ur Y, ur + ELYggR + hC] ,
once the w; are gauged away. As the Yukawa couplings are arbitrary (complex)
matrices, flavor symmetry breaking effects emerge from Ly. In particular,
because they are proportional to vY, fermion mass terms call for fermion fields
rotations

d ¢
urL = Vi rurr, drr = Veidrr, L = Vel (1.11)
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that render the full Yukawa interactions diagonal:
h _ _
Ly =— 1+; WLmddR+uLmuuR+€ng€R+h.c.] s

provided that

.v 4
1’11527‘/
2L

7

TYZV:; = diag(mwmuvmr) )
. v
my(q) = ﬁ

The structure of Higgs couplings to the fermion is now explicit: they are propor-
tional to the physical fermion masses. Consequently, the scalar-fermion sector

u(d u(d .
VL( )TYu(d)VR( ) = diag(mu(ay, Me(s)s Mep)) -

develops a highly hierarchical flavor structure as the fermion mass spectrum
covers several orders of magnitude. For instance, we observe that
my ~ 1

13105 ™ g1 10-2

= 1301070, 6111072, S =~
This is not the only place where a non trivial flavor structure emerges. The
rotations in Eq.(1.11) affect the fermion-gauge sector as well. Yet, these rota-
tions have only a limited impact on the flavor structure of this sector. Indeed,
as they are unitary, the V}g;il matrices leave the (v and Z driven) neutral
currents diagonal in the flavor space. As a result, there is no tree-level Flavor
Changing Neutral Current (FCNC) in the SM. This restriction, proper to the
SM and referred to as the Glashow-Iliopoulos-Maiani or GIM mechanism, was
suggested in Ref. [26] as a generalization of the work of Cabibbo [27]. The flavor
structure of charged current interactions of Eq.(1.4) is, for its part, affected:
under the rotations defined in Eq.(1.11) these currents become

Loc — %WJ [ﬂV’y“'yLd—i—W’y“’yLé] +h.c., (1.13)

V2

where the unitary matrix

Vud Vus Vub
V=VVE= | Vi Ve Vi
Viae Vis Vi

is called the Cabibbo-Kobayashi-Maskawa (CKM) matrix. Historically, this
matrix was introduced to account for CP violating effects. Its ability to provide
a single source for such effects is, however, conditional to the existence of a third
family of quark (the bottom and top quarks) predicted in Ref. [29]. Indeed, the
unitarity of the CKM matrix allows for CP violation only if the number of quark
family is at least equal to 3. In that case, this matrix may be parametrized
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Fig. 1.1: Current CKMFitter (p, 77) confidence region at 1o. Figure taken
from Ref. [28].

by three Euler angles and one complex phase e%c%M_ For example, in the
Wolfenstein parametrization we may write

1—)%)/2 A AN3(p — in)
V= -\ 1—)\%/2 AN? +00\Y,  (1.14)
AN(1—p—in) —AN? 1

where the various parameters are extracted from experimental data. Several
groups are dedicated to that purpose and, according to the CKMFitter group
[28], A ~ 0.80 and A ~ 0.22, while

p~0.14 and 7n~0.34.

These values are obtained from several measurements which, as shown in
Fig.(1.1), are quite consistent. In particular, in the usual phase convention
where Vi, oc e~#9ckM the angle

Soin = tan ™! <Z> ~ 67° (1.15)

clearly demonstrates the existence of CP violation in the weak interactions.

1.2 CP violation

To prepare the ground for forthcoming developments, we review the main as-
pects of the CP violation phenomenon in the context of the neutral kaon (or
K) system. This system consists in a subset of the SU(3) octet (7, K,n) made
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out of the two pseudo-scalar particles K° ~ d5 and K° ~ sd. These strong
eigenstates are CP conjugate of each other,

CPK°=—-K% and CP KO=-K°, (1.16)

but differ from the mass eigenstates, which are expanded over the CP eigen-
states defined by Kj(2) = (K° F K°)/v2 as

1
K =—— (Ko + €K ,
S(L) (1+|€—|2)—1/2( 1(2) 2(1))
where the mixing parameter £ is related to the weak phase of the matrix element
M = A(K° — K0). The first experimental confirmation for a non-zero & goes

back to Ref. [30] whilst current semi-leptonic K decays measurements indicate
that

2Reé = (3.32 +£0.06) - 1073 .

This result has important consequences. Let us consider K; meson decays
for instance. Since & # 0, this particle is described as a mixture a CPeyen
state, K1, and a CPyqq state, K. K may therefore decay into a CPgyep state
either via its CPeyen component or via its CPyqq component. Both transitions
are CP violating: the former process is allowed because the mixing matrix
element M carries a CP violating phase and the latter proceeds through the
direct CP violating decay amplitude A(Ks — CPeyen). These two different
CP violating mechanisms are referred to as indirect CP violation (ICPV) and
direct CP violation (DCPV), respectively. Let us now develop these concepts
in the context of the K — 7m decays in more detail.

In order to be consistent with unitarity, the description of K — ww decay
amplitudes has to take into account the strong 7w re-scattering. If Sg represents
the S-matrix of strong interaction, these phases are the asymptotic phase shifts
defined by

(m7p|Ss|mmr) = €% with T =0or 2. (1.17)

In Eq.(1.17), we assume isospin invariance and the 77 state is decomposed into
its isospin components w7w;. In principle, to fully re-construct the phases d;
we have to expand Sy to all orders in perturbation. Such a task is, a priori,
impossible to achieve using perturbative techniques. A commonly used solution
to overcome this issue consists in unitarizing the isospin decay amplitudes as

A(K® = mmp) = \/3/2A1€77 .
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In other words, the strong phases §; are factorized out from the amplitude
(the weak phases being kept in A;) and are fitted from experiment. If so, the
following decompositions arise

A(KO —7rtrT) = Ape' + A26i62/\/§ , (1.18a)
A(K® — 7%7%) = Age™® — /24,2 | (1.18b)
AKY = 7t n0) = (3/2) Age® | (1.18c¢)

which, thanks to the CPT theorem, fix automatically the K9 decay amplitudes
to be

A(K® — mrp) = \/3/2A%€™1 .

Focusing now on the K, decays into 77 states, i.e., CPeyen states, we introduce
the following physical ratios

A(Kp —»7mtn™) e
_ = ~ - 1.19
T A(Kg — mtm) Iy “seit (1.192)
. A(Kp — 7%70) 2¢’
- ~ N 1.19b
7loo A(KS — 7T'O7TO) © 1-— \/ﬁwe*itsoz ’ ( )

which are, here, linearly parametrized in terms of the ¢ and ¢’ parameters,
properly defined below, and

(502i(50—52 and w=

In Egs.(1.19), € appears as a common contribution to both 74 _ and 799 since it
originates from the CPyc, component of K. As such, it measures the amount
of indirect CP violation in K; — 7w decays. In fact, since by definition

- A(Kyp — )
o A(KS — 7T7T0) ’

it turns out that ¢ and £ are indeed intimately related through

IHLAO
RGAO ’

N g+ 1&

=TS0 1.20
“ T 1tigg (1.20)

~ &4 1&y where &=

Consequently and contrary to &, € is a physical parameter: it does not depend
on the overall phase of the K° wave function. This can be observed either from
the definition of &, given in terms of physical amplitudes, or from Eq.(1.20)
where the K° phase dependence of ¢ cancels in the combination & + i&y. The
remaining ¢’ pieces in Egs.(1.19) measure for their parts non-mixing induced
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CP violation, i.e., direct CP violation. Experimentally, both parameters are
rather precisely determined [17]:

le]exp = (2228 4 0.011) - 1072, Re(¢'/e),,, = (1.654+0.26) - 1073 | (1.21)

exp

while the current strong phases fits provide [31]
b = —pp + )2 = (42.3+£1.5)°

which is accidentally very close to the £ phase measured to be ¢. = (43.51 +
0.05)°. From the K — 77 decay widths and given the smallness of CP violation
effects it is also possible to extract the following information:

w~1/22.

The dominance of AT = 1/2 transitions over AI = 3/2 transitions, known as
the AT = 1/2 rule, is due to the strong interaction dynamics. However, our
limited ability to handle these effects at low energy have hampered a precise
theoretical computation of w. In fact, the theoretical descriptions of the CP
violation parameters

o ImM

£ = ' sin ¢ < AM; + 50) (1.22)
and

Re(¢'/e) = ——— &5 (1 — Q) (1.23)

- \/§|€| 0 l) .
where
. 1 ImAQ
Q= Ty’ (1.24)

are not in perfect agreement with experiment either. These discrepancies may
be appreciated by comparing the experimental measurements in Egs.(1.21) with
their corresponding current theoretical determinations:

lefen = (1.814£0.28) - 1072, (1.25)

taken from Ref. [32] and

/
Re C) — 1.9t} 1078 (1.26)
th

taken from [33,34]. Regarding ¢, the main theoretical issues are the calculation
of the Ag and My = (K°|H5°=%|K°) matrix elements (the weak effective
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Fig. 1.2: Summary of the a(Q) measurements versus the energy scale
Q. Figure taken from Ref. [17].

Hamiltonian H3°=2 is introduced in Eq.(1.30)). In the case of &', both Ay and
As (see the definition of 2 in Eq.(1.24)) amplitudes are equally important. The
theoretical investigation of these parameters is a perfect starting point to our
journey across the dynamics of FCNC in and beyond the SM. In particular,
this will allow us to present the main difficulties we will have to face during
our forthcoming study of s — d.

1.3 Flavor Changing Neutral Currents

In the SM, flavor violating processes are governed by the weak interaction.
More precisely, only charged W exchange processes are able to produce flavor
violating transitions through the CKM matrix, see Eq.(1.13). Yet, in order to
get a complete description of these processes it is crucial to take into account
QCD effects as well. Unfortunately, these effects are as important as they
complicate the analysis of FCNC. The fundamental reason being that QCD is
not perturbative at low energy.

Due to quantum corrections, the strong coupling constant gs is subject to
renormalization: in a SU(N¢) version of QCD with Np quark flavors a one-
loop perturbative computation shows that the strong coupling constant is given
by

2 4 N¢ Np

=9 _ : _ _oiVF
as(Q)—E—m with fo=11== -2, (127)
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where Aqep is determined once a,(Q) is measured at a given energy scale Q.
The current world average measurement, a,s(Mz) = 0.1184(7), combined with
many other measurements shown in Fig.(1.2), confirms the running behavior
of as predicted by the SU(3)¢ version of QCD. As a consequence, quarks are
asymptotically free [35,36]: the more the energy increases or, equivalently, the
more distances decrease, the less quarks feel strong interaction to the point
where they become asymptotically free as limg_, 400 s(@Q) = 0. On the other
hand, the limit limg_,o s (@) makes no sense since a5(Q)) is computed through
perturbative methods, which are meaningful as long as (@) is small enough.
We simply don’t know, from perturbative methods, how a,(Q) behaves at
energies below 1 GeV. This particular scale set the border between two different
regimes of QCD.

Above, the QCD coupling constant is small enough for perturbative techniques
based on quark and gluon description to apply. Below, we invoke the con-
finement conjecture to explain why quarks bound together to form hadrons
and we rely on non-perturbative techniques to make computations. This is, of
course, of high relevance regarding FCNC processes where physical observables
generally involve hadronic states such as pions, kaons or B-mesons. When con-
sidering such flavor violating processes, two different regimes must therefore be
taken into account: the short distances or high energy dynamics described in
terms of quarks and gluons and the low energy or long distances dynamics de-
scribed in terms of hadrons. While the former is handled by usual perturbative
methods, the latter requires the use of alternative methods.

1.3.1 At short distances

To illustrate the problem let us consider the Z-penguin diagrams displayed on
Fig.(1.3.a) that produce the AS = —1 local operators

Gr «a m
VA F Qem — _ . . i
0i = 45 - AiCo (i) (37" vd) (@)  With  x; = Mz (1.28)

once the up-type quark u; and the W boson are integrated out!. The CKM
factors depend on the flavor of the quark which runs into the loop and appear
in the form of the product A\; = V,iV,4, while the Inami-Lim function Cj results
from the loop integration [37]. Even though it is one specific example, it turns

1We defined 74 = eq ['yR + (1 —sin—2 OW)'yR], eq being the electric charge of the ¢ quark
in |e| unit and the Fermi constant has been introduced as

Gr/V2=g%/8M3, .
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Fig. 1.3: FCNC represented by the Z penguins in the SM (a) and beyond
(b).

out that all the FCNC are loop induced in the SM. This particular feature,
proper to the SM, has important consequences on FCNC:

e They are non trivially suppressed. Their suppression is not only due to
the product of the loop factor with the relevant coupling constant, a.,, in
the case of the Z-penguin, it is also conditional to the Inami-Lim functions
abilities to break the GIM mechanism. In a world where m, = m. = mq,
the GIM mechanism would be fully effective since the unitarity of the
CKM matrix, that guaranties A, + Ac + A\t = 0, would force the sum of
the Z-penguins, as defined above, to vanish. FCNC inherit, therefore,
the strong hierarchy observed in the quark mass spectrum, through the
Inami-Lim functions, as well as in the CKM matrix, through the CKM
factors \;. Note that, in the particular case of the Z-penguin, Cy(x) scales
like z as * — oo and like z logx as © — 0.

e While being CP conserving at long distances, they produce CP viola-
tion at short distances. This statement depends, of course, on the CKM
matrix parametrization. Following the standard parametrization, where
the CP violating phase enters the CKM entries as in Eq.(1.14), we have
ImA, = 0. In this particular convention, the CP violating components
of the FCNC are generated by heavy quark flavors loops (such as the
charm- and top-quark because ImA. = —Im); # 0 ) whilst the up-quark
loop is CP conserving.

e They provide well designed probes for NP as large enhancements com-
pared to their very suppressed SM predictions can be expected. Even if
NP tree-level induced FCNC are forbidden, they might still reveal non
SM contribution appearing as

C()(!E) — C()(%) +6Cy

where the perturbation represents, for instance, a SUSY contribution to
the Z-penguin depicted by a green cross in Fig.(1.3.b). In that case, the
flavor violation originates from the squarks non-diagonal mass matrix.
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The FCNC efficiency to unravel NP is, however, conditional to their accurate
predictability in the SM at both short and long distances. Their proper and
systematic treatment at short distances proceeds through the Operator Product
Expansion (OPE) leading to the construction of effective weak Hamiltonians
of the form [38]

eff—fzc )

where the effective operators @; are weighted the by Wilson coefficients Cj.
The latter encode all the QCD and EW corrected evolution of the Wilson
coefficient taken at pu ~ My, where they are related to simple Inami-Lim
functions, down to lower u scales. This perturbative approach does not only
include the sequential integration of degrees of freedom heavier than y, but also
takes into account renormalization group effects inherent to the running of a.
It is important to notice that at a given energy scale u the Wilson coefficients
appear as mere effective coupling constants while the process dependencies
appear at the matrix element level. Namely, if we are interested in a A(i — f)
decay amplitude, the effective Hamiltonian formulation tells us that

A(i = f) = (f|Hegli) Zc ) FlQi(w)i) (1.29)

where the process dependent matrix elements (f|Q;(u)|é) are still to be evalu-
ated and where the Wilson coefficients are determined regardless of what ¢ and
f stand for.

|AS| = 2 processes As a first example, we consider the |AS| = 2 effec-
tive Hamiltonian responsible for §d — sd transitions, which is of particu-
lar relevance for €. Around the 1 GeV scale, only one effective operator
QA%=2 = (5y*ypd)(5y*yLd) matters and enters the corresponding effective
Hamiltonian as [38]

G
AS= 2 F 2 2 2
H (471_)2 MW [AchSCC + )\t ntStt + 2)\c)\t776t5ct] X (130)

xb(p)Q =2 ()
where S;; are Inami-Lim functions and where the functions 7;b(x) equal one if
QCD is turned off. These corrections are given at NLO in Ref. [38] while NNLO

improvements of 7.; and 7., may be found in Refs. [39] and [32], respectively.
In the context of €, a direct use of Eq.(1.30) leads to the theoretical prediction

|5| = K’ECEBK|‘/CZJ|2>\277 (l‘/cb|2|(]- - ﬁ)nttstt + nctSct - nccScc) (131)
= (1.81+£0.28)-107% according to [32] , (1.32)
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where k. accounts for both ¢. and £, and where C; is a numerical constant. For
more details, see Ref. [40]. The non-perturbative parameter By parametrizes,
for its part, the hadronic matrix element

5 o3, (KR ()| KO)

Br = 2b
K 9 (/J') F[Q(MIQ( )

where Fx and Mg denote the decay constant and the mass of the neutral kaon,
respectively. The low value of Eq.(1.32) has generated some concerns about
possible NP contributions needed to accommodate its experimental determi-
nation [40,41] quoted in Eq.(1.21). It should, however, be noticed that this
theoretical prediction relies on improving results from both K and B sector
and on partial long distances computations. In particular, the CKM entry Vi
is not well known as it may currently sit somewhere in between 38.7 - 1073
and 42.6 - 1073, see Ref. [17]. Since V,; enters € at the fourth power, it has
a huge impact on |e|t,. In our opinion and for the time being, |e|tn does not
point towards an NP manifestation. In fact, using the 2013 updated inputs
used by the CKMFitter collaboration given in Ref. [28] where, in particular,
the inclusive value |V, = (41.15 4 0.33 £ 0.59) - 1073 is stable under the fit,
we actually find

lefin = (1.96 £ 0.25) - 1073

which is in better agreement with the experimental measurement. While Lat-
tice determinations of the non-perturbative Bg parameter seem to converge
right below its upper bound predicted at Large-N¢ [42,43], i.e. By = 3/4, we
must also wonder about the long distances contributions to ¢ estimated by k.
(for a review see e.g. Ref. [44]). These corrections originate, in particular, from
the |AS| = 1 parameter £y defined in Eq.(1.24) whose estimation remains very
challenging.

|AS| = 1 processes Following the OPE approach, the study of & as well
as ¢’ starts with the construction of the H‘%,Szl effective Hamiltonian, which
encodes the |AS| = 1 short-distance dynamics. Around p ~ 1 GeV, it is

expanded over ten effective four-quark operators:

HAS=1 = 43%“ > G0 @) - (1.33)

The first two represent QCD corrected current-current operators [45, 46)

Q1 = (Bavuyrup)(Upy*vrde) and Qa2 = (Syuyru)(uy'vyrd) ,
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where Greek indexes stand for color. The next four operators
Q3 = By d)(@"vea) , Qs = (3a7u72ds) (@87 V04a)

Qs = (5vuved) (@' vra) Qe = (3a7.72d8) (87" YRYa)

where a sum over the light flavors ¢ = u,d, s is understood, emerge from the
Fierz decomposition of the QCD penguin operator [47], while the last four,
given by

w
w

Q7 = §(§vad)(fieqv“qu) ; Qs = i(Ewdeﬁ)(%ew“qua) ,

3 _ _ 3,_ _
Qo = 5 (5mrd)(Gey10a) »  Qio = 5(Sarueds)(@seqr" V0da) |

correspond to the Fierz decomposition of the EW penguins. To these ten
operators correspond ten Wilson coefficients conventionally decomposed as
Ci(p) = Ayzi(p) — A\yi(p), which are calculable perturbative quantities as
long as p is above the 1 GeV scale. They can be found at various scales in
Ref. [38], for instance.

A straightforward application of this |AS| = 1 operator product expansion in
the context of the K — 7 decay amplitudes leads to the usual expressions for

Gr
~ ————1ImA
S0 =~ reae A (1){Qo ()
and
&J GFLU 1
= 2elRed, W 1.
= = 2c[Red, mA; |y6(Q6)o wy8<Q8>2 , (1.36)

where only the dominant contributions have been kept. These are the QCD
(Qs())o = 4(rmo|Qs (1) | K°) and EW (Qg)2 = 4(r7ma|Qs|K°) penguins contri-
butions. In order to get precise predictions for both € and ¢’, these hadronic
matrix elements (together with other sub-leading contributions) are still to
be evaluated. This is in fact a huge problem as nobody knows how to deal
with such non-perturbative quantities. Two main kinds of attempts have been
offered so far: effective approaches (such as 1/Ng-expansion or Chiral Pertur-
bation Theory) or Lattice calculations. While the QCD penguin remains a
big challenge for all these non-perturbative approaches (for a review see e.g.
Ref. [48]), some recent progress in Lattice calculation regarding the determi-
nation of (Qs)2, published in Ref. [49], should be noticed. Yet, a further com-
plication occurs in &’: a destructive interference appears between two poorly
known quantities, which, unfortunately, turn out to be of similar size. On the
one hand, the EW contribution to &', naively expected to be suppressed with
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Fig. 1.4: The flavor-changing electromagnetic currents in the Standard
Model.

respect to the QCD one, is enhanced by the AT = 1/2 rule, see the w™! factor in
Eq.(1.36), and, on the other hand, isospin breaking effects tend to confuse the
QCD contribution as it should in fact be re-scaled as (Qg)o — (Qs)0(1 — Qiso)
in &’ where, according to Ref. [50], Q5o = 0.06 + 0.08.

In conclusion, even though the evaluation of hadronic matrix elements is im-
proving, the current situation is such that precise theoretical determination of
e and €’ are still out of reach. However, we will show in the present thesis that
phenomenological links with radiative kaon decays might be used to improve
the current situation.

Radiative |AS| = 1 processes In order to generalize H3°=! to include
radiative processes, we have to supplement it with the single photon penguin
of Fig.(1.4.a). When QCD is turned off, and ms 4 < my, ., this is achieved by
adding the local effective interactions of dimension greater than four

Hly = CFQy +C Q5 +hec. (1.37)
to HVAVSZI. The magnetic and electric operators are defined by
+ Qde = v = v
QF = Ton2 (5po"dp £ 5ro""dL) Fpu (1.38a)
Q% = 91 (5, 07dy + spy¥dR) 9 Fy (1.38b)
v 1672
where 201" = i[y*,~v"] and Q4 = —1/3 is the down-quark electric charge. For

a real photon emission only the magnetic operators contribute. Indeed, in this
particular case, the electric operators are proportional to 0*F,, = 0. The
corresponding Wilson coefficients are [38]

Qa(C £ C) = V2GpA D) (z;) mas) (1.39)
and

Qu(C + C.) = =2V2Gp\iDg (i) , Qa(C —C.) ~0, (1.40)



1.3. Flavor Changing Neutral Currents 17

where D(()/) are two new Inami-Lim functions detailed in Ref. [38], for instance.
While Dy(z) breaks GIM logarithmically both for z — oo and x — 0, D{(z) is
suppressed for light quarks. However, QCD corrections significantly soften the
quadratic GIM breaking of Dj(z) in the z — 0 limit [51-53], and exacerbate
the logarithmic one of Dy(x) [54], making light-quark contributions significant
for both operators. The evolution of these Wilson coefficients in the context
of the s — dv effective Hamiltonian is not known. The reason being that
the community has focused on s — d transitions, relevant for non-radiative
kaon decays, for which, Qfm operators are irrelevant [55]. Yet, numerically,
to account for the large QCD corrections, the well known Wilson coefficient
of the magnetic operator in b — sv can be used for Im C’,Yi, since the CKM
elements for the u, ¢ and ¢ contributions scale indeed similarly. With m4(2
GeV) = 10173 MeV [17] and C7,(2GeV) ~ —0.36 from Ref. [38], we shall,

therefore, use®

Im CF(2 GeV
m CF (2 GeV)su _ :F\/§C7A,(2G6V) ms(2 GeV) Im A,
Grmg Qd mg
= F0.31(8) x Im )\, , (1.41)

to be compared to F0.17Im \; with only the top quark. In view of the large
error on mg, the LO approximation is adequate. For Re Cit,
situation in b — s7, the top quark is strongly suppressed as Re A\, & —Re A, >
Re A;. With the light quarks further enhanced by QCD corrections, an estimate

is delicate. Naively rescaling the above result gives

ReCE(2GeV)sm  Re), ImCF(2 GeV)gy
Grmg Im A, Grmg

contrary to the

~ F0.06 . (1.42)

Evidently, one should not take this as more than a rough estimate of the order
of magnitude of the ¢ quark and high-virtuality u quark contributions. In any
case, we will be mostly concerned by CP-violating observables in the following,
so we will not be using Eq.(1.42).

With the help of the standard QED interactions, the H; operators also con-
tribute to processes with more than one photon, where they compete with the
effective operators directly involving several photon fields. For example, for
two real photons, the dominant operators are

Qf’%” = (§LdR:|:§RdL)Fw,FIW, i’Y;J- = (ELdR:l:ERdL)FHVF“V , (1.43)

with FH = eMP?F,5/2. In the SM, the additional quark propagator in the
two-photon penguin induces an z=! GIM breaking by the loop function (see

2For convenience, the same normalization by Gpmy will be adopted throughout this
work. Also, if not explicitly written, the Cﬁjf are always understood at the p = 2 GeV scale.
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Fig.1.4.b). Hence, the ¢ and t-quark contributions are completely negligible
compared to the u-quark loop. Therefore, whenever it contributes, the dou-
ble photon penguin represents an irreducible CP-conserving long-distance SM
background for the SD processes. Indeed, NP effects in these operators should
be very suppressed since they are at least of dimension seven. The same is true
for transitions with more than two photons, with the NP (up-quark loop) even
more suppressed (enhanced). Therefore, those will not be considered here.

1.3.2 At long distances

Having presented the short-distance dynamics of the FCNC considered in this
work, it is time to wonder about their challenging long-distance dynamics.
Since the QCD confinement is such that colored quark always bound into
hadrons, ¢g bound states called mesons or ggg bound states called baryons,
the question is: how to go from a description of QCD based on quarks and
gluons to a description based on hadronic states 7

Strong sector For the lightest meson spectrum made of u,d and s quark
one of the possibilities, which will be the one used in the present work, is to
rely on Chiral Perturbation Theory (ChPT). This effective description is based
on the approximate global chiral symmetry of QCD. In the massless or chiral
limit, the QCD Lagrangian truncated to the u,d and s quarks enjoys a global
U(3)r ® U(3)g chiral symmetry acting in the (u,d, s) flavor space defined by

Yr,r = 9L,rRYL,r With grr€UB)L,r -

Beyond the classical level, this chiral symmetry is too large since, even in the
chiral limit, anomalous quantum effects break it into SU(3), @ SU(3)r@U(1)v
[56-58]. In the following we will leave aside the vectorial U(1) associated with
the baryon number as it will not concern us. On the other hand, some aspects of
the U(1) 4 anomaly will be investigated in chapter 4. The remaining SU(3); ®
SU (3) g chiral symmetry is still too large as it would imply a parity degenerated
hadronic spectrum. The non observation of such a spectrum suggests that
SU(3)L @ SU(3)r is, in fact, spontaneously broken into its vectorial subgroup,
SU(3)y. In the context of the BEH mechanism, the spontaneous breaking of
the electroweak symmetry is insured by the Higgs field vev. In the present case,
no particular field seems to play the same role. Yet, the required spontaneous
symmetry breaking might as well be produced by the vev of a composite fields,
represented by composite operators O (one for each broken axial generator
Q%). Of course, in order to preserve all the unbroken symmetries, the operators
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O® are not arbitrary: they must be Lorentz and color singlets. The simplest
choices are obviously the axial densities O = ¥y5A%) and a condition for the
spontaneous chiral symmetry breaking to actually happen might be

(01 [, 0" 0) = ~ 25" (0w o) £0.

This condition is, indeed, fulfilled if Q%|0) # 0, which is the explicit manifesta-
tion of a spontaneous symmetry breaking. In conclusion, the quark condensates

(0mu|0) = (0|dd|0) = (0|3s|0) # 0

might play the role of the order parameter (or vev) of the chiral symmetry
breaking. If so, the Goldstone theorem predicts the existence of eight massless
scalar particles sharing the quantum numbers of the broken axial generators
Q%. These Golstone Bosons (GB) ¢® fields are collected in a unitary matrix
[59,60], which transforms under SU(3); ® SU(3)g as

U($) = grU(d)g)

where ¢ =3 ¢*A® is a generic SU(3) matrix. Without loss of generality, U
may be expanded as

U=1+ ian (Z\/i?)n
n=1

where F' is normalized such that a; = 1. The remaining expansion parameters
are restricted by the unitarity of U to assume the following values

a2:1/2, a3:b, a4:b—1/8, ;

where the real parameter b is arbitrary and, therefore, not physical. It indicates
the freedom we have for the U matrix parametrization [61,62]. For instance,
the usual exponential parametrization is recovered for b = %. The key point
here is that we have at our disposal an octet of light pseudo-scalars, namely,
the three pions (7%, 79), the four kaons (K*, K° K0) and the 7, which might
be considered as the GB of the spontaneous chiral symmetry breaking of QCD

and, which enter the U matrix as

o=\ V2r= -n° +2Z V2KO | (1.44)
V2K~ V2 KO *%778

The dynamics of these GB is described by an effective Lagrangian whose con-
structing rules are simple [63,64]: it must contain all the terms allowed by the
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assumed symmetry, here SU(3)L ® SU(3)g, built from the relevant asymp-
totic states, here U. This Lagrangian produces then the most general S matrix
compatible with analyticity, perturbative unitarity, cluster decomposition and
underlying symmetries. Given the unitarity of U, the simplest term we can
construct is f2(9,U8"UT) where f is an undetermined mass scale and (- - ) de-
notes the trace over flavors. Expanding it up to O(¢?), canonical kinetic terms
emerge for all the ¢® if f = F//y/2 and the corresponding effective Lagrangian
reads

F2

L=

(0,U0"UT) . (1.45)
This Lagrangian is too minimal: it does not include SU(3)y breaking mass
terms present in the fundamental QCD Lagrangian and it does not contain all
possible chiral invariant operators. As the number of such operators is infinite,
we will come back to this issue once a classification scheme will be introduced.
For now, let us handle the former issue.

L can be generalized in a generic way by gauging its SU(3); ® SU(3)g sym-
metry in order to introduce the external fields /¢ o Gy and s transforming as

0, = grl,gh +igrdugl, T — grTuGR + 19RO, S = GRS, -

These external sources enter Ly either through the covariant derivative

0,U = D, U = 0,U —ir,U +:1UL,
or as extra terms collected in the generalized effective Lagrangian

2 F?

P = I<DMUDHUT +X'U+U'y) with x =2Bgs . (1.46)
It is now a child-play to introduce the required SU(3)y breaking mass term
by freezing the external field s to diag(m.,,mg4, ms). This explicit symmetry
breaking will be effective provided that the mass parameter By # 0. This
condition is, in fact, insured by the spontaneous chiral symmetry breaking
pattern introduced above. Indeed, because the density E]W is obtained from
the variation of the mass term of the fundamental QCD Lagrangian as EJW =
—8L/6s% | its effective realization is given by

TS ij
S = 5 B[U+UT (1.47)

from which the simple relation

_{0[gylo)
2

Pyt -

By = #£0 (1.48)
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follows. The corresponding pseudo-scalar mass spectrum can be carried out
from the non derivative quadratic terms in ¢ of z:§2) with the result

m2. = 2By, m2, = 2mBy + O((m, —ma)?) , (1.49a)

mis = (my +mg)Bo, mio = (mg+my)Bo , (1.49b)
whilst the ng mass fullfilled the Gell-Mann-Okubo relation

1
m;. = 3 (4m3 —m2) + O(m, —my) . (1.50)
The external fields introduced above allow the calculation of other hadronic
currents as well. For instance, the left- and right-handed hadronized quark

currents are obtained from the following variations

oL? 2
e —— =i—Dryt 1.51
J i i U'u , (1.51a)
o F?
JE = =2 —i—_prUUT. 1.51b
R or, ¢ 9 ( )

In particular, we may now evaluate the following transition matrix
(0175(0)[6" (p)) = (O1J(0) = JR(0)|6" (1)) = iV2Fp, , (1.52)

where the meaning of F' is now explicit: it represents the decay constant of the
pseudo-scalar ¢, which is unique and may be identified with the pion one, i.e.,

F=F,=0923MeV . (1.53)

Let us now address the second issue of L by noting that the mass spectrum and
decay constants found so far are valid at the leading order (LO) in the chiral
expansion. This expansion constitutes a power counting scheme in which all
possible terms entering the strong effective Lagrangian are classified according
to their dimension p*", where p indicates one power of derivative or (equiva-
lently) one power of mass. Since they are derived from the EgQ)
at most O(p?) operators, the mass spectrum in Eqgs.(1.49) and (1.50), as well
as the decay constant given in Eq.(1.53), are O(p?) or LO results. However, in
principle, we cannot discard chiral symmetric terms like (D,UD"U 12 which

, which involves

involve four derivatives nor terms built from the field strength tensors
Fi7 =0tz — 0%a! —ifz", 2" with x=40,r,

which due to the Lorentz invariance, will be of at least O(p?). In fact, any
hadronic amplitude may be expanded in power of p up to a given order px
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where d,, = 2n is called the chiral dimension of the amplitude. It has been
shown by Weinberg that the chiral dimension of an amplitude built up from a
connected L-loop diagram with V; vertices of order p? is [63]

dy=2+2L+Y (d—2)Vy,
d

where d assumes only non zero natural even values because of Lorentz invari-
ance®. Consequently, d, = 2 amplitudes are built up from tree-level diagrams
involving O(p?) vertices only, while dy, = 4 amplitudes originate from either
one-loop diagrams with only O(p?) vertices or tree-level diagrams involving one
O(p*) vertex.

As p? scales typically like m%(m in ChPT, an expansion in this parameter seems
to be appropriate. Yet, to get an naive idea of the relative size of O(p?) and
O(p?) contributions, we may easily realize that a one-loop amplitude will drag
a typical (47F,;)~2 loop factor. Taking the typical energy scale of this loop
amplitude at or below mpg, the natural energy scale for a ChPT calculation,
the chiral expansion parameter is

2
My -
7(47 Rk 20% .

Even though this estimate is quite naive, as it does not even take into account
possible large chiral logarithms, it shows that O(p*) corrections might indeed
be important. It is even more true as some amplitudes start at that order. It
is, therefore, desirable to extend ng) up to O(p*) by supplementing it with all
possible O(p*) operators.

The O(p?) effective QCD Lagrangian is divided into two distinct sectors. The
first contains a minimal set of O(p*) chirally invariant operators derived in
Ref. [65] and presented in App.B.1. The structure of these effective operators
is dictated by the chiral counting rules and the chiral symmetry properties
of the underlying theory. The renormalized counter-terms L;, which multiply
these operators, cannot be computed from first principles. Instead, they have
to be fixed experimentally, exactly like the O(p?) constants F. The correspond-
ing NLO mass spectrum and decay constants are analyzed in App.C.1. The
second sector is particular since it originates from a parity symmetry mismatch
between the fundamental QCD Lagrangian and its effective realization. As this
Lagrangian will only play a minor role in the present work, we refer the reader
to App.B.2 and Refs. [66,67] for further details.

3Note that the chiral dimension of x is 2, see Eq.(1.46) and (1.48).
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Electroweak sector The effective description of the EW interaction follows
the exact same lines already used to construct the strong effective Lagrangian.
The only difference here is that, by nature, the EW interaction violates the
chiral symmetry. Consequently, at low energy, they are represented by hadronic
operators which share the chiral symmetries of the corresponding weak effective
Hamiltonian. In the context of this thesis, we are interested in the |AS| =1
interactions given in Eq.(1.33) and the radiative |AS| = 1 interactions given in
Eq.(1.37). Let us first investigate the four-quark weak operators.

By inspecting the chiral structure of the operators in Eq.(1.33), we conclude
that the |AS| = 1 effective Hamiltonian belongs to the U(3)r ® U(3)g direct
sum

(8z,1r) ® (271, 1Rr) @ (8L, 8R) - (1.54)

The first two pure left-handed multiplets embody the current-current, the QCD
penguin and the EW operators Qg9 and )1g, while the third multiplet encodes
the EW penguin operators Q7 and QQg. Note also that the effective Hamiltonian
in Eq.(1.33) satisfies an additional symmetry [68] called the CPS symmetry
which combines the CP symmetry and the exchange of the d and s quarks. This
symmetry will be implicitly taken into account in the following. In App.B.3 it
is shown that by matching their chiral structures, the four-quark weak current-
current and penguin operators are represented at LO by [61,62]

Ls = F*'Gs(\eL, L"), (1.55a)
_ F 1/2 n n
Lo7 = ﬁGw (A1 L) (Aa L") + (Ao Ly ) (As LH) —
— 1006 L) (AsL*) 4 18(A6 L, ) (QLM)+
. (AeLyu)(AsL¥) + 18(X6 L) (QLM) (155b)
+ g o (L) (ML) + (AaLi) AsL¥)+
+2(A6 L) (AsL"))
Leow = F4* Gy NsUTQU) | (1.55¢)

where L* = UTDFU and Go7 = Ggéz = G;éz in the isospin limit. If QCD was
perturbative down to the hadronic scale, the low-energy constants Gg, Go7 and
Gew could be computed from the Wilson coefficients at that scale. However, the
ChPT scale is too low for this to be possible. Instead, the low-energy constants
are fixed from experiment, especially from K — w7 branching ratios, see e.g.
Ref. [69]. The corresponding O(p*) Lagrangians are presented in Eqs.(B.16),
(B.17) and (B.18) of App.B.3.2. These Lagrangians are not the most general
ones but they are complete enough in the context of the present work.
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Regarding radiative decays, if Lg, Lo7, or L., contribute at three-level, it is
only through bremsstrahlung amplitudes [70-72]. The dynamics is therefore
trivial at O(p?) because Low’s theorem [73] shows that such emissions are
entirely fixed in terms of the non-radiative amplitudes. Thus, the non-trivial
dynamics corresponding to the low-energy tails of the photon penguins arise at
O(p*), where they are represented in terms of non-local meson loops, as well as
additional O(p*) local effective interactions, which are detailed in App.B.3.2.

The set of interactions included within ChPT is complete, in the sense that all
the possible effective interactions with the required symmetries are present at
a given order. So, it may appear that at O(p?), once the weak interactions in
Eq.(1.55) are added to the strong dynamics of Eq.(1.46), and including the weak
counter-terms presented in Eq.(B.16), (B.17) and (B.18), there is no more need
to separately include the SD electromagnetic operators of Eq.(1.37). All their
effects would be accounted for in the values of the low-energy constants. In-
deed, these constants should sum up the physics taking place above the mesonic
scale, i.e. the hadronic degrees of freedom just above the octet of pseudoscalar
mesons [74,75] as well as the quark and gluon degrees of freedom above the
GeV scale [76,77]. This actually holds for QfM but not for QAT Indeed, only
the former have the same chiral structures as the weak counter-terms. When-
ever Qﬁ* contribute, so do the weak counter-terms, but Qf can contribute to
many modes where the weak counter-terms are absent (see Tab.2.1 in the next
chapter). The Q,jyt operators must therefore appear explicitly in the effective
theory.

Before going through their hadronization, let us first notice that the mismatch
between the effective weak Lagrangians of Egs.(1.55) and Q$ operators has
an important dynamical implication since the weak counter-terms reflect the
chiral structures of the meson loops built on the @)1, 10 operators at O(p*).
While the meson loops can genuinely represent the low-energy tail of the virtual
photon penguin, i.e. the log(x,) singularity of the Dy(x) function, they never
match the chiral representation of Qf. The meson dynamics lacks the required
ms.q chirality flip at O(p*), relying instead on the long-distance dynamics, i.e.
momenta. One can understand this phenomenon as the low-energy equivalent
of the known importance of the Q5 = (5¢)y_4 ® (¢b)y_a contribution to b —
sv [51-53]. Clearly, s — dry has to be even more affected than b — sy by QCD
corrections since the photon is never hard (q?y <m?2). So for s — d, the Q% =
(5u)v_a ® (uad)y—a contribution, represented through Q... 10, corresponds to
a whole class of purely long-distance processes, often including IR divergent
bremsstrahlung radiations. They are not suppressed at all, contrary to the
naive expectation from D{(z) — = as x — 0, but instead dominate most of the
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radiative processes?. Furthermore, the meson loops are always finite at O(p?),
except for K1 — w7~ 7w (y) [70]. This means that not only the SD part of
the magnetic operators decouples, but also to some extent the intermediate
QCD degrees of freedom. By contrast, the weak counter-terms combinations
occurring for the modes induced by Qi are always scale dependent, somewhat
reminiscent of the factorization of the low-energy part of the virtual photon
penguin. From these observations, we can reasonably expect that whenever a
finite combination of weak counter-terms occurs for a process with only real
photons, it should be significantly suppressed. Indeed, not only the divergences
cancel among the weak counter-terms, but also the large Qii contribution
embedded into them (this was already noted using large No arguments in
Ref. [79]), as well as the resonance effects describing the purely strong structure
of the photon. As our analysis of K+ — 7t7% in Chapter 2 will show, this
suppression is supported by the recent experimental data, see Eq. (2.9).

Let us now tackle the chiral realization of the tensor currents in fo which starts
at O(p*) since two derivatives are needed to get the correct Lorentz structure.
Further, it cannot be entirely fixed but involves specific low-energy constants.
By imposing charge conjugation and parity invariance (valid for QCD), the
antisymmetry under p < v, and the identity Z'EO‘B””UW = 20%~5, only two
free real parameters ar and a’. remain (parts of these currents were given in
Refs. [80,81])

F2
e = —iar (D U'D,UU' - D,U'D,UUT—

—ie e DPUTD7UTT) T 1 (1.56a)

F? . -
+ 0 (Fy, —iFy ) U+ UN(FG, —iFi) ™

F2
7 owyrg’ = —i7aT(DNUDUUTU - D,UD,UU+

Figuo DPUDUTT) + (1.56b)
2

F L s 7L R ‘R JI
+7a’/T(U(Fp,V + ZF[LV) + (F,u,y + ZF[LU)U) :

Numerically, we will use the lattice estimate [82]

Br(2 GeV) = 2mgar = 1.21(12) . (1.57)

Being derived from a study of the (7|50, d|K) matrix element, SU(3) correc-
tions are under control. A similar estimate of B} = 2mga/, is not available

4By comparison, though the Inami-Lim function Co(z) for the Z penguin scale like D} ()
in the z — 0 limit, this behavior survives to QCD corrections, and the light-quark contribu-
tions are very suppressed, see Ref. [78].
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yet. Instead, we can start from (y|to,,vsd|7~) and invoke the SU(3) sym-
metry. Ref. [83], through a study of the VT correlator, gets af = Bo/ME
and thus B} = 2.7(5), assuming the standard ChPT sign conventions for the
matrix elements. Another route is to use the magnetic susceptibility of the
vacuum, (0/go,,q|0),. From the lattice estimate in Ref. [84], we extract using
a’, = —x1Bo/2 the value B7(2 GeV) = 2.67(17). Both techniques give sim-
ilar results though their respective scales do not match. In addition, sizeable
SU(3) breaking effects cannot be ruled out since there is no Ademollo-Gatto
protection for the tensor currents. So, to be conservative, we shall use

B (2 GeV) = 2mgaly = 3(1) . (1.58)

At O(p*), the magnetic operators contribute to decay modes with at most two
photons. With the chiral suppression expected for higher order terms, decays
with three or more (real or virtual) photons should have a negligible sensitivity
to Qﬁ, hence are not included in our study. Note finally that since in the SM
the local operators sum up the short-distance part of the real photon penguins,
the factor msq ~ O(p*) in Eq.(1.39) are not included in the bosonization.
Instead, they are kept as perturbative parameters in the Wilson coefficients
C,jf, to be evaluated at the same scale as the form factors By and B/..

Let us conclude this chapter by summarizing the anatomy of the s — d~y process
in the SM and beyond by the Fig.(1.5).
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Chapter

s — dv in the SM

From general considerations developed in chapter 1, the best windows to probe
the s — dvy decays are, in the present chapter, identified. These observables
are then analyzed in details in the SM and beyond. Particular attention is paid
to their sensitivity to short-distance effects and, thereby, to possible NP con-
tributions. In the presence of NP, new mechanisms could produce the s — dvy
transition. Since the NP energy scale is presumably above the electroweak
scale, these effects would simply enter into the Wilson coefficients of the same
effective local operators (1.37). This is the shift we want to extract phenomeno-
logically. In this respect, the magnetic operators are, a priori, most sensitive
to NP for two reasons. Firstly, the electric transition is essentially left-handed
and the magnetic operators are very suppressed in the SM because right-handed
external quarks (s, d)g are accompanied by the chiral suppression factor mg 4.
These strong suppressions may be lifted in the presence of NP, where larger
chirality flip mechanisms can be available. Secondly, the magnetic operators
are formally of dimension five and are thus, a priori, less suppressed by the
NP energy scale than the dimension six electric operators. Sizeable NP effects
could, therefore, show up, as will be quantitatively analyzed in chapter 3.

2.1 Phenomenological windows

The K decay channels where the electromagnetic operators contribute are listed
in Tab.(2.1), together with their CP signatures. For the electric operators, at
least one of the photons needs to be virtual, i.e. coupled to a Dalitz pair £+¢~.
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L I -
Ky — vy a’r ReCS ImCy -
Ky — m9yy a’p ImC; ReCi -
K* — ntyy 3ar + a’p cy ci -
Ky — %70y a’p ReC; ImCy -
Ky = ntnyy ar, a’ Re C’i ImC5 —
Kt — 7%y ar,ap ct Ccs -
Ky — 319y a’r ImC; ReC -
M E L
Ko — 7%y ar - - Im C
400
Kt — 7T+’)/ ar - — C’j/'(*)
Ky — w70 ar — — ReC” .,
-
Ky = nhny ar Re C’;" ImC; Re C’J(*)
Kt — ntn% ar C’;f' cy 047(*)
Ko — 37r0'y ar — - Im C’Jr(*)
N

Tab. 2.1: Dominant processes where the electromagnetic operators con-
tribute, omitting the K — (nm)y*y™*), n > 0 decays. The K; ~ Kg
processes are obtained from Ko ~ K by inverting real and imaginary
parts. The symbol L (||) means the photon pair in an odd (even) parity
state, i.e. a FWF’W (FuF*) coupling, and similarly, M (E) means odd
(even) parity magnetic (electric) emissions. For 77 modes, the lowest mul-
tipole is understood (i.e., 77 in a S wave for 4y modes, and a P wave for
modes). The last column denotes longitudinal off-shell photon emissions,

proportional to ¢2¢®? — ¢®¢® with ¢ the photon momentum, for which the
+
b
are not included since they are dominated by bremsstrahlung radiations
off K — 37 [70]. Finally, ar and o/ are the low-energy constants entering

the tensor current (1.56).

operators also enters. The K — 3my(y) decays with charged pions

In this respect, we note that all the electromagnetic operators produce the ¢4~
pair in the same 17~ state, so the electric and magnetic operators can only
be disentangled using real photon decays. For most of the decays in Tab.(2.1),
the LD contributions are dominant, obscuring the SD parts where NP could
be evidenced. The situation is, thus, very different from b — sv, where the
u quark contribution is suppressed by V,;, < 1. However, in K physics,
the long-distance contributions are essentially CP-conserving. Indeed, CP-
violation from the four-quark operators is known to be small from Re(e’/¢)exp-
In the SM, this follows from the CKM scalings Re A, > ReA; ~ Im \; and
Im A, = 0. So, for CP-violating observables, one recovers a situation reminis-
cent of b — s7v, with the dominant SM contributions arising from the charm
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and top quarks, both of similar size a priori. Only for such observables can we
hope that the interesting short-distance physics in Qf and Qwi* emerges from
the long-distance SM background.

All the decays in Tab.(2.1) have a CP-conserving contribution and, thus, in
most cases the best available CP-violating observables are CP-asymmetries.
Since they arise from CP-odd interferences between the various decay mecha-
nisms, the dominant CP-conserving processes must be under sufficiently good
theoretical control. In addition, these CP-asymmetries being usually small,
the decay rates should be sufficiently large and not completely dominated by
bremsstrahlung radiations. Indeed, even though these radiations are under ex-
cellent theoretical control, thanks to Low’s theorem [73], they would render the
short-distance physics too difficult to access experimentally.

Imposing these conditions on the modes in Tab.(2.1), the best windows for the
electromagnetic operators are:

e Real photons: Since the branching ratios decrease as the number of pions
increases, the best candidates to constrain Qf are the Ky ¢ — 7y decays
for two real photons and the K — w7~y decays for a single real photon.
All the other modes with real photons are either significantly more sup-
pressed (see e.g. Refs. [71,80] for a study of K — mv7), or dominated
by bremsstrahlung contributions. By contrast, these radiations are sup-
pressed for K; — w7n ™y since K, — w7~ is CP-violating, and for
K+ — 7t7% thanks to the AI = 1/2 rule. The relevant CP-violating
asymmetries are either those between K — Kg decay amplitudes, or be-
tween K+ — K~ differential decay rates or finally in some phase-space
variables. This latter possibility usually requires some additional infor-
mation on the photon polarization, accessible for example through Dalitz
pairs. But, besides the significant suppression of the total rates, this
brings in the electric operators, making the analysis much more involved,
so these observables will not be considered here (see e.g. Refs. [85-88]).

o Virtual photons: The best candidates to probe the electric operators are
the K — 7%T(~ (¢ = e,u) decays, for which K; — 704*[— ¢+¢7]
is CP-violating and, hence, free of the up-quark contribution (see e.g.
Ref. [89]). As detailed in Sec. 2.2.3 (see Fig.(2.4)), there are, nevertheless,
an indirect CP-violating piece from the small e K3 component of the K,
and a CP-conserving contribution from the four-quark operators with two
intermediate photons. These contributions are, however, suppressed and
under control [90,91]. The direct CP-asymmetry in K+ — 7=¢T/~ is not
competitive because of its small ~ 10~ branching ratio and because of
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the hadronic uncertainties affecting the long-distance contributions [54,
92]. With K; — 7%/~ sensitive to Qj{l, information on .. would
also be needed to disentangle the left and right-handed currents. But
since (7@~ K%4q)) ~ ¢"¢"F,, = 0, and with K — 7y*~ sensitive again

to Qj*, the simplest observables are the K — 7my* and K — 7ry*y™*)

modes, which are suppressed and dominated by LD contributions. For
the time being, we will, thus, only concentrate on ijl.

In summary, the best windows to probe for the electromagnetic operators are
the CP-asymmetries in the K, s — vy, Kp.s — ntn 7y, and KT — ntn%
decays, and the K; — 7w%¢t¢~ decay rates. For completeness, it should be
mentioned that the magnetic operators also contribute to radiative hyperon
decays [93-95] or to the B, — B~y transition [96], which will not be analyzed
here.

2.2 Standard Model predictions

In order to get clear signals of NP, the SM contributions have to be under good
theoretical control. We rely on the available OPE analyses for the Wilson co-
efficients in the SM [38] and concentrate on the remaining long-distance parts
of these contributions. For CP-violating observables, they originate either in-
directly from the hadronic penguins Q3 — @19 or directly from the magnetic
operators Q,jyt. Since the former indirect contributions are suppressed, while the
C,jf are very small in the SM, both often end up being comparable. These LD
contributions have to be estimated in ChPT. This is rather immediate for Q$
given the hadronic representations (1.56), but significantly more involved for
the hadronic penguins, requiring a detailed analysis of the meson dynamics rel-
evant for each process. In addition, some free low-energy constants necessarily
enter, which have to be fixed from other observables.

Thus, the goal of this section is threefold:

1. the observables relevant for the study of Qf are presented. This in-
cludes the K — wmy rate and CP-asymmetries, the Ky g — 7 direct
CP-violation parameters, the rare semileptonic decays K — m¢T¢~, and
finally, the hadronic parameter &,

2. the hadronic penguin contributions to the radiative decay observables are
brought under control by relating them to well-measured parameters like
¢’. In doing this, special care is paid to the possible impacts of NP in

Q3 — Q19, which have to be separately parametrized.
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+
v
to establish the master formulas for all the observables relevant in the
study of QF, which will form the basis of the NP analysis of the next

Yy )
chapter.

3. we extract the contributions from Q=, where NP could also be present,

221 K — 7wy

Having a detailed calculation of the K — 7y decays, up to O(p*), in App.C.3
we focus here on their physical consequences. These radiative decays are de-
scribed by two terms, E (z;) and M (z;), which are respectively the dimension-
less electric and magnetic amplitudes [97]. Note that they do not interfere in the
rate once summed over the photon polarizations. The reduced kinematical vari-
ables z1 o are related to the energies of the two pions and z3 = 21 +22 = E,/mg
is the photon energy in the K rest-frame. The electric part can be further split
into a bremsstrahlung and a direct emission term:

E(z1,22) = Erp(z1,22) + Epg(21, 22) , (2.1)

while the magnetic part is a pure direct emission, M = Mpg. When the
photon energy goes to zero, only E;p is divergent and, according to Low’s
theorem [73], entirely fixed from the non-radiative process K — mma, while
the direct emission terms Fpg and Mpg are constant in that limit. In addition,
they can be expanded in multipoles, according to the angular momentum of
the two pions [98], see Appendix C.3 for more details.

Kt — ntn0y

For the K+ — 7710y decay, the standard phase-space variables are chosen as
the 7" kinetic energy T and W2 = (P, - P )(Py - Pr+)/m2 . m3 [98]. Pulling
out the bremsstrahlung contribution, we can write the differential rate as

2 2 2
o _ OTis (1—2m’*+ Re (EDE ) W2y

OT*OW?2 — 9TOW? mi eArp (2)
2.2
mk, Epe|°  |Mpgl|? 4
+ Za w)
mK eA[B eA[B

where A;p = A (K+ — 7r+7r0) is constant while Epr and Mpg are functions
of W2 and T*. The main interest of K+ — 770y is clearly apparent: A;p is
pure Al = 3/2 hence suppressed, making the direct emission amplitudes easier
to access. Note that the strong phase of A;p is that of the 77 rescattering in
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the I = 2, L = 0 state, as confirmed by a full O(p*) computation. This is not
trivial, a priori, since both Watson’s and Low’s theorem deal with asymptotic
states. Actually, Low’s theorem takes place after Watson’s theorem, in agree-
ment with the naive expectation from the relative strength of QED and strong
interactions.

Total and differential rates Given its smallness, we can assume the absence
of CP-violation when discussing these observables. Experimentally, the electric
and magnetic amplitudes (taken as constant) have been fitted by NA48/2 [8]
in the experimental phase-space (PS) range

PS=T: <8 MeVUO02<W <0.9. (2.3)

Using their parametrization, we have

o —Re (EDE/eA[B)

Xp = =(—24+4+4 -4 2.4
B m3, cos(61 — 62) ( ) GeV™, (242)
Mpg/eA
Xy = % = (25446 +6) GeV ™4, (2.4b)
K

with 61 the strong 77 rescattering phase in the isospin I and angular momen-
tum J state. The magnetic amplitude is dominated by the QED anomaly and
will not concern us here (see e.g. Refs. [99-102]). For the electric amplitude,
we obtain at O(p?):

XE

_ 3G8/G27 COS(6DE — (53) ElOOp(W2 T*) _ m%( Re]\_f
4072 F2m?2. cos(61 — 62) R

o (25)

with the expression of E'°°P given in Eq.(C.70). The N term, given for its part
in Eq.(C.66), contains both weak counter-terms [103] and Q7 contributions
and reads

ZGFB ReC’;

Re N = (47)2Re(Nyy — Nis — Nig — Ny7) — —=
€ (77) e( 14 15 16 17) 3G8 TGFmK7

(2.6)

if 27-plet counter-terms are neglected or rather parametrically included into
the IV;, together with higher order momentum-independent chiral corrections.
To a good approximation, the loop contribution E'°P(W?2, T¥) is dominated by
the leading multipole E'°°(z3), in which case 6pp = 6}. Note that E.°°F(z3)
is still a function of the photon energy, hence, indirectly of W2 and 7). In our
computation of Ei‘mp , we include both the £g and L97 contributions. Indeed,
as shown in Fig.(2.1), the large w7 loop occurs only for the AT = 3/2 channel,

making it competitive with the AT = 1/2 contributions arising entirely from the
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:e_é“/ §Y :_é“/
K T K T T T
K K S K v
T[’K T Y T T

Fig. 2.1: Basic topologies for the K — 7wy loops, with the vertices
colored according to the conventions of Fig.(1.5). The photon is to be
attached in all possible ways. However, in accordance with Low’s theorem,
most of these diagrams renormalize the O(p?) bremsstrahlung process,

leaving only genuine substracted three-point loops (thus involving at least
one charged meson) for the direct emission amplitudes. The transition is
Al =1/2 (3/2) when the weak vertex is KTn—n or K'7rTn~ (KTm—nY).
The counter-terms and @ contribute only to K™ — 777" and K° —
at

.

small 7K and nK loops. As a result, we find E:°7(0) = —0.25, to be compared
to —0.16 in Ref. [104]. In addition, the 77 loop generates a significant slope.
Though this momentum dependence is mild over the experimental PS, these
cuts are far from the z3 = 0 point, resulting in a further enhancement. Indeed,
over the experimental range (but not outside of it), E1°” is well described by

*

T
EYP (W, T )ps ~ —0.260 — 0.051W + 0.089mCK : (2.7)

. . . !
Since experimentally, no slope was included, we average E|°°" over the exper-

imental range (using the dT*dW measure to match the binning procedure of
Ref. [8]), and find

<E§°"”(W, T:)>ps = 0280 — Xp”=-17.6GeV ", (28)

We checked that, in the presence of the slopes as predicted at O(p*), the fitted
values of Xp and X, are not altered significantly.

l . . N, . .
Once E;°?? is known, we can constrain the local term N using the experimental
measurement of Xg:

Re N = 0.095 + 0.083 . (2.9)

This is much smaller than the O(1) expected for the N; on dimensional grounds
or from factorization [103], but confirms the picture described in Sec. 2.1.3. Ev-
idently, so long as the N; are not better known, we cannot get an unambiguous
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bound on Re C'}. Still, barring a large fortuitous cancellation,

|Re O |
——<0.1. 2.1

Note that this bound is rather close to our naive estimate (1.42) of the charm-
quark contribution to the real photon penguin in the SM.

Direct CP-violating asymmetries CP-violation in K+ — 77 7%y is quan-
tified by the parameter 5’4_07, defined from the interfering terms

Epg Re Epg ) . )
e <eAIB>Ki ~ CRed,p [50pE = 05) Fsin(@pr — 0)elo,]  (211)

as [69]

. II’IlEDE ImA]B
— _ ] 2.12
6+0’Y RGEDE RGA[B ( )

To reach this form, we worked at the first order in Im A;p/ Re Arp and used
the fact that, contrary to the strong phase dpgr and 63, both Im Epg and
Im A;p change sign under CP. Since F5 has the same strong phase as A;p,
and higher multipoles are completely negligible, we can replace Epg by the
dipole emission E; to an excellent approximation, so that dpg = 1.

Plugging Eq.(2.11) in Eq.(2.2), we get the differential asymmetry, which can
be integrated over the phase-space according to various definitions. Still, no
matter the choice, these phase-space integrations tend to strongly suppress the
overall sensitivity to €, since the rate is dominantly CP-conserving [69]. For
example, NA48/2 [8] use the partially integrated asymmetry

acp(W?) = T+ /OW? — or~ JoW?
T+ /W2 4 Or— [OW2
—2m2, mi XpW? sin(dpr — 03) ¢,
L 2m2 mE XpW?2 4 mt mA (| Xel” + (XYW

(2.13)

where the dependences of X and X on T} are dropped, which is a reasonable
approximation within the considered phase-space. Combining the experimental
values of X and Xy with sin(d} — 63) ~ sin(7°) ~ 0.12, taken from Refs. [8,
105], it turns out that acp(W?) < 0.01¢', ., over the whole W? range. Clearly,
integrating over W?2 to get the total rate charge asymmetry (or the induced
direct CP-asymmetry in K* — 7% 7% [106]) would suppress the sensitivity even
more. Because of this, the current bound is rather weak [8]

sin(0pe — 02)€’, g, = (2.5 £4.2) x 1072 (2.14)
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Fig. 2.2: Fractions of QCD and electroweak penguins in €’. The absence
of electroweak penguins corresponds to 2 = 0. Destructive interference oc-
curs for values between 0 and 1 (with a singularity at 1 since it corresponds
to a complete cancellation between both types of penguins). Current anal-
yses in the SM favor a limited destructive interference, i.e. Q € [+0.2,40.5]
(see e.g. Refs. [33,40,107]).

Actually, thanks to the fact that Xgp < 0, there is an alternative observ-
able, which is not phase-space suppressed. Defining 82F§ B = 0°T+ — BzFliB,
and integrating over T}, the direct emission differential rates 0T’ /0W? and
Ol ;/OW? vanish at slightly different values of W2, so we can construct the

asymmetry,
w2 W2
art _/ow?2=0 Ol . /OW?2=0
GOCP = e DE — e/ = —tan((SDE — 62)5;07 . (2.15)
ary ,/ow2=0 AT 5 /OW2=0

The zeros are around W?2 ~ 0.16, i.e. within the experimental range 0.2 <
W < 0.9. Of course, it remains to be seen whether the experimental precision
needed to perform significant fits to the zeros of dT'5 ,/0W? is not prohibitive.

Let us analyze the prediction for €, o, in the SM. At O(p*), discarding (for now)
the counter-terms and the electromagnetic operators, we obtain (see App.C.3)

oy (23) = @f(zsy Q) (2.16)

with

. -1 _ Q w5h20(23)
o 1+Wh20(23) 1—Ql+wh20(z3) ’

f(23,9) (2.17)
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where hog(z3) = ha(z3)/ho(23) is the ratio of the Ga7 and G loop functions, en-
hanced by the 77 contributions to the former, while dhag(2z3) = dha(23)/ho(23)
is the ratio of the G, and Gg loop functions and is O(1). The parameter €2,
defined in Eq.(1.24) represents the fraction of electroweak versus QCD penguins
in &,

it

T2

As shown in Fig.(2.2), a conservative range is 2 € [—1,+0.8]. Values between
[+0.2,+0.5] are favored by current analyses in the SM, but large NP cannot be
ruled out. A crucial observation is that, contrary to &', EQFOW is rather insensitive

!

Sow(2 —1) . (2.18)

to €, because wdhag(z3) is suppressed by w, so that f(z3,Q) ~ —2/3. Varying
Q in the large range [—1,40.8], as well as including the potential impact of the
weak counter-terms, subject to the constraint Eq.(2.9), does not affect 5’_‘_07
much. To get an estimate of the possible impact of higher order corrections
affecting EQFOW let us include the counter-terms N in Eq.(2.16), so that

= @f(z,&é]\;) , (2.19)

61—&-0'\/ (Z)

where

. 1+wQ(h2 (Z) + 0ha (Z)) —Imdy 1
T 000N = =00 ¢ () —Reby) @=L ()

with
1 2m? —
Redy = %Re]\ﬂ
Imdy = V2 mi%(§_11m1\7 .
N ho(z) mE —m2 0 '

Parametrically, N accounts for all the O(p*) counter-terms, as well as for the
momentum-independent parts of higher order effects. To proceed, some as-
sumptions have to be made on its weak phase. From the experimental data,
we know that Re N is of the typical size expected for O(p®) corrections instead
of O(p*). Since both Qs and Qg contribute at O(p®) through two-loop graphs,
N receives, a priori, contributions from all the penguin operators, besides the
current-current operators. On the other hand, the electromagnetic operators
are too small to affect Re N, allowing their impact to be pulled out and treated
separately. So, inspired by the O(p*) loop result, we parametrically write:

N =b((1—a) Ag + aAs + idaIm A,) (2.22)
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with b ~ O(p®)/O(p*). Assuming the corrections parametrized in terms of Ag
and As are of the same sign as at O(p*), we take a € [0, 1] to span from the pure
QCD penguin to the pure electroweak penguin scenario, and a =~ (1 + w) ™! ~
0.95 if the O(p*) scaling between the Gg and Gar contributions survives at
O(p%). In a way similar to what happens at O(p?), the parameter da allows for
additional Qg contributions in the imaginary parts. Since at O(p*), it emerges
entirely from K — 7 and K — KK vertices, and misses the K — 77 vertex
and its associated loop, we expect da < 1. With this,
Iméy (1—a)+ (a+ da)w

Roow ~ 0 -a i (2.23)

By varying Q € [~1, +0.8], @ € [0,1], |§a| < 0.1 and Re N within 1o of the
range (2.9), we get the final and conservative prediction
2 /
&0,(Qs,...10) = —0.55(25) x V2L _ —0.64(31) x 107* (2.24)
w
using Re(e’/€)exp = (1.65 & 0.26) x 1072 [17]. The slight growth of €/, (., with
z3 is negligible compared to its error. Since it is based on the experimental
value of |¢’|, and given the large range allowed for 2, this estimate is valid even
in the presence of NP in the four-quark operators. This is the first example
where the experimental information about ¢’ is extremely important!

The stability of this prediction actually means that even a precise measurement
of 5;07 would not help to understand the physical content of &', which would
require measuring ). However, it may help to unambiguously distinguish a
contribution from Q7 ,

B ImEpr(Q5) B Gr/G ImC>
E/JrO"/(Q'y): DY ey L F/ 27 o

ReEpr 2072 F2(m% — m2)Xg Grmy
ImC
GFmK

(2.25)
= +2.8(7)

9

where we used the experimental determination of Re Epg given in Eq.(2.4).
So, the magnetic operator is competitive with the four-quark operators already
in the SM as Eq.(1.41) implies that

€ 0,(Q7 )|sm = +1.2(4) x 107* . (2.26)

Consequently, a significant cancellation occurs in the SM, which, by summing
Eq.(2.24) and Eq.(2.26), translates into the following prediction

& oylsm = 0.5(5) x 107 . (2.27)
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This result is still far below the current bound on €', derived from Eq.(2.14),
in such a way that it leaves ample room for NP effects, i.e.,
ImC7

7 —_0.084+0.13. 2.28
G (2.28)

Kp —»ntry

For this mode, the large 77 loop is present in both the Al =1/2 and AT = 3/2
channel, see Fig.(2.1). Therefore, including the latter does not change the
picture for the total rate as, in the present case, the Al = 1/2 suppression
is not dynamically compensated. On the other hand, the situation for the
CP-violating parameter &, ., defined from [69]

&y =Ny = (2.29)
where
. A(KL—>7T+7T7’}/)EIB+E1 . A(KL—)W+7T7)
Nty = — s M= = e oy (2.30)
A(Ks = T 7)1 s+, A(Ks — mtm—)

is altered significantly. The restriction to the dipole terms originates in their
dominance in the Kg decay. The parameter ny_ is then purely CP-violating
since the K — m+ 7~ dipole emissions violate CP. The direct dipole emission
amplitudes EIL S for K L.s — m 77 are functions of the photon energy z3 only,
and can be written as

EY =ReE,_, EF =iImE, +&ReE,_. (2.31)
Parametrizing the CP-violating IB amplitude as Ef; = 77+,E}§B, including
the strong phases but working to leading order in w and in the CP-violating
quantities [69],

o iol—symrz1z2Re By (,  (ImA; ImE,_ 0 3
Frr T € ev2 ReAp et ReAy ReFE,_ - (232)

As stated in Ref. [69], &, . is a measure of direct CP-violation. The z;zo

momentum dependence comes from the bremsstrahlung amplitude E}SB, which
we write in terms of the K — 77 isospin amplitudes, using A(Kg — ntn~) =
V2404 Ay. Over the K0 — 777~ phase-space, 212 is the largest when Ej; is
at its maximum (and the bremsstrahlung at its minimum), but always strongly
suppresses the asymmetry since z122 < 0.030. Following Ref. [108], to avoid

dragging this phase-space factor, we define the direct CP-violating parameter

/
E+—v

g _ Np—ny — Np—
6/ - +— — +— + . 233
TV 42 2122 ( )
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Experimentally, this parameter has been studied indirectly through the time-
dependence observed in the 777~ ~ decay channel [109] (using material in the
beam to regenerate Kg states), which is sensitive to the interference between
the K;, — wta v and Kg — 777~ v decay amplitudes. Importantly, the
experimental parameter 7, _ used in Ref. [109] (also quoted by the PDG [17])
is not the same as the one in Eq.(2.29) but requires additional phase-space
integrations. Following Ref. [108] in order to perform this integration, the
experimental measurement 74 = (2.35 £ 0.07) x 1073 translates into

'] < 0.06. (2.34)

Theoretically, the £, _ amplitude can be predicted at O(p*) in ChPT, with the
result (neglecting the counter-terms and electromagnetic operators for now)

ImE,_  ImAg 1+ wQ(hhy(z3) + dhig(23))
ReE,_ ReA 1+ whiy(z3)

, (2.35)

where hb,(z3) and dhh(z3) are ratios of loop functions (see Appendix C.3).
Due to the fact that the 77 loop is allowed in the AT = 1/2 channel, hb(z3) =~
1/v2 < w™! while dhby(23) is tiny and can be safely neglected. Plugging this
in 5;77, the sensitivity to Q disappears completely

; ReE, _ cs2 <0
e . — jeio1—0g) TNE | (61(50—50) _ 1) ) 2.36
' (@s....10) el (2.36)
As for €/, there is no possible way to learn something about ¢’ by measuring
6’+7,Y. Besides, note that 6’+7W is suppressed by the AT = 1/2 rule through its
proportionality to |¢’[, contrary to €', in Eq.(2.24).

The same combination of counter-terms occur for K — 7t7~y and K+ —
7tn%y. The bound in Eq.(2.9) shows that this combination is of the same
order of the 7K and nK loops, which are much smaller than the 77 loop, and
it can, therefore, be safely neglected. As a result, we finally predict

2
m —im
ey (Qs,.10) = mho(z?)/?) x[e'| x et (2.37)

= —1.5(5) x 107% x e7""/3 |

with ho(23/2) ~ —4vV2Re hpr (—23) ~ —2.2, 2 — 60 ~ —45°, and 0] — 62 ~
7°. We conservatively added by hand a 30% error to account for the chiral
corrections to the loop functions. This result is an order of magnitude below
the bound derived in Ref. [69] because, having kept track of the G, Ga7, and
Geyw contributions, we could prove that ¢/, (@3, 10) is suppressed by the
Al =1/2 rule. As for €., this estimate is valid even in the presence of NP



42 Chapter 2: s — dry in the SM

in the four-quark operators, since it is independent of © and takes Re(e’/€)exp
as input.

With 5;77(623’.“,10) extremely suppressed, E’Jrfv becomes sensitive to the pres-
ence of the Q. operator, even in the SM. Its impact on E3 p is negligible given
the bound (2.10) but EX receives an extra contribution, so that

—Gr/G 4 ImC> .
Q) = GG, kI,
LAR 6(27)2 F2(m3 —m2) Gpmpg (2.38)
ImC; . '
~ 0.2 T eitn
GFT)’LK

with ¢, = 6 — 63 + /2 ~ 52° and Gg < 0 in our conventions. With the SM
value (1.41) for Im C7, this gives

g (Q7)sm = +8(3) x 107 x "7 (2.39)

which is about five times larger than 5;77(623 _____ 10), but still very small com-
pared to €/, . The current measurement (2.34) requires
| Im C7|
—— <03 2.40
G <03, (2.40)
which is slightly looser than the bound (2.28) obtained from the direct CP-
asymmetry in K+t — 770,

222 Krs—vy

CP-violating asymmetries for K — 77 can be defined through the parameters

L AEs = (1m)1) et gl AKL = (v)))

P AKL = (vy)1) Ty = m =c+e, (2.41)

if the conventions of Ref. [69] are adopted. Experimentally, these CP-violating
parameters could be accessed through time-dependent interference experiments,
i.e. with K° or K° beams [110-112], so the photon polarization need not be
measured using the suppressed decays with Dalitz pairs.

Let us parametrize the K° — (k1, u1)y(k2,v) amplitudes as

Al

A(KO — (’y’y)H) = % X (aemGFmK) X (klllkg — k- ]{:QQHV) , (242&)
AL

A(KO — (77)J.) = % X (aemGFmK) X Z.‘r':MW)Ukl,PkZU ) (2'42b)
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Fig. 2.3: The transition K — ~7 in the SM, with the vertices colored
according to the conventions of Fig.(1.5). The meson loop produces the
77, state, while the meson poles produce the vy, state thanks to the QED
anomaly. The direct Q$ contributions produce both v and ¥y, final
states.

so that the direct CP-violating parameters are expressed as

I,
5?\ =i Im /LWL ~Im4 ' (2.43)
’ Re All:- Red

We can fix |A%| = 0.133(4) and A7 | = 0.0800(3) from the K g — v decay
rates [17], which are dominantly CP-conserving. In ChPT, A‘fy‘y originates from
a mt7~ loop and A#W is induced by the 7%, n, ' meson poles together with
the QED anomaly, see Fig.(2.3) and Appendix C.3 for more details.

Two-photon penguin contributions

In the absence of the electromagnetic operators, K9 — ~v is induced by the
two-photon penguin. The parameters 5“_’ | are then generated indirectly by
the Qs,... 10 contributions to the weak vertices in Fig.(2.3), and directly by the
two photon penguins with ¢ and ¢ quarks (see Eq.(1.43)). However, as said in
chapter 1, these short-distance contributions are suppressed by the quadratic

decoupling of the heavy modes in the two-photon penguin loop [69]:
R AllL .

[Re Ay Jet = L' t <107t (2.44)

| Re Ay |

which in turn implies

[ Tm Al,yllf‘ ¢ ImA,

~|ReAly],  Redd

x1074 ~107". (2.45)

€] 1 let

This contribution will turn out to be negligible both for ¢/, and 61 E

With regards to the long-distance contribution, let us start with &:1 - Since Au7
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is mainly' induced by a 77 loop, CP-violation comes entirely from the K° —

7T~ vertex, as is obvious adopting a dispersive approach or using Eq.(C.26)

in the safe limit where G, = 0. By using A(Kgs — nt7n7) = V24, + Ay
(without strong phases), we recover the result of Ref. [113]

_Z,Ion \/§+wQ_l _5’6‘“53_‘58)
Redo \ V2+w 1+w/vV2

ET‘(QS,..‘,IO) (246)

As it is the case for /o, and & __, &:T | is insensitive to £, so this expression
remains valid in the presence of NP. Also, being suppressed by the AT = 1/2
rule, the tiny value |€i|(Q3"“710)| ~ 4 x 107% is obtained.

The situation is different for ¢/, . It was demonstrated in Ref. [114] that only
the @ operator has the right structure to generate A% through the QED
anomaly. Then, Im A% = 0 since current-current operators are CP-conserving
(proportional to A, ), leaving €', as a pure and AT = 1/2 enhanced measure of
the QCD penguins

/
€'1(Q3,...10) = —i& = laf'_gflz) . (2.47)
One may be a bit puzzled by the appearance of Im Aq in this K — 7y observ-
able. Actually, this originates from the very definition of € in the K — #w
system. It is the choice made there to define a convention-independent physi-
cal parameter, which renders it implicitly dependent on K — 7 amplitudes.
Besides, Eq.(2.47) is clearly only valid in the usual CKM phase-convention,
contrary to Eq.(2.43), which is convention-independent. For example, if the
Wu-Yang phase convention Im Ag = 0 is adopted [115], then (yv|Q1|KL) gets

a non-zero weak phase, since Im \,, # 0, while ¢/, stays the same.

Evidently, given the current information on the Qg contribution to £, it is not
possible to give a precise prediction for &/, . With Q € [—1,+0.8], €/, spans an
order of magnitude:

5x107° < —ie/ (Q3..10) < Tx 107*. (2.48)

5o

A value of a few 107 is likely as Q € [+0.2,+0.5] is favored in the SM, see
Fig.(2.2).

This result is different from earlier estimates [113], obtained before the structure
of the K, — v amplitude was elucidated in Ref. [114]. Further, from that
analysis, we do not expect that the residual Qg contributions in Ko — 7y

Hn fact, both 7w and K K loops are present though the latter are suppressed by Geqw, see
Eq.(C.26).
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could alter Eq.(2.47), especially given its large AT = 1/2 enhanced value (2.48).
Indeed, the origin of the vanishing of the Ky — vy amplitude at O(p*) is now
understood as the inability of SU(3) ChPT to catch the @1 contribution at
leading order. But once accounted for, either through higher order counter-
terms or by first working within U(3) ChPT, this Q; contribution is seen to
dominate the Ky — «v amplitude.

Though only ten times smaller than e, measuring ¢/, would prove to be very
challenging. Still, any information would be extremely rewarding: with its
unique sensitivity to the QCD penguins, it could be used to finally resolve the
physics content of &’. Further, it would also help in estimating e precisely, since
the term i&, enters directly &', [40,116].

Electromagnetic operator contributions

The magnetic operators Q,jf contribute to K — vy as

-+
26y L C5

AlbL o Al L ]
R Ll 97rmK TGFmK

(2.49)

Given the good agreement between theory and experiment for the Kg  — vy
rate, we require that their contributions are less than 10% of the full amplitude,
giving

| Re Cff |

<0.3. 2.
s S03 (2.50)

The stronger bound (2.10) from K+ — 7+ 7%, thus, shows that the impact of
Q= on the total rates is negligible (assuming |Re C| ~ |Re CJ|).

Plugging Eq.(2.49) in Eq.(2.43), the Q$ contribution to the direct CP-violation
parameters are

[ Im C7 |
GFmK

| Im C |

1 ) 1
(@) = 3 @Dy (2:51)

In the SM, [e} (Q5)] =~ 1.4 x 1075 is nearly an order of magnitude larger than
€)/(@s,...,10), Eq.(2.46). On the contrary, the SM contribution € (QF)] ~
2 x 107? is too small to compete with ', (Qs3.. 10), Eq.(2.47). In the absence of

a significant NP enhancement, €', , thus, remains a pure measure of the QCD
penguins.
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2.2.3 Rare semileptonic decays

The K; — w%t¢~ decays are sensitive to several FCNC currents. In the
SM, both the virtual and real photon penguins, as well as the Z penguins
can contribute (together with their associated W boxes), see Fig.(2.4). Since
NP could, a priori, affect all these FCNC in a coherent way, they have to be
accounted for. Further, to separately constrain the Z penguins, we include the
rare K — wvv decays in the analysis. So, in the present section, we collect
the master formula for the K; — n%te™, K;, — mutp~, K+ — 7ntvo and
K — 7 decay rates, starting from the effective Hamiltonian

Heg = — Gi;;m (Cue Que+Cvie Qv+ Car Qay) +he., (2.52)
where

Qv ="d @yl (2.53a)

Qe =5d® byl (2.53b)

Que = 37"d @ Uy, (1 = vs)ve (2.53c)

and where a sum over the leptonic flavors £ = e, u, 7 is understood. As nyi
are implicitly included in Qv ¢, Heg should be complemented by Q$ operators
only to account for radiative processes

Electric operators and SM predictions

Thanks to the excellent control on the vector currents (1.51), the branching
ratios for K — mvv are very precisely predicted:

Br (Kt — 7tuymg) = 0.1092(5) - 1071 x 72, X |wye]? (2.54a)
Br (Kp — 7%ueig) = 0.471(3) - 107" x 72, x (Imw, ), (2.54b)

us

with 7,5 = 0.225/|V,s| and w,, = C, /1074, Since experimentally, the neu-
trino flavors are not detected, the K — mwvv rate is the sum of the rates into

V57N77"
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As shown in Fig.(2.4), the situation for K; — 7%¢*¢~ is more complex be-
cause the indirect CP-violation K; = e¢K; — mv*[— (T¢7] [54] and the
CP-conserving contribution K, — w%yy[— £+£7] [90,91] have to be included:

Br(Kp — n%0t07) = (Chiyrag + Cloplstus + Chigds + CL. ) 10712 (2.55)

where
5, = 2.355(13) (w%/,e + w%ﬁe) , Ch = 0.553(3)w‘2,7u + 1.266(12)(*;%7” ,
Ce =7.3(2) [-7.0(2)] wye , Cch ., =1.73(4) [-1.74(4)] wy, ,
Ct.n =12.2(4) [11.5(5)] , ch.. =281(6),
cs, ~0, Ch,=4.7(13),

with wy ¢ = Im Cx /107, These coefficients are sensitive to the Kg — mé*¢~
amplitude, which is entirely dominated by the virtual photon penguin:

. eG
A(EA(P) = 7" (0) = ¢ 5 Ws (2) (¢°P* —¢"P-q) | (2.56)
with
Ws (2) = as +bsz+W3" (2) , (2.57)

where z = ¢>/MZ%,. As detailed in Ref. [54], the only assumption behind the
parametrization of the Wg(z) form-factor is that all the intermediate states
other than m7 are well described by a linear polynomial in z and, thus, can be
absorbed in the unknown constants ags and bg. The 7w loop function WZ™ (z),
the only one to develop an imaginary part, was estimated including both the
phenomenological Kg — 777~ 7" vertex (i.e., including slopes), and the phys-
ical 7t~ — 4* vertex (i.e., with its VMD behavior). Because Kg — 77~ 70
is dominantly CP-violating, and bg is of higher order in the chiral expansion,
the leading term ag dominates.

Given the current error on the Kg — 7%/* ¢~ rates, setting bg/as = 0.4 and
keeping only quadratic terms in a%, give reasonable predictions for the K7,
rates. However, in preparation for better measurements, we prefer to system-
atically account for the momentum dependence of the form-factor in extracting
the coefficients of the master formula in Eq.(2.55). To this end, and contrary
to previous parametrizations, it is not convenient to use ag as the parame-
ter entering Eq. (2.55), because this necessarily overlooks the other terms of
Ws(z). The alternative parameter ag entering Eq.(2.55) and defined in Ref. [9]
is found to be given by ag = 1.25(22).

Importantly, if there is some NP, it would enter through w; only, all the rest is
fixed from experimental data [89]. The theoretically disfavored case of destruc-
tive interference between the direct and indirect CP-violating contributions is
indicated in square brackets [79,90].
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In the SM, the QCD corrected Wilson coefficients wf}f are very precisely known.
Though wyT is slightly different than wfl\é{(u) owing to the large 7 mass, the
standard phenomenological parametrization employs a unique coeflicient,

SM /\tXt + 5\4 Re )\c(P(‘ + 5Pu c)

__ e T O ue) _y 84(22) — i1.350(96) , (258
o 27 sin? fyy x 10— (22) —iL359(%6) ,  (258)

valid for ¢ = e, 7, with X, = 1.465(16) [117], P. = 0.372(15) [118-120],
8P, = 0.04(2) [78] (with A = 0.2255). The difference wSM(H) wSM is implicitly
embedded into the definition of P., up to a negligible 0.2% offect [38]. With
the CKM coefficients from Ref. [28], the rates in the SM are, thus,

Br(KT — ntvp)™ = 8.25(64) - 10711,

2.59
Br(Kp — 7°vp)™ = 2.60(37) - 10711 | (2:59)

For K1, — n%*¢~, the Wilson coefficients are Im C; = Im \yy; with y5M (M) =
—0.68(3) and ys’ ( ~ 1 GeV) = 0.73(4) [38]. Using again the CKM ‘elements
from Ref. [28] gives the rate

Br(K; — nlete™)™ =3.2370-90 . 10711 [1.377035 - 10711] (2.60a)
Br(Ky — 70t p™)SM = 1207522 . 1071 [0.8615 12 - 1071 . (2.60b)

The errors are currently dominated by that of ag. These predictions can be
compared to the current experimental results

Br(Kt — ntup)™P = 1734115 x 10710 (7],
Br(Kp — mvp)®P < 2.6 x 1078 [121], (2.61)
Br(Kp — 1eTe™)™P < 2.8 x 10710 [122] ,
Br(K; — n°utpm )™ < 3.8 x 1071 [123] .

At 90% CL, this measurement of Br(K+ — 7twi) becomes an upper limit
at 3.35 x 10710 [7,124]. Improvements are to be expected in the future, with
J-Parc aiming at a hundred SM events for K; — 7m'vi, and NA62 at a similar
amount of KT — 7t v events. The K — 7% ¢~ modes are not yet included
in the program of these experiments, but should be tackled in a second phase.

Magnetic operators in K — 79/ ¢~

Only the Q7 operator occurs in the K* — n%/*(~ decays:

. eG cr
AK(P) = 7°9"(@))gr = _24\/;2 Br GF:nK (°P" — ¢"P-q) . (2.62)
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For Kg — m¢*¢~, this contribution is CP-conserving and parametrically in-
cluded in ag since it is fixed from experiment. If we require that there is no
large cancellations, i.e. that the Qj operator accounts for, at most, half of
las| ~ 1.2, we get [9]

|Re CF| < 3las| ~

1.5. 2.
GFmK ~ 2BT o ( 63)

This bound is nearly an order of magnitude looser than the one derived from
K, — vy in Eq.(2.50).

For Kj — m°4*(~, the whole effect of Q7 is to shift the value of the vector

current [89,125]:

Q4 Br(0) ImC} 1 ImCH
~ImC , (2.64
2v27 f1 (0) Grmg vt (2.64)

213 Gpmy
where we assume the slopes of Br(z) and fy (z) are both saturated by the
same resonance (which is a valid first order approximation). The relative sign
between the Q1 and Qv contributions agrees with Ref. [125].

wyex107* =Im Cy o+

In the SM, Im Cy¢ ~ 0.99 x 10~* and |Im C.f|/Gpmg ~ 4 x 107°, so the shift
is negligible. However, in case there is some NP, it quickly becomes visible. In
the absence of any other NP effects (which is a strong assumption, as we will
see in the next chapter), the current experimental bounds (2.61) imply

0 4 Im CF

K —n%te” = —0.018 < — < +0.030, (2.65a)
Grmyg
0 B Im CF

K — 7°utu™ = —0.050 < T < 40.063 , (2.65b)
Grmg

at 90% confidence and treating all theory errors as Gaussian. This is about
an order of magnitude tighter than the bound (2.28) on Im C derived from
Kt = ntn0y.

2.2.4 \Virtual effects in &//¢

Up to now, the photon produced by the electromagnetic operators was either
real or coupled to a Dalitz pair, but it could also couple to quarks. At the
level of the OPE, such effects are dealt with as O(we,,) mixing among the
four-quark operators, and sum up at u ~ 1 GeV in the Wilson coefficients of
Eq.(1.33). The non-perturbative tail of these mixings are computed as QED
corrections to the matrix elements of the effective operators between hadron



2.2. Standard Model predictions 51

T T

Fig. 2.5: The virtual effects from QAT on AS = 2 observables (reversed
diagrams are understood) and on &’ from K° — 777 ~. Red vertices stand
for the SM transitions (which are not necessarily local, see for example
Fig.(2.3) ), while green vertices are induced by Q$.

states. Currently, only the left-handed electric operator (i.e., the virtual photon
penguin) is included in the OPE [38] and in the K — 77 matrix elements
and observables [50]. The magnetic operators are left aside given their strong
suppression in the SM.

Magnetic operators in hadronic observables

In the presence of NP, the magnetic operators could be much more enhanced
than the electric operators, so their impact on hadronic observables must be
quantified. Though, in principle, we should amend the whole OPE (i.e., initial
conditions and running), we will instead compute only the low-energy part of
these corrections. Indeed, the photon produced by Q$ can be on-shell, so the
dominant part of the mixing Q$ — @Q1....10 is likely to arise at the matrix-
element level. In any case, the missing SD contributions do not represent the

,,,,,

main source of uncertainty. Indeed, the meson-photon loops induced by Qf
are UV-divergent, requiring specific but unknown counter-terms. So, at best,
the order of magnitude of the LD mixing effects can be estimated. To this
end, the loops are computed in dimensional regularization and only the leading
log(p/my) or log(p/mi) is kept, with p ~ m,. Let us start with the impact
of QF on ¢’. The third diagram of Fig.(2.5) induces a correction to 74— (see
Eq.(1.19a)) and, thereby, discarding strong phases for simplicity

[Re(c'/2)ly _ 30em ,, Gr log(my/my) [ImCy| _ [mCy|

o~ o~ . (2.
Re(e'/€)exp 2563 T|G8\|5|Re(5’/5)exp Grmg Grmg (2:66)

The photon loop is IR safe since ()5, does not contribute to the bremsstrahlung
amplitude in K° — 7F7~7. Let us stress again that this is only an order
of magnitude estimate. Besides the neglected SD mixings, unknown effects, of
similar size than the contribution in Eq.(2.66), are necessarily present to absorb
the divergence. Plugging in the bound on Im C" obtained from the measured
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K+ — 7ta% direct CP-asymmetry, Eq.(2.28),

)P = [ Re(/e)ly = (16 +26)% . (2.67)

!
€
( +0y Re(e’/€)exp

So, even in the presence of a large NP contribution to @7, the impact on e’
remains smaller than its current theoretical error in the SM.

For completeness, let us also compute the contribution of the magnetic oper-
ators to the AS = 2 observables, for which perturbative QED corrections are
significantly suppressed. At long distance, the magnetic operators contribute to
(K°|Hy |K°) through the transitions K° — 7y* — K% and K — 4y — K©,
see Fig.(2.5). Neglecting the momentum dependences of the K — ~v and
K — my* vertices and keeping only the leading log(m,/m), we obtain

(KOHRIK®) o G
= A el 2/ . . 2.
Hz AMP? (a5 + @) Grmg + Grmg (268)

with (see Eq.(2.42) for the definition of A’ and Eq.(2.57) for that of as)

2 2 4
Qem 11 G(F'rnKF;"

la? | ~ |Afw| log(m,/mx) ~T7x107° |Aiw\ , (2.69a)

- T ex
T 728 AMZP
Qe GZmimy _
|G| > WBTMS'W log(m,/my) ~8 x 1077 . (2.69b)
K

Even though they are not of the same order, it turns out that, numerically,
Anvy = . This is due to the fact that a K© — 704* vertex is absent at leading
order, and because the momentum scale in the a,, loop is entirely set by the
pion mass instead of the transferred momentum of O(mg), as it is the case in
a~~. With such small values for a, and ar~, neither AMK(Qf) ~ Re 12 nor
e(Q~) ~ Im 12 can compete with the non-radiative AS = 2 processes, even in
the presence of NP in Qf.

Gluonic penguin operators

In complete analogy with the electromagnetic operators, gluonic FCNC are
described by effective operators of dimensions greater than four. For instance,
the chromomagnetic operators producing either a real or a virtual gluon are

9

_ ENE + _
Hsz = Cg Qg —‘rh.C. 5 Qg = 167T2

(§L0'aﬁtadR + ERO'aﬁtadL)GgB . (270)

35, whose form can easily be deduced from

Eq.(1.38b), contribute only for a virtual gluon.

The chromoelectric operators ()
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Fig. 2.6: The gluonic penguin in the SM.

In the SM, both Q;t and Q;E arise from the diagram shown in Fig.(2.6). As
for Qﬁ, the former are suppressed by the light-quark chirality flips, hence,
completely negligible, but the chromoelectric operators are sizeable and enter
into the initial conditions for the four-quark operators [38]. They are, thus,
hidden inside the weak low-energy constants, together with the hadronic virtual
photon and Z penguins (see Fig.(1.5)).

The chromomagnetic operators are not included in the standard OPE, since
they are negligible in the SM [55]. But, being of dimension-five, they could
get significantly enhanced by NP. This would have two main effects. First,
through the OPE mixing?, Q;t generate fo. When both arise at a high-scale
unp 2 My, assuming only the SM colored particle content, neglecting the
mixings with the four-quark operators, and working to LO [125]:

C(pe) =n° [C5 (unvp) +8(1 =0~ H)Cy (unp)]

Cgi(/%) = chi(,uNP) , (2.71)
where
N _ M 2/21 as(me) 2/23 v (my) 2/25
n=n(unp) = < s () ) <a8<mb)> (as(uc)) . (2.72)

Numerically, n(u) = 0.90,0.89,0.88 for p = 0.1,0.5,1 TeV, respectively. In-
directly, all the bounds on C’$ can, thus, be translated as bounds on Cgi.
However, there is another more direct impact of Qgi on phenomenology since
it contributes to K — 7w, hence to &’ [125]

11 w mi m%{ ImC

Re(e'/e)g = BgImC; ~ 3B - (2.73
s = G TR A P ) 100 M Co = 3P0y 2T9)

with, neglecting AT = 3/2 contributions, |Re Ag| = V2F,(m% — m2)|Re Gs|
and F; = 92.4 MeV. The hadronic parameter Bg parametrizes the departure

2The Q$ — Q;t mixings are not included in Eq.(2.71), even though they become relevant
if Cf}: > 03:, However, such effects are presumably LD-dominated, and thus were already
included in Eq.(2.66) together with Q%E — Q1,...,10-
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of ((77)o|Q,|K°) from the chiral quark model, and presumably lies in the
range 1 — 4 [125]. Given that the SM prediction for Re(¢’/e) is rather close
to Re(e’/€)exp [33], but its uncertainty is itself of the order of Re(e’/€)exp, we
simply impose that |Re(¢’/€)4| < Re(e’/€)exp, which gives,

| Im C | _
9 <5x107%. 2.74

For comparison, imposing that [Re Ao|, is at most of the order of |Re Ag|™™
< 10. Note, however, that
the bound (2.74) is not to be taken too strictly. First, the Bg parameter is
set to 1, but could be slightly smaller or bigger. Second, Q;t is not the only
FCNC affecting Re(e'/e) (see Fig.(1.5)). This bound could get relaxed in the

presence of NP in the other penguins. This will be analyzed in more detail in

gives the much looser constraint |Re Oy |/Grm

the next chapter.

2.3 Conclusions

In this chapter, the s — d~v process has been thoroughly studied. The best
phenomenological windows are the direct CP-violating parameters in radia-
tive K decays for real photon emissions, and the rare K; — 7%%te™ and
Kp — mu*p~ decays for the s — dvy* transition. For all these observables,
a sufficiently good control over the purely long-distance SM contributions has
to be achieved to access the short-distance physics, where NP effects could
be competitive. So, in this chapter, the SM predictions were systematically
reviewed, with the results:

1. Kt — nt#w% We included the Al = 3/2 contributions, which were
missing in the literature, and found that they enhance the loop ampli-
tude by about 50%. As a result, the recent NA48 measurement [8] of
the direct-emission electric amplitude can be well-reproduced without
the inclusion of significant counterterm contributions. With regards to
direct CP-violation, we identified an observable, Eq.(2.15), which is not
phase-space suppressed and could, thus, help increase the experimental
sensitivity to 5;07. Thanks to the improved experimental and theoreti-
cal analyses (using '), the prediction for E:LO,Y in the SM is under good
control, though a large cancellation between the Qs . 10 (four-quark op-
erators, see Eq.(1.33)) and Q7 (magnetic operator, see Eq.(1.37)) contri-
butions limits its overall precision, &', = 5(5) x 107°.
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2. K° — wt7~~ The inclusion of the AI = 3/2 contributions, to-
gether with the experimental extraction of the counter-terms from K+ —
7T+7r07, permits to reach a good accuracy. Contrary to previous analyses,
we found that the Q)3 . 10 contribution to the direct CP-violating param-
eter ¢/, __ is suppressed by the Al = 1/2 rule and negligible against that
of Q. Altogether, the very small value &/, _ = 0.8(3) x 107° is obtained
in the SM.

3. K° — v~ For the direct CP-violating parameter 51 | we confirmed the
computation of Ref. [113] for the Q3. .. 10 contribution. However, that of
(5 was missing, and lead to a factor five enhancement to ET | 1.4 x
1075 in the SM. For the parameter €’ , the situation changes completely
compared to Ref. [113]. Indeed, the anatomy of K — ~v has been
clarified in Ref. [114], where the absence of QCD penguin contributions
at leading order was proven. As a result, we got the striking prediction
that ¢/, is a direct measure of these QCD penguins, €, (Qs,....10) = —io,
while the Q:Y" contribution is much smaller in the SM. So, this AT =1/2-
enhanced observable could resolve the QCD versus electroweak penguin
fraction in ¢’ (to which €., €', ., and 5? | have essentially no sensitivity),
and could improve the theoretical prediction of e.

4. Re(e’/e) We have computed the long-distance part of the magnetic
operator contribution to &', as well as to AMg and e. While it is (as
expected) negligible for the last two, it could, a priori, be sizeable for
¢’ if Q7 is enhanced by NP. Even though this contribution cannot be
predicted accurately, and the short-distance part is lacking, we proved
that the recent NA48 bound [8] on €/, ensures that it does not exceed
about 30% of Re(e’/€)exp, and, thus, for the time being, can be neglected.
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Chapter

s — d~ beyond the SM

In most models of New Physics, new degrees of freedom and additional sources
of flavor breaking offer alternative mechanisms to induce the FCNC transitions.
The goal of the present chapter is to quantify the possible phenomenological
impacts of NP in the dimension-five magnetic operators ny[ of Eq.(1.37). As
discussed in detail in the previous chapter, CP-conserving processes are fully
dominated by the SM long-distance contributions. So, throughout this chapter,
we concentrate exclusively on CP-violating observables, from which the short-
distance physics can be more readily accessed along with possible signals of
NP.

The cleanest observables to identify a large enhancement of Qf are the direct
CP-asymmetries in K — 77y and K — (7)), which would then satisfy

N | Im C7 |

~ (3.1)

1
3 1€y (7)1 = Blel (@) = 3[e), (Q7)]

Indeed, the contributions from the four-quark operators (QCD and electroweak
penguins) are small and under control,

3w )

ﬁkﬁroy@&...,m)\ ~ §|5/+77(Q3,‘..,10)| ~ e |(@s,..10)| = €], (3.2)
with w = 1/22.4. By using the experimental ¢’ value, these estimates are in-
dependent of the presence of NP in @3, . 10. On the other hand, the Kg 1 —
()L asymmetry is very sensitive to €2, representing the ratio of the elec-
troweak to the QCD penguin contributions in &’:

V2|

wl1l-9) "’

N1|ImC’ﬂf|

€' (Qs,...10) = —i& =1 S Nepr—

l€.(Q7)] (3.3)
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So, knowing the impact of Qj‘, the asymmetry ¢/, can be used to extract the
otherwise inaccessible QCD penguin contributions to &’.

The experimental information on these four asymmetries is, however, limited
with only the loose bound (2.14) on €/, o, and (2.34) on €/, __ currently available.
Therefore, to get some information on Qﬁ two routes will be explored.

First, we can use the K; — 7%¢T¢~ decay rates, for which the experimental
bounds are currently in the 107!° range. As shown in Fig.(3.1), these modes
are rather sensitive to Q¥ once |Im Cf|/Grmy is above a few 1073, In the
absence of any other source of NP, the experimental bounds (2.61) give

0 4 Im CF

Kp — m%te™ = —0.018 < — 1 < 40.030, (3.4a)
Grmg
0 B Im C'i

Kp — %™ = —0.050 < < +0.063 . (3.4b)
Grmg

To compare with the direct CP-asymmetries (3.1), sensitive to @7, we first
need to study how NP could affect the relationship between Q,JYr and Q5. If
the SM relation Cj ~ —C7 survives, the direct CP-asymmetries could be rel-
atively large, with for example —8% < €, < 5% from Ky — n’e*e™. Then,
since NP can enter in K; — 7%¢*¢~ through other FCNC, by affecting the elec-
troweak penguins for example, we must also study their possible interferences
with Qj, and quantify how broadly the bounds (3.4) could get relaxed.

A second route is to use &’. Indeed, in many NP models, the magnetic opera-
tors Q$ are accompanied by chromomagnetic operators Qgi, which contribute
directly to &',

Im C’g’

Re(¢'/e)y ~ 3Bg G

: (3.5)

with Bg a hadronic bag parameter of O(1), a priori. If the Wilson coeffi-
cients of Qi[ and Qgi are similar, the current measurement Re(e’/¢)exp imposes
strong constraints, and would naively imply that the direct CP-asymmetries in
Eq.(3.1) are at most of O(1073). However, not only the relationship between
Q;E and Q,jyE is model-dependent but, as for K — 7% ¢~, many other FCNC
enter in € and their possible correlations with Q;‘E must be analyzed.

The only way to relate the NP occurring in the various FCNC is to adopt a
specific picture for the NP dynamics. Evidently, this cannot be done model-
independently. Instead, the strategy will be to classify the models into broad
classes and, within each class, to stay as model-independent as possible. In
practice, these classes are in one-to-one correspondence with the choice of basis
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Fig. 3.1: The sensitivity of the K; — 7w°¢*{~ decays to the mag-
netic penguin operator Qi‘, in the absence of any other source of NP.
These curves are actually parabolas, but blown out to emphasize the small
Im Cf /Gpmy region (whose SM value is in the 10~° range). The horizon-
tal lines signal the experimental bounds on K; — 7%¢7¢~. The contours
stand for 90% confidence regions given the current theoretical errors in
Eq.(2.55). Their apparent thinning as | Im C’:Y*‘ | increases is purely optical,
except just below 10~2 where the Qj contribution precisely cancel out
with the SM one in the vector current (positive DCPV-ICPYV interference
is assumed).
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made for the effective semileptonic FCNC operators. Once a basis is chosen,
bounds on the Wilson coefficients of these operators are derived by turning
them on one at a time. In this way, fine-tunings between the chosen operators
are explicitly ruled out. This is where the model-dependence enters [126].
On the other hand, the magnetic operators are kept on at all times, since it
is precisely their interference with the semileptonic FCNC which we want to
resolve. Note that the alternative procedure of performing a full scan over
parameter space is (usually) basis independent, but we prefer to avoid that
method as the many possible fine-tuning among the semileptonic operators
would obscure those with the magnetic ones. Further, we will see that with
our method, it is possible to get additional insight because the bounds do
depend on the basis and, thus allow discrimination among the NP scenarios.

3.1 Model-independent analysis

The most model-independent operator basis is the one minimizing the interfer-
ences between the NP contributions in physical observables [126]. It is the one
in Eq.(2.52), which we reproduce here for convenience:
Hpheno = —%(C ¢ Que+CviQve+CapQap)t
eno ﬁ v, v, s 3 s 5 (3.6)
+CFQF +he.,

The four-fermion operators, defined in Eqgs.(2.53), do not interfere in the rates
since they produce different final states, while Qj and ()5 have opposite CP-
properties (see Tab.(2.1)). On the other hand, fo and Qv 2 Qf* involve an
intermediate photon, hence, necessarily interfere. Note that the coefficients in
Eq.(3.6) are understood to be purely induced by the NP: the SM contributions
have to be added separately.

Given the current data, the bounds on the CP-violating parts of the Wilson
coefficients are

K+t — ntn0% —160 < pIm C < 80

—14 <ImCy, — pImCS < 8

K, — nlete” ®

[-10 <ImCy. <11A =8 < pImCF < 14]
—29 <ImCy,, — pIm C < 24

Ky —autp” o

[-16 <ImCyp <18 A =24 < pIm CF < 29]

Kt — rtuw —14<ImCye <17 l=edpud®r)
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I = 921.3Grpmy from

where all the numbers are in unit of 10™* and where p~
Eq.(2.64). The symbol & stands for the exclusive alternative, since C4 ¢ and
Cy,¢ are not turned on simultaneously for example, while A means that the
bounds are correlated, i.e. the coefficients fall within an elliptical contour in
the corresponding plane. For comparison, Im C‘S/%[, Im Ci%{ and Im CE_IXI are all
around 10~%. For the magnetic operators, the SM value in Eq.(1.41) implies

pIm CFSM ~ 30.015Im A, ~ O(107F).

For the neutrino modes, NP is separately turned on in each ImC,, ¢, £ = e, i, 7.
Assuming leptonic universality would decrease the bound by about /3 since all
three C,, . = C,,,, = C, > would simultaneously contribute. The direct bounds
on ImC, ¢ from K — 7%vi are currently not competitive. The experimental
bound on the K™ — 7Fvi mode is, therefore, used setting Re C,,y = 0. The
maximal value for K — 7°v7 can then be predicted:

Br(Kp — 'vi) < 1.2 x 1079, (3.8)

which corresponds to a saturation of the Grossman-Nir Bound [127] (including
the isospin breaking effects in the vector form-factor, but forbidding a destruc-
tive interference between the CP-conserving SM and NP contributions since
ReC,, = 0). This is more than an order of magnitude below the current
experimental limit, but about 50 times larger than the SM prediction.

For K; — m%¢*¢~, the bound on the vector current is less strict than on the
axial-vector current because of the interference with the indirect CP-violating
contribution. The theoretically favored case of positive DCPV-ICPV interfer-
ence is assumed here as relaxing this assumption would not change the numbers
much. Finally, the impact of @)} on ¢’ is neglected as it is estimated to be be-
low 30% of its experimental value given the bound from K+ — 7t7%, see
Eq.(2.67).

To resolve the bound in the vector current and, thereby, disentangle C’ﬂ/‘ and
Cvy,e, one is forced to specify at which level a destructive interference becomes
a fine-tuning, see Fig.(3.2). This introduces some model-dependence since a
specific NP model could generate Qf and Qv (or Q,jyi) coherently. In this
respect, it should be noted that the basis of four-fermion operators in Eq.(3.6)
is not complete. It lacks the scalar, pseudoscalar, tensor and pseudotensor
four-fermion operators. Naively, all these operators produce the lepton pair in
different states and do not interfere in the rate [89]. Introducing large NP in
any of them would, thus, render the bounds (3.7) weaker. There is, however,
one exception. In K — 7%¢+¢~, the tensor operators,

Qre=50""d @ loy,l (3.9)
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Fig. 3.2: The band in the ImCy — Im C’:Y“ plane allowed by the K; —
70¢t¢~ experimental bounds. The degree of fine-tuning is represented
by the lighter areas, where [ImCy,y — pIm CF|/|pIm CF| < 1/r, r =
2,5,10,30. Assuming Im Cf = —Im C, €/, could, thus, reach its K+ —
7+t n% experimental bound for 7 > 5.

do produce the leptons in the same 17~ state as Qv and Qj [89]. So, ef-
fectively, Q7 can be absorbed into Qv,,. But then, owing to their similar
structures, it is not impossible that fo and Q7 are generated simultaneously
and, thus, that Q$ is tightly correlated to this effective Qv ¢.

In the next two sections, several NP scenarios are considered, in order to inves-
tigate under which circumstances the bounds on Cj and Cy¢ can be resolved.
Of course, ultimately, better measurements of the direct CP-asymmetries are
the cleanest option to get to C$. But before pushing for an experimental effort
in that direction, it is essential to have a more precise idea of their maximal
sizes under a large spectrum of NP scenarios.

Hadronic current and Minimal Flavor Violation

The NP scenarios are organized into two broad classes according to the way the
leptonic currents of the effective operators are parametrized. Before entering
that discussion, let us first consider their hadronic parts, whose generic features
transcend the various scenarios.
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Only the vector current 5v,d enters in Eq.(3.6) because the axial-vector current
57,75d drops out of the K — 7vv and K, — m¢T¢~ hadronic matrix elements.
It would, therefore, be equivalent to replace 5v,d by the SU(2)r ® U(1l)y
invariant forms Q’yuQ and D'V“D. By contrast, the magnetic operators require
an extra Higgs doublet field to reach an SU(2)y, invariant form:

Qf ~ (Qo"D® + Do Q¥*) F, . (3.10)

After spontaneous electroweak symmetry breaking, this operator collapses to
that in Eq.(1.38a). Consequently, if the NP respects the SU(2), @U(1)y gauge
symmetry, Q$ and semileptonic operators are equally suppressed by the NP
scale as they are all of dimension six. However, the magnetic operators are, a
priori, much more sensitive to the electroweak symmetry breaking mechanism,
so that the scaling between the two types of operators cannot be assessed
model-independently. Its phenomenological extraction is, thus, important and
could help discriminate among different models.

The effective operators in Eq.(3.6) induce the s — d flavor transition, whilst
the leptonic currents (or the photon) are flavor diagonal. Model-independently,
the underlying gauge symmetry properties of an operator does not preclude
anything about its flavor-breaking capabilities. However, the situation changes
if we ask for the NP to have no more sources of flavor breaking than the SM.
This is the Minimal Flavor Violation hypothesis [128-132]. For the operators
at hand, it implies that the hadronic currents scale as

QM. (Y YD) QT,
D'y (YhY. YY) D7, (3.11)
QIO,MV(YUY:{LY(I)IJDJ ,

with Y4 = v2mg/v, Y, = v2V'm, /v. The CKM matrix V is put in Y, so
that the down-quark fields in the operators of Eq.(3.6) are mass eigenstates.
Also, we limit the MFV expansions to the leading sources of flavor-breaking
(i.e., minimal number of Y, 4) for simplicity.

Under MFV, the NP operators acquire many SM-like properties. First, DVMD
is doubly suppressed by the light quark Yukawa couplings and is, thus, not
competitive with Q’yﬂQ. Second, the chirality flip in @Q’o*” D’ comes from the
external light quark masses and are, thus, significantly suppressed. Finally, the
s — d transitions become correlated to the b — d and b — s transitions since

V(YY) =~ miVi Vs, (3.12)
Of course, this correlation is not always strict as additional terms in the MFV

expansion can be relevant. Still, it drives the overall scale of the observables in
each sector.
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We do not intend to perform a full MFV analysis here. Instead, our goal is
to quantify, under the MFV ansatz, the maximal NP effects Q,jyE could induce
given the current situation in b — sy. From Egs.(3.10), (3.11) and (3.12),
discarding m,(q) against my(s), we get

@ lagrag ~ Cry(pow) (@0 (YW Y[ Y0)"' DY) H F, (3.13)
such that

Q¥ ls—a _ ViViamy
Q5 lb—s  VisVio mo

(3.14)

The flavor-universality of the Wilson coefficient C7- (1gw ) embodies the MFV
hypothesis. The NP shift still allowed by b — s is [133]

5Cq7 (npw) = [—0.14,0.06] U [1.42,1.62] , (3.15)

for constructive and destructive interference with the SM contributions. The
latter has a lower probability and would require significant cancellations among
the NP effects in B — X £1T¢~. From Eq.(1.41), and including the LO QCD
reduction [38], such a shift can be written in our conventions as

ImCﬂMFV B ImCﬂSM

2
~ +— Im N\ 0C . 3.16
Grmp Grmp 3 ImA¢ 6C7, (upw) (3.16)
For comparison, the SM prediction is F0.31(8) x Im \;. So, there would be
no visible effects for 6C7,(upw) € [~0.14,0.06] and at most a factor four
enhancement for 6C7, (upw) € [1.42,1.62].

This is hardly sufficient to push any of the asymmetries within the experimen-
tally accessible range, while the impact on K; — 7°¢*t¢~ would be buried in
the theoretical errors, see Fig.(3.1). However, it is well-known that MFV is
particularly effective for K physics since it suppresses the NP contributions by
the small V% V;4 ~ 1074, This is proved to be the best place to test MFV as a
deviation with respect to the strict ansatz (3.14) could lead to visible effects.

3.2 Tree-level FCNC

The basis of operators in Eq.(3.6) maximally breaks the SU(2)r ® U(1)y sym-
metry. Neutrinos are completely decoupled from the charged leptons, and the
vector and axial-vector operators (as well as Qj and Q)5 ) maximally mix cur-
rents of opposite chiralities. To be specific, the SU(2)r ® U(1)y invariant
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basis [134] is, after projecting the hadronic currents of semileptonic operators
on their vector components,

Graem
Haauge = — i/i (CLeQre+CL, QL+ Cre Qrue)+ (3.17)

+CHRQER +he.,

where

Qr=5"d® Ly, L, Q) =35"d® Lvy,0°L, Qr=3"d® Ev,E ,
Qae

L - v *

Q’y = 16720 SprotVdr @ FMV’
R Qde = v

er = 16720 spot dR(I)F;w )

and where a sum over the leptonic chiral multiplet flavors ¢ = e, i, 7 is under-
stood. It is related to the phenomenological basis (3.6) through the transfor-
mations

Cy’e 1 1 0 CL,[
CV[ == 5 -1 1 2,5 5
Ca -1 1 1 Crye (3.18)

[N

(e )-
o

for each £ = e, u, 7. As in Eq.(3.6), the SM contributions are not encoded into
Hcauge and have to be added separately.

The Hgauge basis represents a class of models where the four-fermion effective
operators arise entirely from some high-scale SU(2); ® U(1)y invariant tree-
level interactions. It is characterized by the correlations it imposes among the
phenomenologically non interfering operators in Hppeno- A well-known example
of model within this class is the MSSM with R-parity violating couplings [135—
138], but more generic leptoquark models are also of this form [139]. Note
that in these two cases, the Q57L operators, nevertheless, arise only at the loop
level since both the photon and the Higgs (see Eq.(3.10)) have flavor-diagonal
couplings at tree-level.

The Hgauge basis completely decouples the three leptonic flavors. This is ade-
quate because generic leptoquark couplings do not respect leptonic universality.
Actually, one would expect that lepton-flavor violating (LFV) operators should
arise, inducing in particular K — (7)epu, which corresponds to an s+pu — d+e
transition. Those modes are very constrained experimentally, with bounds
often lower that for lepton-flavor conserving (LFC) modes. So, if LFV and
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LFC couplings have similar sizes, there can be no large effects in the LFC
modes. However, to relate the LFC and LFV couplings is far from immediate
and requires some additional inputs on the dynamics (see e.g. Refs. [140-142]
for studies within MFV). In the present work, we, therefore, concentrate ex-
clusively on LFC decay channels. Still, let us emphasize again that leptonic
universality is not expected to hold in the present scenario.

Adopting the SU(2);, ® U(1)y invariant basis, the Wilson coefficients of the
semileptonic operators in Eq.(3.17) are turned on one at a time while either 05
or C’f is kept on. The bounds are then completely resolved and rather strict:

—ImCL,e
@

Ky —nefe” | —20< ImCp, <24 A —14<pImCl <19
2]

IIIlC'R76

7ImCL7/L
® . (3.19)

Ky —7%tp~ | -33< ImCp, <37 A =30<pImCf <36
&®

ImCR#

In’lCL,g
K+ - rtuw —28 < @ <34 with /{=e®udr
ImC7 ,

with all numbers in units of 10~%. Indeed, C’VL and C’f cannot grow unchecked
since the bounds from Kj — 7%(¢T¢~),-~ would then require a large interfer-
ence with Cp, C7, or Cr . But these Wilson coefficients also contribute either
to the neutrino modes (via @, ¢) or to the axial-vector current (via Q4 ¢), which
are separately bounded since non-interfering. So, Cp, C7, or Cg have maximal
allowed values and so do C’f;“ and C’f. The slight asymmetries between mini-
mal and maximal values are due to the SM contributions. As in Eq.(3.7), ®
denotes exclusive alternatives and A means that the bounds are correlated. For
example, both Im C, » and Im C,Jyr cannot reach their maximal values simultane-
ously, but rather should fall within the elliptical contour in the Im Cp, ,~Im C,
plane, see Fig.(3.3). Looking at these contours, the bound from Ky — mle*e~
is clearly tighter than that from KT — wtvp, but K — 7outp™ is less
constraining (except of course for Cg ;). Thus, as long as leptonic univer-
sality is not imposed, Cr , and C7 , are only bounded by K* — 7Fvw, and
K1, — 7% can reach is maximal model-independent bound (3.8). Still, even if
K+ — rtuu limits Cg?ﬂ, the K; — m%ut ™ rate can always reach its current
experimental limit either through Cr,, or with the help of Q7.
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Fig. 3.3: Tree-level FCNC scenario, with CL-# together with either C7,
Cp, or Cg turned on. The diagonal bands show the model-independent
limits of Fig.(3.2).

The comparison of these bounds with Eq.(3.7) illustrates the consequence of
introducing some model-dependence. A scenario with tree-level FCNC is com-
pletely bounded by the data. Further, both QA’?’R contribute to all the decays
in Tab.(2.1), since C; = +(—)C} when Cf’(L) is turned on. Thus, we give in
Eq.(3.19) the bounds on Im C7,
for all the direct CP-asymmetries in Eqgs.(3.1) and (3.3). Since leptonic univer-
sality holds for Qﬁ, the tightest bound from K — m’e®Te™ must be satisfied,

i.e.

which directly translates as maximal values

+

003 < % oo (3.20)
—0. < < 0. . .
GFmK

This represents only a slight extension of the range (3.4), obtained in the ab-
sence of NP but in fo

Scalar or tensor four-fermion operators are not included in Eq.(3.17), even
though they could arise from leptoquark exchanges. The reason is that they
cannot alter the bounds (3.19) if we write them in SU(2)r ® U(1)y invariant
forms. The only four-fermion operators able to interfere with the vector ones
are Qr,¢ of Eq.(3.9), but they must be replaced here by

Qfy=350"d® Loy E, Qf,=30"d® Eoy,L . (3.21)
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Each of these operators has a pseudotensor piece So"”d ® ZUW%E, which is
the only current able to produce the lepton pair in a 17~ state [89]. There
is, thus, no entanglement, and Q:LM and Q%Z are both directly bound by the
total K — w%0t¢~ rate. Hence numerically, the bounds are similar to those
in Eq.(3.19), and Eq.(3.20) is not affected.

3.3 Loop-level FCNC

For a given lepton flavor, the Hgauge basis maximally couples the semileptonic
operators, while the Hppeno basis maximally decouples them. An intermediate
picture emerges if the NP generates FCNC only at the loop level. This can be
due to some discrete symmetries (like R-parity) or to some generalized GIM
mechanism. By construction, most NP models are of this type, for example
the MSSM (see Sec. 3.3), little Higgs [143-145], left-right symmetry [108,146],
fourth generation [147,148], some extra dimension models [149],..., because
the loop suppression of the FCNC naturally allows for the NP particles to be
lighter, hopefully within range of the LHC.

An appropriate basis to study this scenario is derived from the situation in the
SM. Indeed, the NP should induce the quark flavor transition s — d, but the
lepton pair is flavor-diagonal and could still be produced by SM currents, i.e.,
~ and/or Z bosons. So, in the absence of new vector interactions, the SM basis
is adequate:

GFaem
V2

with (s2, = sin® Oy = 0.231)

Hpp = —

(Cz Qz+CaQa+CrQp)+CLRQL" +he., (3.22)

Z penguin : Qz = s3,Qr + (1 — s5,)Q + 25%Qr , (3.23a)
2
. .S
7" penguin : Q4 = TW(QL ~ QL +2Qr) , (3.23b)
W boxes : Qp = —gQL — gQi . (3.23¢)

In the presence of NP at the loop-level, it is natural to use the SM-like Q%:R
operators of Eq.(3.17) since the chirality flip is, a priori, different for the L — R
and R — L transitions. Indeed, even though the drastic SM scaling Oﬁf ~
mg > Cff ~ mg needs not survive in the presence of NP, it is nevertheless
expected that (C + CI)/(CL — CF) is of O(1).

The Qr, Q7 and Qg operators are never independent in this scenario, even
before the electroweak symmetry breaking takes place. Indeed, though there
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is a one-to-one correspondence between the W4' penguin and @, the B* pen-
guin generates both @ and Qpr with a fixed (“fine-tuned”) relative coefficient.
Combined with Eq.(3.18), the transformation back to the phenomenological
basis is

Cou 1 0 —4 Cz
CV,K = 5 45%,‘, -1 S%/V 1 OA 5 (324)
Cas 1 0 -1 Cp

while the Qﬁ’R operators are related to the Qi[ as in Eq.(3.17). In the SM
without QCD, the semileptonic coefficients are directly given in terms of the
Inami-Lim functions as (beware that the SM contributions are not included in
Hpp, which parametrizes only the NP contributions) [38]

A
O«?}X{Z,B} = _ﬁ {Do(l‘t)7 Co(xt)7 Bo(mt)} ’ (3'25)
w

so the Hpp basis coincides with Penguin-Box expansion of Ref. [150]. Note
that lepton universality is strictly enforced to match the physical picture of
NP entering only for the s — d penguins, but this can easily be lifted. Also,
(pseudo)scalar or (pseudo)tensor operators are not introduced, as none of the
SM penguins can produce them.

In the SM, only specific combinations of the electroweak penguins and boxes
are gauge invariant [150]. Those combinations are precisely those entering
into Cy ¢, Cy¢, and C4 ¢, since their operators are directly producing different
physical states. Of course, by construction, the Hgauge basis (3.17) is also
gauge invariant. To check this starting with the SM expressions (3.25) requires
extending the basis of Eq.(3.22) first to differentiate the boxes according to the
weak isospin state of the lepton pairs [150]

e y@s o (G )= (1) () e

The combination @Qp occurs in Eq.(3.23) because its Wilson coefficient is sep-
arately gauge invariant, see Ref. [150], while @’z is redundant once the gauge
is fixed (we work in the t'Hooft-Feynman gauge).

So, if one insists on gauge invariance, the Hpp basis collapses either onto
the Hpheno Or on the Hgauge basis. Still, using directly the Hpp basis for
parametrizing NP makes sense as its operators encode different physics [150,
151]. Indeed, the dominant NP contribution in the Z penguin effectively comes
from a dimension-four operator after electroweak symmetry breaking [152],
while the v* penguin is of dimension six. The box operator Q) is there to
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complete the basis, but is rather suppressed in general. Finally, the mag-
netic operators Q,e 'R are separately gauge-invariant, of dimension five after the
electroweak symmetry breaking, and require a chirality flip mechanism. Con-
sequently, it is only if there is a new gauge boson, and a corresponding new
penguin not necessarily aligned with the SM structures, that significant fine-
tunings between the Hpp operators could arise. This will be dealt with in the
next section.

Coincidentally, the Hpp basis is rather close to the model-independent basis
Hpheno because 4s¥, ~ 1. Indeed, Q7 essentially drops out from the vector
current, leaving Q4 and Q7 completely entangled in Kz, — 7°(£+07);--, while
the @ p and @z pair is fully resolved through the non-interfering C, , and Ca ¢
contributions to K — wvv and Ky, — 7°(¢*47);++ g-+. The main difference
between the Hpp and Hppeno bases is in the magnetic penguins, since the
former relates QF and @ through (C’VL + C’f)/(Cf - C’f) ~ O(1).

Turning on Cz, C4, and Cpg one at a time while keeping C,}f’L on, the bounds,
in units of 1074, are

—14 < (s3,/2)ImCy — pIm CF < 8
2
K — nVete™ ImCy
-20 < & <24 A -8<pImCl <14
7111103
—29 < (s3,/2)ImCy — pIm CF < 24
® . (3.27)
Ky —mOutu~ ImCy
-33 < ® <37 A =24 <pImCF <29
—ImCB
ImC’Z
K+ s rtuw —-15 < D <21
—4ImC’B

As before, A denotes a contour in the corresponding plane within the quoted
extremes, while @ is the exclusive alternative. Comparing with Eq.(3.7), the
presence of Q7 or Qp in the vector current has no impact on the range for
Im C}. The bounds from K — 7%v are more strict because leptonic univer-
sality is now imposed. This actually enables to combine all the modes, so that
Im Oy is best constrained by K — m’eTe™ together with KT — 7tvi, and
Im Cp entirely by K™ — 7t v thanks to the factor —4 in Eq.(3.24). The pho-
ton operators @ 4 and Qf are unconstrained at this level, so let us investigate
how to resolve this ambiguity within the present scenario.
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Hadronic Electroweak penguins

The photon and the Z boson are also coupled to quarks and, thus, affect ¢’.
If NP generates the @z and @Q 4 operators entirely through these SM gauge
interactions, we must impose

Re(e/e)NF ~ 752, Im [11.3 x Cz +3.1 x Cy +2.9 x Cp] . (3.28)

This simplified formula is obtained from Ref. [33] by parametrizing the NP
contributions to the OPE initial conditions at My in terms of Cz 4 g, setting
the bag factors to their large N values and taking mg(m.) = 121 MeV. We
do not include the Q7 contribution to ¢’ since the experimental bound (2.28)
implies that it is below 30% of Re(e'/e)®*P, see Eq.(2.67). It should be clear
that this formula is only a rough estimate. Deviations with respect to the
strict large N¢ limits are likely, even though the coefficients of C'z and C'4 are
most dependent on B;’/ ? which is better known than Bé/ ? (see Ref. [33]). To
account simultaneously for this uncertainty and that of the SM contribution,
we conservatively require | Re(e’/e)NP| < 2Re(e’/€)exp-

Even if rather imprecise, the constraints from Re(¢’/e) are currently tighter
than those coming from rare decays for Cz and C4. Numerically, turning on
one semileptonic operator at a time, Eq.(3.28) imposes (all numbers are in units
of 107%)

Re(¢'/e) = |ImCyz| <4 @ |ImCu| <15 @ |[ImCp| < 16. (3.29)

As shown in Fig.(3.4), for such values, the contributions to Cy are tiny. Thus,
the maximal values for Im C’,JYr are the same as without any other NP sources, see
Eqs.(3.4), which requires that K7, — m’ete™ saturates its current experimental
limit. Since lepton universality holds, the K; — 7%y~ rate is smaller but
tightly correlated to K — w’ete™, see Fig.(3.4). Concerning K — 7w, if
one assumes that Cp < Cyz, as in the SM, then K — wvv is strongly limited
by &’

0 < Br(Kp — n%vw) <16 x 10711 |

7x 1071 < Br(Kt — ntup) <12 x 1071 . (3:30)

Ca=Cp=0 :>{



Chapter 3: s — dvy beyond the SM

72

"UOT)RULIOJUT 210w 10] [6]] JoY 99 *(A31[esioarun oruojde] SUIUNSSR) SIUSIIMD I0)09A-[RIXR
PUER 10J00A POJROLIOOUN 1M O[(ISSODIR BOIR O} ST pUunoisypreq £o18 oy, *(on[q) ;@ YiM 103080} 080y} JO OUO [HIM
10 (pax) () 10 V() ‘Z¢) Aq Aatsn[oxo pojyerouds uoym ‘1 1 u < T37 pue _2 9 1 ¢ T3] U00MIO( UOIFR[OIIOD A,
(p) "spunoq reyuotttodxo 2 pue _jy,jou < T3 ‘a1, 1« | 37 94} Aq pamoyre se ouerd .wD w] — 7AD W] A1} UL SIOJUO))
(0 —n) %@ UM 19730809 U0 paun) A[ejeredss 10je1odo JROMOIIIE [ORS [IIM ‘OLIRuads DHNDJ [PAd[-door :H°¢ "S1q

0¢ ST 0T ST 18 S 0 s1o 0ro SO0 000 S00—
T

RIVESY
Jfowg

0ro— S1o-
T

T

e Ty

P 9 9
C 1 L L L L L
ST'o 01°0 S00 000 S0'0— 01r'o— ST0—
T
_ R Jo-
[ o ; “ow
[ oy Ty
_ g 1
- g 1e-
H ¥ 0
w Ve |,
7 I L ]
Lo Ty [ (c-01) v
g 1, g r owy 1y D
C 1




3.3. Loop-level FCNC 73

However, the current K+ — 7tvi experimental limit can be saturated when
Cp ~ Cyz, in which case K;, — m°vi could reach the model-independent upper
limit of Eq.(3.8)

Br(K; — n°vi) ~ 4.3(Br(K+ — ntvp) — Br(KT — ntwp)SM)

3.31
<1.2x1077. (3:31)

With ¢’ so constraining, even a slight cancellation among the electroweak pen-
guins could have a significant outcome for Im C’j/‘ . This could occur in most
models since the Hpp operators are usually not independent but arise simulta-
neously. Indeed, the intermediate loop particles are, in general, coupled to both
the v and Z bosons. Let us stress that, as previously mentioned, we do not
expect a fine-tuning among these electroweak penguins. At most, we expect
some cancellations because their SU(2)r-breaking properties are significantly
different. Still, it is worth investigating this possibility. Let us, therefore, relax
the one-operator-at-a-time procedure.

Once Eq.(3.28) is added to K — mvv and Ky, — 7°¢7¢~, the system is suffi-
ciently constrained and the bounds can be resolved even when all the semilep-
tonic operators are turned on simultaneously

’ Re(e'/e) ‘ [ImCy +3.9ImC%| < 19 ‘
Kt = ntup —15<ImCz —4ImCpg < 21 (3.32)
Ky —»mlefe” | -32<ImCz <35 A —4<pImCS <18|"
Ky = mutp” | 49 <ImCyz <53 A =30 < pImCf < 35

where all the bounds are in units of 10~%. We indicate the main source driving
each bound, but it should be clear that all the experimental constraints are
entangled, and all are necessary to get a finite-size area in parameter space.

Interestingly, these bounds are not very different from those derived on the
SU(2)®U(1)y operators of Eq.(3.17). The reason is that Re(e’/¢) in Eq.(3.28)
imposes the tight correlation C'y ~ —4C'z, upon which Cz, Cy4, and Cp are all
ultimately bound by the rare decays through C, , and Cy ¢, exactly like Cp,
C4, and Cg were (see Eq.(3.18)). Still, the origin of the observed correlations
among C, ¢, C4 ¢ and Cy in these two scenarios is obviously very different. It
comes directly from the assumed NP dynamics when using the Hgauge basis,
but is entirely driven by the sensitivity of Re(¢’/e) to electroweak penguins
when using the Hpp basis.

If the electroweak operators are induced by SM-like Z and +* penguins, such
a tight C4 >~ —4Cz correlation is rather unlikely given the intrinsic differences
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between those FCNC (dim-4 versus dim-6). So, when

. Ca+4Cy
= —_— 1 .
TzA CA—4CZ<< 5 (333)

one would rather conclude that a non-standard FCNC, not aligned with the SM
penguins, is present. Since C'4+4C'z is the gauge-invariant combination driving
the vector coupling (which is known to dominate in &’ [150], as is obvious in
Eq.(3.28)), one would need a new enhanced penguin, not coupled to the vector
current or not coupled to quarks.

The experimental signature for this scenario requires disentangling C'4 and C.
Since the experimental K+ — 77v& bound can be saturated with the help of
Cp only, it has no discriminating power in r4z. The maximal attainable value
for Im C’,Jyr and, thus, for the CP-asymmetries, is not very sensitive to rz4
either, see Fig.(3.5). On the contrary, the correlation between K — % Te™
and K — 7°u*pu~ shown in Fig.(3.5) could signal such a scenario. Indeed,
on the one hand, without fine-tuning, one is back to the situation shown in
Fig.(3.4) where both rates are saturated by a large nyr contribution in their
vector current when they deviate from their SM predictions. While, on the
other hand, as r 4z decreases, more and more of the model-independent region
in the K, — n%ete K — m%ut ™ plane gets covered.
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QCD penguins

If SU(3)c ® U(1)em remains unbroken at the low scale, the FCNC loops must
involve intermediate charged and colored particle(s). The photonic penguin is,
thus, necessarily accompanied by the gluonic one. Further, if NP enhances sig-
nificantly the chromomagnetic operators Qgi (defined in Eq.(2.70)), the mag-
netic operators Q$ are then directly affected through the RGE (2.71). So,
C(unp) act as lower bounds for C (). The opposite cannot be asserted
from Eq.(2.71), since the O(aey,) mixings Q$ — Q;t are missing. However,
those mixings are presumably long-distance dominated, hence have to be dealt
with at the matrix-element level. For instance, in the case of ¢/, the Q- con-
tribution is subleading even when Im C7 saturates the experimental limit on
the K+ — 770 CP-asymmetry, see Eq.(2.67). As such, the mixing effects
do not forbid a large splitting CF () > C(pe).

Still, owing to their similar dynamics, C$ (unyp) and C;t (v p) may have similar
sizes. If so, since @, contributes to ¢’, both magnetic operators are tightly
bounded

|ImCT|  [ImCy|
GFmK o GFmK

<5x1074, (3.34)

if we require |Re(e’/e)y| < Re(e'/€)exp and set Bg = 1. This is extremely
constraining and would rule out any effect of the magnetic operators in rare
decays or in CP-asymmetries.

The presence of the other FCNC could significantly alter this bound. So,
let us again turn on all the penguin operators but freeze the relation among
the magnetic ones to be given by [ImC}| = 1.5|ImC,|. We also neglect
the chromoelectric operators (the usual QCD penguins), as their impact is
less important [33]. Then, using Eq.(3.28) with Eq.(3.5), the bounds can be
resolved except when &’ and K — 7°¢*¢~ just happen to depend on the same
combination of Im C'4 and Im C*f , which occurs for Im Cf ~ —3Im C; (with
Bg = +1).

In this scenario, the driving force is the cancellation between the two largest
contributions to €, i.e. between Im C, and Im(4Cz + C4). The electroweak
operators are not fine-tuned, except for the Im Cz —Im Cpg correlation imposed
by the rare decays, which stays as in Fig.(3.5). So, in this scenario, large effects
are possible in K — 7w thanks to Qg and Q, while K — 70T ¢~ receive
sizeable contributions in both their vector and axial-vector currents. Contrary
to the situation without Qgi, these latter decays can no longer be used to probe
the cancellations in ¢/, since they do not directly depend on the chromomagnetic
operators.
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Actual numbers for the bounds on the Wilson coefficients would not make
much sense here, because the fine-tuning in Re(e’/¢) reaches horrendous values
before the rare decay constraints can kick in. As shown in Fig.(3.6), individual
contributions to Re(e’/e) can be as large as 10%. Instead, let us freeze the
situation and set the Q contribution to Re(e'/e) at 2 x 1072, As shown in
Fig.(3.6), this requires a large but not impossible 90% cancellation between the
electroweak and the gluonic penguins.

To uniquely identify this cancellation, the best strategy relies on the direct
CP-asymmetries (see Fig.(3.6)). The first step is to exploit the RGE constraint
C’,yi (e) Z C’;t(uc), which implies that the asymmetries in Eq.(3.1) are all at
the percent level

Im C S ImCy  Re(e'/e

)a 102

Grme ~ Grmr 3B = 107°. (3.35)
Since €/, o, €' ., and 5? | are mostly insensitive to the hadronic penguin fraction
in &', they would cleanly signal the presence of NP in ()5 . The second step
derives from the pure AT = 1/2 nature of the chromomagnetic operator. Since
it enters only in K — 7mg, its presence would be felt in &', (see Eq.(3.3)), in
addition to that of Q7. So, using Eq.(3.5) and enforcing | Im C | = 1.5/ Im C |,
we can write

2 1
le' Jelg = V2 Re(e'/e)y = 0.65, | [e|, = 1] Re(e'/e)y = 2.2, (3.36)
w

with Bg = +1. By contrast, electroweak penguins contribute mostly to the
K — 7y amplitude and have, thus, a negligible impact on €, compared to
Q5 - So, in principle, by combining &', with €', /., or ETI, it is possible to
put into evidence NP in both fo and @, . Of course, this whole program is
very challenging experimentally, but completing the first step may be feasible,
since (), could push 5;07 and 5l+—’y up to less than an order of magnitude
away from their current limits.
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Minimal Supersymmetric Standard Model

The MSSM with R-parity is a particular implementation of the loop-level
FCNC scenario discussed in the previous section. All the bounds derived there
are, thus, not only valid, but could become tighter. Indeed, the various FCNC
could be more directly correlated once the NP dynamics is specified. In ad-
dition, the MSSM introduces only a finite number of new sources of flavor-
breaking through its soft-breaking squark mass terms and trilinear couplings.

The most important correlation is that between the gluonic and photonic pen-
guins, as analyzed in detail in Refs. [81,125]. Both can be generated by gluino-
down squark loops, so that [153]

Oy (mg) = ml,;gjlg) [(60R)21 £ (677 )21] F(zqq) (3.37a)
G mg) = ") (58101 ()] Gl (3.37)
with
2 5
Flagg) = F(1) =5, Glgg) 2 G(1) = =12, (3.38)

where x4, = mZ/mZ, mg(g) is the squark (gluino) mass and where F(z4,) and
G(x44) are loop functions. The chirality flips are induced by the SU(2), break-
ing trilinear term AP, parametrized through the mass insertions (5£L)21 =
(6P2)%5. At the low-scale, the Wilson coefficients obey

F(x

(o) = (112 48— 1)) € (ne) =~ ~16C () (3.39)
G(zqg)

In the absence of any other supersymmetric contributions to ¢’, this leads to

the tight constraint [154-156]

|Tm Cg ()|

/
Re(e'/e) = G

<5x107 — |Im(68))21.12] 2% 1075 . (3.40)

Before discussing how this bound could get relaxed by NP effects in the other
FCNC, let us consider the MF'V prediction for (5}% 1., to get a handle on the “min-
imal” size of C’,f g+ The flavor symmetry-breaking of AP imposes an expansion
at least linear in the Yukawa couplings [128-132]

AP ~ Aglapl + a1 Y, Y +..)Y,, (3.41)

with Yyq = v2my/vg, Y, = vV2Vim, /v,, Uy,q the vacuum expectation values
of the H 3’ 4 Higgs boson, Ag setting the SUSY breaking scale, and a; some free
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O(1) parameters (which can be complex [157,158]). In that case, (6P5)r; ~
mgs/mj ~ 107*, and no visible deviations could arise in ¢’ or in the other
CP-violation parameters in Eq.(3.1). Turned around, this means that these
observables are particularly sensitive to deviation with respect to MEFV. As a
matter of fact, this framework is only one particular realization of the flavor
sector of the MSSM. It is motivated in part by its rather natural occurrence
starting from universal soft-breaking terms at the high scale and in part by
the tight constraints in the b — s,d or £ — ¢’ sectors. It would, therefore, be
interesting to confront it to experimental information about the s — d sector
as well.

Before exploiting the analysis of Sec.3.3, there is another important correlation
arising in the MSSM. The AS = 2 observables can be induced by the same
source of flavor-breaking as the magnetic operators. One derives for mz = 500
GeV [154-156]:

D \2 -3 | Re Cvi‘
AMjy = \[Re(85,)3 <3x 107 — =201, (3.42a)

FMK

ImCF
e=/Im(68,)3, <4x107* — |G’F7n:{| <0.01. (3.42b)

The absence of a large cancellation among the supersymmetric contributions,
such as processes where the flavor-breaking originates from the SU(2), con-
serving squark masses (most notably 67, ), is explicitly assumed. At this stage,
we want to point out that the bounds on Re C’$ obtained from radiative decays
are competitive with that from AM:

ReC>
Kt = 7770 = |(77}7an| <01 — |Re(68;)a1| <3 x1072, (3.43a)

ReCH
K = yy= | 7| <03 — |Re(0R)x] <1072, (3.43Db)
GFmK

assuming C’,JYr ~ +C . Compared to the bound from AM, radiative decays
directly constrain Re(5§ 1 )21, and there can be no weakening through interfer-
ences among SUSY contributions, since only QiE enter.

Let us consider the bound from e as the maximal allowed value for Im Cﬂf.
We can now directly connect the present MSSM scenario to that discussed in
Sec.3.3, since the bound (3.42b) matches that in Eq.(3.35). Given the con-
straint (3.39), which also matches that of Sec.3.3, such values for Im Cﬁfg are
only possible provided there is a large electroweak-gluonic penguin cancellation
in &', of about 90% of their respective contributions, see Fig.(3.6).

This cannot be excluded, a priori, even though the electroweak penguins are
not directly correlated with gluonic penguins in the MSSM. With the SU(2),
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conserving mass insertions 67, limited by the AS = 2 observables, electroweak
penguins arise essentially from the flavor-breaking in the up-squark sector. In-
deed, when AV = AyY, + ..., the quadratic combination of mass-insertion
(6Y1)13(6Y1)35 gets significantly enhanced by the large top mass [159]. This
scenario was analyzed in detail e.g. in Refs. [125,160], where significant de-
viations with respect to the SM were found to be possible for K — 7vv. In
particular, the box diagram was found to be sizeable in Ref. [161]. Though
these scenarios concentrated on the low to moderate tan 8 = v, /vg regime,
the situation is similar at large tan 8. Indeed, on one hand, Cf’g and, thus,
Re(e’/e)4 could reach larger values even under MFV, since Yq = mg/vg gets
enhanced. On the other hand, however, the charged Higgs contribution to the
electroweak penguins can kick in, making them sensitive to the flavor-breakings
in the 6%, sector!.

Altogether, there can be two different situations in the MSSM:

o If there is a large cancellation between gluonic and electroweak penguins
in ¢/, large enhancements are possible in the rare decays. This is the
scenario of Sec.3.3. The K+ — 7wtwi mode can saturate its current
limit, and K — 7v¥ can reach the model-independent bound (3.31).
The K; — n%eTe™ can also saturate its experimental bound, while lep-
tonic universality then limits K; — 7%ut ™ to about 40% of its current
(looser) bound. As in Sec.3.3, the direct CP-violating parameters in ra-
diative K decays could reach the percent level, see Fig.(3.6), and would
be the cleanest signatures for this scenario.

e On the contrary, if there is no large cancellation in &', say not beyond
about 10%, then C$ are indirectly limited by the tight correlation (3.39)
and all the direct CP-violating parameters would be small, presumably
beyond the experimental reach. Further, a fine-tuning between the Z
and virtual v penguins able to push rz4 in Eq.(3.33) to small values
is not possible. Both are driven by the same mass insertions, with the
generic result Cz > C4 (see e.g. Ref. [160]). So, this corresponds to
the first scenario of Sec.3.3, characterized by the bounds (3.29). The
Kt — ntvp and K;, — 7vi could still be very large if the boxes are
sizeable (Cy ~ Cp), but K — 7’eTe™ and Ky — 7°utu~ cannot
because C’,JYr o~ —1.60} is too small to enhance them (see the red areas
in Fig.(3.4d)).

LAt large tan 8, Higgs mediated penguins could also appear. Those are embedded in
helicity-suppressed scalar and pseudoscalar semileptonic operators. We refer to Ref. [89] for
an analysis of their possible impact.
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In summary, to probe for a possible large electroweak and QCD penguin can-
cellations in &', the K — v are useful only if the scaling between box and
penguins is known. However, telltale signatures would be large enhancements
of K; — n%te™ and K — 7%utp~, as well as large CP-violating parameters
in radiative K decays.

3.4 Conclusions

In this chapter, the possible NP impacts on the s — d~ process were analyzed.
The direct CP-violating parameters in radiative decays offer the cleanest ac-
cesses to s — dv, since they are free from any competing NP effect (except
¢'| ) once the Q3,10 contributions are fixed in terms of Re(e'/¢)exp. However,
these parameters are not yet tightly bounded experimentally. By contrast, the
K — m¢+¢~ decays are sensitive to both s — dy and s — dv* processes,
as well as to many other possible FCNC, but are already tightly bounded ex-
perimentally. So, to resolve the possible interferences among NP contributions
and, thereby, assess how large the CP-violating parameters could be, several
scenarios were considered. The main discriminator was chosen as the assumed
NP dynamics, which translates as a choice of basis for the effective four-fermion
semi-leptonic operators. To summarize each scenario:

1. Model-independent The basis (3.6) is constructed so as to minimize the
interferences between the NP contributions in physical observables [126].
Its main characteristic is the entanglement of the magnetic operator Q:/F
with the semileptonic operator Qv = 5v,d ® ¢y"£, since they both pro-
duce the ¢/T¢~ pair in the same 17~ state. So, if these two interfere
destructively, the CP-violating parameters in radiative decays could be
large. For example, if there is an 80% cancellation between Qj and Qv
in K; — nVte, E'Jro7 could saturate its current experimental limit
—22(36)% [8], see Fig.(3.2). By comparison, a strict enforcement of the
MFYV hypothesis would suppress all these CP-violating parameters down
to the 10™* range. This shows the power of these parameters in exhibiting
deviations with respect to MFV.

2. Tree-level FCNC The basis (3.17) assumes that the NP is invariant
under SU(2);, ® U(1)y and generates the semileptonic operators through
tree-level processes. The main characteristic is the strong correlation be-
tween K — mvw, K; — 7°((T¢7);-— and K, — 7%({T07 )14+ g-+ for
a given lepton flavor but the absence of leptonic universality. This is
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sufficient to resolve the entanglement between Qj‘ and Qvy,. The CP-
violating parameters are then bounded by K; — 7’eTe™, see Fig.(3.3),
with e.g. [/, S 11%. Also, each rare decay can saturate its experimen-
tal bound, though all cannot simultaneously be large but for K; — 7%vp,
which must satisfy its model-independent bound (3.8).

3. Loop-level FCNC / electroweak penguins only The basis (3.22)
provided by the SM electroweak penguin and box operators is adequate
when the FCNC originates entirely from loop processes. The main char-
acteristic of this scenario is the entanglement of the s — dy and s — dvy*
photon penguins in Ky — 7°(¢*¢~);-—. However, once in this basis, it
is natural to allow the photon and Z to couple also to quarks, bringing &’
into the picture. Then, the only way to have sizeable effects in rare decays
is to allow for a large box operator to fine-tune the electroweak penguins,
so as to avoid the large vector current contribution in &', or to allow for
fo to be large. The main issue is, thus, to resolve the fine-tuning in
¢’. Indeed, if it is extreme, one would conclude that the chosen basis is
inadequate, and NP is not aligned with the Z or v penguins. While the
direct CP-violating parameters are rather insensitive, and could reach a
few percents, at most, the correlation between the K; — nlete™ and
K1 — 7%~ modes can be used to signal such a fine-tuning in &', see
Fig.(3.5).

4. Loop-level FCNC / electroweak and chromomagnetic penguins
When generated at loop level, the magnetic operators are always ac-
companied by the chromomagnetic operators since the SU(3)c @ U(1)em
quantum numbers must flow through the loop. Their relative strength,
however, cannot be assessed model-independently. If one forces the two
to be of similar strengths, the main characteristic of this scenario is the
tight fine-tuning required by €’ between the gluonic and the electroweak
penguins, see Fig.(3.6). To resolve this, rare decays are rather ineffective
but the direct CP-violating parameters are perfectly suited, since they
directly measure Q,jyE The parameter €| is particularly interesting, con-
sidering that it is also directly sensitive to the AI = 1/2 chromomagnetic
operator Qg_ through its dependence on &.

5. Loop-level FCNC / MSSM The main characteristic of the MSSM
is the strict correlation between the magnetic and chromomagnetic pen-
guins, Eq.(3.39). Depending on the level of fine-tuning between gluonic
and electroweak penguins in €', this scenario collapses either to scenario
3 or 4. In the former case, both magnetic penguins have to be small
due to the fact that they are correlated, and the MSSM further forbids
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the specific fine-tuning between the electroweak penguins required by &’
As a result, the rare decays are tightly constrained, see Fig.(3.4), with
the possible exception of K — 7vw if the box amplitudes are exception-
ally large. It should be stressed, though, that the cancellation between
the gluonic and electroweak penguins required in & needs not be ex-
treme to leave room for sizeable supersymmetric contributions to both
K1 — 7% * ¢~ and direct CP-violating parameters, see Fig.(3.6). Finally,
radiative decays were found to provide a competitive bound on Re %,
see Eq.(3.43).
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Weakly-induced strong
CP-violation

In the SM, both the electroweak gauge interactions and the Higgs self inter-
actions turn out to be CP-invariant. Yet, in absence of any flavor theory, the
most general Yukawa interactions of the Higgs field with three generations of
quarks are responsible for two independent CP-violating phases. The first one,
eerm preserves parity (P) whilst the second one, e?@¥P | preserves charge con-
jugation (C). Indeed, these phases are rooted in the complex up (and down)
quark mass matrices M*(?) : induced by the Higgs field frozen at its vacuum
expectation value, these matrices can always be polar decomposed into Her-
mitian ones multiplied by a global phase [162], but are neither symmetric nor
Hermitian.

As a matter of fact, the dcxkm and Oqrp angles are not observables by them-
selves. On the one hand, the unitarity of the three-by-three Cabibbo-Kobayashi-
Maskawa (CKM) mixing matrix allows nine independent parametrizations in
terms of Euler rotations such that flavour physics only implies the lower bound
[163]

s
0 2 —. 4.1
ok 2 30 (1)

In particular, in the usual CKM matrix parametrization, we saw in Eq.(1.15)
that dcxm =~ 74(7w/200). On the other hand, the axial anomaly in strong gauge
interactions is such that nuclear physics only requires the upper bound [164,165]

0= QQFD + GQCD < 10710 (4.2)
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with 6qrp, the argument of det(M*M9) in Quantum Flavour Dynamics (QFD)
and fqcp, the coefficient in front of the GWC?’“’ term in Quantum Chromo
Dynamics (QCD) [166].

The striking hierarchy between Eq.(4.1) and Eq.(4.2) suggests that dcxm # 0
and 0 = 0 at the classical level. A natural way to implement such a scenario
would be to impose the parity invariance on the full Lagrangian. However, in
the SM, C and P discrete symmetries are explicitly broken by the gauge sector
such that quantum corrections to the 6 parameter are expected to arise at the
second-order in the electroweak interactions. In the past, two complementary
short-distance attempts to estimate A0 within the SM have been suggested.
The first one [167] was based on loop corrections for the light quark masses,
leading to

Ayfqrp ~ 1071 at O(GFa?) (4.3)

while the second one [168] has considered the induced gluon pseudo-strength
field to get

Aylgep ~ 1071 at O(G%ay) . (4.4)

In this chapter, we estimate A6 through the physical (/' — 77 hadronic
decays and find rather

A0 ~1071 at O(G%e) (4.5)

once again with ¢, the penguin-induced CP-violation parameter in K — 7
decays.

41 n') — 7 from strong interactions

At low energy, all the basic aspects of strong interactions are encapsulated in
the truncated O(p?) effective Lagrangian [56-58]

F2

L=

(0,U0"U") + LM + 9 (4.6)
which is the U(3)1 x U(3)r generalization of the strong effective Lagrangian of

Eq.(1.46) that includes a O(p®, N5 ') axial U4(1) breaking term weighted by
the mass parameter mg in

mg

P
‘ ANc

A 1 (InU — InUT)? (4.7)

(WU +U") +
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and encodes effectively the presence of the #-term as

F2
cl =Ky~ [—(U-U" + (InU -InUN] . (4.8)

An important consequence of this extension is that an extra GB emerges from
the spontaneous symmetry breaking U(3)r, x U(3)g — U(3)y. This is, of
course, the reason why, in this 1/N¢ extension, we may identify the 1’ as a
new GB with an anomalously large mass due to the m? symmetry breaking
term in Eq.(4.7) by including a new singlet scalar field 7y in ¢, defined in
Sec.(1.3.2), as

¢ o+ \/§U013x3 : (4.9)

It is worth recalling some of the main properties of this extended Lagrangian.

Mass spectrum and mixing from £

On the one hand, and as previously mentioned, the vacuum expectation value
of the p? matrix field is proportional to the real and diagonal light quark mass
matrix and provides the pions and kaons with a mass:

p? =p2=m? and p?=2m3% —m? . (4.10)
As such, it breaks the flavour SU(3) symmetry but preserves its isospin sub-
group SU(2); in the limit p2 = ,ug. On the other hand, the colour-suppressed
operator proportional to m2 in Eq.(4.7), responsible for the breaking of the
anomalous axial U(1) 4, allows us to consider 7y as the ninth GB of the U(3)
multiplet ¢ in the large-N¢ limit [169]. However, since g and 79 mix, it
is suitable to introduce the single mixing angle ¢ which relates the SU(3)
eigenstates (ns, 7o) and the mass eigenstates (n,n') in the isospin limit as

n cosp —singp Mg . T T
= th  —— —. (411
(n’) (siw cos >(no> h §Sesg s

We then obtain the following O(p?) mass spectrum for the iso-singlet states

1

m%, =3 (4m§< —m2 —2v2(m% —m2) cot <p> (4.12a)
1

mg =3 (4m%< —m2 4 2v2(m% — m2) tan <p) , (4.12b)

with the mixing angle ¢ and the scale parameter mg intimately related through

9 -1
337”0} . (4.13)

tan 2¢ = 2v/2 {1—2% —
K ™
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Interestingly, the Egs.(4.12) allow for two mass degeneracies :

1) my =m; when mi=0 or =+35.3°,
(4.14)

2) m,=mg when md=3(m% —m2) or p=-19.5°.

The first one (m,, = my), at the source of the so-called U(1)4 problem [170],
requires a non-vanishing mg parameter. More precisely, in order to reproduce
the 7/(958) mass we should set my = 817 MeV or equivalently ¢ ~ —20° if
the physical masses for K(498) and m(135) are imposed in Eq.(4.12a). This
particular mixing angle turns out to be very close to the one at which the
second degeneracy (m, = mg) occurs. However, m,% almost fulfills the Gell-
Mann-Okubo (GMO) mass relation of Eq.(1.50). So, to reproduce exactly
the mass of 1(548) one should rather impose a mixing angle close to zero in
Eq.(4.12b). In other words, the physical mass spectrum for 7(548), 1’(958),
K (498) and 7(135) cannot be simultaneously reproduced within the truncated
frame adopted here. This can be nicely quantified by the p-independent upper
bound [171,172]

2 _ 2
7 <2-V3~027, (4.15)

my, —m3

which calls for a 20% correction to be compatible with the measured ratio 0.33.
To accommodate the full nonet mass spectrum, higher-order operators such as

(WU = UNY(InU = UT) 5 (¢) 1o (4.16)

have to be considered [172]. Yet, this O(p?, Nal) operator along with O(p*, 1)
ones will not be considered in this chapter since the effective Lagrangian in
Eq.(4.6) is restricted to the leading O(p?, 1) and O(p°, N5 ') terms, respectively.

CP-violating interactions from £¢

The full effect of the strong € angle is encoded into Eq.(4.8), which contains
no linear term in ¢ and whose derivation might be found in Refs. [173-175],
for example. At this level, any strongly induced P- and T-violating observable
quantity will, thus, depend on the constant factor Ky rather than on the 6
parameter itself. Consequently, in the SM, the first and simplest manifestation
of a non-zero 6 is the occurrence of C-conserving two-body decays among which
solely ) — 7m on-shell decays are allowed by energy conservation. The
corresponding strong amplitudes are purely Al = 0 and read

A(n’ N 7r7'r)s = % (Sg, + \/é CS(J) (4.17&)
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An — mm)s = % <c¢ —V2 sq,) , (4.17b)

having set s, = sin¢ and ¢, = cos ¢ for short. By comparing the subsequent
prediction I'( — 7t7~) ~ 2.6 | Ky|?> GeV 2, obtained for the phenomenolog-
ical mixing angle ¢ ~ —20°, with the experimental limit Br(n — 7nt7~) <
1.3 x 107° [17], we infer the upper bound |Ky| < 2.6 x 1076 GeV?. As a
consequence, Kjy is small enough to be approximated by [162,173]

Mx
2

2
Kog=—=0, (4.18)

in the realistic limit where p2 = p2 < p2, mg.

The (n,7’) mass eigenstates being complementary in the trigonometric sense,
see Eq.(4.11), we conclude that the relation

Al — ) = A(n' — 7m)] (4.19)

p=ets

fulfilled by Egs.(4.17), constitutes a good cross-check for our forthcoming com-
putations. Note also that the mixing angle dependences appearing in Eqs.(4.17)
are specific to the single anomalous term (L% > (¢%)) appearing at order
O@°, N5 ). In principle, other mixing angle dependences can be induced.
For example, the P- and T-violating operator going along with the O(p?, Ngo 1)
one in Eq.(4.16), namely

(U4 UT=2)(InU —InUT) 3 (¢?) 1o , (4.20)

generates pure sin ¢ (cos¢) contribution to A(n') — m)s. This observation
will be of some relevance in our confrontation with the weak interaction con-
tributions to these decay processes.

42 n') — 7 from weak interactions

Such CP-violating, but flavour-conserving, weak processes require a two step
change of flavor [176]. At low energy, the |AS| = 1 weak interactions involving
the GB are also ruled by the chiral U(3);,®U(3) g transformations acting on the
U field. These interactions are encoded in the O(p?) effective weak Lagrangians
of Eq.(1.55). Besides these contributions known to saturate the K — 7r decay

amplitudes in the isospin limit, the current-current operator of Eq.(B.13) given
by

LY = F'Gy(MpL,) (L") + hic. (4.21)
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— oo

(a) (b)

Fig. 4.1: The O(p?) topologies generating (a) possible tadpole amplitudes
and (b) two-body decay amplitudes. Blue disks stand for O(p?) weak
vertices as in Fig.(1.5).

is proper to U(3) as it is proportional to the flavour singlet 7y field. For an
analysis of this extra operator see Ref. [114].

In order to generate AS = 0 and CP-violating amplitudes from the |[AS| =1
weak Lagrangian, successive AS = +1 and AS = F1 transitions must interfere
so that any such amplitude assumes the following structures

A(l = flw = Z Aps(i — f) Im(G7Gy) - (4.22)
I£J

Among the second-order weak amplitudes in Eq.(4.22), tadpole-like ones repre-
sented in Fig.(4.1a) vanish trivially. Indeed, any inclusion of a current-current
L; Lagrangian (I # s,ew) in the n) — K vertex generates an amplitude
proportional to the square of the incoming four-momentum. Considering now
the two-body decays generated by the non-local topologies of Fig.(4.1b), we
obtain, in the isospin limit, the tree-level weak ' amplitudes
Al — 77 ) = o Foa(m?) 5 a7 s
n ) ®

3V3 (4.23a)

— (43,07 — s s — 6Io7,5) V2 ¢y |

4
A = 797%), = ﬁF‘Sa(mi,) (61597 + 9(Is.s — Taz.s)] V2, , (4.23b)

where
2 2
o\ - 2 P My
= N 4.24
a(p”) =p <p2_m%(> (4.24)
and

The complete computation is detailed in Appendix.(C.4). As explicitly checked,
the weak 1 — 7w amplitudes fulfil the complementary relation mentioned in
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Eq.(4.19), namely they are deduced from Eqs.(4.23) after replacing s, by ¢, and
¢, by —s,. In principle, we should also include the effect of the Eégv) Lagrangian,
explicitly given in Eq.(C.95). However, these effects can be neglected as far as
the n) — 77 decays are concerned. Indeed, the neutral n) — 7970 decay
amplitudes are not affected, while the charged ones are affected by less then

ten percent, namely, using the results of Appendix C.4 we found that

A = 7tm7 )y — A = 7777 )wiGuw=0
Al — 7t )y

=(-6.1t09.1)% .  (4.26)

The main reason is that, contrary to the CP-violating parameter ¢’ propor-
tional to the ratio of G effective couplings, the CP-violating n") — =7 decay
amplitudes are proportional to their product. So, here there is no possible &'-
like AT = 1/2 enhancement to compensate for the naive c,,/as suppression
factor.

4.3 From 5CKM to QQCD

As proved in the previous section, weak interactions do contribute to the P-
and T- violating n") — 77 decays at second-order. Therefore, within the SM,
these weak corrections contribute to the Ky parameter or, equivalently, to the
strong € term. In this section, we show how this can be achieved assuming
again both the isospin and large-N¢ limits. To begin with, let us have a first
look at the G effective coupling constants. Below the charm mass scale, the
QCD-induced |AS| = 1 effective Hamiltonian approximatively reads

|AS|=1 Nﬁ z Z
M < me) T8 A 1 (0)Q1 (0 + 22000 @ 0] + (127)

+ [Au z6(1) — Ae y6 ()] Qo(p)} + hc. .

In principle, it should be possible to assign the CKM phase to the G couplings.
However, to do so, we first have to include the long-distance (LD) evolution
down to the hadronization scale py,q lying well below one GeV where perturba-
tive QCD breaks down. Fortunately, Chiral Perturbation Theory supplemented
with the 1/N¢ expansion allows us to go from the quark-gluon picture to the
meson one to get [76,77]

Gr
V2

H‘AS|:1(Mhad) ~ {3;‘1@1 + $2Q2 + 336@6} +he., (4'28)
with

Q1 = (La)23(L) 11, Q2 = (La)13(L%)21, Q6 = (Lo L*)23 . (4.29)
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In other words, no additional chiral structures appear beyond the one already
present in weak effective Lagrangian, since the product of quark currents fac-
torizes into a product of meson ones at the hadronization scale. At this scale,
we, thus, have a one-to-one formal correspondence between the G effective
couplings and the z; (SD plus LD) coefficients [114]:

G 2 3
Gg ~ 7}; [—5331 + gl‘g + xg] , (4.30a)
Gr [3
G CE (3 4.30b
27 \/i |:5 (331 + x2):| 5 ( )
Gr [3 2
GS ~ 7\/2 |:5.'I,'1 — 5$2:| . (43OC)

Within this matching approach, the CP-violating I7 ; elements defined in
Eq.(4.25) arise then exclusively from quark Qi 2 — Qg interference (i.e., Ay — A
interference) such that the subdominant 27 — s contributions are real:

I7s=0. (4.31)

Let us now use the strong amplitudes given in Eq.(4.17) as a guideline to
identify the weak contributions to the Ky parameter. The exhibited isospin
symmetry between charge and neutral pion final states might be enforced on
the n — 7w amplitudes:

4 |2 _.
An — 7T+7r7)w =An— Woﬂo)w = 3\/;F‘3a(m$,) [218,27 + 313 5] , (4.32)
if and only if we assess a specific mixing angle, i.e.,
1
tanp = ———= or ¢ = —19.5°, (4.33)

2V2

as has been done in Ref. [176]. However, this phenomenological angle is rather
problematic here, since the A(n — nr),, amplitude proportional to Im(zfx1)
would then develop a pole (see Eqgs.(4.14) and (C.94)). Moreover, it would also
imply A(n' — 7777 )y # A(n' — 7%7%),. So, we find more appropriate to
isolate the AT = 0 component of the n() — 77 weak amplitudes:

A = 7 =~ FPa(m?,) [130 s7(sp + V3 c)-
3V3 (4.34a)
— (4Is 27 — 9I55) V2 cga:| ;
0 4 3 o910
A(n — 7m), = 3—\/§F a(m;) {3 8.27(Co — V2 5,)+
(4.34b)

+ (41397 — 9s.5) V2 34 ,
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leaving aside their AI = 2 components explicitly given by

Al — mtr)2 = =2 A(n — 7792

= mF a(mn) 18,27 (CLP + 2\/§ Stp)

in the case of n — ww. A direct identification based now on the mixing angle

dependence of Egs.(4.17) provides then the O(G%) corrections to the strong P-
and T- violating amplitudes :

40

9v/3
40

9Vv3

Note that the pure sing (cos ) component of A(n") — 77)% will affect con-
tributions induced by a strong operator like the one given in Eq.(4.20).

(4.35)

Ay Ay — ) = F? Ig o7 a(m?,/) (5, +V2¢,), (4.36a)

Ay Al = ) = —=F? Ig 57 a(m?) (c, — V2 5,) . (4.36b)

Still, contrary to what is predicted by the strong amplitudes in Eqgs.(4.17), the
coefficients in front of the mixing angles in Eqgs.(4.36) do not match exactly if
the n and 1’ physical masses are enforced :

a(mf]) = 1.62 GeV? # 1.23 GeV? = a(m%,) . (4.37)

In other words, a 30% splitting in the effective A, Ky factor is obtained if the
physical mass spectrum for the 7(548), 7'(958), K(498) and 7(135) states is
imposed. However, we have already noted that this assumption is not allowed
in the truncated theory adopted here. Besides, a(p?) turns out to be rather
unstable against p? variations around the physical value of m?. For illustration,
allowing the 17 mass to be equal to the GMO prediction, i.e., 570 MeV, we obtain
a(mg) = 1.30 GeV?, namely a value closer to a(m%,). For these reasons, we use
the less sensitive A, A(n’ — 77) amplitude to conclude that weak interactions
shift 8 by the amount

2
A= 2 A1, = S00my)
m 9 m2

g F* Igor . (4.38)

From the formal correspondence relations given in Eq.(4.30), we have in addi-
tion that

Is 27 = Im(GgGar) = EG% Im [z (21 + 22)] , (4.39)

with the x; 26 coefficients defined at the hadronization scale, namely around
Mg . S0, at this stage, either we exploit information from the SD evolution to
infer an upper bound on A0 or we extract these coefficients from the available
data to get an estimate of it.
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An upper bound on A6

Let us leave aside LD evolution effects by directly matching the Hamiltonians
given in Eqs.(4.27) and (4.28). As far as the Qg penguin operator is concerned,
that won’t do any harm since the p dependence of its Wilson coefficient (almost)
cancels the one of the corresponding hadronic matrix element [177]. We then
obtain

mg 2 m%{ * *
Te = —4 (1 GGV) [ms + md]2 [Vuqus 26 ‘/:‘.d‘/;ﬁs yﬁ} ) (440)
with
z6(1 GeV) ~ —0.02, ys(1 GeV) ~ —0.10 (4.41)

obtained by using the naive dimensional reduction scheme [38], and
(ms +mq)(1 GeV) ~ 131 MeV , (4.42)

by letting the lattice quark masses given in Ref. [178] evolve down to the GeV
scale. Regarding the Q1 + Q2 combination, what we know from perturbative
QCD is that its Wilson coefficient smoothly decreases as p is decreasing (see
the AI = 1/2 rule). Therefore, by imposing

1+ 22 < (21 + 22)(1 GeV) x Vo, Vi, (4.43)
where

(#1 + 22)(1 GeV) >~ 0.76 , (4.44)
we can infer the upper bound

Is 27 $0.32 x G3 x J(Sckm) - (4.45)

The necessity for the CKM phase to appear only through the Jarlskog invariant
[179]

J(6cxm) = Im(VisViaVigVas) (4.46)

explains, a posteriori, why one has to go to the second-order in the weak inter-
actions to induce a correction to the physical strong 6 parameter. Such would
not be the case if other sources of CP-violation beyond the SM were consid-
ered [167]. Taking J = (2.917017) x 107 from Ref. [17], we then infer the
rather conservative bound

Ayb <6 x 10717, (4.47)
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An estimate of A0

To this end, let us first extract the Gg 27 effective couplings from the isospin
decomposition of the K — 7w decay amplitudes. Following Ref. [180], the
measured K — 7 decay widths are well reproduced if

|G8|exp =0.77 GF s ‘G27|exp =0.044 GF and ((52 —50)6Xp =47.5° . (448)

To go further and extract the imaginary part of Gga7 we need to consider
the CP-violating observable ¢’. It turns out [107] that ¢’ is theoretically well
reproduced in the isospin limit, provided we compute the hadronic matrix
elements in the large- N¢ limit, i.e., at the hadronization scale. It is, therefore,
legitimate to expect a rather consistent and reliable estimate for Igo7. As a
matter of fact, we have at our disposal a CKM convention-independent direct
CP-asymmetry, namely

Re(e') = \% Im (ﬁi) sin(d2 — do) , (4.49)

from which using the usual isospin amplitudes, defined in Eqs.(C.71), we roughly
get

Ig o7 ~ G% x Re(¢') , (4.50)

in the limit where ImGg > ImG9; and where G, is set to zero. To be more
precise, we have to take into account the fact that the electroweak penguins
interfere destructively with the strong one in ¢’ [180]. Including their leading
effect, we can extract Ig o7 either from &’

Isor = (1.7 to 2.8) X G% x Re(¢') . (4.51)

or from Re(¢’/¢) as done in Appendix C.4. The two extraction methods produce
results that are in good agreement as the latter give the more conservative
estimation Ig 27 = (1.5 t0 3.9) x G% x Re(¢’). Taking Re(¢’) = (2.5+0.4) x 107°
from Ref. [17], we obtain

Ayf = (2.0 to 4.6) x 10717 (4.52)
while using Re(€’/¢€) we rather find

Ayf = (2.3 t05.2) x 10717 (4.53)

both values being compatible with the upper bound given in Eq.(4.47).
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4.4 (Conclusion

The strong CP problem, i.e., the smallness of 6, is a long-standing one [181]
and scenarios going beyond the SM have been suggested to bring it to an
issue [182]. However, the status of this parameter within the SM itself is
already a subject of some controversy. In this chapter, we have presented a
coherent way to estimate weak interaction corrections to the strong 6 term. In
the frame of a large- N Chiral Perturbation Theory, we considered the physical
n") — 7w amplitudes. Compared to the previous quark-gluon estimates given
in Refs. [167] and [168], our hadronic approach provides a direct access to
the parameter § = Oqrp + fqcp rather than to its un-physical fqrp and
fqcp components. We, thus, overcome phase convention issues as well as o
power counting problems. Concerning this latter point, our final result given in
Eq.(4.5) is qualitatively compatible with the one of Ref. [168] given in Eq.(4.4)
although, quantitatively, it rather agrees with the numerical result of Ref. [167]
given in Eq.(4.3). An important point, not addressed in this work, is the
possibility of infinite weak corrections to € as suggested in Ref. [167]. This
would, however, require the study of the ) — 77 decay amplitudes beyond
the tree-level approximation considered here.



Conclusions

The undefeated Standard Model is the best theory we have to describe the
most elementary pieces of matter identified so far. This is even more true as
its scalar sector, which has been hidden from us for sixty years, finally appears
to be in agreement with the recent discovery of a scalar resonance at the LHC.
And yet, physicists keep on trying to find something beyond. There are two
main reasons for that. Firstly, we hope to open the doors of new uncharted
territories waiting to be understood. Secondly, many problems are not yet
successfully answered by the Standard Model.

In this thesis, we have addressed issues related to both concerns from a specific
point of view, which is the typical CP violating dynamics of the Standard
Model. In a nutshell, we have prepared the ground for future experimental
studies of CP violating observables in radiative kaon decays, which, hopefully,
will indirectly signal the presence of New Physics, and we have revisited the
interplay between weak and strong interactions at play in the fgcp parameter
in an original way.

With regards to the hunt for New Physics, the news coming from the LHC
are not encouraging these days. Even though this terrestrial machine probes
the quantum dynamics of our world at the highest energy ever reached, it did
not see any new particle yet. This lack of direct discovery is frustrating but,
turned around, it might, in fact, re-enforce our interest into indirect searches.
These complementary searches, which are mainly based on rare processes, are
indeed very promising as they already provide severe constrains on possible New
Physics models and will, for sure, benefit from future developments. However,
a lot of work, both on the theoretical and on the experimental sides, is needed
for these rare processes to constitute a perfect trap for New Physics. As new
phenomena can manifest themselves through various portals, it is important to
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get control over several rare processes, which put together, provide us with a
complementary and fully constraining picture of what New Physics could be.

In this respect, we have established the cleanest Standard Model predictions
of the best observables giving access to the elementary s — dy process. These
results constitute the core of chapter 2. It is shown there, that we have suf-
ficient theoretical control over the s — dvy process to fully exploit the future
results that will be released by several kaon decays experiments. Besides, pro-
viding new insights into our theoretical description of the low energy Standard
Model dynamics, this process is complementary to b — sv and p — ey pro-
cesses regarding the search for New Physics. We have, therefore, dedicated the
third chapter of this work to a detailed analysis showing how these particular
windows on s — dv should be combined with other rare processes in order to
look for and/or to discriminate between New Physics effects. In other words,
we have prepared the theoretical ground for a new indirect New Physics search
direction.

This work does not only offer new opportunities in New Physics searches but
it also suggests new ways to resolve some internal Standard Model issues. One
of them being the long-standing and unfortunate lack of theoretical precision
we encounter regarding ’. As a matter of fact, in the process of improving the
predictions of the s — dy probes, we were able to put forward a interesting
relation between the pure QCD content of &’ and the CP violating parameter
g'| occurring in K — . Even though this parameter will be challenging to
measure, its experimental determination would be extremely rewarding as it
gives a direct access to the QCD-penguin induced parameter &y. This quantity
is the most problematic piece in the computation of ¢’ and, to a less dramatic
extend, it also precludes a precise estimation of €.

The second internal progress we made concerns the f-term. As mentioned in
the introduction of the fourth chapter, the Standard Model contains in fact
two sources of CP violation. The first is the complex phase of the CKM matrix
whose phenomenological implications constitute the basic subject of the second
chapter of this work. The second source is neither fqcp nor fqrp but the
physical combination § = qcp + 0qrp. This distinction is primordial since
0 is the only angle that is independent of the basis chosen to describe the
quark wave functions. The problem here is that, because possible solutions to
the strong CP problem are based on the hypothesis that the smallness of
is due to the fact that it is loop induced, it is important to understand how
radiative corrections and, in particular, weak radiative corrections affect 6.
This is indeed important as, in principle, even in the Standard Model, these
radiative corrections might be infinite.
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Previous attempts to compute these weak corrections overlooked the fact that
only @ is physical. The radiative corrections were either extracted from the
quark mass matrix and, therefore, from fqgrp or they were extracted from
loop induced effective G - G operators and, therefore, from 6qgcp. However,
the issue of combining these results has not been addressed. This is why we
have suggested a new estimation procedure that takes care of this physical
requirement. The corresponding computation is detailed in chapter 4 and has
several advantages compared to the previous attempts. Besides quantifying the
physical corrections of the physical 8 angle, it is quite simple as it consists in
the computation of simple (physical) tree-level decay amplitudes.

Let us end this conclusion by stressing the fact that, the experimental deter-
mination of the direct CP violating parameter & has played a crucial role in
almost all the developments presented in this work. Even though, it cannot
be precisely predicted from theory yet, its experimental determination already
gives us some control over the basic CP violating phases present in the Stan-
dard Model and beyond. Since these CP violating quantities are involved in
many other CP violating observables, numerous phenomenological links can be
established with /. As demonstrated in this work, some of these connections
are not only helpful, they are also gainful. This was, in essence, the guiding
force of this work.
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Appendix

Useful formulae

A.1 The I'(z) function

I'(z) is a special function particularly useful to compute probability amplitudes
in Quantum Field Theories. Depending on the nature of its argument, z, its
definition may vary. For example, if z is a non zero positive natural number n
then

T'(n) = (n— 1), (A1)

while if z is a complex number, with strictly positive real part, I'(z) may as
well be defined by

['(z) = dt t*te™t .
0
Its domain can be analytically extended over the complex plan with the excep-
tion of z = 0 and z = —n where I'(z) has poles around which we may use the
following expansions
™ [1
e —n) = S L v )] + 00

n!

where the Digamma function ¢ = I'(2)/T'(z) satisfies the following properties

Y1) ==y, YE+D) =)+,
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with v = 0.577... the Euler-Mascheroni constant. Two of these poles, z = 0
and z = —1, where

(2 — df2) = T(e/2) = + E + w(1)} 10, (A.2a)

T —d/2) =T(e/2—1) = — [z (D) + 1} +0() (A.2b)
if

e=4—d—0 (A.3)

will be relevant below.

Basic integrals

As a first illustration of the I'(z) utility, let us recall the integration formula of
a d-dimensional solid angle df); in spherical coordinates:

omd/2

/de = / H sin?= 1% 9,40, = (d/2) (A.4)

and the integral definition of the Beta function B(p, q),

B(p,q) = / & T t/duﬁlﬂ—u)l

B I'(q)
B F@+Q)’ (4.5)

particularly useful to integrate ratios of polynomials.

Feynman parametrization

The gamma function also steps in the Feynman combination of denominator
as:

I ! 5(1—x)
Hafli _Hl 1I‘(oz / (Hd ' > [Zivzlwiai]a )

i=1
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with o = Ef\il o; and x = Ef\il x; where x; are Feynman parameters. In the
following, we use the following cases:

1
L / dzx ! 5 (A.6a)
a1as 0 [xa; + (1 — z)as)

1 1 11—z 1
= 2/ dx/ dy 3 - (A.6D)
aia2a3 0 0 [zar + yaz + (1 — x — y)as]

A.2 Dilogarithmic functions

Polylogarithms of arbitrary order s are defined by the series

: — 2"
Lis(z) = Z T
k=1

where z is a complex number such that |z| < 1. By analytic continuation it is,
however, possible to define Lis(z) for |z| > 1. The dilogarithm function is the
s = 2 polylogarithm defined by

z 1
—/ ﬁln(l—t):—/ @ln(l—zt)
o t o t

n

oozn 1 ) [e’s} 2
Z;/ dt ¢~ :Zﬁ,
n=1

0 n=1

Lig (Z)

where we used the expansion —In(1 — z) = Y7, 2" /n valid for |z| > 0. The
integral definition makes perfect sense as long as Imz # 0. However, on the
real axis the logarithm has a branch cut on 1 < x < 400 where the logarithm
has to be analytically continued in order for the integral definition to make
sense. Yet, the dilogarithm itself is well defined all over the complex plan. To
illustrate this, let us consider the following functional relation

Mﬂ@+Lh<Zi1):—;mﬂl—@, (A7)

valid for any complex number z. If z is real and bigger than 1, the right
hand side of Eq.(A.7) involves a logarithm evaluated on its branch cut. In
order to make sense, the logarithm should be analytically continued for Lis(2)
to acquire an imaginary part over the logarithm branch cut. It is, therefore,
worth to recall some of the properties of logarithms of complex argument. If a
and b are complex numbers, then

In(ab) = In(a) + In(b)  if Im(a)Im(b) <0,

In(a/b) = In(a) = In(b) if Im(a)Im(b) >0, (A-8)
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whereas for real and positive z and € we have
In(—z +ie) =In|z| £im , (A.9)

provided that ¢ — 0. Logarithms of complex argument may be related to
reciprocal trigonometric functions. For example,

arctanz = - In(l —iz) — In(1l +iz)]

2
1 1
W = g — arcsin m . (Al())

= arccos

A.3 Scalar one-loop functions

The Ay function

The simplest Passarino-Veltman scalar function Ay is defined in four and d-
dimension by

. d*¢ (27 )€ dds
AO(m2):_ﬁ/e2—m2 - /52

Z'7T'2 —7n2 ’

where the arbitrary mass scale u is introduced to maintain the dimension of the
integral. In four dimensions, Ag(m?) has mass dimension two and the integra-
tion over the four momentum (pseudo-)norm is not defined such that Ag(m?)
diverges. Indeed, in the Euclidian space, reached using the Wick rotation de-
fined by the variable change

O - iK° and ¢ — K",
Ap assumes the following form
2 fomp\ € oo plee/2
Ag(m?) = ——— (£ /dQ / dt
o(m’) 27r2(m>{ 40 1+t ]’
where m?t = K2 = K'K® + K'K*® > 0. Using Egs.(A.4) and (A.5) we obtain

Ao(m?) = —m? (T‘)Enem .

which diverges since I'(e/2 — 1) diverges as ¢ — 0. Combining the expansion
Eq.(A.2b) with

aﬁzzjlog a=1+ecloga+ O(*), (A.11)
i=0

2!
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this divergence is isolated as

Ag(m?) = m? [DE +1—log (Zi)} , (A.12)

where we defined

2 2
D.=—-+vY(1) +logdr = — +logdme™" .
€ €

The By function

Another interesting scalar integral, By, is defined in d-dimensions by

L (2mp)© de
Bol(p-+ 0. m?md) = B [+ q)? = mi[[(€ = p)? = m3] °

where without loss of generality and for further convenience, we introduced the
four momentum ¢, which satisfies ¢> = 0. Since it has mass dimension zero,
By diverges. Using the parametrization of Eq.(A.6a) we may write

(2rp)e 1 dds
Bo((p+ a)*,mi, mj) = *= 5 /de/M’

i
where
A:x(x—1)p2+xm?+(lfx)mf—Q:L’(lfx)p'q .

Applying the same manipulations used for Ag we find

1 €
ot (32

which, expanded around e = 0 using Eqgs.(A.2a) and (A.11), leads to

Bo((p+ q)z,mf,m?) =D —

! a(z —1)(p° +2p-q) + (1 —x)m7 + am}
— dx log 5
0 12

(A.13)

The usual By(p®, m;, m3) function is then obtained from Eq.(A.13) imposing
q = 0 and satisfies

Bo(pQ,m?,mi) = BO(p27m?v mf) )

Ao(m2) — A()(’ITLQ)
Bo(O,miym)) = —— oy
2 J
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as well as

A 2
Bo(m?,0,m2) — 1 = By(0,0,m?) = 07;”; ) Bo(0,m?,m?) + 1.

The integration over the Feynman parameter z in Eq.(A.13) can be performed
analytically, see e.g. Ref. [183].

The Cy function

The first non divergent one-loop scalar function in four dimensions is called C
and has the dimension of an inverse mass squared. In the present work we are
not interested in its most general form but in the simplified case where

1 d*e
Co(p*, (p+ )%, m, mi) = w/[zz —mA[( +q) —mA[(£ —p)? — m2]’

with ¢ = 0. Here, it is important to recall that the ie prescription, defined by
the pole mass shifts

2 .

2
m; — m; — i€,

is implicitly understood. Using Eq.(A.6b) and applying the Wick rotation we
obtain

1
CO(pza(p+Q)2am?7m22) - 2p qx

% /1 da I(x_1)(P2+2p-q)—|—(1—x)m?—|—xm? . (A.14)
0

—1
z z(z — 1)p? + (1 — z)m? + xm?

To our knowledge, this integral has never been performed analytically unless
further assumptions are made. Numerical evaluations are, however, easy to
perform.

A.4 Particular one-loop functions

This section is devoted to the calculation of two kinds of loop functions, which
intervene in radiative decays. These functions are finite combinations of the
Ay, By and C functions presented above and will be expressed in terms of the
reduced variables

. 2p-q . my .z
Z = 2 Ty = ) 0'27.27
i

(A.15)

m m T
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and

. . 472
51‘: ].—47’1-2, 52(2): 1_1—|—22

The F function

The function F appears in decay amplitude whose final state contains at least
two photons, K — «7v being an example of such decays. It is constructed from
the Cy function

- 2
Ir = Co(0, 2zm?,m2, m? zm2/ —log 14 z(z—1)d] , (A.16)

obtained from Eq.(A.14) imposing p?> = 0, where z is a kinematic variable:
0 < z < Zmax With zyax a finite real number. If we split the logarithm argument
in Eq.(A.16) as

l+z(z—1la=(1—-z42)(1 —2_x),

it is easy to realize that the numbers

2

Ty = ——+786©Z—,
T 1+ /1 4/a
related to each other as

s

r+ =
Ty —1"7

are complex since the ie prescription gives to a an imaginary part, which can
be explicitly recovered using

a— a+ie

where ¢ > 0. It is as easy to notice that sign(Imz+) = £sign(e) = £1 whatever
the value of a. We may, therefore, use Eq.(A.8) with Eq.(A.7) to conclude that

Ir = — L [Lig(ey) + Lin(z_)] = —— (1 — )

zm 2zm?

or, equivalently, that

1, 1-\/1-14/a
Ir=5—5h ( Hm) . (A.17)
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The ie prescription now acquires its full interest. If € = 0, the last expression
is undetermined for a > 4, since the argument of the logarithm is negative.
However, for € # 0 the same argument has a positive imaginary part, say i,
thanks to which Eq.(A.9) may be applied to find

e 1—4/1-4
Izt ! In? | — /a—i—in
1++/1—-4/a

(A.18)

2
1 ! 1-+y1-4/a +i
= n| —=——— |,
2zm? 1++/1—-4/a

in the limit where 1 (or equivalently €) is eventually sent to zero. In the
complementary case where 0 < a < 4, Eq.(A.17) is perfectly well defined even
if we assume that € = 0 from the beginning because 1/1 — 4/a is now imaginary.
In that case, using Eqgs.(A.8) we get

1
Ir = 5 |i(2k+ D+ In(1 —iy/4/a—1) —In(1 +iy/4/a - 1)} :
zm
with & > 0 an undetermined integer. Using Eq.(A.10), this expression further
simplifies into

Ir = —% larcsin v/a/2 + kr] 2 (A.19)
Of course, both Eq.(A.18) and Eq.(A.19) originate from the same number,
namely, that of Eq.(A.17). This is only when a ends up on one or an other
interval of the real axis that Ir may either be given by Eq.(A.18) or Eq.(A.19).
But, if a is complex, this distinction is irrelevant so that both Eq.(A.18) and
Eq.(A.19) give the same value: the one given by Eq.(A.17). Therefore, equating
Eq.(A.19) with Eq.(A.17) anywhere in the complex plane, but on real axis,
forces k to vanish so that Ir is now defined everywhere on the real axis. We
can now introduce the F function defined by

Fla) = 1+2milr
1— 2 arcsin® \/a/2 0<a<4,

2
= 1 1— /1—4/11 . (A20)
1+a[ln<1+\/m)+m'} 4<a,

and displayed in Fig.(A.1).
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10,

o 2 4 6 8 10 12

Fig. A.1: The plain line tending towards 1 at infinity represents ReF(a)
whilst the dashed line tending towards zero at infinity represents ImJF (a).

The h;; functions

The basic loop functions appearing in K — 7y decays are presented in this
section. These functions are given by

h(a) = = [fi) + 1 @) + )] (A21)

where the separately finite f,zj functions are given by
1 (2) = —2mICo(p?, zmic + p*,m3,m7) (A.22a)
2 2 2 2
_p +m; —m; —I—meX
22mi (A.22b)

X [Bo(p2,m?7m?) — Bo(zm? +p2,m?,m?)] ,

Y (2)

?@r>4+;mwﬁrmm@w
9 9 (A.22¢)

m?2 — m?
! JBO(pQ,m?,m?) )

- 2
p
Even though they all have a pole at z = 0, once combined together to define
hi;j(2), no z pole remains:

lim h;;(z) = constant . (A.23)
z—0



110 Chapter A: Useful formulae

0.00

—0.05 ]

-0.10L

h;(@

-0.15} - ]

—0.20L . . . . , ,
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04—

-0. . . . . . .
%.0 01 0.2 0.3 0.4 0.5 0.6 0.7

Fig. A.2: On the top, we plotted h,x in plain, h;x in dashed and hg
in dotted line. On the bottom, are shown Reh,, > 0 in plain, Imh,, in
dashed and hi g in dotted-dashed line.

When m; = m;, the integration over the Feynman parameters can be performed
analytically and gives

o Bi+1 Bi(2) + 1
his(2) = 822 [an (51' - 1) -’ (@'(Z) - 1) *

o sem(Ga5) s (G)] -5

where p? = m3%. The h;;(z) with i # j, defined for p* = m2, are evaluated
numerically and displayed in Fig.(A.2).

(A.24)




Appendix

Effective Lagrangians

In this section, various effective Lagrangians used in this work are presented.

In order to shorten the notations, we define the following objects

X+ =
. =

L(R)

and collect important constants in Tab.(B.1).

Uty £x'U, f = F!" £ UTFR'U,

vpo
err FL(R)pov

fiy = 6lywpaf:l:prr )

i TF T8 TP TZ Ji|TF TF¥ 1P 17
1] - - —1/6 —3/2( 10| -1/4 2/3 - =
2 0 1 || 11| -1/8 —13/18

3 — - - - 12| -  -512 - -
4] 1/8 - 3 - |13 - 0 8/3 -1
5| 3/8 32 1 - f1a] - /4  -4/3 -
6| 11/144 —1/4 -3/2 -3/2| 15| - 12 4/3 -
7| 0 —9/8 1 - 6] - ~1/4 0o -
8| 5/48 —1/2 — - 17| - 0 - -
9 1/4 3/4 - —2 | 18] - -1/8 - -

Tab. B.1: Specification of the renormalization constant factor I';* (X =

L,N,D,Z).
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B.1 Effective QCD at O(p*)

The effective strong Lagrangian at O(p?*) is expended over twelve independents
operators [184]

£ = LD, UD*UYXTU 4+ xU') + Ls(D, U DFU (xTU + xUT))+
+ Le(x'U + xU")? + Lo (x'U — xU")? + Ls (X 'UXT + xUTxUT)+
—iLy(Fi'D,UD, U + F{* D, U D,U) + Lio(U F'UFp,.,)+
+ Lu(Frun Pl + Fru FEY) + Lia(xx') + hee.

(B.1)

It is worth noting that all the divergences appearing at NLO can be re-absorbed
in the bare L;, appearing in £§4). Using dimensional regularization, all the
strong divergences appearing at one-loop are absorbed by the bare L; as

Li =L (p) +TFA(n) ,

with
;Md_4 1 _1 ndr /
A<u>—(4ﬂ)2€{d4 jntn+ 1+ -
1
Z—W{Dd-l} ;

where the I' are specified in Tab.(B.1).

B.2 The Wess-Zumino-Witten Lagrangian

A nice presentation of the problem is due to Witten [67] and goes as fol-
lows. Let us call the outer parity transformation of space-time coordinates,
(Z,t) <> (—Z,t),Py. This external symmetry does not affect the scalar fields ¢*
contained in U such that under Py we have ¢® <+ ¢® or equivalently U < U.
The inner parity transformation, which leaves the space-time coordinates un-
changed but acts on the pseudo-scalar field as ¢* < —¢ (or equivalently
U < U') is called (—1)V2 because once applied to a state formed by Np
mesons its eigenvalue is (—1)V2. As a matter of fact, the parity transforma-
tion under which QCD remains invariant, is neither Py nor (—1)V# but rather
P = Py(—1)N5. It is then expected from its effective representation to respect
the exact same symmetry. However, in the CP conserving limit, it is easy to
observe that £$% given in Eq.(1.46) is invariant under both Py and (—1)V® sep-
arately. In particular, its (—1)™# invariance implies that A(7° — v7) = 0 while
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this particular process is the dominant decay channel of the neutral pion [17]:
Br(7 = 17)exp = (98.823 £ 0.034)%.

The resolution of this paradox lies in the chiral anomaly of QCD [185]. In fact,
a non-abelian Yang-Mills theory, which contains only vector gauge fields (as is
the case of QCD) carries the non-abelian axial anomaly given by

a 1 s
D#]AM = WTr(T FuuFy) ,

where the axial vector current is given by ji* = g7y ysq. At the effective
level, this anomaly is represented by an anomalous symmetry breaking term
which, in the context of the present work, is truncated to the Lagrangian
shifts [66,67,114]

L = LP + Lgpw + Lzw »

where

N,
Ldw = 48;2 ee"?? A,,(0,U010,U{UT,Q}) , (B.3a)

- ZNC vpo
‘C%\’}/ZW - 487('2 ezeﬂ g F#VAP (<QQ{8JU3 U'Jr}>+

. (B.3b)
+ §<QUT Q0,U — QUQI,UT >) :

where only the QED contribution is kept.

B.3 Effective |AS| = 1 sector

In order to construct the chiral realization of the four-quark operators, we
need to determined their chiral symmetry properties first. So, if ¢ = {u,d, s} is
considered as a U(3) triplet, the quark bilinear u} = g'I'¢q/, where I' stands for
any Lorentz structures, transforms as a nonet, 9 = 8 ® 1, of U(3). Therefore,
as any of the four-quark operator can be represented by a symmetric direct
product u;vlk ~ 9®9, we can conclude that they transform either as irreducible
symmetric octets or as an irreducible symmetric 27-plets of SU(3):

B8®8)s =2Ts®8s ® 1s .

The singlet can be discarded as we are here interested in flavor violating oper-
ators only. The explicit construction of the 27-plet in terms of U(3) nonet is a
bit tricky.
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The 27-plet
This traceless and symmetric tensor may be written in terms of two nonets u
and v as
1 . . , ,
27;1 = i(u?vl’C + u’?v} + ufv’-€ + ufv;-)—
5( w)vl + uf (v) + ufol +uvl)+
+6Zk(uv +u v—l—uzvz—l—u; 7) + (B.4)
+5l’(uv +u (v) —i—u?v’;—l—uﬁvf)—&— .
—1—5 ((u vl + ul (v) + ufvl + ul v 7)1+

(6307 + 076%) ({u)(v) +ufn?) .

Bl -

The members of this multiplet are able to generate AF = 0,41, 42 flavor
violating interactions. Here, we are interested in the most general operator Oy7
that generates AS(D) = +1(—1) transitions where S = —1 is the strangeness
of the s-quark and D = +1 is the flavor of the d-quark. We are, thus, looking
for a 27-plet operators that turns a d quark into a § quark. The most general
097 operator is given by a linear combination of the elements

2721 ’ 2722’ 273%

and their symmetric as all satisfy AS(D) = +1(—1). However, since they
belong to the same multiplet, these elements are interchangeable, i.e., O
should be invariant under the exchange of, say, 2751 and 2733. In practice it
means that all the AS(D) = +1(—1) elements should appear weighted by the
same coupling, say a, in the linear combination that constitutes Oy7. In other
words,

O = a [2 2735 + 2 2753 + 4 273]] . (B.5)

In the particular case where v = wu, a re-scaling of the coupling a to Gar,
together with Eq.(B.4), give

2 1
027 = G27 ugu% + gui’ué - gugw}
Under this form, Oy; is general enough to describe both SU(3) and U(3) cases.
Indeed in the former case we have automatically (u) = 0. As a matter of fact,
the operator Oy7 can be further decomposed into more fundamental building
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blocks. This second decomposition is based upon the fact that u and d quarks
are members of an isospin doublet. To see this, let us write

1 - 2 1 _
Os7 = G973 5(dfm — ddd) + guvjd + 6d (au + dd — 25s)| | (B.6)

keeping in mind that ¢ always connects with its immediate right-neighbor to
i
J
isospin 0 one, we observe that the isospin of the third term in Eq.(B.6) is fixed
by that of the overall d-quark, namely, I = 1/2. On the other hand, the first
two terms happen to be mixtures of I = 1/2 and 3/2 states. Indeed, the direct

isospin product 1 ® % contains two states with definite isospin, namely,

form a u’ nonet. Recalling that s is an isospin 0 state, while @u + dd is an

13/2,-1/2) = % (duw — ddd + viud) = %A ;

11/2,-1/2) = \/z(duu—ddd— 2uad) = \/EB :

upon which the first two terms of Eq.(B.6) can be expanded as

1 = 2 5 1
—(duu — + -uud =—-A— —B.
3 (duu — ddd) 3uud 5 13

Collecting the various I = 1/2 and I = 3/2 components together, we conclude
that Qg7 may as well be written as

5 . 1
O = | SGo7 O3 + 5G4 0317 (B.7)
with
3/2 . <
O3 = dub +ud(ul —ud),
Oy = wdub +ud(dud + 5ud) — 3ud(u)

where the possibility of a isospin breaking of Gy7 is assumed. It is sometimes
useful to write these 27-plet operators in the form a tensor contraction

Ofr = Tijina wjuy (B.8)
where
LD 32372 1 1y201)2
Tijikl = §G27 Tij;kl + §G27 Tij;kl ) (B.9)

3
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such that any 27-plet object with isospin I may be obtained from the contrac-
tion of the T tensors with two nonets. The non vanishing components of these
tensors being

3/2 3/2 3/2
T31/12 T32/11 T32/22 =+1
and

1/2 1/2 1/2 1 172
T31/12 = T32/11 2T32/22 §T32/;33 =+1.

Another parametrization extensively used in the present work is based on the
following projection technique. If we define

(Xij)ab = 0ivdja »

then for any 3 x 3 matrix A

(AijA) = Ay
These projecting matrices A can be expressed in terms of the Gell-Mann ma-
trices :
1 3 1
/\/\+\/7)\+)\ : f—AffA,
11 NG ( 0 53 7 8) A33 \[( 0 8)
1 3 1
Ao =——%|Ao—\/ZAs+—=Xs | ,
22 f( 0 573 N 8) (B.10)
1 , . 1 :
A12 25()\1 +iXa), Ao1 = (A1 —id2), Az = 5()\4 +1iXs) ,
1

. . 1 .
31 25()\4 —iXs), Aoz = =(Ae +1iA7), Az2 = 50\6 —iA7)

where Ag may also be expressed in terms of the electric charge matrix QQ =
diag(2/3,—-1/3,—1/3) as

As = 2V3(Q — %Ag) )

These results are very useful to construct and understand the effective repre-
sentation of (271, 1r) weak interactions detailed in the next section. However,
we stress the fact that many other operators with different flavor structures
can be built from Eq.(B.4). As another well known example, we find the most
general AS(D) = +2(—2) operators which, using the same normalization as in
Eq.(B.5), reads

5
(’)AS 2= Gor 5 ugug .
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B.3.1 The effective Lagrangian at O(p?)

In this section we give the hadronic realization of the effective H*%=! Hamil-
tonian given in Eq.(1.33). The four quarks operators are, there, products of
left- or right-handed currents. At the hadronic level, the simplest objects that
transform accordingly are the left- and right-handed currents

L,=U'D,U and R,=UD,U".

The (8;,1r) component of the |[AS| = 1 effective Lagrangian is readily ob-
tained by contracting two of such left-handed current and we normalized it
as

LY = FGs(\s2 L, L") + hec. | (B.11)

where CP violation in allowed thanks to the complex coupling constant Gs.
L',gf) is not the only possible octet Lagrangian at O(p?) as

L£Z) = F4G,,(Asax4) + hec. (B.12)

is also perfectly well suited to represent weak (8;,lg) interactions. Even
though it eventually turns out to be irrelevant in the context of the present
work (see e.g. Ref. [186]), it can not be discarded from scratch. Another
candidate is

L2 = F'G,(\s2 L) (L") + hec. (B.13)

which is proper to U(3) as it involves (L*) # 0 which vanishes in SU(3).

With regards to the (271, 1r) component, we use Eq.(B.7) and the Gell-Mann
correspondence of Eq.(B.10) to find

@ F*

£27 _36

aw? [<)\1Lu><>‘4i5L“> + (aLy) Aayis L)+
+ 2((9Q — 5)\3)L"><)\6_i7LH>]
. (B.14)

+%F4G§?%/2) {</\1Lu></\4—i5[/#> + (A2Ly)(AsiaLH)+

+ 2<)\3L”><)\6_i7[/’u>:| + h.c. 5
where we also allowed for CP violation and where the shorten notation A+, =

Aa £ @M\ has been used. Note that the difference between U(3) or SU(3)
embedding is taken into account by the term proportional to electric charge
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matrix Q) = A1 — %13X 3, which involves the trace of the left-handed current,
(L).

We may now turn our attention to the effective electroweak interactions gen-
erated by the Q7 and Qs operators, which transform as (8,8z) multiplets.
Something peculiar happens here: we may build them at O(p®) using U and
Ut because UT @ U ~ (3% ®31,3r ®3%) > (81,8r). However, the unitarity of
U implies that U and UT must be contracted in a non trivial way. In fact, we
may write

LO) = F9e2Gy, (A32UTQU) + h.c. (B.15)

This form could have been already guessed from the fact that )s may be written
as a density-density product, density which, at the lowest order, is represented
by the U matrix, see Eq.(1.47). The important point here is that the presence
of the electric charge matrix @Q allows us to get a O(p°) hadronic operator. In
fact, QCD penguin operator () is also a density-density operator. However, as
we have no () matrix substitute at our disposal, the hadronic realization of Qg
is of O(p?) at least. Thus, even though a v, /as suppression of the electroweak
penguin over the QCD one is expected, the former are chirally enhanced and
deserve, therefore, a careful treatment.

B.3.2 The effective Lagrangian at O(p*)

The weak SU (3) effective Lagrangian at O(p*) is expanded over 22 independent
operators among which we keep [74,187]
L = GsF*[N5(A\s2{x+, D, U D*U})

+ No(As2 D UTUNUTDFU x4 )+

+ N7(Aaax+ /(DU D*U) + N (A32 D, U D U) (x+)

+ No(Asz[x—, DUTDHU) + (Aga(Niox % + Niax?)) (B.16)

+ N1t {As2x ) (x+) + Niz{Azax—) (x-)+

+ iAo {N1af1” + Nig f*, D, U D, UL+

i(\s2 D, UTU (N5 f17 + Nig f*)UTD,U) + h.c.
It is worth noting that the presence of the Gg coupling constant is purely
conventional here as it merely helps to keep track of the chiral behavior of the
various operators. As for the strong sector, all one-loop divergences appearing

at NLO can be absorbed through a renormalization of the bare N; coefficients
as

N; = NJ () + TV A(p)
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with T'Y given in Tab.(B.1).

The 27-plet Lagrangian used in the present work is taken from Ref. [183] and
is complemented by four radiative operators taken from Ref. [188]. In this
minimal basis we have

L5 = F2Tija | D1 xr) Akx+) + Da(Aijx—) (Awx—)+

+ Da(N;UTDLUY O { DHUTU, x4 1)+
+ Ds(\i;UT D, UY (A [ DHUTU, x_])+
+ De(Ai;UT x4 ) (A D UTDFU )+

+ D7(A\; U D, UY g DPUTUY () +

+ D13 (i :[1)<)\leHUTDVU>+
+iD14(Nij f) (AU T D*UUT DU ) +
+iDis (A [UT DU, 5, AU DU+

+iD16(Nij [fn, UTD*U) (A UTD"U) | + hec. (B.17)

with the projector tensors given in Eq.(B.9). As previously, these operators
renormalize the LO via

D; = Dy () + TP A(p)

with T'? specified in Tab.(B.1).

Finally, we consider the NLO representation of the electroweak sector. Since
this Lagrangian is of O(p°), the corresponding NLO local terms are of O(p?).
As a consequence, none of the O(p?) local operators may contain F EVR Indeed,
Lorentz invariance would require two extra partial derivatives leading to O(p*)
local interactions. The corresponding minimal Lagrangian is given by

L) = FY€*Gew [Z1(As2UNHQ, x4 3U) + Zo(AsaUTQU) (x4 )+
+ Zs(\32{UTQU, D, UTD*U})+
+ Zo(Aas2U D, UNQUDHUT)+
+ Z13(A\32UQUY(D, U D*U)]

(B.18)

while the renormalization of the various coefficients read
Zi = Z (1) + T A(w)

where the I'Z constants are given in Tab.(B.1).
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Appendix

Amplitudes in ChPT

This section contains a detailed presentation of the various amplitude calcu-
lations used in the present thesis. These rather technical results are exposed
here in order to lighten the main text where their implications and conse-
quences are analyzed in more depth. Since these computations involve numer-
ous loop diagrams, it is desirable to automatize these analytic computations
using Mathematica [189] supplemented by FeynRules [190], FeynArts [191] and
FeynCalc [192]. Before going into detail let us first introduce some conventions.
While Feynman diagrams are displayed in a neat and colored form in the main
text, here, they are drawn in black and white using the following vertex con-
ventions:

e @ indicates a O(p?) strong vertex obtained from Eq.(1.46).

e [ indicates a O(p*) strong vertex obtained from Eq.(B.1).

e A indicates a O(p*) strong WZW vertex obtained from Egs.(B.3).

e (O indicates a O(p?) weak vertex obtained from Egs.(1.55) and (B.12).

O indicates a O(p*) weak vertex obtained from either Eq.(B.16),
(B.17) or (B.18).
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As several NLO calculations detailed below require to be renormalized, we
dedicate the next section to the determination of all the corresponding renor-
malization constants.

C.1  Renormalization

Renormalized masses, wave functions and decay constants, respectively denoted
by My, ® and Fj , are defined by

M3 = Z7' m} (C.1a)
e=7,""¢, (C.1b)
Fj, =Zg, Fy, (C.1c)

where mg, ¢ and Fy, represent the bare masses, wave functions and decay
constants, respectively. The Z7*, Z™ and Z fa coefficients are called renormal-
ization constants. While ZJ" and Z™ are extracted from the same object, the
¢ meson propagator, Z 5@ is obtained from the definition of Fy_, i.e.,

(0 4,.(0)la(p)) = iV2Fy,pp (C.2)

where the v/2 is a conventional normalization factor used in the present work.

Mass and wave functions

Let us consider the generic case of a scalar field ¢ of bare mass m. Its propagator
given by the two-point Green function

TI(p) = / d*we= P (0|T{¢(x)$(0)}]0)

may be represented by the Dyson sum

i) = —0— o0 -

1
 p2—m2—%(p?) +ie (C3)

Since we did not yet specify the structure of the self-energy ¥ or equivalently
the structure of the underlying theory this result is quite general. All we
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know is that 3 represents one-loop one particle irreducible corrections to the
propagator of the scalar field ¢. This is, however, sufficient to make some
important statements. First of all, it is clear from Eq.(C.3) that the pole of
the propagator has been shifted from the bare mass m. The pole mass, or
equivalently the physical mass, defined by p?> = M? reads now

M? = m? + ¥ (m?) + higher order corrections ,

where higher order corrections due to %(m?) — X(M?) are neglected at NLO.

From this simple result we infer directly that the mass renormalization constant

at NLO is given by

¥ (m?)
m2

Zm =1+ (C4)
Furthermore, expanding Y (p?) around an arbitrary mass scale u? we observe
that

S(p?) = S(p?) + (* — 1Y (1) + (%) ,

where 3(p?) = §(p* — 42)?%"(u?) + O((p* — 1)) vanishes at p? = u? by
definition. Here, primes indicate partial derivatives with respect to p?. A
simple dimensional analysis teaches us that the divergence of ¥(u?) is, at most,
quadratic that of ¥'(u?) is, at most, logarithmic whereas 3(p?) turns out to be
finite. The mass scale u, being arbitrary, we may set u? = M? to obtain

i

ill(p?) = (p?)
(p”) (p2 — M2)[1 — 2/ (M2)] — £(p?)

with the nice result that the possible quadratic divergence of ¥ has been ab-
sorbed by the mass renormalization. The pole mass has not changed (X(M?) =
0) but the propagator still carries a potential logarithmic divergence. This is
where the wave function renormalization enters into play. Indeed, writing

14

ill(p?) = = + higher order corrections ,
(p? — M?) = 5(p?)
where
1
Z = [ESSTHYE] = 14 ¥'(m?) + higher order corrections ,

we conclude that the remaining logarithmic diverge of the propagator, hidden
in Z, may be absorbed in the renormalization of the scalar field wave-function
defined by

p—=d=2"1%¢.
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To review, the mass and wave-function renormalization constants are expressed
in terms of the self-energy amplitude as

m By (m?)
Zy = 1+ e (C.5)
Zy = 143%4(m?).

In ChPT, the self energies receive both loops and counter-term contribution :

—iX(p) = —@Q—

O -

Evaluating these diagrams is straightforward and the result is expressed in
terms of the Ay one-loop scalar function defined in Eq.(A.12). In the isospin

limit (m,, = my), we find

27 = 1+ e [Aolmd,) = 3o(mn2)] + L(m) (C.7a)
23 = 1= g Aol + L) (C.7h)
Zn =1+ Q(TIF)Q [240(m3,) — 3A¢(m¥% )] +
+LU'(m3) + %(3& + Ls)(m%(nzigmi)ar (C.7c)
1 m2 "

+ Wmig‘; [3A0(m72r) - ZAO(m%() - Ao(mis)] )

with the recurrent local contribution

.8
L'(m?) = 7 [(2L — La)(2m3 +m2) + (2Ls — Ls)m?] . (C.8)
With regards to the wave function renormalization constants, we rather find
1 2 2 2
Z7r =1- W [2A0(mﬂ) + Ao(mK)] - L”(m,r) 5 (CQa)
R 2 2 2\
ZK =1 4(47TF)2[A0(mTr) +2A0(mK) +A0(mng)] (C9b)

- L//(m%() ’
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Induced couplings

| at |77 | KO | KO | KT | K™ | ns
1 3 4| 7| 8] 45 6 | 2
a, | ad | ay | ai | ab | a) | S |a

Tab. C.1: Pseudo-scalar meson coupling to A, defined in Eq.(C.12).

1
Z”]s =1- WAQ(WL%) — L"(m%g) y (C9C)

with the common local contribution
.8
L”(m?) = = [Li(2m3 +m2) + Lsm?] . (C.10)

Note that since we assumed the isospin limit, the index 7 in Z7(rm) stands for
70 or 7%, whilst the K index Z%m) stands for K0, K0 or K*.

Decay constants

Now we turn our attention to the renormalization of the decay constants. As
stated above, the decay constant Fy of a pseudo-scalar field ¢ is given by
. —ipt
Fp=—=
VTS
In SU(3)r ® SU(3)r Chiral Perturbation theory, the axial gauge field A, may
be decomposed in the pseudo-scalar basis as follow

(014,.(0)|¢(p)) - (C.11)

1 2
G 4 Y 3 5
vt e
- 4 a a 7
AM = au —7"5 + 7“5 au . (C.12)
6 8 —2aj
ay, y V2

This natural basis is useful because each pseudo-scalar couple to only one of
these af; fields according to Tab.(C.1). These couplings have two different
origins: the covariant derivative of the U

D, U =0,U—-i{UA.} , (C.13)
and the direct couplings to the gauge field strength tensors
FI' = 9rAY — 9V AP — i [AF, AY] (C.14a)

F};éu _ _6;1.Al/ 4 al/A,u — [A#’Al’] . (Cl4b)
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At LO, we recover the following identical amplitudes
(0lA,(0)|¢a(p)) o2y = —e~~~  =iV2p,

showing that at O(p?), all the decay constants are degenerated. At O(p?),
things get more involved since amplitudes defined in Eq.(C.11) receive both
loops and local contributions

O(pt —1 p"
FOU ﬁ?@mu(o)lm(p»ow

y p#( Q . ) | (C.15)

T2

Once the wave-function renormalization is applied on these O(p*) amplitudes,
the NLO decay constants get renormalized by

1 1
3
Zie =1+ ———=[Ao(m2) + 2A0(m%)+Ao(m] )]+
§(4mF) X (C.16b)
+§L”(m%() )
F 3 2 1 " 2
Z778 =1 + WAO(TRK) + iL (mng) . (C16C)

C2 K —yy

Parametrizing this process as K°(P) — v(q1, #)v(gz2, V), the kinematics im-
poses the following relations

P=q+q, ¢=¢=0 and P*=2q - q=M;, (C.17)

while the most general expression of the corresponding amplitude allowed by
Lorentz and gauge invariance is given by

AK® = vy) = —=[A(P*)(d{ b — q1-q29"")+

+ B(P2)e“””‘7q1pqgg} €165, -

Sl

(C.18)
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Since K is a pseudo-scalar particle, the photons have either positive or negative
helicity : | + +) or | — —)!. Therefore, as a parity transformation acts only in
the momentum space, the parity transformation | + +) LA | — —) suggests to
consider the equivalent state decomposition:
1
|’Y'Y\|,L> = ﬁ

From an operator point of view, a v state is produced by the CP even
operator F),, F*" whereas a 7y, state is produced by the CP odd F,, F*”

(|++)£]==)) with CPlyy,L) ==xlyy,L) - (C19)

operator. In the momentum space it is, therefore, easy to realize that the
A amplitude in Eq.(C.18) produces the two photons with parallel helicities
(F-F), whereas the B term produces them with perpendicular helicities (F-F).
Therefore, these two amplitudes do not interfere in the branching ratio.

Before computing all the possible K — ~ amplitudes, it is greatly rewarding
to analyze first how the C'P properties of the two photon states intermix with
those of the K — KO system. The C'PT theorem is the key here because it
implies the following relations

AK® =y 1) = FAK? = yy,0)" (C.20)

In other words, these four amplitudes are not independent as two of them may
be deduced from the other two. Explicitly, if we computed the amplitudes A%
and A% that specify completely the decay amplitude

A(KO =) = {AL‘W((]{QQL —q1-q29") + A#ﬁwpamp%a] €>1k,fgy , (C.21)

1
V2
we conclude that

A(Ks = yy) =N {Re/ﬂlw + iemImAUW] (@145 —q1-q29"" )€1 65, 5 (C.22a)

A(Ks - vy1.) =N [z’ImA#V + emReA#W] P q1 Q20 €1,,€5,, 5 (C.22b)
A(Kp =) =N {iImAUW + emReAUW} (47 gy —qr ~qgg””)ehe§y , (C.22¢)
AKp = vy1)=N [ReA% + iemImA%} P q1pqac€l 65, (C.22d)

where N = (14 |&]>)~'/2. Let us now compute A]” = A(K° — ~v) in order to
extract the independent partial amplitudes A% and A7 . Since the production
of two on-shell photons is achieved by either F - F or F - F operators, both of
dimension four, we conclude that A]” starts at O(p*). The absence of O(p?)
contributions follows also from the fact that photon do not couple to neutral

!Tndeed, a two photons state with opposite helicities has a non zero spin.
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particle directly, i.e., there is no K%y~ coupling at tree-level. The only chance
for this process to occur is through charged 7w or KK loops. Consequently,
potential O(p*) loop divergences cannot be absorbed in a O(p?) amplitude.
In other words, the O(p*) amplitude is finite. Note however that this does
not mean that the AJ” is automatically free of local contributions. It rather
means that, a priori, local contributions, if any, appear in finite combinations.
Following the standard power counting of ChPT, O(p*) topologies consist of
either loop diagrams or tree diagrams involving one WZW vertex. In fact,
WZW vertices are the only ones able to produce the €,,,, amplitudes that
generate A%. Tackling the loop contributions first, we get

Joop __
Alldoor — +{X: +H<i +

2
- O‘;mm —72)F (r72) Gs (1 + dar — 6,) +
F3 (0233)
+ 8a§mm—§( [F(1) = F (r;?)] Gew ,

where r; = my/mg, qem = €2 /47 and the non-octet contributions collected
n

L
9Gs

2G,, _
(G2 +5GE) and 6, = = —(F(1) + F (r2)), (C.24)

07 = 3 Gy

where F (r;?) ~ (0.7 — 1.1i) indicates pion loops whilst F (1) ~ —1.1 signals
kaon loops, F being the scalar loop function defined in Eq.(A.20) . It seems
that the weak mass term of Eq.(B.12) contributes here. In principle, this is
allowed because the lowest order contribution to the present process is O(p?)
(see Ref. [186]). However, AUW is still incomplete since it does not yet take
into account the weak mass term ability to produce tadpoles. These effects are
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given by

tad _
Alged = +ﬁ: +ﬁ +
—&-Afz +—$ i

=~ 2B (1= 2)F (172) G (+) | (C.250)

™

and cancel exactly the Gy, term of AMOOP in Eq.(C.23a). The complete O(p?)

amplitude Al = allleor 4 alited i therefore, given by

20em,

AL'W = TF(1 —r2)F (r;?)Gs (14 627) +

3
+ 8a§mF—2 [F(1) = F (r;?)] Gew -
My
No local counter-term contributions are found here as no tree-level K%y~ vertex
appear at O(p*). It means that the predicted ChPT amplitude in Eq.(C.26)
will not be affected by our poor knowledge of the weak local counter-terms.
Let us now turn our attention to the perpendicular helicity amplitude A#W
which also starts at O(p?) and is driven by the WZW anomalous Lagrangian
through the following pole exchange processes

2a
1 ) em 2
AL = =i— Fmi %

G-+ Gou = G + K(GW? ~ GY) G+ G G
(mi —m3) 3(m3, —mi)

8 (C.27)

where the 7° and 7z poles are clearly apparent, and where we assumed the
overall factor N¢/3 to equals unity. This amplitude vanishes in the isospin
limit where GS?/Q) = Gg?;/Q) and m3 —m2 = 3(m2, — mj) holds. In order
for this amplitude to differ from zero in the isospin limit we may either go at
O(p°®) or in U(3), see Ref. [114].

Finally, we stress the fact that by ReA) | and ImA | we refer to weak phases,
i.e., the ones driven by the G; coupling constants. The strong phases, broad
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by the on-shell intermediate loop states are for their part included in F and do
not feel the C'P transformation applied in Eq.(C.20) by definition.

C3 K — mm(y)

K —7nr

Kinematic

We choose to parametrize these decay amplitudes as A(K(P) — m(q1)m2) with

+ 0,0

an = a1, 7%% or 7770 so that in the rest frame of the decaying kaon and

in the isospin limit, we have

PZQ1+q2a PQZMIQ{a Q%ZQS:Mz and q1-q2 = (M[2(_2M72r)7

DN | =

where M; indicate kinematic (or equivalently physical) masses which are de-
generate with the bare masses m; at tree-level only. This distinction is crucial
in order for the renormalization process to work properly.

O(p?) amplitudes
At the lowest order, the K — 7w amplitudes are obtained from the following
tree-level topologies

A = A(K! — n/78) = + (C.28)

and are explicitly given by

L) | 562|002 2
A ——\/§F[G +-GY?Y+ ¢ M2 — M2)—
0+ 8 927 927 (My ) (C.292)
—V2e2F3G.y |
Aoy — —BF |Ge 4+ 2a/d _ W ae ) e 2
000 = — 8 + §G27 -3 Gs? 7| (Mg — MZ) , (C.29b)

5 p
Airo=—3 FGS/P (M2 — M2) + 2F3G, - (C.29¢)
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The second topology in Eq.(C.28) is in fact evanescent, it just cancels the G,
contribution generated by the first topology. Moreover, these amplitudes ex-
hibit a dependence in the physical masses M; only. Renormalizing masses at
lowest order will, therefore, be useless. Still, O(Ggp?*) as well as O(Garp?) am-
plitudes require the renormalization of both wave functions and decay constant
while for the O(G,e2p?) contributions, the wave function renormalization is
enough. Two different renormalization procedures are, therefore, needed:

F2
AIJK — Z;(/QZ.H- ZI};ZEQ s A[JK s (C30a)
FFg
s [F.1°
Arjg — le(/zzﬂ. Zf |:};r:| Arjk (C?)Ob)

for the Gg/ Gé? and G, components, respectively. In both cases, wave func-
tions are renormalized using renormalization constants Z, x given in Egs.(C.9)
while renormalization constants for decay constant are given in Egs.(C.16). Re-
garding the G, amplitudes, we simply substitute the bare F' for F}., though
it is not required it allows us to express the decay amplitude in terms of a
physical decay constant F,. Concerning Gg and Go7 amplitudes, the bare F' is
replaced by the particular combination F2/Fy. This is not mandatory since
we could have chosen to replace F' by F;; as well. Yet, the advantage of pulling
out the factor F2/Fg lies in the fact that the associated factor Z}(/ZZW ZE Zfz
does not depend on strong counter-terms in such a way that the renormalized
amplitudes have no explicit dependence in the L; constants, see e.g. Ref. [183].
Doing so, we obtain

Ay = Ak +0ALk (C.31)
where
F? 1 a/2) , 5 3/2
Ay, =2 [G + -G L 268 (M2 — M?)—
0+ Fr 8 g 27 927 (Mg ) (C.32)
- \@eQFfGew ,
F? 1 10
Apoo = —V2_Z |Gs + ngl/Q) - *GS/Q) (Mg — M2), (C.32b)
Fy 9 9
5 F2
o = —giGg‘?;/Q)(Mi ~ M?) — F2Gey | (C.32¢)

are the renormalized lowest order amplitudes whereas

2 1 )
§Ags_ = /2K [G +-GW? + G<3/2)] 1—r2)A—
0+ Fr |8 g7 927 ( ) (C.332)

— V262 F, G A,
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2
1
S =~V |Gs + G(1/2 goc;gi/“') (1—12)A (C.33b)
SAy o= —2 mic GS/P (1 —12)A = F,GepA | (C.33¢)
"3 Fx
with
1 2 2 2
A= e [19A40(m2) + 1440 (m%) + 3Ag(m2,)] (C.34a)
1
A = [53A0(m2) + 22A0(m7%) — 3A¢(m3,)] -

24(4m)? (C.34b)
—4L5(m% —m2) ,

are divergent higher order corrections regularizing the NLO loop and counter-
term contributions computed in the next section. Notice that in these NLO
contribution we use the bare masses m; for pure convenience. Substituting the
physical masses M; for the bare masses at this order is allowed since it produced
NNLO corrections which are beyond the order at which we are working. The
same comment applies for the choice of the decay constant : in these NLO
expression we can either use Fx, F; or F. However, once a choice is made,
it has to be applied in all NLO contributions in order for the divergences to
disappear properly.

O(p*) amplitudes
There are two types of NLO contributions to K — #7m: local counter-terms

contributions and loop contributions. The former are driven by the following
tree-level toplogies

ATk = 4C< K (C.35)

which are explicitly given by

4
A5 = V(1o Cala 4 GO0y + S8 D3/2}
K

JELF (C.36a)
G, zW
mK ew
: mic /2 10 (3/2)
Afpo = +V2 5 [(1 —r ){Ggm8 + Gy D1 — 5 G D3/2}
K EF (C.36b)
+ €2 K GewZQ)]
mi
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4

Ay = %{ 2(1 —12)G5/ Dy + eQ%Gewz@ . (C.360)
with the various counter-term combinations defined in Egs.(C.40). It is worth
noticing that here we kept only divergent counter-terms. More counter-terms
should, in principle, appear in these expressions. However, as they appear
in finite combinations, it is quite sufficient to hide them in the finite part of
the various counter-terms combination in Eqs.(C.40), which eventually can be
absorbed by a renormalization of the low energy coupling constants Gg, Go7 and
Gew- Regarding the loop contributions, the situation is a bit more involved.
The relevant topologies are given by

+ H{K + 4(
to which we should, in principle, add tadpole topologies. The overall effect of
these contributions being the cancellation of all G,, contributions we do not

show them explicitly even though this cancellation has been explicitly checked.
After going through all the calculations we obtain the following loop amplitudes

Aloop _ \/i m%{
0= """ 2(47)2 Fg

loop __
AIJK -

(C.37)

{G PO 4 G(l/z P2 G3/2) PO

F.F
+ T G By + mi({GgFg‘) + §G§17/2)F§/ 24 (C.38a)
K
5 o FAF
L oGP pe | b gD H
9 m3

1 V2 m? 8) 1 /21720 10 L(3/2) ~(3/2
i 2k arty 1 oy - e,

F.F 1
+e2 2 EG,, ES +m§({G8F§)+Gg/2)Fg/2)— (C.38b)

m? 9

10 (3/2) (3/2 F 'k 2

e = Fule Bt >H

1 m2 5 F, FK
gloop _ M D (3/2) p(3/2) 2 WED 4
0 9(47)2 Fi {3%7 4 m3 mz

(C.38¢)

3

5 F.F
+ m2 fGéz)}/z)Fé3/2)+627KGewE§’) ,
3 mi
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where the various recurrent loop functions are collected in Eqgs.(C.41). Using
the results of Eq.(A.12) and Eq.(A.13), as well as the counter-term divergences
of Tab.(B.1), it is now easy to check that the NLO amplitudes

Argi = Af g+ 0Argk + AS e + APPR. (C.39)

are finite. Our interest in these NLO amplitudes is in fact indirect. What
really matters for us here is their implications to the radiative modes K — wmy
analyzed in the following section.

Counter-terms and loop functions

The various counter-term combinations relevant for the X — 77 renormaliza-
tion are

Ng = 2[(N5 — 2N7 + 2Ng + No)+

5, (C.40a)
+ (2N5 + 4N7 + Ny — 2N1g — 4N11 — 2N12)1% ]
Dy, =(Dy— D5 —9Dg +4D7)—
12 = (D4 5 6 7) L (C.40D)
- 2(6D1 + 2D2 - 2D4 - 6D6 - D7)’/‘ﬂ_ 5
D3/ = (D4 — D5 + 4D7) — 2(2D5 — 2Dy — D7)r2 (C.40c)
1
yASIES 3 [Z6(1+2r2) — 6Zew] (C.40d)
1
7? = (2% + 379)(r2 1), (C.40e)
720 = Zs + Zo(1 — r2) — 2Zey, (C.40f)
Zew = (21 +225) + (221 + Zo)r2 . (C.40g)
Here are collected the various one-loop functions occurring in K — 7 loop
amplitudes:
® _ 2 2 - 2
Fyl =3 (—1+4r2) Ak — 3 (re?—142r2) As+6F4 , (C.41a)
FO2 = L (15002 10 4 4602) g + (207 — TH4r?) Agt
6 (C.41b)
+0Fy
; 1 1
FE2 = 5 (3% =5 5r0) A — 4 (7 + 1+ 27) Ast

4 (CAlc)

- % (15r;% — 97+ 10672 ) Ar
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1
0Fa = (37" +1-10r2) A . (C.41d)
1 1
FfY = 5 (L 72) Bss + ¢ (2~ DB + 0P (G419
(1/2) _ 2 (1 _ 2 2,2
Fy r2 (1 —17) Biss + 3 (—r7?4+1)Bxxs + 6Fg , (C.41f)
FE2 = (1=3r2 4+ 2r}) Bgrr + — B ( 2= 1) Bris+
. (CAlg)
+ Z (5r7? = 134 872) Brkr
0Fp = — (2= 3r% +73) Brcan + 5 ( —54+412) Brkr (C.41h)
8 1 1
EVY) = —C Ak + = (2-3r72) Ag + — (9r7% — 46) A, (C.41i)
3 4 12
1 1
Eg) = 53}(}(}( Brrr + 47“7r287rK8 + - 1 (3 ;2 - 8) Brkx (C.41j)
ED - -2 9y 4 — A C.41k
Q=5 (72 —2) (Ax - An) (C.41K)
B = LB v2(1+ )B _lp C.411
B 9 KKK T Knm 2’]",“, TKm ( . )
1
EQ =~ (372 +10) AK+ 1 (30r;% — 116) A,
6 2 . (C.41m)
= (Bt = 2) As
Eg)) = (1 — 27“ ) BKﬂ—ﬂ— + _2B7TK8 + = 4 (5 2 8) B7TK‘IT ) (C41D)
where, for convenience, we deﬁned
.A[ = Ao(m%) and B[JK = Bo(m%,m?,,m%() . (C42)

with Ag and By the one-loop scalar functions defined in Eq.(A.12) and Eq.(A.13),
respectively.

K — mmy

Kinematic

We parametrize the three body decay amplitudes K — w7y as follows

A(K(P) — m(q1)m(q2)7(g3)) (C.43)
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+ 0.0

with the pion pair 77 = 7~ 7, 7970 or 7~ 7%, Moreover, if the mass difference

between charged and neutral pions is neglected, we have
P=q+a@+a, P'=Mg, ¢=¢=M; and ¢5=0, (C44)

where M; indicates, as usual, the physical mass of the particle ;. While a two
body decay kinematic is completely fixed, a three body decay amplitude needs
two kinematic variables to be completely specified. The amplitudes presented
in this section are parametrized in terms of two of the following kinematic
variables:

.1 q3 . G243 . P-g
2 = M 29 = M and 23 = Mif( , (C.45)
where, in the kaon rest frame, we have
E,
=—. C.46
7 My (C46)

These variables are not independent since the transversality of the on-shell
photon implies that z3 = z1 4+ 2. In particular, we will systematically use the
relation

1
Qg = = [Mp — 2M2 — 221 My — 220 M|

(C.47)

N~ N

[(1—223)Mf —2M7] .

This parametrization in terms of z; is particularly well suited for analytic com-
putations but, in order to compare them with experimental data, alternative
parametrizations will be presented in Sec.C.3. From Lorentz and gauge invari-
ance, the most general K — 7y amplitude reads [103,104, 193]
AM
A(K — 7(q1)m2(g2)7(g3)) = E(Zlazz)MfKJr

€"P7 q11,42,q3
—— = en(as)

+iM(21,Z2) M}O’{ u

with M = 29¢4" — 2165 and where the two terms F(z1, 22) and M (21, 22) are the
dimensionless electric and magnetic amplitudes, respectively. Note that they
do not interfere in the rate once the sum over the photon polarizations is done,
since photons produced by E and M have opposite parity. The electric part
can be further decomposed into a bremsstrahlung (QED emission) and a direct
emission term as

E(Zl, 2’2) = EIB(Zh 22) =+ EDE(Zl, 2’2) , (049)
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whilst the magnetic part is pure direct emission, M = Mpg. Indeed, QED
bremsstrahlung radiations are not able to generate a magnetic emission such
as M. Moreover, when the energy of the photon goes to zero, i.e. when g3 — 0,
only Eyp is divergent and, according to Low’s theorem, entirely fixed from the
non-radiative process K — 7w, while the direct emission terms Fpg and Mpg
are constant in that limit. In this work we focus on the electric transition only.
Analysis of the magnetic transition can be found in Refs. [99-102]. Without loss
of generality, and for sake of simplicity, we choose to express the forthcoming
K — mry amplitudes in terms of the CP eigenstates K o in the CP conserving
limit. The general case may be recovered going back to the strong eigenstate
basis where it is then sufficient to replace the coupling constants G by their
complex conjugate G7 in KO and K~ amplitudes.

O(p?) amplitudes

At lowest order the relevant topologies are

AYT}K = A(KI — 7TJ7TK’}/) = /

where the floating photon is to be attached to all possible external charged leg.
The last topology where the photon is directly emitted from the weak vertex

+ (C.50)

is, at this order, evanescent on-shell: in final on-shell amplitudes, it disappears
in order for the gauge invariance to be fulfilled. For the sake of completeness
and to stress that at NLO these processes, contrary to the non radiative decays
K — 7, require the renormalization of the masses we give the explicit off-shell
amplitudes. Using the following shorten notations,

A; =m? — M? (C.51)
and
. L (1/2) | 9 ~(3/2)
Gl - G8 + §G27 + §G27 5
1
Gy = Gs + §G§17/2) .

we obtain the following off-shell amplitudes:

A +2€F (Gy (2M}E — m2 — M2) + 182 F%Gly,) )
1+- z9 (221M12( — Aﬂ—)
( 1A (C.52a)
21— 29) Ay .
XA €(gs) + 5 g - € (ga)

QZQMIQ{ - Aﬂ-
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A(’Y)f —— AWX
o 2 (221 M — Ax) (C.52b)
« (42122M12{ — ZgAﬂr) «
X |:)\'€ (g3) — (@22 —A,) q2 € (g3)]
2eF
A(W) — Aw _
+H0 22201 M} — Ar) { Gz
e2F2QG,
— =T (9 M2+ A A
(223M12<+AK)( =2 K+ K+ ﬂ—)+
5G§;/2) 2 2 2
+ 9(2z3 M2 + Ak) [ = 3(Mie = M) (22 Myt
X\ e -
(a) (C.52¢)
- 2el 2 ALGot
20(221 M2 — A,) 1o
e2F2G.y
- - " A AW
(223M12( AR (z1AK + 230;)+
5Gy 2 _ o
M7 — M A Ar)—
T 9@n2 | Ax) [B(Mi = Mz) (218 + 257)
— 2Z123M}2{(3AK + 4Aﬂ-) — AKATI'(Zl — 322)] X
X q2-€(q3)
Ay = AL =0, (C.52d)

The bare mass and the physical mass differences vanish at lowest order and
the gauge invariance is subsequently fulfilled since all the gauge symmetry vi-
olating pieces proportional to gz - €*(g3) drop out. At NLO, on the other hand,
masses are renormalized so that m? # M? in such a way that the renormal-
ized tree-level amplitudes are no more gauge invariant. Yet, as shown in the
following section, these gauge violating contributions will cancel against loop
and counter-terms induced gauge violating contributions.

We may, therefore, conclude that the K — wmy on-shell electric amplitudes
are given at lowest order by

B =R = —ﬁA(Kl St (C.53a)

e
E++O = EH3+O = —WA(K+ — 7T+7TO) s (C53b)
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E**" =g =F*0 = (C.53c)

where the non radiative amplitudes are obtained from Eqs.(C.29). In other
words, there is only bremsstrahlung emission at lowest order and these infrared
divergent contributions (obtained taking z; — 0) are completely fixed by the
corresponding non radiative amplitudes as predicted by Low’s theorem. Note
that the bremsstrahlung emission infrared behavior make them the dominant
contributions for low energetic photons. Note also that the direct emission
starts to contribute only at NLO, since in order to produce a real photon we
need a F),, factor, of O(p?), which has to be accompanied by two derivatives
9,0, of O(p?) as well, in order for the Lorentz invariance to hold.

O(p*) amplitudes

At NLO, things become more involved. With regards to the counter-terms
contributions, the number of possible topology is sensitively bigger than the
one require for the non radiative mode. Indeed, we have to deal with the
following topologies:

ct
A%)K =

C.54)

B A

where the floating photon is to be attached to any charged external leg and
where both strong and weak NLO counter-terms step into the game. Regarding
the loop amplitudes, the situation is even worse: the number of diagrams for
one of the K12 — 77y channel is of O(100) for charged final states (7 7%y
or 7w~ 7) and of O(20) for the neutral final state (7°7°%y). Of course, these
diagrams originate from a fewer number of basic topologies, partly obtained
from the one-loop topologies of a two body decay supplemented by one extra
external leg (attached on a vertex or either on an external or internal leg). But
one also has to take into account diagrams derived from the following generic



140 Chapter C: Amplitudes in ChPT

topology

: (C.55)

which is the one responsible for the mass renormalization we already noted from
the tree-level amplitude and which is also connected to the last two diagrams of
Eq.(C.54), where only L4 g strong counter-terms matter, see Egs.(C.7) and
Eq.(C.8). Yet, a simplification occurs regarding the loops: it is not possible to
build a loop amplitude for which the weak vertex is a mixing term like K7 ~.
This can be easily checked by inspecting all the possible topologies.

Needless to say that the final NLO K — w7y are huge expressions. However,
it is possible to get rather compact expressions if the non-radiative amplitudes
are used. Here is how it goes:

1. the renormalization of the amplitudes in Eqs.(C.52) is performed. Re-
garding the wave functions and decay constants, we follow the same pro-
cedure as for the non-radiative amplitudes, see Eqgs.(C.30). The mass
renormalization is performed directly from the off-shell amplitudes us-
ing Eq.(C.4) and Egs.(C.7). We then end up with non gauge invariant

amplitudes
ATk = AR = AR + 0AT) (C.56)

where the non gauge invariant contributions come from the renormaliza-
tion procedure, i.e., they are proportional to either scalar loop functions
Ag or strong counter-terms.

2. the counter-terms contributions is then added to AS’})};CC to give Ag})lt(mcﬂt,

where all the gauge violating terms proportional to the strong counter-
terms drop out.

3. the loop contributions are finally added to obtain the complete amplitudes

A = Agrser (e

which are now fully gauge invariant and finite.

4. the corresponding electrical amplitudes are extracted from the complete
amplitudes and split into their bremsstrahlung , loop and counter-terms
component as

By = Bfg" + By + BGS (C.58)
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Doing so, we obtain

e

B4 — ¢ A C.59
B legMK 1+ ) ( a)

EXH0—__ ° 4 ... C.59b
B PO VR ( )

B~ =Ei’ =ER’ =0, (C.59¢)

where the Aj;x are given in Eq.(C.39), namely, the full NLO on-shell K — 77
amplitudes that include both counter-terms and loops (which include, in partic-
ular, the strong phases arising from 77 loops). Adopting this renormalization
for the bremsstrahlung contributions, the loop contributions are given by

E++0 = [h Zl +g 2:2 4A+h7r7r(_23) + QAethK(_Z3)] ) (Cﬁoa)

loop

Bt =N [h(z1) + h(z2) — 84 hnr(—23) — 4A“hi i (—23)] , (C.60b)
B =N [h(z1) = (=) (C.60c)
Eigep =N [§< 1) = g(=2)] (C.60d)
B = (C.60e)

where we introduced the normalization factor

e(mi —m3)

N = — SR (C.61)
while the composite loop functions h and g are given by
h(2) = A%, (2) + A%hrxc (2) — AT hiea(2) | (C.62a)
9(2) = 24" (e (2) + hr(2)) . (C.62Db)

The loop functions h;;(z) are given in Ref. [104] in terms of the subtracted
three-point Passarino-Veltman function Cyy and they are also explicitly given
in Eq.(A.21). The A? are, on the other hand, defined as follow

1

At = %Gg”;/?) - A (C.63a)
1
A% = Gy + fGél/ 24 gag?;/ 2 Ao (C.63b)
A® = Gy — 7(;(1/2 %Gg‘”’/?) - gAew , (C.63c)
with
ew _- 62F7?
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Note that in Egs.(C.60), h and § are respectively given by h and g in the limit
where G, = 0, while Ello%op vanishes because of the combined effect of CP and
Bose symmetries. It is also worth pointing out that all the loop contributions
are finite (the f;7(z) functions are, indeed, finite by construction, see Eq.(A.21)
and Eqs.(A.22)) and constant in the z; — 0 limit, see Eq.(A.23). As a con-
sequence, the counter-term contributions must be finite too: we, indeed, find

that

2eGg M3
(B&EO, BEy Bt ) = == (=Ni, 2ReN;, 2imN;) , - (C.650)
K
Bl =E& =EXR =0, (C.65b)

where we relaxed the CP conservation limit in order to make the imaginary
part of the counter-term explicit and where the counter-term combination is
given by

N; =N14 — Ni5 — Nig — N7+
1
18Gy

(C.66)
+

(G52 +5GE/*) (D1 + Dua +3D15 = Dig)
where both octet and 27-plet combinations are separately finite, see Tab.(B.1).
Since electroweak counter-term emerge from density-density operators, they al-
ways contain two derivatives power less then current-current four quark opera-
tors. Hence, Lorentz invariance forbid them to produce a real photon through
F,, at NLO as at that order they are of O(p?) and this explains why they do
not appear in Eq.(C.66).

Multipoles expansion

In the previous section, we gave the full K — 77y amplitudes at NLO in
ChPT. In particular, we saw that the Low’s theorem prediction holds at NLO
since we were able to fully express the bremsstrahlung amplitude in terms
of the NLO K — mr amplitudes (see Eqgs.(C.59)), which include the partial
strong phases found at that order. At the same order, the direct emissions
receive strong phases as well via their h,, dependencies (see Eqgs.(C.60a) and
(C.60b)). We already mentioned in chapter 1 that a complete treatment of
strong phases is tricky within a perturbative approach. In fact, the strong
phases we found at NLO are only partial contributions expected to be corrected
at higher order. Nonetheless, one of the basic ingredients when dealing with
CP violating observable is weak and strong phases interferences. In the case of
K — 7 decays it has become usual to put the strong phases by hand through
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the so-called unitarization of the partial isospin amplitude. In a nutshell, it
amounts to consider the strong phases as parameters fitted from experiment
rather then robust theoretical numbers. In the case of K — ww decays it is as
easy to implement as it is easy to decompose the amplitudes in their isospin
components, see Eq.(1.18). In the radiative case of K — 7wy, the strong phase
assignment procedure is more sophisticated but can still be achieved thanks to
the so-called multipole expansion.

Let us recall that the parity of a photon of total angular momentum J, = L+S,
S = 1 being its spin and L its orbital momentum, is given by P, = (—1)(—1)* =
(—1)L*! such that a photon may be in two different parity states : electrical
27-poles with P, = (—1)7*1 or magnetic 27-poles with P, = (—=1)7. In the
context of K — mwmy decays, they are respectively described by the electric
amplitude F(z1,22) and the magnetic amplitude M (z1, z2). Let us now label
the total angular momentum of the two pion states as Jo, and notice that:

1. since kaons do not carry angular momentum, the angular momentum
conservation tells us that, in order for the K — wmy decay to be allowed,
J, = Jor in such a way that J, ® Jo, contains 0,

2. Bose statistic imposes that, under the exchange of the two pions, the
corresponding parity given by (—1)727*1 = 41, I being the isospin of the
two pion state.

If F (21, 22) represents now the electric (or the magnetic) direct emission ampli-
tude for a given K — 7y channel, we may expand it in power of d_ = z3 — 25
using a simple Taylor expansion around z = z3/2,

zlgz—j:—:z:lz—, (067)

to split it in 21 > 29 symmetric F; and anti-symmetric F_ components (by
collecting even and odd power terms in §_). We, therefore, decompose the
electric direct amplitude into two terms:

AR )
Ay = F¢m—K5#(q3) where M = zo¢) — 214 (C.68)

which are respectively symmetric and anti-symmetric under the exchange of
the two pion as under such an exchange, z; — 2o and A — —A*. These
symmetry properties imply that the pions are in an I = 0,2 state in A while
being in an I = 1 states in A_. Correspondingly, and due to Bose statistic, J
is even (J, =2,4,...) for A} and odd (J, =1,3,...) for A_. In conclusion,
the direct electric amplitudes can be expanded in multipoles, according to the
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angular momentum of the two pions [98]:

Epp(z1,22)eP? = E1(23)e™ + Fa(23)e"? (21 — 22)+

) C.69
+ E3(Z3)€163 (Z1 — 22)2 + ..., ( )

and similarly for Mpg. There are several interesting features in this expan-
sion [69]:

1. for K° decays, the odd and even multipoles produce the 77 pair in op-
posite CP states. Indeed, the 27 being a CP even eigenstate, the CP
properties of the final state are dictated by the photon one, which is
given by (—1)%,

2. when CP-conserving, the dipole emission F; dominates over higher mul-
tipoles, which have to overcome the angular momentum barrier (in fact,
|21 — 22| < 0.2),

3. the strong phases can be assigned consistently to each multipole, since it
produces the w7 state in a given angular momentum state,

4. if the E;p and Epg amplitudes interfere and have different weak and
strong phases, a CP-asymmetry can be generated, see Eq.(2.11).

In the context of the present work, we will focus our attention on the dipole
component F; of K® = 77~y and KT — 7t 7% amplitudes extracted in the
following section.

Dipoles

For K — nt7%y, the function E'°P(W?2,T*) occurring in Eq.(C.70) is
GgElOOp(Zl, 22) = Re [h(Zl) + 9(22) — 4A+hﬂ-ﬂ (72’3)] y (C70)

as obtained from Eq.(C.60a) by neglecting Re A°” <« ReGs o7 (since Gy is
entirely generated by the electroweak penguins). The real part refers to the
weak phases only. Performing the multipole expansion and expressing the
K — PP amplitudes parametrically in terms of the K — 77 isospin amplitudes

1 2
AO = \/iFﬂ(m%( — mi) |:G8 =+ §G;42 _ 3A€w:| ,
(C.71)

5 1
Ag = 2F(mF —m3) [QG%Q - 3Aew] ;
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we find
GsE" (23 = 22) = % [Aoho(2) + Asha(2) + As2dha(2)] , (C.72)
where
ho(2) = V2(hiy(2) + hri (2)) | (C.73a)
ha(2) = s (2) + Shic(2) — Gher (~22) = Shica(2) (C.73b)
(5h2(2) == 3hK7,(Z) — 6hKK (—22) s (C??)C)

with Asa = —(2/3) F(m% —m2)A°”. For the small 6h2(z) term, we can further
set Im Aso = Im As, since CP-violation from Qg dominates in the AT = 3/2
channel. Eq.(2.16) is then found by defining (0)hao(23) = (6)h2(z)/ho(z). Let
us stress that Ay and A, are just convenient parameters to keep track of the
weak phases of Gg, Ga7, and Gey,. As such, they do not include any strong
phase. Further, the strong phase originating from h,, is discarded, as it has
already been taken care of through the multipole expansion.

Similarly, the K° — 7+ 7~ direct emission amplitude occurring in Eq.(2.31)
is the dipole part of the amplitude in Eq.(C.60b),

By (2= 22) = —é;% [Aohh (2) + Ash) () + Asa0hly(2)] — ‘leii”ﬁ(zvi ,
where

ho(2) = V2(hien(2) + heic (2) = 4hnr (—22)) (C.74a)

By (z) = —%hm,(z) + s (2) — ghm(z) Al (—22) (C.74b)

S1y(2) = Bhgen(2) + G (—22) - (C.74¢)

Again, defining (6)hb,(z3) = (0)hh(2)/h(2) immediately leads to Eq.(2.35).

It is worth noting that, contrary to what is generally stated, the amplitude for
K1 — 7%7% does not vanish at O(p?), but is suppressed by the AI = 1/2
rule. Being in addition a pure quadrupole emission, the rate is tiny

B(Ky — 1°7%y)q,, = 7.3 x 10713 (C.75)

For comparison, Ref. [103] found that, using dimensional arguments, the Gg
contribution at O(p®) is of the order of 1071°, much larger but still far below
the experimental bound 2.43 x 10~7.
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Fig. C.1: Representation of the phase-space in the (z1, z2) plane.

Phase space parametrisations

We saw that z1 5(3) are well suited variables to investigate K — mmy the-
oretically. Yet, as we will see, alternative sets of variables are more suited
for experimental investigations. From an experimental point of view, it is ap-
preciable to describe a given process in terms of measurable quantities and
in order to compare theory and experiment we must be able to go from one
parametrization to another. This is the purpose of this section.

(21, z2) parametrization

The parametrization of A(K — 77y) in terms of Lorentz invariant variables
z1,2 was presented in Eq.(C.45). Let us now find the range over which they
evolve. In the kaon rest frame, using the momentum conservation law, it is
easy to see that

Es;

21,2 = 2,1 — M;( s (076)

where E; is the energy of 7(g;) = m; while

1.2 = (1 + 7’%’2 - 7"%’1) (077)

N =

is a constant where r; = My, /Mg . Up to now, z; 2 are equivalent so, without
loss of generality, we start by looking for the extrema of z5. It is clear that
29 reaches its maximum when Fj is at its minimum, i.e., E{® = M, , such
that z5"** = ay — r1. Conversely, zo will reach its minimum when FE; hits its
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maximum. Looking at the Mandelstam variable
s = (QQ+Q3)2 = (P—ql)2 = Mgz +QQQ-(]3 = MIQ(-FM?I —QMKEl s (078)

we see that it happens when g3 = 0 so that E*** = Mga;, which subsequently
leads to 25" = (. In order to find the bounds for z; when a value of zy is fixed,
we ask for the angle between the two pions to exist, namely, we force

E\Ey—q -
cosf = M (C.79)
|71 1|2
to satisfy
—1<cosf <+1. (C.80)

This is performed by rewriting cos 6 in terms of z1 » using Eq.(C.76) and if the
cos f indeed exists then

0<z<ay—11, (C.81a)
B— \/B2— Ar? B+ /B2 — Ar?
BoVBAR, BB csm)

where A = r% + 229 and B = a1 — r% — z3. The derivation of the z5 range is
not detailed because it is just simple (but boring) algebra manipulations. Note
that we could, of course, have started with z; in which case we would have
found the same range but with 1 < 2 indexes exchanged. The corresponding
phase-space displayed in Fig.(C.1) reflects, indeed, this symmetry.

(Ty, E) parametrization

This parametrization is interesting because it consists of the kinetic energy T
of one of the pion, say 7, and the energy of the photon E,. Both variables
have a simple physical interpretation and are particularly well suited for phe-
nomenological investigations. The range for T} is easily obtained from that of
2o since they are linearly related as

T:
=a; —1r — C.82
z9 al T1 MK 5 ( )
it follows directly from Eq.(C.81a) that

Once again, the existence of cos gives us the allowed range for E,. In the
present case, we write cos ¢ in terms of Fy and Fy = Mg — Iy — E,, using the
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Fig. C.2: Representation of the phase-space in the (T}, E,) plane.

energy conservation condition. Since Ej is fixed once T} is fixed, the condition
on cos f can be solved following the same lines as before and it is found that

(Mg — E1)? — M2, — P?
2(Mg — By + P)

(Mg — Ey)? — M32 - p?

L P (O

<E, <

where By =T + M,, and P = \/T*(T* 4+ 2M,,). The corresponding graph-
ical representation may be found in Fig.(C.2). Finally, note that the variable
substitution (z1, z2) — (T, E,) goes along with the simple Jacobian

0? 02

—_— == 2 —
02102y Mi T OFE, (C-85)

(T, W?) parametrization

The third and last parametrization presented here is derived from (T}, E,) and
is obtained by trading the photon energy for the variable

M2 E . My
= M712(12123 = Mi;z:ll <E’Y + Tc + ]\47‘—1 - 20/1) . (086)

e
The relevance of this particular variable is not obvious at first but it pops up
when looking at Eq.(2.2). This variable differently weighs differently the var-
ious contributions entering the differential branching ratio of K+ — 7t70y,
namely the bremsstrahlung , interference and direct emissions. This is particu-
larly interesting experimentally, since it allows to probe these various emissions
by setting well suited W2 cuts. Its range is in fact easy to get because W? is
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Fig. C.3: Representation of the phase-space in the (T*,,W?) plane.

a monotonic increasing function of E,. So using the bounds for E, the corre-
sponding bound on W? are directly infered to be

Mg (E; — P)(Myg — 2E;)?
4M2 (P — Ey + My)?

Mg (E; + P)(Myg — 2E;)?

< W2
- 4M72rl(P+E1 —MK)2

IN

(C.87)

with the same conventions as in the last parametrization. For numerical anal-
ysis, the present parametrization is the most suited since it allows simple com-
parison with experimental results, in particular regarding the experimental
cuts. We, thus, find it useful to mention the relation between z; and (T}, W?)
variables:

1 1
=3 [{(kc +r—ar)? + 47”%W2}2 — (ke +m — al)] , (C.88a)
1 1
a=3 [{(kzC +r—ay)? + 47"%W2}2 + (ke +7r1 — al)} , (C.88b)
za=a1—11— ke, (C.88¢c)

having introduce the dimentionless variable k. = T /M. The corresponding
graphical representation is shown in Fig.(C.3). Note that because the relation
between z3 (or E,) and W? is non-linear, the Jacobian associated to the variable
substitution (21, 22) — (T, W?) is not one but rather

82
ITxoW? "

Nl

® My
0210zy 137

4riW? + (ke + 11 — al)z] (C.89)
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C4 n" — 7w

Amplitudes

As already mentioned in the text, tadpole amplitudes like
F o L S— | (C.90)

vanish trivially. Two kinds of vertices may appear here: derivative ones pro-
duced by Lg, Lgs or Lo7 or non derivative ones produced by L,,. Here, L.,
does not contribute as only neutral particles may enter the tadpole amplitude.
Furthermore, since L,, is the only interaction that may produce tadpole tran-
sitions, the amplitude will be expressed in terms of interference terms between
G, and either Gg, G5 or Ga7. Non interfering terms are, of course, absent as
the amplitude is CP violating. As a result, A(n") — )t amplitudes are
proportional to the square of the incoming momenta. As a matter of fact, we
get

ad  BF° 5 (mi —m2
Al — 0)5¢ = —p? (5) [(Farm = Tsm)sot

Y AN (C.91a)
+ (2187771—&-3[5,7”)\/5(:(/,] ,
8F5 m2 —m?
Al = 0t = — 2<K “) Iy7.m — Ism)co—
(77 ) \/gp m%{ _p2 [( 27, 8, ) (2 (C91b)

— (2Ign + 3L5,m)V25,] |

where p denotes the incoming momentum. These amplitudes vanish once taken
on-shell since in that case p? = 0.

So, as explained, we are lead to consider ) — w7 amplitudes which are
produced by the following topologies:

A" = 1)y

, (C.92)
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which sum up to give
4

A = 7%7%) = ——F3a(m2,) [6Is 27 + I(Is,s — I27,5)] V2¢, , (C.93a)
3v/3
4
A(?]/ — 7T+7T7) = 3\/§F3a(m%,){ [9[875 - 418,27 + 6[2775)] \/§C¢+
(C.93b)
+ 5]87278¢} + 5éw y
where
2 2
oy - o DT — M
= _— . . 4
o) = (505 ) (©.91)

The corresponding amplitudes for n are obtained applying the complementary
relations of Eq.(4.19). The electroweak correction affecting the charged channel
reads, for its part,

_ 167 F®

8, = 7 aemﬁ(mi,) [(2]8,510 + 315 c0) V20, +
3—dr 41! 2—(rhe + 1) (C.95)
+ (,K,ﬂ[&ew + ,K,ﬂIQ?,ew) Scp:| )
'k —Tx K~ Tx
where we introduced the notations
m? 1
r = and B0 =p'5— (C.96)

2 _
o p* —my

In Egs.(C.94) and (C.96), the simple pole at the K-mass indicates that the only
relevant topology for n) — 7m decays is eventually the first one depicted in
Eq.C.92. Indeed, the remaining topologies cancel out once summed up, making
the O(G%) amplitudes given in Egs.(C.93) b-independent, as it should be, but
also G,,-independent. Yet, in order to get some numerical insight, we estimate
the I; y couplings in the following section.

Phenomenological I; ; extraction

Following the analysis of Ref. [114], we observe that the low energy coupling

constants Gg, Go7, G5 and G, find their origin in the following dominant
four-quarks operators combinations:

Q1DQ20 Qs — Gs (C.97)

Q1 ® Q2 — Gor (C.98)

Q18 Q2 — Gy (C.99)

Aem@s = Gew - (C.100)
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In principle, we should extract eight numbers to completely determine all these
four couplings. Some simplifications are, however, possible. First of all, since
the current-current operator ()1 2 are CP conserving in our conventions, we set

ImG27 = ImGs =0. (0101)

In addition, since the EW penguin is suppressed with respect to the QCD
penguin? it is fare to strengthen the ReGe, < ReGg hierarchy assuming

ReGew =0 . (C.102)
Under these assumptions, it remains to determine five quantities, namely,
ReGg, ReGa7, ReG,, ImGg and ImA,., . (C.103)

The first two are usually obtained from K — 77 decay branching ratios with
the corresponding strong re-scattering phase, see e.g. Ref. [180], with the result

ReGs = 9.1 x 10712 MeV ™2, ReGy; =53 x 1071 MeV™2 . (C.104)

Following then [114] it turns out that using the K — 7y decay we can extract

ReG
ReGg

= —0.30+0.05, (C.105)

such that the imaginary parts of Eq.(C.103) remain to be determined. This
can be achieved using the experimental information we have about ¢’. First,
in our present approximation, the K — 7 isospin amplitudes

1

Redy = V2F(m% —m?2) (ReGg + 9ReG27> ) (C.106)

9 24 10

Red; = F(my — mﬂ)jRer , (C.107)
2

Imdy = V2F(m% —m?2) (ImGg - 3ImAew> , (C.108)

2
ImA, = —gF(m%< —m2)ImAe, , (C.109)

used in combination with the general expression of ¢’ given in Eq.(1.23) imply
that

ImGs  V2[e| Re(€ /e) <1+ 3 ) ’ (C.110)

ReGs w -1 1—%3/

2Their respective contribution to a given observable, as &', might however be of the same
order.
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where we defined

= RQG27
o ReGg

. ImA.,

and y = G

(C.111)

While z is known from Eq.(C.104), y remains unknown as long as we don’t
resolve the content of ¢’. Indeed, knowing the EW penguin versus QCD penguin
fraction € in €’ is equivalent to knowing ¥ since

N 3w
V24200

In order to remove this last uncertainty we just assume that the isospin breaking
parameter {2 lies in the SM favored range, see Fig.(2.2)

Yy (C.112)

Q€0.2,0.5] . (C.113)

Doing so, we conclude that:

Iy = —(4.44 +2.44) x 107" MeV™* | (C.114a)
Igo7 = +(8.62 + 3.30) x 10728 MeV™* | (C.114b)
Igcw = +(1.47 £ 1.21) x 1072 MeV™* | (C.114c)
Iyew = —(4.40 £4.36) x 10726 MeV™* | (C.114d)
Io7.ew = +(8.55 £ 7.53) x 10727 MeV™* . (C.114e)

For some reassurance in these numbers, we can compare them with the ones
obtained using the lattice determination of As given in Ref. [49]:

Red; = +4(1.436+0.265)-107% GeV , (C.115)
ImA, —(6.83 +1.40) - 1013 GeV | (C.116)

and their ¢’-based extraction of

= —(1.69+£0.28)-107% . (C.117)

From these quantities, we can extract the imaginary part of A¢,, through

ImAc,  5ImAy

=—= 11
R€G27 3 ReA2 (C 8)
and that of Gg using
ImGg z\ ImAy 2z ImA.,
= — — . 11
ReGg ( 2) Rer + 3 R6G27 (C 9)
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to find
I8 = —(4.24 £0.74) x 107" MeV~* | (C.120a)
IE3 = +(8.24 £0.06) x 1072* MeV™* | (C.120Db)
I8, = +(1.11£0.43) x 1072° MeV ™, (C.120¢c)
I, = —(3.33£1.85) x 1072 MeV ™", (C.120d)
I3, = +(6.46 +2.52) x 107*" MeV ™" . (C.120e)

Our predictions based on the assumption made on {2 are compatible with those
Lattice predictions; they are less precise but somehow more conservative. In
fact, using the Lattice results, we would get Q € [0.19,0.40], which is a smaller
allowed range for Q. Note finally that our estimation of Eq.(C.114b) is in full
agreement with our estimation based on Re(e’) shown in Eq.(4.51).
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